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ON THE EXISTENCE OF EIGENVALUES

OF DIFFERENTIAL OPERATORS DEPENDENT

ON A PARAMETER

BY

SH. STRELITZ AND S. ABRAMOVICH

Abstract. In this paper we obtain results about the existence of eigenvalues for a

system which depends polynomially on A,

n p     N

u'k(x) = 2   bkj(x, \)uj(x), 2   2   <«,(*,) = °>
j-\ ¡-0j-\

k = 1,. . ., N. In order to get these results we prove that this system can be

reduced to a standard system of the form

y'k{x) = ¿   akj(x, \)yj(x),       yk(0) = ak(X),   y„(l) - 0,
y-i

km 1, ...,*.

1. Introduction. The paper deals with the eigenvalue problem of the following

system:

dU/dx = B(x,X)U, (1.1)

¿  ^'C/(x,) = 0, (2.1)
/-o

where U = («,, . . . , uN)T, B(x, X) is an N X N matrix, and its elements by{x, A),

i,j = I, . . . , N, are polynomials in À. The matrices A', i = 1, . . . ,p, are of order

N X N and are dependent on X. The {*,} are p + 1 given points in the segment

[0, 1] and satisfy 0 = x0 < x, < x2 < • • •  < xp.

Eigenvalue problems have been the subject of numerous papers (for several of

the first publications in the problem we investigate in this paper, see [4], [6]).

This work is a continuation and extension of [2], [8], [9].

In order to get the main result about the existence of the eigenvalues we will

prove in §2 a theorem which asserts that from the theoretical point of view there is

only one type of system, which we call the standard system, that is, the system of

the standard form:

dY/dx = A(x, \)Y,       0 < x < 1, (3.1)

n0) = a(\), (4.1)

y„(l A) = 0, (5.1)
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where Y = (>>,, . . . ,yn)T, A(x, X) is an n X n matrix and its elements a¡j(x, X),

/',_/= 1, . . . , n, are polynomials in X and a(X) is a matrix of order n X 1 dependent

on A, which is used instead of the wide class of systems of type (1.1) and (2.1).

2. The standard system. We are interested in systems dependent on a parameter,

but, because in the following theorem it does not matter if such a parameter exists,

for the sake of brevity the parameter will not appear explicitly. This theorem

(Theorem 1) asserts that instead of (1.1), (2.1), it is sufficient to concentrate on the

investigation of the main problem concerning the existence of the eigenvalues of

the standard system (3.1), (4.1), (5.1).

Theorem 1. Every system

U' = BU,       0 < x < 1, (1.2)

2  A'Uix^O, (2.2)
<=o

where   U = («„ . . . , uN)T,   B = {b^,  ij =\,...,N,  the A' = K,.}^-.,,   i =

0, . . . ,p, are matrices of order N X N and 0 < x0 < x, < • ■ • < xp are p + 1

given points in the interval [0, 1], can be reduced to a standard system of the form

Y' = AY,       0 <x < 1, (3.2)

n0) = a, (4.2)

*,(!) = 0, (5.2)

where Y = (>>,, . . . , yn), A = {a,-,}, i,j = 1, . . . , n, is a matrix of order n X n and

a is a matrix of order n X 1, n = (N(p^l)) + 1. The system (1.2), (2.2) has a

nontrivial solution if and only if the standard system (3.2), (4.2), (5.2) has a solution.

Proof. Let us denote a fundamental system of solutions of (1.2) by E(x) = {e0},

i,j= 1, . . . , n,   which   satisfies   the   initial   condition   E(0) = I = {Sy},   i,j =

1, . . . , n (8¡. is the Kronecker symbol). Any solution U(x) of (1.2) is a linear

combination of the fundamental system of these solutions, that is,

U{x) = E{x){b„ ..., bNf, (6.2)

where the b¡,i= 1, . . ., N, are constant.

By substituting U(x) by (6.2) in (2.2) we get

¿  AiE{x,){bv...,bN)T={Q,...,0)T.
Í-0

If there is a non trivial solution of the system (1.2), (2.2), it is necessary that the

determinant of the coefficients should vanish, that is

D =
i = 0

= 0. (7.2)

(The determinant of a matrix B is denoted by \B\.)

Remark. In the case B(x, A), and thereby E(x, X), depends on a parameter X,

then D depends on X too, and the eigenvalues, if any exist, are solutions of D = 0.
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We intend to construct the new linear system (3.2), (4.2), (5.2) of which we have

spoken above. We define yn(x) of (3.2), (4.2) by using (7.2) to be the following

function:

2 A'E(xx,)
/-o

y„(x) =

It is obvious that if there is a solution of (1.2), (2.2) thenyn{\) = D = 0 and

*„(0) 2 a' "-rv")+1.

In the representation of yn(x) as the determinant \'2p_0A'E(xx¡)\ they'th column

is Zf_o A 'ej(xx¡) where e,(x) is the7th fundamental solution included in E(x).

The determinant yn(x) = \^p=0A'E(xx¡)\ can be expressed as a linear combina-

tion of determinants with coefficients constructed by the matrices Ak, k =

0, 1, ...,/>:
p

y»(x) = 2 A'E(xx¿
1=0

= \(A°,A\ ..., A")(E(xx0), ..., E{xxp)f\,

where the components of the vectors (A0, A1, . . . , Ap) and (E(xx0), . . . , E(xxp))

are the matrices A', i = 0, . . . ,p, and E(xx¡), i = 0, . . . ,p, respectively, that

means that (A0, A\ . . . , Ap) and (E(xx0), . . . , E(xx)) are matrices of order

AT X N(p + 1). Therefore by the Binet-Cauchy formula [3, p. 9]:

y.(x) =      2
'1>'2. - - - . 'V = 1

'1.', 3W

''AT,/,

e¡AxjXx)

%l(*Ax)

e¡ ,(x, x)

ei,Axj,x)

ekAxjkx)

%Axj„x)

where 0 < y, < j2 <.• • •  < jN < p, with it < ifc+1 iffc = A+i-

A typical determinant included in the linear combination is as follows:

a =

ei,AxJx)   e¡Axhx)

%\{XjX)

ekÁXJkX)

%ÁxjNx)

ei,Axjx)

%Axhx)

\AXJX)

eiNAxj„x)

where ik = 1, . . . , TV, k = 1, . . ., N, 0 < j\ < j2 < • • • jN < />, with ifc < /A+1 if

A = A+i-
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We will show that the o determinants together with y„{x) form the standard

system (3.2), (4.2), (5.2).

By differentiating such a determinant we obtain N determinants in each of which

one row is derivated and the other N — 1 rows are the same as in the original

determinant:

a =

eilÁXhX)

e¡ i(x,x)
'k>>^    Jk      '

e. Ax: x)

eitAXjX)

%Axj„x)

N

k=\

ei,Axj,x)

e,     ,(x,    x)•*+i>,v  A + i   '

ei   Áxi x)
'v> *v   Jn    '

ehAxjtx)

<AXAX)

e¡    N(x¡   x)
'k + f"y A + i   '

%AXJX)

(8.2)

Obviously,

N

eLÀXjkX)  =  Xjk     2     bik,rerAXjkX\ t=l,2,...,N, (9.2)
r=l

where e, = (e, ,(•*)> . . ., eNl(x)) is the ith fundamental solution of (1.2) included in

E(x).

Replacing e'.J^XjX) according to (9.2) we get from (8.2):

>'= 2
k=\

XM     2     \,r

eixÂxh*}

V,i(*á-,*)
CrM*)

ei       \(Xi     x)
IA + l>IV    Jk+l     '

ei     AXi   X)
'jvlv  Jn    '

eixAxhx)

e'k-,AxJk-tx)

erAXjkX)

e^AxJk^

eiNAxj„x)

(10.2)

The absolute value of any determinant in the last summation (10.2) is already

included in the family of determinants in which a is included, and so a' is a sum of

the determinants of type a with coefficients of the given system (1.2).

Therefore by appropriate numeration we get the new system (3.2), (4.2), (5.2).

Through the construction of the standard system (3.2), (4.2), (5.2) from the

original system (1.2), (2.2) it is obvious that the existence of a nontrivial solution of

the original system brings about the existence of a solution to the standard system.
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We will show that from the existence of a solution of the standard system, a

nontrivial solution of (1.2), (2.2) follows: because of the identity

*i,i(0) • • • «?,.*(<>)

e2,,(0) • • • e2N(0)

*j-i,M • ■ ■ ej-iA°)
eJ+A°) • ■ ■ ej+iA0) '

eN,x(0) ■ ■ ■ eKN(0)

eiX(xxx)      ■ ■ ■      e,/xxt)      ■ • •      e,AxXi)

the standard system (3.2), (4.2), (5.2) includes the Np subsystems

ej(xxk) = xkBej(xxk),       e^iO) = 8iJy

j = 1, . . .,7V,        / = 1, . . .,N,       k=\,...,p;

therefore, from the existence of the solution of (3.2), (4.2), (5.2) the existence of a

non trivial solution to (1.2), (2.2) follows, because, if the original system had only a

trivial solution then D ¥= 0, whereas from the existence of a solution to the

standard system we get.y,,(l) = D = 0.

In order to demonstrate the procedure we will show explicitly how we build the

standard system in two different cases:

(a) One scalar equation with/7 + 1 points:

u'(x) = b(x)u(x),

p
2   a'u(Xi) = 0,       x0 = 0 < x, < • • • < xp = 1. (11.2)
i = 0

We denote by e(x) the solution of (11.2) which satisfy e(0) = 1. We define:

y¡{x) = e(xx¡),       i = 1, . . . ,p,

p
yP+i(x) = S   a'e(xx¡),

i = 0

therefore

yP+l(x)-a°+ 2   ay¡(x),
/-i

and the standard differential equation is

y¡{x) = x^{xxt)y,(x),       i=\,...,p,

p
yP+i(x)= 2 a'x^xx^y^x),

I ™ 1

yffl-1,      i=l,...,P,

yP+Á0)= ¿ a\    ^+1(i) = o.
i-O

(-ir+V.) =
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(b) A system with two equations with three boundary points:

u\ = u2,       u2 = Xpuv (12.2)

«,(0) - k2(0) = 0,       «,(1) - u2(\) = 0. (13.2)

The standard system derived from (12.2), (13.2) includes 15 equations with 15

unknown functions, as we have shown above according to the Binet-Cauchy

formula:

■Vis = 2 A'E(xXi)
i-O

2

=  2
<1. '2=1 *Íi,

%i(xjx)     e^Xjx)

*i»i(xjx)    %ß(xhx)

where 0 < /, < j2 < 2, with ik = I, ik+2 = 2 if 7, = j2, or explicitly we get in this

case

y is = 1

+

*u(0) eia(0)

«m(?*) eíÁlx)

*i.i(0) eh2(0)

e2,i(x) e22(x)

e2A0) c2,2 (0)

euMx) *u(a*)

«2.1(0)     e2>2(0)

e2,l(x)       e2,2V-,c)

and the smallest subsystem which includes yl5 (the reduced system-see the next

section) is

y\ = \y*

y'i = \y»

y'3 = i^pyi,

y\ = \>#y2,

y's = y+

y'6 = y*

y'i = À/y 5,

•Vg = À/y6,

>-,(0) = 0,

^(O) = -1,

y3(o) = 1,

^4(0) = 0,

y M = o,
yM = -1,
^7(0) = 1,

>8(0) = 0,

y'is - "1^3 + lv4 + Àoy5 - Àpy6,    >>15(0) = 0,   yl5(l) = 0,

where

yM =

-V2(*) =

y3(x) =

,(0) e,,2(0)

«ui*/2) eAx/2)

«2,i(0) ew(0)

«i,i(^/2) <?i,i(*/2)

«,,.(0) e1>2(0)

e2,Ax/2) e2,Ax/2)

= -ei,i(*/2),

= e2a(x/2),
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y Áx) =

y5(x) =

y6(x) =

y¿x) =

(0)«2,l(0)

«2,1 (V2)       e2,Ax/2)
= -e2,,(x/2),

«,,,(0)

«i,i(*)

«2,.(0)

«i,iW

«i,i(0)

«2,l(*)

«1,2(0)

ei,Ax)

«2,2(0)

Áx)

,2(0)

= e,2(x),

= -eu(x),

— e22(x),

y»(x) = = -e-, ,(*)•

e2,2(-X)

«2,i(0)      e2i2(0)

«2,l(*)       «2,2(*)

3. The formulation of the main theorem. Theorem 1 in §2 shows that it is

sufficient to analyse only the standard problem considered in the previous section:

¥' = A(x,X)Y,       0 < x < 1, (3.1)

nO) = a(X), (4.1)

y„(l, X) = 0. (5.1)

We want to find eigenvalues of (3.1), (4.1), (5.1) under the conditions that will be

given in this chapter.

Definition 1.3. The reduced system. We construct the reduced system in the

following way:

First step. We consider the system (3.1), (4.1), (5.1). If the coefficient matrix can

be written as a direct sum of smaller matrices Ak, k = 1, . . . , s, we will concentrate

only on investigating the subsystem connected to that Ak which includes yn and

removes the others.

Second step. Assume that (3.1), (4.1), (5.1) is the system we got after the first step.

If the initial value problem implies that certain components are identically zero,

then the equations of these components are eliminated. We continue this procedure

until we get to a system that we cannot reduce by means of the two steps

mentioned above. We call that system the reduced system. Thus it is obvious that

in order to find eigenvalues of (3.1), (4.1), (5.1) it is sufficient to investigate only the

reduced system. Therefore in the sequel, we assume that (3.1), (4.1), (5.1) is a

reduced system.

The properties of the reduced system are of fundamental importance in this

work, particularly in discussing the minorant.

The properties which play an important role are: (1) given a reduced system

(3.1), (4.1), (5.1) where A > 0, a > 0, and where there is a segment [tj, x0] < [0, 1]

and all the a,y(x, X) ^ 0 are positive for positive X, then in (tj, 1), Y(x, X) > 0 for

X > 0; (2) under the same conditions, if for one k at least ^(x, X) > BeßX'^

then.y„ > B*eßXP(x~Xo>, (see Lemma 3 and §5).

The elements au(x, X) of the matrix A(x, X) are polynomial in A:

*o)

ai,(x,A) = 4(x)X^+^(x)X"V-1 + (1.3)
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Using a¿(x) we define the following:

Definition 2.3. We define

n-\

A(x0, A, p) = det|-q}(x0)A"* + 8^"    , = p" + 2  />„-*(*» À)p*    (2-3)
*-o

where p„-k(x0, X) is a polynomial in A and mk denotes the degree of pk(x0, X).

Definition 3.3. We define p = maxA. = 1 n(mk/k) where mk is the degree of

pk(x0, A).

In the neighbourhood of X = oo the expansion of the solutions ¡ik of A(xq, X, p)

= 0 has the following form:

M* = &AA/*[ 1 + 0(À-1/*)].       A: = 1, . . . , «, (3.3)

where^ and <& > 0 are integers;

p-     max      ( — ) =     max    (-^V (4.3)
k=l.»\ît/        *-l_.nV   k   )

where w^ is the degree of pk{x0, X) (see [1, pp. 39-40, Theorem 15.2]).

Now we are ready to formulate our main theorem.

Theorem 2. Let (3.1), (4.1), (5.1) be the reduced system. Suppose that:

(1) All the a,j'J+l(x) > 0, ki}, = 0, 1, . . . , w,-,; i,j = 1, . . . , n, are summable func-

tions in [0, 1] and a = (a,, . . . , a„)r is a nonnegative vector where each a,j is a

polynomial in X with \a\ > 0.

(2) There is at least one point x = x0 where all atJ{x, X) are continuous functions

(that means that for each pair i,j there is a function of the equivalence class a¡j(x, A)

which is continuous in x0). At this point x = x0 all the a¡j(x, X) (of (1.3)) for positive X

are positive for all the i,j for which aJx, X) ^ 0.

(3) p = max^=,       n(mk/k) 's not an integer.

Under these conditions the problem (3.1), (4.1), (5.1) has an infinite sequence of

eigenvalues.

Remark 1.3. Working on the problem of the existence of eigenvalues of the

system (3.1), (4.1), (5.1) in the case where the matrix A may not be nonnegative, we

have achieved results which, because of their length, will be published in a separate

paper. These results are formulated in § 11.

Remark 2.3. It is easy to verify that au(x, A) will be always nonnegative for large

enough X > 0 if a\(x) > c > 0, x e [0, 1].

Remark 3.3. Theorem 2 can be proved for -oo < x < oo because we can make a

transformation from the real line to the interval [0, 1].

The following examples show that the conditions of Theorem 2 are essential.

Example 1. Solving the system

y'i = y2>    y2 = y*

y'3 = -x(l + (20 + x2)A)>>2 + (2 + (100 + 5x2)X)yv

yi(0) = 0,       y2(0) = 0,       ^i(l) = 0,

we get that>>3 = 2 + 20Àx3 has only one eigenvalue.
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This example stresses that condition (1) of Theorem 2 is essential.

Example 2. The solution of the system

y\ = b(x)Xmy2,       y'2 = a(x)A%

7,(0) = ax,      y 2{0) = a2,      ^,(1) = 0,

where

Í0,     0 <x <f, il,    0 <x <±
«(*) = , *(*) = ,

[1,     f<x<l, [0,     \<x<l,

is yx =\Xna + av \ < x < 1. Therefore, ^,(1) = 0 has only a finite number of

roots.

In the example, condition (2) is not fulfilled.

Example 3. The system

y'i = y»    y'2 = {i*2 - ^)y2 + (î*4 - à3x - x>„

has the solution _y, = xe*2*, y2 = (\ + X2x)ex2*. Therefore the boundary value

problem_y2(0) = 0,^,(1) = 0 has no solutions. In this case p = 2.

Remark 4.3. The homogenous linear differential equation

dy        ,   .. d"-y ,   .,
~dï=aAX' X)^+'" +a"(x'X)y

is equivalent to the homogenous linear system

y'i = y»

y'2 = y 3,

yn-i =yn>

y'n = an(x> À)^i + a»-i(x, X)y2 + • • • +a,(x, X)yn,

where yx — y and .y* = y(k~l). Therefore we get an analogue to Theorem 2 for an

«th order linear equation which is a generalisation of [2].

Theorem 3. Under the same conditions of Theorem 2, there exist two positive

constants a > 0, b > 0 which are independent of j so that ajl/p < \Xj\ <bjx/l>,

j - 1,2,....

We get the same results of Theorems 2 and 3 if we replace (5.1) withal, A) =

a(\, X) which is a transcendental entire function of order less than p.

4. Preliminary lemmas. If we prove that ^„(1, A) is an entire function of a

noninteger order, then, as is known, the equation yn(\, X) = 0 has an infinite

sequence of solutions which are the eigenvalues of the system (3.1), (4.1), (5.1).

In order to find the order of yn(l, A) we will build a majorant and a minorant of

the solutions for a corresponding Cauchy problem. We will show that both the

majorant Z(x, A) and the minorant W(x, A) are entire functions of A, for each x,

tj0 < x < 1, tj0 > 0, z„(x, A) and wn(x, A) are of the same order p, from where we
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will conclude that y„(x, A) of the Cauchy problem (3.1), (4.1) is also of the same

order. Thereby the proof of Theorem 2 will be completed.

The construction of the majorant and the minorant system will be based on the

following lemmas.

Lemma 1. Let the systems

n

y'k=L  au(x)y„      yk(0) = ak>0,       k = \,...,n, (1.4)
1-1

and

4=2 bu(x)zt,       zk(0) = bk,       k - 1,..., n, (2.4)
i = i

satisfy the following conditions

0 < aki(x) < bki(x),       ak < bk,       k, i = 1, . . ., n;

then, the solution (_y,, . . . ,yn) and (z„ . . . , z„) of the above systems satisfy y„(x) <

zk(x), k = 1, . . . , n.

Proof. As is well known, the Cauchy problems (1.4) and (2.4) can be solved by

Piccard's successive approximations method (see, for example, [7]):

yk,m = "k +  /       2  Ki('Km-l) dt,
J0     ,= 1

zk,m = bk+     2(M'km-iM,
J0     ,= 1

yk,o = ak>       zk,o = h>       k = I, . . . ,n,   m = 1, 2, . . .,

then   the   solutions   will   be,   respectively,  yk = limm_>0O ykt„(x)   and   zk(x) =

limm_>00 zkm. According to the conditions of the lemma, ykm(x) < zkm(x); hence,

yáx) < zk(x)-

Lemma 2. Suppose that the functions a^x, A) and the vector a of the Cauchy

problem

Y' = AY, (3.1)

KW = a, (4.1)

satisfy the conditions of Theorem 2. Then, for every fixed x, MaX|A,_r| Y(x, A)| =

Y(x, r), and also Y(x, r) is a nondecreasing vector in x for each r.

Proof. By means of Piccard's successive approximation method we obtain

mk\

2  <,+ 1(0A"*■'-?„_,(*, A)
e-0

ykJ(x, A) = ak + f

+ 2   <+l(t)X^-ynJ_At,X)
e-0

dt      (3.4)

for j = 1, 2, . . . ^¿r/x) = ak. Here ykj(x, A) is the y'th step in the successive

approximation method of the &th equation in the system (3.1), (4.1); therefore
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ykj(x, A) is a polynomial in A with nonnegative coefficients:

ykj{x, A) = 2  Ph,(x)\h,       PhJ(x) > 0,       k=\,...,n,   j = 0, 1, ... .
/i = 0

Thus,

"kj

Max \ykj(x, A)| <   £  Phj(x)rh " -V*/-*. r\        k = I, . . . , n,   j = 0, 1,-
lAl==r A-0

(4.4)

The sequence ykJ(x, X),j = 0, 1, . . . , converges uniformly on the set |A| < R for

each R < oo to^x, A) and from (4.4) we now obtain that

Max \yk(x, A)| = yk(x, r),       k = 1, 2, . . . , n.

The equalities (3.4) also show that>^(x, r) is a nondecreasing function in x for

each r.

Relying upon these two lemmas we intend to estimate the order of the solution

Y(x, A) of (3.1), (4.1). Towards that end we will construct a majorant Z(x, A) and a

minorant W(x, A) to Y(x, A), and show that both are of order p.

5. The construction of the majorant. We return now to the problem

(3.1) Y' »AY,
(4.1) Y(0) = a.

First of all we show that without loss of generality we can assume that under the

hypothesis of Theorem 2, A(x, A) for a fixed A is a bounded matrix.

Recalling that the elements aJx, A) of the matrix A(x, A) are polynomials in A:

ae(x, A) = 4(x)A^ + ^(x)A-v-1 + . . ., (1.3)

let us define

ß(x) = sup{a/(x)},       0 < x < 1,   i,j = 1, . . . , n,   I - 1,.".'., mg + 1,

which evidently is summable. Then the matrix

~ _      A(x, A)

k(ß(x) + 1)

is bounded, and Y' = k(ß(x) + \)Ä(x, X)Y, where the number k will be defined

later.

Transforming the independent variable x into f. x -» t,

4>:t = k[\ß(s)+ \)ds

we get a new system:

dY*
— = A*(t,X)Y*,        Y*(0) = a,

Y*(t) = Y(x(t)),       A*(t, A) = Ä(x(t), A),

with bounded matrix A*, where k is chosen so that [0, 1]-» [0, 1]. So we can

assume that the original matrix A(x, A) is bounded for every fixed A.
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We can find ctJ > 0 such that

À"1»    2       4 + e{X)^~e    ̂ CyX^

e = 0

holds. Then, according to Lemma 1, the system

z'iix, A) = 2   CyX^z/x, A),       i = 1, 2, . . ., n, (1.5)
y=i

will be a majorant system of (3.1). Because of the nonnegativity of the values

C = {cyX^j}, i,j = 1, . . . , n, the greatest characteristic root is nonnegative; this

means that every other root has an absolute value not larger than the greatest

characteristic value.

After we have defined the matrix C, the characteristic values ¡ik have to be

calculated from the following determinant:

A0(A, p, C) = det|(c,A^ - ó»^.., = 0. (2.5)

Therefore, in the neighbourhood of A = oo,

K = ßt\»'*[l + 0(\ ->/•)], (3.5)

qk > 0, pk are integers.

For   every    fik    there    is    a    solution   z = (z,(x, A), . . . , zn(x, A)) =

(AieliX, . . . , Ane^) in which the coefficients Ak are computed from equation (1.5)

and are polynomials in x and rational functions of A and p. Any solution of (3.5) is

a combination of the type

n

Zj(x, A) =   2   bkAkJe^x,       j = 1, . . . , n,
k=\

where bk = bk(X), k = 1, . . . , n, are determined uniquely by the initial conditions,

and therefore of the same type as the AkJth, that is, the ¿^th are rational functions

of A and p too.

So from all that has been explained above together with Lemmas 1 and 2 we

conclude that

M(r,yj) = max \yy(x, A)| = y/x, r) < z,(x, r)
|\|-r

<   2 \bk\Ajke»*x <Br»°exp(ß0r'"x)
k=\

where B, p, and ß0 are numbers which are independent ofj. We had defined p in

Definition 3.3 as p = maxk = x n(mk/k) in the expansion of A(x0, A, p) in (2.3).

Through the fact that in the development of ¡ik in (3.3)

,   max    (pk/qk) = p„ (4.5)
fc— 1.n

we get

yj(x, r) = M(r, yj) < Br<"> exp( ß0rp'x),      j = 1, . . . , n, (5.5)

that is, y,(x, X),j= 1, . . . , n, are entire functions of order not higher than p,.
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6. Simplification of the problem. In this chapter we intend to clarify some

circumstances that will simplify the construction of the minorant system of (3.1),

(4.1).
Let [tj, x0] be a segment where all the a¿(x) ^ 0 are positive and continuous

except perhaps in a set of measure zero (see the hypothesis of Theorem 2). Let

ij0 = (tj + x0)/2.

In the sequel we need the following:

Lemma 3. Under the hypothesis of Theorem 2, the solution of the Cauchy problem

(3.1), (4.1) satisfies the inequality 7(tj0, A) > 0.

Proof. The matrix A is nonnegative and 7(0) = a > 0. By comparing the

system (3.1), (4.1) with the system Y'(x) = 0, 7(0) = a, we obtain in accordance

with Lemma 1 that Y(x, A) > 0 for x e [0, 1]. Moreover, with no loss of generality

we can assume for simplicity that 1, 2, . . . , q are the indices for which a, > 0, then

according to Lemma 1, yx(x), y2(x), . . . ,yq(x), are positive in the interval [0, 1].

We now choose all the equations in which at least one function of the set yv

y2, . . . ,yq appears on their right side. Suppose those are the equations with the

indices w,, m2, . . . ,mp. By using A(x, A) > 0 and 7(x, A) > 0 we obtain that for

the indices v = m„ m2, . . . , ny, y'p(x, A) > 0 in the segment [tj0, x0]. Therefore,

because of (4.1), y„(x, A) > 0, v = mx, m2, . . . , mp. Repeating this process, we get

after a finite number of steps that all yv(T}0, A) > 0, v = 1, . . . , n, otherwise the

system (3.1), (4.1) was not in a reduced form in the sense of Definition 1.3.

Let us discuss the system (3.1), (4.1) again. By means of permutation we can put

the matrix A of (3.1) in the normal triangular form:

0 0

0 0

AS^-\ A^J

here Au A2, . . . , As are square irreducible matrices and in each row at least one

matrix A,x,,.., AfJ_x, f = g + 1, . . ., s, is different from zero [3]. (A square

matrix A = {a¡ },,*_!..„ is called irreducible if the index set 1,2,...,« cannot

be split into two complementary sets with common indices /,, i2,... ,L; kv

k2, . . . , k , p + v = n, such that aik  = 0, a = 1, 2, . . ., p; ß = 1, 2, . . . , v.)

We would like to point out that we have already dissected the original system

into subsystems in such a way that taking into consideration the initial condition

(4.1), we have built A to be the smallest subsystem which includes .y,, and can be

solved separately.

A =

0 0 0 0

s+u     "■*

As,i As2

Ag 0 0

^g+1,2     Ag+lg    Ag + X      0

** + 2
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Now we come back to the "characteristic equation" of (3.1).

n-l

A(x0, A, p) = det|-a¿(x0)A"V + 8¡j1l\"j_1 = p" +  2  Pn-k(xo> À)pA

n-l

= f" +   2   Pn-kiX» A)p*. (2.3)
k-\

Using the normal form of A (1.6), we get that

s s

A(x0, A, p) = II \-A, + /p| = II  A,(x0, A, p).
1=1 1-1

In the neighbourhood of A = oo we get that the expansion of the solutions p¿,

k = 1, . . . , n, have the form (3.3). The maximal characteristic value of the expan-

sion of A(x0, A, p) = 0, p, is a solution of at least one of the subequations

«i-i

\-A, + /p| = p"' +  2   /V*(*o- À)p* = 0
*-o

where pn¡-k(x0, A) is a polynomial in A. We denote rhk to be the degree of p*(x0, A).

Similarly to the indicated solutions, the expansion of the solutions of \-A, + Ifi\ =

0 in the neighbourhood of A = oo is

Hk = ßXPk/^\ 1 + 0(A-1/*)1,        qk > 0,   pk are integers,    k = 1, . . . , n,.

The same considerations as before brings us the conclusion that

("*k\ (pk\
p =        max       I — I =      max     I —  .

k-\,...,n,-1\   k   I       k = \,...,ni\qkJ

In accordance with the dissection of A into blocks we also dissect the columns Y

and a into parts Yk, ak, k = 1,..., s,

Y = (yv . . . ,yn) = (y\, . . . ,yln¡; . . . ;yk, . . . ,y*; . . . y,*, . . . ,y$,

a = (a,, . . . , a„) = (a\, . . . , a^; . . . ;ak, . . ., a*; . . . ;a\, . . ., asn).

We will show that if y¿(x, A) > BeßX'^-x"\ k=\,...,n„ then.yn > Beß^x~x^,

where B, ß are constants.

Lemma 3 states that under the hypothesis of Theorem 2, ^i(tj0), . . . ,>"n(Tj0) are

positive; therefore, if we choose bx, . . ., bn to be sufficiently small numbers, the
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system

tf'W \y{

#,'(*)

y'i'ix)

y'n'M)

y'i'(x)

A,

y\

y\

(2.6)

K(x)

where 0 represents a submatrix with all entries 0,

tf(lo)

ylivo)

y'M

yiivo)

y¡(vo)

yni-no)

b[

K

0

(3.6)

is a minorant system of (3.1) with the initial condition

y¡(v0) = aAVo\       i = h ■ ■ ■ > 1. (4-6)

where the a,CJo) are me positive values that we have obtained at x = tj0 when we

solved the system (3.1), (4.1).
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In order to solve the system (2.6), (3.6) it is enough to solve the system

Y1' = A,Y', F'(tj0) = bl. Indeed, suppose that the yk(x, A), k = \, . . . , n,, are

bounded from below in the following way:

y'k(x, A) > , L        °J k=\,...,n„ (5.6)
[BXße^x»-^\     xG[x0, 1], ' V     '

and the other functions y~j(x, A) of the solution of (2.6), (3.6) are equal to zero, then

since the system (2.6), (3.6) is a minorant system to (3.1), (4.6) (which is the system

(3.1), (4.1) restricted to the segment [tj0, 1]), and the elements A(x, A) are polynomi-

als in A therefore the function yk(x, A), k = 1,. . . , n, of the original system (3.1),

(4.1) satisfy the inequalities

räv*«^,   xe[tj0,x0],
y¿(x, A) > < k = 1, . . . , «,.
* [saV^*»"^,    xG[x0, 1], '

In order to find a lower bound for.y,,(x, A) we choose all the equations in (3.1) in

which yx, . . . ,yn appear on their right side explicitly. Suppose those are the

equations with the indices px, p2, . . . ,pq; then, since A(x, A) is a nonnegative

matrix with polynomial elements in A we get that

y'r > (polynomial in A) • BXe"x'(x-^

and together with_y„(T)0) > 0, v = px,p2, . . . ,pq, we get again

t \B„XB'e»^x-^,      xG[tj0,x0],

y ax, *)>\ n % ,  .,. _ . .    ,.       " = PvP2,...,/»,.
[ B„X freuX(x°  *>,     x G [ x0, 1 ],

The system (3.1), (4.1) is a reduced system (see Definition 1.3); therefore, by

repeating this procedure a finite number of steps we get at last that:

[H.AV^-H      xG[x0,tj0],
y„(x, A) > <

[2?„AVA'<">,     Je G [1,0,1].

Thus, it is enough to prove the inequality (5.6) for the case that A(x, A) is itself an

irreducible matrix.

7. The construction of the minorant. We explained at the end of §6 that it is

enough to construct a minorant in the case where A is an irreducible matrix.

We construct the minorant in such a way that the order of its solution is p too

(see Definitions 2.3 and 3.3 of §3).

We have defined in Definition 2.3:

A(x0, A, p) = det|-£$*o)A"* + Vil-i = M" +  2  />„-*(*o> À)p
n-l

2
*-0

p„-k(x0, A)p* is obtained by decomposing A(x0, A, p), and P„-k(x0, A) is thus a

sum of products of factors a¡j(x^¡Xm". If mk is the degree of p^x&X), then

p = maXfc_, m(w*/'c) = mk/k (there may be several indices k; we choose one

of them).
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It may occur that some of the monoms of the expansion of the determinant

whose sums are equal cancel each other. We define mk to be the highest degree in A

of these monoms which make upp^Xo, A), k = 1, . . . , n — 1, before the cancella-

tion of equal monoms and p0 = ma.xk = x       n(mk/k) = mt /k\- ^ ls obvious that1

p0 > px. (1.7)

Let

D* = a] , A"W, A"S*, . . ., a}¡ A"V«

be the monom of order mk in A.

We construct the minorant system only in the segment [tj0, 1] because we are

interested in the behavior of the system (3.1), (4.1) near x = 1, therefore we put the

initial value in x = tj0.

Now we build the minorant system

w¡k(x, A) = ¿^"W^x, A),        k = 1, . . . , q,    x G [tj0, 1 ],

in the following way

\mm(a¡Jk(x)),     xG[tj0,x0],
£*;    .-       -     \ K    -      1,...,    Q.

tó     JO, *«[tte.*o].

and we denote m,,-  = m¡, d ¡ = d . We get
ikJk 'k    Mk       'k °

<(x, A) = ^A^ix, A),     xG[tj0,x0],

'I     \\      r, atv i k=\,...,q. (2.7)wi„(x, A) = 0, xe[Tj0, x0],

Since we are interested only in what happens in [tj0, 1] we choose the initial

condition to be

<(%• À) - bk, k=\,..., q, (3.7)

where the b¡ are positive numbers small enough to be less than y¡ (tjq, A) =

a¡ (T,0)-the solutions of (3.1), (4.1) at the point x = tj0 (which according to Lemma

3 are positive numbers).

The same reasoning as that of §6 leads to the conclusion that for estimation from

below of the solution yn of (3.1), (4.1) it is enough to estimate from below the

solution of (2.7), (3.7).

For the sake of simplicity we rearrange the system (2.7), (3.7) and bring it to the

form

w\ = d^Wjix, A),     x G [tj0, x0],

w>,'(x, A) = 0, x G[tj0, x0],

w,(tj0, A) = b¡,       i - 1,... ,q. (5.7)

'At the end of the next chapter we will get the conclusion that p0 = p. It is obvious that when p0 — p

there is at least one index ic such that kx = k and mk — mk. It means, that at least one of the monoms

with the highest fraction mkJkx is not cancelled. That is a result which has nothing to do with the order

of entire functions but is a result in connection with determinant expansion.
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8. Investigating the solutions of (4.7), (5.7). The characteristic equation of (4.7) in

x G [tj0, x0] is ¡iq + • • ■ + BqX'9 = 0, and because of the structure of (4.7), p0 =

lq/q. If the system (4.7) can be divided into í subsystems then

p«+ • • • +BqX'"= II(p^-A^)
7=1

where

1j*\ dj+¡

Pj =   2   m¡>     A, -   2   d»
i=%+i i=%+i

kj = l+i - qP       j = I, . . . ,s,

q = kx + ■ ■ ■ + ks,        lq = p, + • • •  +ps,

Po = (Pi+ ■ ■ ■ +/>,)/(*i + ■ ■ ■ +K).

Lemma 4. If the system (4.7) can be divided into s subsystems then p¡/k¡ = p0,

;' = 1, . . . ,s.

Proof. The system

djX^Wjix, A),     x G [tj0, x0],    / = qj + 1, . . . , qJ+x,

w[(x, A) = I 0, x G [tj0, x0],    i = qj + I, . . . , qJ+x,       (1.8)

0, i G qj + 1, .. .,qJ + x,

is a minorant system to (4.7) in the interval [tj0, 1], therefore

Pj   , Pi + • • •  +Ps •      ,   T ,,«

If for some of the j,pj < p0 • &7 then 2p,/2&, < p which contradicts (2.8).

Therefore, by the same consideration as before, it is enough to investigate one of

these subsystems that means that we can investigate the system

H     \\      \ djX^w^X),     xG[t,0,x0],
"M A) = (3.8)

[0, x^[tj0, x0],

w;(t,0, A) = bp       bj>0,   7=1,..., kx, (4.8)

and this system is irreducible.

9. Estimation of the solution of the minorant. We can rearrange the system (3.8),

(4.8) and bring it to the normal form

w[ = d¿km*w,+ v       i = I, . . . ,kx - l,   x G [tjo, x0],

w'kt = <4,^wi.       *e[i?o> xQ],

w\ = 0,       x G [tj0, x0],    / = 1, . . . , kx.

The solutions of the characteristic equation

p, = coA"^'-»/*',       « > 0,    i=\,...,kx. (1.9)
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It is obvious that the fundamental solution corresponding to p, is

W(x X) = I 1       **' -—-I • gM*-no)

TJ0  < X   < X0,

W,(x, X) = #;(x0, A),       x0 < x < 1, (2.9)

therefore, any solution of the system (3.8), (4.8) is a linear combination of I^(x, A),

i= 1, ...,*,:

If(x,A)= 2  «,^(^A). (3.9)
i-i

We show that c, > 0 in (3.9).

Let us express in detail (3.9) at x = t/0, and let us use the fact that the initial

condition (4.8) is a positive vector.

Hence, we get the following inequalities:

k,

2 «, > o,
i=i

k¡ k

TT— >  0, k  =   1, 2, .  .  . , kx   -   1,
, = ,   dxd2 ■ ■ ■ dkXm<

as d¡ > 0 from (1.9) p¡ = toAPof,, wAPo > 0, for positive A, we get the inequalities:

kx

2   cttf > 0,       A: = 0, . . . , kx - 1, (4.9)
i=i

where, £ = e2*'-1^*1, i = 1, . . . , kx.

Summing up all the inequalities of (4.9) we obtain

ft,       fc,-i

2 c,   2   tf > o,
i = l *: = 0

as

It follows that

therefore c, > 0.

*=0 I *"        ' **

*l *I-1

2    «,     2     S," = V.  > 0, (5.9)
,= 1 k = 0

Lemma 5. For the solution of (3.8), (4.8) in the segment [tj0, x0], there are numbers

u > 0, ß, B > 0 M/cVi as, for k = I, 2, . . . , kx,

i    w ^  Í 5A"exp(wAp°(x - tj0)),      tj0 < x < x0,
w^(x, A) > \ (6.9;

[ ÄA^expiwA^Xo - t/o)),     *o < * < 1-
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Proof. This is an immediate result of (2.9), (3.9) and (5.9):

*' *' c u.k~xell'(-x~,,°>

0 < wk(x, A) = 2  c¡wki(x, A) = 2
- dxd2,...,dk_xXm>+-+m*

= c^t'-^pixyii + o(i)),

where c, > 0, p(A) = Xß(a + o(l)) with real ß and a ^= 0; hence (6.9) follows for

K =   I, . . . , rC|.

We get the same inequality for every subsystem of system (4.7), and by using the

same reasoning as at the end of §6 we get the following conclusion:

For the solution o/(3.1), (4.1) there are numbers w > 0, ß, B > 0 so that

Í5A^exp(<oAp°(x - T|0)),      xG[t)o,x0],
y„(x, X) > \ (7.9)

[ ßA^exp(coAp»(x0 - r,0)),     x G [ x0, 1 ].

From (7.9) and (5.5) we get that there exist numbers a > 0, u* > 0, B > 0,

B* > 0, ß, ß* so that

ß*A^*exp(w*APo(x - t)0)) < y„(x, A) < 5A"exp(wAp'x),       tj0 < x < x0,

5*A^*exp(w*Apo(x0 - tj0)) < yn(x, X) < 5A^exp(wAp'x),       x0 < x < 1,     (8.9)

for real positive and large enough A.

Conclusion. From the monotonity of the greatest characteristic root of nonnega-

tive matrices and from (3.3), (4.3) and (2.5), (3.5), (4.5) and (1.9) we obtain that

p0 < p < Pj5 on the other hand from (1.7): p0 > p, hence p0 = p = px. From this

together with (8.9) it follows that_y„(l, A) is an entire function of order p. In case p

is not an integer the equation _y„(l, A) = 0 has infinite sequence of solutions; this

means that the system (3.1), (4.1), (5.1) has an infinite sequence of eigenvalues.

This completes the proof of Theorem 2.

10. Proof of Theorem 3. The proof of this theorem appears in [9]. For the sake of

completeness we prove it again here, especially since that paper is hardly accessible

for the English reader.

From (8.9) we obtain that, for x = 1,

B*rß' exp(wVp(x0 - tj0)) < M(r,y„) « Br<,eu"',        r > 1, (1.10)

where B, B*, ß, ß*, o) > 0, w* > 0 are constant.

In the circle |A| < r, r > 1, we will estimate the number of zeros n(r) of the entire

function yn(A, 1) of finite order p, where p is not an integer.

We will use the inequalities (see [5]):

n(r) < c In M(er),       c > 0, (2.10)

In Mir) < T[rp I' M dt + ,,♦« f Iß dt) (3.10)

where T > 0,p = [p].

From (1.10) it follows that

n(r) < <T2rp,       a2 > 0 is a constant. (4.10)
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If n(t) = 0 in 0 < / < r, then from (2.10)

b,m < rh /"•á£_ ♦ „ r & ä, + „♦■ /" $ „)
V        Jr0 ty Jr/q0   tF Jqr      ty /

427

(5.10)

q and q0 are constant numbers which we will choose later.

From (5.10) and (4.10) we get

From the left inequality in (1.10) we obtain that there is such a number a that

In Af(r) > or" for r > r0. Therefore (6.10) leads to

a2 In M(r) a2 In M(r)
In M(r) < T

= In M(r)

°(p - PH'"   '   a(p+\- p)^+1-p I P       Pi")

\ p     pip )

a2T

i{p-q)qPo~"      a(p + 1 - p)qp+x-p
+

(7.10)

We will choose q, q0 so large that

¿i-
a2T a2T

°(P - P)qP  "       a(p + 1 - p)qp+l-"

1

< 1,

\p     pqp)
>o.

From (7.10) we get that

«(/■) >^3lnMÍ-). (8.10)

Here A3 = (1 - Ax)/A2 = const. From (4.10) and (8.10) we get the inequality

oxr" < n(r) < a2r", r > 1, a, > 0, a2 > 0 are constant. Therefore a,|Ay|p < n(|A,.|) =

J < cr2|A>|p holds, and so ajl/p < \Xy\ < bjl/p,j = 1, 2, ... , holds too when a > 0,

b > 0 are constants independent ofy.

Thus Theorem 3 is proved.

11. Concluding remark. Now we formulate the theorem we have mentioned in

Remark 1.3.

We consider once more the problem (3.1), (4.1), (5.1). Let

p7(x, A) = xl*J0(x)Xp*x)/«<(x) + ^XM'y-i/nW + ...,      j = 1, 2, . . . , n,

(1.11)

be the solutions of the determinant

det|alVt(x)A^ - 8ikn\]k_x =0,       i,k=\,...,n,
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and (vjX(x, A), vj2(x, A), . . . , vJn(x, X))T are the "eigenvectors" corresponding to

Hj(x, X),j = 1, . . . , n. (This means that the "eigenvectors" satisfy the equation:

2 (-4(*)A"ta + 8ik^vJk{x, A) = 0,       / = 1, . . . , ».
k=l

We obtain that

0,*(*,À)«f   ^,(*)\W->-V»W (2.11)
j = 0

and

A = det|t)vt(x,A)|;/t_,= 2   *t(*)A0'-')/'. (3.11)
ifc-0

These expansions are obtained in the neighbourhood of A = oo and exist always

for all x for which A(x, A) appearing in (3.1) is bounded, where q{x) > 0,

Qjkix) > 0, q(x) > 0,pj(x),pjk(x),p(x), are integers.

All the expansions (1.11), (2.11), (3.11) are of the same form

/(x, A) = c(x)XaM/ßM + c^JA«"'1»-"/«"' + . . .

and we denote degree/(x, A) = a(x)//3(x).

Theorem 4. Let A(x, A) o/(3.1), (4.1), (5.1) be a continuously differentiable matrix

of x: x G [0, 1] for every complex X |A| < oo. Suppose the following conditions are

satisfied:

(a) There exist n continuously differentiable eigenvalues p,(x, X),j= 1, . . . , n, of

the matrix A(x, A) of the form (1.11) with Pj/qj = const, j = 1, 2, . . . , n, that is, all

the functions ^Jk(x) of the expansion of (1.11) are continuously differentiable and all

the Pj, qj are constant and do not depend on x.

(b)

degree A = max {degree [ül7i(x, A) • vXJix, A), . . . , vnA(x, A)]}

where sn is the set of all permutations of the numbers 1, 2, . . . , n.

(c) All the numbers Pj/qj are positive and no one of them is an integer.

(d) All the numbers /¿ ipj0(x) dx, j = 1, . . . , n, are different from zero and every

two elements of the set {XPj/qjfl \pJ0(x) dx} are different from each other for large

enough \X\.

Under these conditions there exists an infinite set of eigenvalues {A,} of the problem

(3.1), (4.1), for which

min    Pj- <   lim   ^-^ < ÏÏnT   -^-^ <   max   ^.
i<j<n   qj      n-z^¿    Inn       „_,«,    Inn       i<j<n  qj

This theorem deals with a matrix A(x, A) the element of which may change their

signs, not admitted in Theorem 2. We have formulated the last theorem in its

simplest case for the sake of brevity, and postpone the proof and discussion of this

theorem (and some others) because of its length. We intend to publish them in a

separate paper.
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