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ON THE EXISTENCE OF EIGENVALUES
OF DIFFERENTIAL OPERATORS DEPENDENT
ON A PARAMETER
BY
SH. STRELITZ AND S. ABRAMOVICH

ABSTRACT. In this paper we obtain results about the existence of eigenvalues for a
system which depends polynomially on A,
n P N

h(x) = 3 by(xNu(x), = X alulx)=0,
Jj=1 im0 j=1
k=1,...,N. In order to get these results we prove that this system can be

reduced to a standard system of the form
n

Yilx) = EI a(x, Nyi(x),  yi(0) = @A), ya(1) =0,

k=1...,n.

1. Introduction. The paper deals with the eigenvalue problem of the following
system:

dU/dx = B(x, \)U, (1.1)
P
S AU(x) =0, 2.1)
i=0
where U = (uy, . . ., uy)", B(x, A) is an N X N matrix, and its elements b;(x, A),

i,j=1,...,N, are polynomials in A. The matrices 4, i = 1, ..., p, are of order
N X N and are dependent on A. The {x;} are p + 1 given points in the segment
[0, 1] and satisfy 0 = x, < x; < x, < -+ + < X,.

Eigenvalue problems have been the subject of numerous papers (for several of
the first publications in the problem we investigate in this paper, see [4], [6]).

This work is a continuation and extension of [2], [8], [9].

In order to get the main result about the existence of the eigenvalues we will
prove in §2 a theorem which asserts that from the theoretical point of view there is
only one type of system, which we call the standard system, that is, the system of
the standard form:

dY/dx = A(x, )Y, 0<x<]I, (3.1)
Y(0) = a(A), (a.1)
y,(1LA) =0, (5.1)

Received by the editors June 26, 1978.

AMS (MOS) subject classifications (1970). Primary 34A10, 34B25; Secondary 30A64, 30A84.

Key words and phrases. Eigenvalues, algebraic functions, order of entire functions, asymptotic
expansion.

© 1980 American Mathematical Society
0002-9947/80/0000-0155/$06.75

407



408 SH. STRELITZ AND S. ABRAMOVICH

where Y = (y;, ..., y,,)T, A(x, M) is an n X n matrix and its elements a;(x, A),
i,j=1,...,n, are polynomials in A and a(A) is a matrix of order n X 1 dependent
on A, which is used instead of the wide class of systems of type (1.1) and (2.1).

2. The standard system. We are interested in systems dependent on a parameter,
but, because in the following theorem it does not matter if such a parameter exists,
for the sake of brevity the parameter will not appear explicitly. This theorem
(Theorem 1) asserts that instead of (1.1), (2.1), it is sufficient to concentrate on the
investigation of the main problem concerning the existence of the eigenvalues of
the standard system (3.1), (4.1), (5.1).

THEOREM 1. Every system

U’ = BU, 0<x<1] (1.2)
P
2 AU(x) =0, (2.2)
i=0
where U = (uy,...,uy)", B={b;}, i,j=1,...,N, the A'={a}{;=,, i=
0,...,p, are matrices of order N X N and 0 < xo < x; < - -+ <x, are p + 1
given points in the interval [0, 1], can be reduced to a standard system of the form
Y’ = AY, 0<x<1, 3.2)
Y(0) = q, (4.2)
ya.(1) =0, (5.2)

where Y = (yy, .. . sV 4 = {aij}, i,j=1,...,n,is a matrix of order n X n and
a is a matrix of order n X 1, n="P¥D) + 1. The system (1.2), (2.2) has a
nontrivial solution if and only if the standard system (3.2), (4.2), (5.2) has a solution.

PROOF. Let us denote a fundamental system of solutions of (1.2) by E(x) = {e;},
i,j=1,...,n, which satisfies the initial condition E(0) =1 = {§;}, i,j =
I,...,n (§; is the Kronecker symbol). Any solution U(x) of (1.2) is a linear
combination of the fundamental system of these solutions, that is,

U(x) = E(x)(by, . . ., by)T, 6.2)

where the b, i = 1,..., N, are constant.
By substituting U(x) by (6.2) in (2.2) we get

P
> AE(x)(by, ..., b0)"=(0,...,0)".
i=0
If there is a nontrivial solution of the system (1.2), (2.2), it is necessary that the
determinant of the coefficients should vanish, that is

S 4Ex)|=o0. (12)

i=Q

D=

(The determinant of a matrix B is denoted by |B|.)
REMARK. In the case B(x, A), and thereby E(x, A), depends on a parameter A,
then D depends on A too, and the eigenvalues, if any exist, are solutions of D = 0.
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We intend to construct the new linear system (3.2), (4.2), (5.2) of which we have
spoken above. We define y,(x) of (3.2), (4.2) by using (7.2) to be the following
function:

y(x) = 20 A'E(xx)

It is obvious that if there is a solution of (1.2), (2.2) theny,(1) = D = 0 and

éAi, n=(N(p+l))+l.
i=0 N

In the representation of y,(x) as the determinant |=?_, 4 ‘E(xx;)| the jth column
is 22_, A'e/(xx;) where ¢(x) is the jth fundamental solution included in E(x).

The determinant y,(x) = |=?_, A‘E(xx;)| can be expressed as a linear combina-
tion of determinants with coefficients constructed by the matrices A%, k =
01,...,p:

7o) =| S atpen)

where the components of the vectors (4% 4', ..., A?) and (E(xx,), . . . , E(xx,))
are the matrices A, i=0,...,p, and E(xx;), i =0,...,p, respectively, that
means that (4° 4',..., A7) and (E(xXp), ..., E(xx,)) are matrices of order
N X N(p + 1). Therefore by the Binet-Cauchy formula [3, p. 9]:

Va(0) = a, =

=|(A°, Al ..., AP)(E(xxy), . .., E(xxp))rl,

ajy, - a{":,, g (xx) - ei,,N(xj,x)

.

M=

yn(-x) = : eibl(lezx) e eik.N(x]kx)

iz es iv=1

all\.ll,i. to aﬁtiﬂ eiN,l(xj,vx) Tt eiN,N(xij)

Whereo <-’l <j2 < - <jN <p,withik <ik+lifjk =jk+|‘
A typical determinant included in the linear combination is as follows:

&1(%x)  €a(xx) - e N(x%)
€,1(x;,%) T T g n(xx)
o= , )
eik»l("cjkx) e e eik’N(.xjkx)
eiN,l(xij) ct te eiN,N(xij)

where iy, =1,...,N,k=1,...,N,0< j, < j, < -+ -jy <p, with § <i,if

Jk = Jk+1
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We will show that the o determinants together with y,(x) form the standard
system (3.2), (4.2), (5.2).

By differentiating such a determinant we obtain N determinants in each of which
one row is derivated and the other N — 1 rows are the same as in the original
determinant:

e"l»l(xl'nx) e €, N( )
e,.hl(lex) o ei.,N(lex) :
: N i nl( Jk—lx) T ei,‘_,N(xj,‘_,x)
o =l ealyx) o 'kN( =2 | CGalgx) o galxx)
. k=1
. . eik*l»](xjk#lx) e ei,,ﬂ,N(xj“,,x)
eiN»l('fo‘x) T eiN,N(xij)
eiN-l('xij) e eimN(x]Nx)
(8.2)
Obviously,
N
€.(%,%) = x, 2 res(%,%),  t=1,2...,N, 92)

where ¢, = (e, (x), . . ., ey (x)) is the ¢th fundamental solution of (1.2) included in
E(x).
Replacing e; ,(x; x) according to (9.2) we get from (8.2):

ei,,l(xj,x) t €., N( x)

n €, 11( Jk— Ix) e eik-bN(x.ik-lx)

N
=3 x b, ealxx) o enx) | (102)
k=1 r=1

eik+|vl('xjk+|x) T eik#l'N(xjk+lx)

eiN,l(xj,,'x) e :NN( x)

The absolute value of any determinant in the last summation (10.2) is already
included in the family of determinants in which o is included, and so ¢’ is a sum of
the determinants of type o with coefficients of the given system (1.2).

Therefore by appropriate numeration we get the new system (3.2), (4.2), (5.2).

Through the construction of the standard system (3.2), (4.2), (5.2) from the
original system (1.2), (2.2) it is obvious that the existence of a nontrivial solution of
the original system brings about the existence of a solution to the standard system.
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We will show that from the existence of a solution of the standard system, a
nontrivial solution of (1.2), (2.2) follows: because of the identity

el,l(o) v el,N(o)

eZ,I(O) te ez,zv(o)

(—1)N+je. (xx,) = ej—l,l(o) T ej—l,N(o)
WA ej+l,l(0) te ej+l,N(0) ’

en,1(0) : eN,N(O)

e(xx)) .- ei,i(xxl) T ei,N(xxl)

the standard system (3.2), (4.2), (5.2) includes the Np subsystems
/(xx,) = x, Be[(xx,), €,,(0) =5,
j=1...,N, i=1]...,N, k=1,...,p;

therefore, from the existence of the solution of (3.2), (4.2), (5.2) the existence of a
nontrivial solution to (1.2), (2.2) follows, because, if the original system had only a
trivial solution then D # 0, whereas from the existence of a solution to the
standard system we get y,(1) = D = 0.

In order to demonstrate the procedure we will show explicitly how we build the
standard system in two different cases:

(a) One scalar equation with p + 1 points:

w'(x) = b(x)u(x),
P

20 au(x) =0, x=0<x<---<x,=1L (11.2)
We denote by e(x) the solution of (11.2) which satisfy e(0) = 1. We define:

yi(x) =e(xx), i=1...,p,
Spor(s) = 3 allxn),
therefore
Yo = @+ 2 ao),
and the standard differential equation is
Yi(x) = x;b(xx;)y(x), i=1...,p,

Yprr(x) = é a'x;b(xx,)y(x),

i=1

»:(0) =1, i=1...,p,

P
)’p+|(0) = '20 a', Yp+1(l) =0.



412 SH. STRELITZ AND S. ABRAMOVICH

(b) A system with two equations with three boundary points:
uy=u, U= Nu, (12.2)
u(0) — ,(0) =0, (1) — uy(1) = 0. (13.2)
The standard system derived from (12.2), (13.2) includes 15 equations with 15

unknown functions, as we have shown above according to the Binet-Cauchy
formula:
2
yis= 2 A'E(xx)
i=0
2 I':i, a{fi,

gy, afi,

ei,,l(xj,x) €, g(xj,x)

ei,,l(xj,x ) ei,,z( xj,x)

.

iy iy=1

1
i)
where 0 < j;, < j, < 2, with i, = 1, i, ., = 2 if j, = j,, or explicitly we get in this
case

lez,l(o) ez,z(o)

el,l(%x) el,l(%x)

e1,1(0) €,2(0)

e(3x) el,z(%")
€,1(0) €,(0) €1(0)  €,5(0)
ez,l(x) eu(x) ez,l(x) eu(x)

and the smallest subsystem which includes y,s (the reduced system—see the next
section) is

Yis=1

n= %ys’ »1(0) =0,
Yy = %y.v ,(0) = -1,
Y3 = %}\Pyv (0 =1,
)’3 = %M)’z, y4(0) =0,
Y5 =y »5(0) =0,
Y6 =DVs y6(0) = -1,
Y1 =Apys, y:(0) =1,
Vs = Apye, y3(0) =0,
Yis = —%)’3 + %J’A + ANys — Aye 115(0) =0, y,5(1) =0,
where
_ ;1(0) ,2(0) _
n(x) = el,l(x/z) e,,z(x/2) - em(x/Z),
o |en©®  e® |
G P I s
_|€11(0) €20 |_
W= x/D) engtyy| T D
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3. The formulation of the main theorem. Theorem 1 in §2 shows that it is
sufficient to analyse only the standard problem considered in the previous section:

Y’ = A(x, \)Y, 0<x<1, (3.1)
Y(0) = a(), 4.1)
ya(1,A) =0. (5.1)

We want to find eigenvalues of (3.1), (4.1), (5.1) under the conditions that will be
given in this chapter.

DEFINITION 1.3. The reduced system. We construct the reduced system in the
following way:

First step. We consider the system (3.1), (4.1), (5.1). If the coefficient matrix can
be written as a direct sum of smaller matrices 4,, kK = 1, . . ., s, we will concentrate
only on investigating the subsystem connected to that 4, which includes y, and
removes the others.

Second step. Assume that (3.1), (4.1), (5.1) is the system we got after the first step.
If the initial value problem implies that certain components are identically zero,
then the equations of these components are eliminated. We continue this procedure
until we get to a system that we cannot reduce by means of the two steps
mentioned above. We call that system the reduced system. Thus it is obvious that
in order to find eigenvalues of (3.1), (4.1), (5.1) it is sufficient to investigate only the
reduced system. Therefore in the sequel, we assume that (3.1), (4.1), (5.1) is a
reduced system.

The properties of the reduced system are of fundamental importance in this
work, particularly in discussing the minorant.

The properties which play an important role are: (1) given a reduced system
(3.1), (4.1), (5.1) where A > 0, a > 0, and where there is a segment [7, x,] < [0, 1]
and all the a;(x, A) = 0 are positive for positive A, then in (n, 1), Y(x, A) > 0 for
A > 0; (2) under the same conditions, if for one k at least y,(x, A) > Bef(—*d
then y, > B*efA"*~*d (see Lemma 3 and §5).

The elements g,;(x, A) of the matrix 4(x, A) are polynomial in A:

a;(x, N) = al (™ + a(A™ '+ L (1.3)
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Using a,.'j(x) we define the following:
DEFINITION 2.3. We define

n—

1
A(xo, A’ l-") = detl_a’,}l,(xo)}\'"y + 8ij”'|2j-| = “’” + kzo pn—k(x0’ A)I“'k (23)

where p, _;(x,, A) is a polynomial in A and m, denotes the degree of p,(x,, ).
DEerFINITION 3.3. We define p = max,_,  ,(m/k) where m, is the degree of
Pi(xgp M)
In the neighbourhood of A = oo the expansion of the solutions y, of A(x, A, p)
= 0 has the following form:

,,,,,

e = BAP/%[1+ OA~V%)], k=1,...,n, (33)
where p, and g, > 0 are integers;
e (2) - ()
oo (o) = e () @

where m, is the degree of p,(x,, A) (see [1, pp. 39-40, Theorem 15.2]).
Now we are ready to formulate our main theorem.

THEOREM 2. Let (3.1), (4.1), (5.1) be the reduced system. Suppose that:

(1) All the ajs*'(x) > 0, k; =0,1,...,my; i,j=1,...,n, are summable func-
tions in [0, 1] and a = (a,, . . ., a,)T is a nonnegative vector where each a is a
polynomial in \ with |a| > 0.

(2) There is at least one point x = x, where all a(x, \) are continuous functions
(that means that for each pair i, j there is a function of the equivalence class a;(x, \)
which is continuous in x). At this point x = x, all the ay(x, A) (of (1.3)) for positive A
are positive for all the i, j for which a,(x, X) = 0.

,,,,, (m/ k) is not an integer.

Under these conditions the problem (3.1), (4.1), (5.1) has an infinite sequence of

eigenvalues.

ReEMARK 1.3. Working on the problem of the existence of eigenvalues of the
system (3.1), (4.1), (5.1) in the case where the matrix 4 may not be nonnegative, we
have achieved results which, because of their length, will be published in a separate
paper. These results are formulated in §11.

REMARK 2.3. It is easy to verify that g;(x, A) will be always nonnegative for large
enough A > 0if gj(x) > ¢ > 0, x €0, 1].

REMARK 3.3. Theorem 2 can be proved for —oo < x < oo because we can make a
transformation from the real line to the interval [0, 1].

The following examples show that the conditions of Theorem 2 are essential.

ExAMPLE 1. Solving the system

Y11= Y2 =3
s =-x(1+ (20 + x)A)y, + (2 + (100 + 5x*)\)y,,
yl(o) =0, )’2(0) =0, y3(l) =0,
we get thaty, = 2 + 20Ax> has only one eigenvalue.
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This example stresses that condition (1) of Theorem 2 is essential.
ExAMPLE 2. The solution of the system

yi=b(x)\"y;  yi3=a(x)\y,,
»(0) = a,, »2(0) = a, »(1) =0,

0, 0<x<2 , 0<x<3,
a(x) = b(x) =

where

1, 3<x<], 0, ;<x<1,

is y, =2A"a + a;, 3 < x < 1. Therefore, y,(1) = 0 has only a finite number of
roots.

In the example, condition (2) is not fulfilled.

ExAMPLE 3. The system

YVi=ry» 0= (%V - M))’z + (%M - Nx - )\))’1’
has the solution y, = xe*™, y, = (1 + AXx)e™™. Therefore the boundary value

problem y,(0) = 0, y,(1) = 0 has no solutions. In this case p = 2.
REMARK 4.3. The homogenous linear differential equation

d"y d""Yy
dxn = al(x, A) dx"" + - +an(x’ A)y
is equivalent to the homogenous linear system
Y1 =D
Ya=DJs
y}’:—l = )’,.,
Vo= a,(x, Ny + a,_(x, Ny, + - - - +ay(x, Ay,

where y, = y and y, = y*~V. Therefore we get an analogue to Theorem 2 for an
nth order linear equation which is a generalisation of [2].

THEOREM 3. Under the same conditions of Theorem 2, there exist two positive
constants a > 0, b > 0 which are independent of j so that aj'/? < Il < bj'/e,
Jj=12....

We get the same results of Theorems 2 and 3 if we replace (5.1) with y,(1, A) =
a(l, ) which is a transcendental entire function of order less than p.

4. Preliminary lemmas. If we prove that y,(1,A) is an entire function of a
noninteger order, then, as is known, the equation y,(1,A) = 0 has an infinite
sequence of solutions which are the eigenvalues of the system (3.1), (4.1), (5.1).

In order to find the order of y,(1, A) we will build a majorant and a minorant of
the solutions for a corresponding Cauchy problem. We will show that both the
majorant Z(x, A) and the minorant W(x, A) are entire functions of A, for each x,
M < x < 1,719 > 0, z,(x, A) and w,(x, A) are of the same order p, from where we
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will conclude that y,(x, A) of the Cauchy problem (3.1), (4.1) is also of the same
order. Thereby the proof of Theorem 2 will be completed.

The construction of the majorant and the minorant system will be based on the
following lemmas.

LEMMA 1. Let the systems

n

=2 a (x)y; Y:(0) = aq, > 0, k=1,...,n, (14)

i=1
and
n
z;= b(x)z, z0)=b, k=1,...,n, (2.4)
i=1

satisfy the following conditions

0 < g;(x) < by(x), a, < b, k,i=1,...,n;
then, the solution (y,, .. .,y,) and (2, . .., z,) of the above systems satisfy y,(x) <
Zi(x), k=1,...,n

PROOF. As is well known, the Cauchy problems (1.4) and (2.4) can be solved by
Piccard’s successive approximations method (see, for example, [7]):

x n
Yim = @ +f(; 21 (a:(Dyim—1) at,
i-

x n
Zim = by "'f 2 (b(D)z,,,-) dt,
0 =1
Yio = @ Z 0 = by, k=1....,n, m=12,...,

then the solutions will be, respectively, y, = lim,, ,, v, (x) and z(x) =
lim,, ,, 2, ,. According to the conditions of the lemma, y, ,(x) < z, ,(x); hence,
i(x) < zi(x).
LEMMA 2. Suppose that the functions ay(x, N) and the vector a of the Cauchy
problem
Y' = AY, 3.1)
Y(0) = aq, 4.1)
satisfy the conditions of Theorem 2. Then, for every fixed x, Maxy . |Y(x, N)| =
Y(x, r), and also Y(x, r) is a nondecreasing vector in x for each r.

PrOOF. By means of Piccard’s successive approximation method we obtain

x[ ™M
Y% N) = a + fo S agt (A9, (1, N)

e=0
my,
o+ D g Ny, (N [de (349)
e=0

for j=1,2,...,y(x) = a. Here y,(x,]) is the jth step in the successive
approximation method of the kth equation in the system (3.1), (4.1); therefore
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Yk (%, A) is a polynomial in A with nonnegative coefficients:
Vij

Yii(xs A) = ;.20 p(OA  p(x) >0, k=1,...,n j=0,1,....

Thus,
Vij

Ma): (M| < X p(x)rt =y(x,r), k=1,...,n j=0,1,....
- h=0

(4.4)
The sequence y;;(x, A),j =0, 1, ..., converges uniformly on the set [A| < R for
each R < oo to y,(x, A) and from (4.4) we now obtain that
lI)\\'fax (X, N)| = yi(x, 1), k=12 ...,n

The equalities (3.4) also show that y,(x, r) is a nondecreasing function in x for
each r.

Relying upon these two lemmas we intend to estimate the order of the solution
Y(x, A) of (3.1), (4.1). Towards that end we will construct a majorant Z(x, A) and a
minorant W(x, A) to Y(x, A), and show that both are of order p.

5. The construction of the majorant. We return now to the problem

(B.1) Y =AY,

@4.1) Y(0) = a.

First of all we show that without loss of generality we can assume that under the
hypothesis of Theorem 2, A(x, A) for a fixed A is a bounded matrix.

Recalling that the elements g;(x, A) of the matrix 4(x, A) are polynomials in A:

a;(x, N) = aj(x)A\™ + aj(x)A\™ "+ ..., (1.3)
let us define
B(x) =sup{aj(x)}, O0<x<1, ij=1...,n I=1....,m;+]1,

which evidently is summable. Then the matrix

A(x,A)
k(B(x) + 1)
is bounded, and Y’ = k( B(x) + 1)A(x, \)Y, where the number k will be defined
later.

A(x,\) =

Transforming the independent variable x into ¢: x -t) t,
¢:t=kf (B(s) + 1) ds
0

we get a new system:
%;=m@nw, Y*0) = a,
Y*(t) = Y(x(1)), A*(t, A) = A(x(¢), N),
with bounded matrix 4*, where k is chosen so that [0, l]—¢> [0, 1]. So we can
assume that the original matrix A(x, A) is bounded for every fixed A.



418 SH. STRELITZ AND S. ABRAMOVICH

We can find c; > 0 such that

m;
)\"'vego a; (XA <A™

holds. Then, according to Lemma 1, the system
n
Z(x,A) = X ¢A™z(x,N), i=12...,n (1.5)
j=1

will be a majorant system of (3.1). Because of the nonnegativity of the values
C={cA™}, i,j=1,...,n, the greatest characteristic root is nonnegative; this
means that every other root has an absolute value not larger than the greatest
characteristic value.

After we have defined the matrix C, the characteristic values y, have to be
calculated from the following determinant:

A\, , €) = det|(cA™ — ;) _, = 0. 2.5)
Therefore, in the neighbourhood of A = oo,
e = BIAP/%[1 + O\~ V%)), (3.5)
qx > 0, p, are integers.
For every p, there is a solution z = (z,(x, A), ..., z,(x, A) =
(A,e", ..., A,e") in which the coefficients 4, are computed from equation (1.5)

and are polynomials in x and rational functions of A and u. Any solution of (3.5) is
a combination of the type

n
Z(x,A\) = X bAgye*, j=1,...,n
k=1

where b, = b(A), k = 1, ..., n, are determined uniquely by the initial conditions,
and therefore of the same type as the A4,;th, that is, the b,th are rational functions
of A and p too.

So from all that has been explained above together with Lemmas 1 and 2 we
conclude that

M(r,y) = &}i’i P (x, M| = y(x, ) < z{(x, r)
n
<> || Ajxe™™ < Brfoexp( Byrf'x)
k=1

where B, p, and B, are numbers which are independent of j. We had defined p in
Definition 3.3 as p = max,., . ,(m,/k) in the expansion of A(xy, A, p) in (2.3).
Through the fact that in the development of g, in (3.3)

X Ilnax (Pe/ @) = P1s 4.5)
=1...,n
we get

Yi(x,r) = M(r,y;) <Br*exp(By*x), j=1...,n, (5.5)

that is, y,(x, A), j = 1, . . ., n, are entire functions of order not higher than p,.
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6. Simplification of the problem. In this chapter we intend to clarify some
circumstances that will simplify the construction of the minorant system of (3.1),
4.1).

Let [n, x,] be a segment where all the a,.}(x) Z ( are positive and continuous
except perhaps in a set of measure zero (see the hypothesis of Theorem 2). Let

Mo =(m + x0)/2.
In the sequel we need the following:

LEMMA 3. Under the hypothesis of Theorem 2, the solution of the Cauchy problem
(3.1), (4.1) satisfies the inequality Y(nq, A) > 0.

ProoOF. The matrix 4 is nonnegative and Y(0) = a > 0. By comparing the
system (3.1), (4.1) with the system Y’'(x) = 0, Y(0) = a, we obtain in accordance
with Lemma 1 that Y(x, A) > 0 for x € [0, 1]. Moreover, with no loss of generality
we can assume for simplicity that 1, 2, . . ., g are the indices for which g; > 0, then
according to Lemma 1, y,(x), yy(x), . . ., y,(x), are positive in the interval [0, 1].
We now choose all the equations in which at least one function of the set y,,
Y2 ---,Y, appears on their right side. Suppose those are the equations with the
indices m;, my, . .., m,. By using A(x,A) > 0 and Y(x, A) > O we obtain that for
the indices v = m,, m,, ..., m,, y,(x,A\) > 0 in the segment [n, xo]. Therefore,
because of (4.1), y,(x,A) > 0, » = m,, m,, . .., m,. Repeating this process, we get
after a finite number of steps that all y,(n5, A) > 0, » = 1, ..., n, otherwise the
system (3.1), (4.1) was not in a reduced form in the sense of Definition 1.3.

Let us discuss the system (3.1), (4.1) again. By means of permutation we can put
the matrix 4 of (3.1) in the normal triangular form:

A, 0 0 0 0 0 0
. A, . . .
0 0 A, 0 0 0 0
A= Ag+l,l Ag+l,2 Ag+l,g Ag+l 0 0 0 ; (16)
Agey O 0
\As,l As,2 T A:,J-l ASJ
here A4,, A,, . .., A, are square irreducible matrices and in each row at least one
matrix Agy, ..., A5, f=g+1,...,s, is different from zero [3]. (A square
matrix A = (@, }; -1, ..., is called irreducible if the index set 1,2, ..., n cannot

be split into two complementary sets with common indices i}, iy, ..., i, k;,
ky ....k,p+rv= n,suchthata,.akﬂ=0,a= L2,...,;;B8=12,...,»)

We would like to point out that we have already dissected the original system
into subsystems in such a way that taking into consideration the initial condition
(4.1), we have built 4 to be the smallest subsystem which includes y, and can be
solved separately.
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Now we come back to the “characteristic equation” of (3.1).

n n—1
A(xg, A, p) = det|-al(xA™ + §;p|, ., = u" + D pp_i(xg Np*
k=0

n—1

=p" + kZ‘ Pa—i(xe Np*. (23)

Using the normal form of 4 (1.6), we get that

s s
A(xp A p) = .III |-A4; + 1| = Hl A(xe A, ).

i

In the neighbourhood of A = oo we get that the expansion of the solutions p,,
k=1,...,n, have the form (3.3). The maximal characteristic value of the expan-
sion of A(xg, A, p) = O, p, is a solution of at least one of the subequations

n,—l

|-A4; + Ip|= p™ + kZO Pr—k(Xp Mk =0

where p, _,(xo, A) is a polynomial in A. We denote i, to be the degree of f,(xq, A).
Similarly to the indicated solutions, the expansion of the solutions of |-4, + Iu| =
0 in the neighbourhood of A = o is

M = E}\’;*/i*[l + O(}\"/‘ik)], G. >0, p,areintegers, k=1,...,n,.

The same considerations as before brings us the conclusion that

(mk) (ik)
p= max — )= max [=}.
k=1,..., m—1\ k k=1,...,m\ G

In accordance with the dissection of 4 into blocks we also dissect the columns Y
and a into parts Y*, a¥, k= 1,...,s5,

Y=(pesr) =0l ol vk ot ),
a=(a,,...,a,,)=(al',...,a,}|;...;a,",...,a,,':;...;a,’,...,a,‘,").
We will show that if y/(x, A) > BefX*~*0 k =1,... n, theny, > BefN*=—0,
where B, B are constants.
Lemma 3 states that under the hypothesis of Theorem 2, y (1), . . . , ¥,(ng) are
positive; therefore, if we choose b, . .., b, to be sufficiently small numbers, the
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system
(0 )
y 1'(")

7 (%)
yi(x)

Ty (%)

(%)

In(%)

where 0 represents a submatrix with all entries 0,

is a minorant system of (3.1) with the initial condition

it |
)7.;},("10)
)7: (o)
)7.:,("10)

y i'("lo)

)7;.', (mo)

Yi(no) = a;(no)s

!
by

bl

i=1...

(0]

0

0|5
7
7
0
4
b7
0 )7,:,
s M

421

’ (2‘6)

3.6

(4.6)

where the a,(n,) are the positive values that we have obtained at x = 7, when we
solved the system (3.1), (4.1).
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_In order to solve the system (2.6), (3.6) it is enough to solve the system
Y" = A4,Y', Y(no) = b'. Indeed, suppose that the y/(x,A), k =1,...,n, are
bounded from below in the following way:

BAPeNEmm) x €[ g, Xo],

k=1,...,n, 5.6
B}\Bewxv(xo—ﬂo)’ x e[xo’ 1]’ 1 ( )

Pelx, N) > {
and the other functions y,(x, A) of the solution of (2.6), (3.6) are equal to zero, then
since the system (2.6), (3.6) is a minorant system to (3.1), (4.6) (which is the system
(3.1), (4.1) restricted to the segment [n,, 1]), and the elements A(x, A) are polynomi-
als in A therefore the function y,(x, A), k = 1, .. ., n, of the original system (3.1),
(4.1) satisfy the inequalities

BABeN(x=m)  x [ 0> %o ]

= l, e e ey n,.
BABeXM (o= x & [x0 1]

yi(x, A) > {

In order to find a lower bound for y,(x, A) we choose all the equations in (3.1) in
which y,,...,y, appear on their right side explicitly. Suppose those are the
equations with the indices p, p,, ..., p,; then, since A(x,A) is a nonnegative
matrix with polynomial elements in A we get that

v, > (polynomial in A) - BAe“*~ %0
and together with y,(no) > 0,» = p;, p, . . . , p,, We get again
BA PN x €[ ng, X,]
BAAeN (=m0 x € [x0 1],

The system (3.1), (4.1) is a reduced system (see Definition 1.3); therefore, by
repeating this procedure a finite number of steps we get at last that:

y,,(X,)\)>{ y=pl’p2"“’Pq'

BA\Bre¥x=m) €[ xg 0]
BABeNomm0 x e[, 1].

Ya(x,A) > {

Thus, it is enough to prove the inequality (5.6) for the case that A(x, A) is itself an
irreducible matrix.

7. The construction of the minorant. We explained at the end of §6 that it is
enough to construct a minorant in the case where A4 is an irreducible matrix.

We construct the minorant in such a way that the order of its solution is p too
(see Definitions 2.3 and 3.3 of §3).

We have defined in Definition 2.3:

n—1
A(XO’ Aa I-") = detl_a,]l,(xo)}\’"u + 8ijl"'|,~J-] = l"'" + kzo pn—k(x(‘)’ A)”’k°

Po—x(xg Mu¥ is obtained by decomposing A(xg, A, p), and p,_,(xe A) is thus a
sum of products of factors a,.J'.Sxo))\"'V. If m, is the degree of p,(xo A), then
p =max,_, . .(m/k)= mg/k (there may be several indices k; we choose one
of them).
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It may occur that some of the monoms of the expansion of the determinant
whose sums are equal cancel each other. We define m? to be the highest degree in A
of these monoms which make up p,(xq A), kK = 1,...,n — 1, before the cancella-
tion of equal monoms and p, = max,., . .(m{/k) = mp /k,. Itis obvious that'

Po Z P1- (1.7)
Let
D* = g}, N"wal A", .., gl A

be the monom of order my in A.

We construct the minorant system only in the segment [7,, 1] because we are
interested in the behavior of the system (3.1), (4.1) near x = 1, therefore we put the
initial value in x = 7,

Now we build the minorant system

w; (x, A) = d; A™ww, (x, ), k=1,...,9 x€[ne1],

in the following way

d. = min(ai,l‘j,‘(x))’ x €[ g Xo ]
i 0, x &[ Mg Xo]s

and we denote m,;, = m,,d,;, = d,. We get

w; (x, A) = d,-k}\""‘kwjk(x, A), x€ ['qo, xo],

k=1...,q. 2.7
w; (x, ) =0, x &[ Mo %] 1 27)

Since we are interested only in what happens in [7,, 1] we choose the initial
condition to be

Wi’,‘("lo’ A) = bik’ k=1,...,q 3.7

where the b, are positive numbers small enough to be less than y, (no, A) =
a; (1o)—the solutions of (3.1), (4.1) at the point x = n (Which according to Lemma
3 are positive numbers).

The same reasoning as that of §6 leads to the conclusion that for estimation from
below of the solution y, of (3.1), (4.1) it is enough to estimate from below the
solution of (2.7), (3.7).

For the sake of simplicity we rearrange the system (2.7), (3.7) and bring it to the
form

w, = dA™w,(x,7), x €[ng X,
wi(x,A) =0, x &[0 Xo]s
Wi("'lo’ A) = bf’ i = l) o ey q~ (5.7)

4.7)

1At the end of the next chapter we will get the conclusion that py = p. It is obvious that when p, = p
there is at least one index k such that k, = k and m,“’l = mji. It means, that at least one of the monoms
with the highest fraction my, /k, is not cancelled. That is a result which has nothing to do with the order
of entire functions but is a result in connection with determinant expansion.
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8. Investigating the solutions of (4.7), (5.7). The characteristic equation of (4.7) in
x € [ng, X is p? + - - - + BA% = 0, and because of the structure of (4.7), p, =
1,/ q. If the system (4.7) can be divided into s subsystems then

s
pi+ - +BAY = H(#@—Aj)\"/)
j=1

where
G+ diy
=2 m o= 3 4,
i=q+1 i=gi+1
k=q¢.—q, Jj=1...,5
gq=k +--- +k, L=p+ - +p,

po=(py+ - +p)/(ky+ - +k).
LEMMA 4. If the system (4.7) can be divided into s subsystems then p,/k; = p,,
i=1...,s.

PRrROOF. The system

dA"w,(x,A), x E€[ngxe], i=¢q+1,...,q4)

wi(x,A) =10, x&[npx) i=¢+1...,¢. (18)
0, i€qg+1,...,q,,
is a minorant system to (4.7) in the interval [n,, 1], therefore
Pj _ Pt +p .
kj<p°_kl+---+k,’ J=12...,s. (2.8)

If for some of the j, p; < py- k; then 2 p,/Zk; < p which contradicts (2.8).
Therefore, by the same consideration as before, it is enough to investigate one of
these subsystems that means that we can investigate the system

de"yM-’i’(x, A)a X e["lo’ xO],
0’ X e[‘r,O’ xO]’
W) =b, >0, j=1...,k, (4.8)

wi(x, A) = (3.8)

and this system is irreducible.

9. Estimation of the solution of the minorant. We can rearrange the system (3.8),
(4.8) and bring it to the normal form

w, = dA™w, ., i=1....,k—1 x€&[ngx)
Wi, = d A™w,,  x €[ng X],
w, =0, xGE[no,xo], i=1...,k,.
The solutions of the characteristic equation
W = wAPo2(=D/k w>0, i=1...,k. (1.9)
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It is obvious that the fundamental solution corresponding to p is

- ) k=1
n,i(x’ A) = (1, dl,;‘n", e e ey d|dz° . dk“,’_lkm'*-”'*.mh—l).e“(x-%)’
N < X < X,
W(x, ) = Wi(xpN), x<x<1, 29)

therefore, any solution of the system (3.8), (4.8) is a linear combination of W(x, A),
i=1,...,k;:
ky
W(x,A) = > ¢;W(x,A). (3.9)
i=1
We show that ¢, > 01in (3.9).
Let us express in detail (3.9) at x = 7y, and let us use the fact that the initial
condition (4.8) is a positive vector.
Hence, we get the following inequalities:

ky
> >0,
i=1
ky k
Cilk
e — >0, k=1,2,...,k —1,
2 ddy - AN ™ 1
as d; > 0 from (1.9) &, = wAPY;, wAP > 0, for positive A, we get the inequalities:
ky
Ytk >0, k=0,...,k -1, 4.9

i=1
where, §; = e>""V/k i =1,.. .k,
Summing up all the inequalities of (4.9) we obtain
K k-1

2 ¢ 2 gik>0’
k=0

i=1

ky—1 .
k _ 0, is# 1,
2 & _{k,, i=1
It follows that

,(| kl—l
2o X t=ke >0, (5.9)
i=] k=0

therefore ¢, > 0.

LEMMA 5. For the solution of (3.8), (4.8) in the segment [ng, x,), there are numbers
w>0,8B>0suchas,fork=1,2,...,k,

BAPexp(wAP(x — mg)), Mo < X < Xg,

(6.9)
BAPexp(wA\?(xo — M), Xo < x < 1.

we(x, A) > [
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ProoF. This is an immediate result of (2.9), (3.9) and (5.9):

§ § ik lemx =m0
0 <w(x,A) = cWii(x, A) = - e
k( ) = k( ) dle’ e, dk—l}‘ 1+ +my

i=1

= ¢,e" T pA)(1 + o(1)),
where ¢, > 0, pQA) = AP(a + o(1)) with real B and a # 0; hence (6.9) follows for
k=1,...,k;.
We get the same inequality for every subsystem of system (4.7), and by using the
same reasoning as at the end of §6 we get the following conclusion:
For the solution of (3.1), (4.1) there are numbers w > 0, 8, B > 0 so that

BAPexp(wh®(x — 1mq)), X €[ng Xo]s
BAPexp(wh®™(xy — o)), X €[ X 1]

From (7.9) and (5.5) we get that there exist numbers w >0, w* >0, B > 0,
B* > 0, B8, B* so that

B*NFexp(w*APo(x — 1)) < yn(x,A) < BAPexp(wA®x),  my < x < xq,

B*A P exp(w*AP(xy — mg)) < ya(x,A) < BAPexp(wAfix), xo<x<1, (89)
for real positive and large enough A.

Conclusion. From the monotonity of the greatest characteristic root of nonnega-
tive matrices and from (3.3), (4.3) and (2.5), (3.5), (4.5) and (1.9) we obtain that
po < p < p;; on the other hand from (1.7): p, > p, hence p, = p = p,. From this
together with (8.9) it follows that y,(1, A) is an entire function of order p. In case p
is not an integer the equation y,(1, A) = 0 has infinite sequence of solutions; this

means that the system (3.1), (4.1), (5.1) has an infinite sequence of eigenvalues.
This completes the proof of Theorem 2.

Ya(x, A) > { (7.9)

10. Proof of Theorem 3. The proof of this theorem appears in [9]. For the sake of
completeness we prove it again here, especially since that paper is hardly accessible
for the English reader.

From (8.9) we obtain that, for x = 1,

B*r® exp(w*r®(xy — 1)) < M(r,y,) < Brfe*”, r>1, (1.10)

where B, B*, B3, B*, w > 0, w* > 0 are constant.

In the circle |A| < r, r > 1, we will estimate the number of zeros n(r) of the entire
function y,(A, 1) of finite order p, where p is not an integer.

We will use the inequalities (see [S]):

n(r) <cln M(er), ¢>0, (2.10)
P " & p+1 ® M
In M(r) < T(r fo e i+ f dt) (3.10)

tp+2

where T > 0,p = [p].
From (1.10) it follows that

n(r) < o,r’, o0, > Ois a constant. (4.10)



EIGENVALUES OF DIFFERENTIAL OPERATORS 427
If n(t) =0in 0 < ¢ < r, then from (2.10)
In M(r) < T(r“ [ LIURP [ LAUpPEY I° L0} dt),
r r qr

o tp+l /4o tp+l tp+2
(5.10)
g and g, are constant numbers which we will choose later.
From (5.10) and (4.10) we get

r/qo () a  dr ® 0,
In M(r) < T(r’ dt + rPn(gr + rpt! —_— dt)
(r) J @ [ = [

o Prl-p e pt2-p

o,rf /9 1 o,rf
| S )+ s | 6o
(p — p)gb P Pq (p+1-p)gP*'=r

From the left inequality in (1.10) we obtain that there is such a number o that
In M(r) > or for r > r,. Therefore (6.10) leads to

<T

In M(r In M 5
sy < MO maM) 1)
o(p — p)g8 o(p +1—p)gPti=e P pq
T T /9
= In M(r) % — + i + n(qr)(.q_° - _IF)T.
olp — 9)q8 o(p +1—p)g?*i-r P pq
(7.10)
We will choose g, g, so large that
o, T o, T
A, = — + <1,
' oole—p)BTP  a(p+1-p)gPtie
g 1 )
A, =Tl —-—]>0.
2 ( P pe
From (7.10) we get that
n(r) > 4, In M(é). (8.10)

Here A, = (1 — A,)/A, = const. From (4.10) and (8.10) we get the inequality
0,r* <n(r) <oy, r > 1,0, > 0, 6, > 0 are constant. Therefore a,|]\;|* < n(]A)|) =
J < 03]\ )° holds, and so 4j'/? < || <bj'/?, j=1,2,..., holds too when a > 0,
b > 0 are constants independent of ;.

Thus Theorem 3 is proved.

11. Concluding remark. Now we formulate the theorem we have mentioned in
Remark 1.3.
We consider once more the problem (3.1), (4.1), (5.1). Let

p(x, A) = xlzjo(x)}\"f(")/qi(") + YAV i =1,2,.. .,
(1.11)
be the solutions of the determinant
det|a; (x)A™ — 8,~kp.|:,k_, =0, Lk=1,...,n,
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and (9;(x, A), U(x, A), .. -, U,(x, M)7 are the “eigenvectors” corresponding to
w(x, A),j = 1,. .., n.(This means that the “eigenvectors” satisfy the equation:

n
kzl(—a,.'k(x)x"'"‘ + 8,.,,;1.1.)1.91.k(x, A)=0, i=1...,n

We obtain that

0 (5 A) = X Y (NG =V 2.11)
s=0
and
n o0
A = det|v(x, >\)|j,k_l = 3 ¢ (x)AP~/9, (3.11)
k=0

These expansions are obtained in the neighbourhood of A = oo and exist always
for all x for which A(x, ) appearing in (3.1) is bounded, where g(x) > 0,
gi(x) > 0, g(x) > 0, pi(x), py(x), p(x), are integers.

All the expansions (1.11), (2.11), (3.11) are of the same form

f(x, A) = c(x)AGV/B® 4 ¢ (ANE@-D/B) 4
and we denote degree f(x, A) = a(x)/B(x).

THEOREM 4. Let A(x, M) of (3.1), (4.1), (5.1) be a continuously differentiable matrix
of x: x €0, 1] for every complex A |\| < oo. Suppose the following conditions are
satisfied:

(a) There exist n continuously differentiable eigenvalues w(x,A),j =1,...,n, of
the matrix A(x, X) of the form (1.11) with p;/q; = const, j = 1,2, ..., n, that is, all
the functions y;(x) of the expansion of (1.11) are continuously differentiable and all
the Pj» q; are constant and do not depend on x.

(b)
degree A = (j.,jz,r.r.léﬁ,.)es,. {degree[v,jl(x, A)-oy(xA), .o, 0, (x, }\)]}
where s, is the set of all permutations of the numbers 1,2, . .., n.

(c) All the numbers p;/ q; are positive and no one of them is an integer.

(d) All the numbers [} Yo(x) dx,j = 1,...,n, are different from zero and every
two elements of the set {7\”// 9 Y;o(x) dx} are different from each other for large
enough |A|.

Under these conditions there exists an infinite set of eigenvalues {N\;} of the problem
(3.1), (4.1), for which
min &< lim M< Tim EIM< max &
1<j<n § 5% IMn 4l n 1<j<n g;

This theorem deals with a matrix A(x, A) the element of which may change their
signs, not admitted in Theorem 2. We have formulated the last theorem in its
simplest case for the sake of brevity, and postpone the proof and discussion of this
theorem (and some others) because of its length. We intend to publish them in a
separate paper.
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