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ON MEROMORPHIC SOLUTIONS
OF ALGEBRAIC DIFFERENTIAL EQUATIONS
BY
SH. STRELITZ

ABSTRACT. The Malmquist Theorem is generalized for equations of the type
R(z,w, W, ..., w"™) = P(z, w)/Q(z, w) where P, Q and R are polynomials of w
and w, w’, . . ., w respectively with meromorphic coefficients of finite order.

1. In this paper we consider the differential equation

R(z,w,w', ..., w™) = P(z,w)/0(z, w) (1.1)
where P, Q and R are polynomials of w and w, w/, ..., w® respectively with
meromorphic coefficients of z in the plane |z| < 0.

We generalized in [4] the well-known Malmquist Theorem [2] for equations of
type (1.1), where P, Q and R were polynomials of all their corresponding variables
and obtained there under these conditions that if (1.1) has a transcendental
meromorphic solution in |z| < co then Q(z, w) does not depend on w. In this paper
we generalize the indicated theorem for (1.1) described above.

In order to formulate the main assertion of this paper we rewrite P, Q and R of
(1.1) in the following forms:

m
R(z,w,w',...,w") = > Ri.;,---.-,,(z)w“(w’)" C e (WY

i+ i+ - - - +iy=0

P(z,w) = kgo P (2)wP ™k,

q
0o(z,w) = go Qj(z)w""‘. (12)

We will use the following notations.
(1) We denote by p(f) the order of the meromorphic function f and put

A = max{p(Ry, ....,) o(P), ()} (13)
where the maximum is taken over all the possible values of the indices i, k and j.
(2) We denote the set of all the polynomials

Tzw) =3 T(w'™

s=0

where all the T,(z) are meromorphic functions in |z| < co by M.
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DEfFINITION 1. The polynomial Ty(z, w) € M which depends explicitly on w is
called a nontrivial divisor of T(z, w) in I if there is a third nontrivial T, € I (that
is, T,(z, w) depends explicitly on w) such that T = T, T,

DEFINITION 2. Two polynomials T, T, € I are called mutually prime if they
have no common nontrivial divisors.

We are now able to formulate the main result of this paper.

THEOREM. Consider (1.1). Let P(z, w) and Q(z, w) be mutually prime in I and let
A < o0. If (1.1) has a transcendental meromorphic solution w(z) in |z| < oo of order
p > A then Q(z, w) does not depend on w.

REMARK. In this theorem it is impossible in general to put p(w) > A. Indeed let
Pi(2) and g;(z) be transcendental meromorphic functions with p(p,) < p, p(g) < p
(for all k and j) and f(z) a meromorphic function of order p. Then the equation

n

S a@rt 3 pewn

” =f” . k=0

S p@f S gw

Jj=0 k=0

w

has a solution f{(z) of order p.
In the following sections of this paper we prove the theorem formulated above.

2. We can always assume that the degree, d(P), of P(z, w) in respect to w is less
than the degree, d(Q), of Q(z, w) in respect to w; d(P) < d(Q). Indeed if d(P) >
d(Q) then dividing P(z, w) by Q(z, w) as polynomials of w, we will separate the
entire polynomial part (in respect to w), s(z, w), and will obtain a remainder,
P(z, w)/ Q(z, w), with a degree, d(P,), of P,(z, w) lower than the degree, d(Q), of
Q(z, w):

P(z, )/ Q(z, w) = S(z, w) + Py(z, w)/Q(z, W)

with d(P)) < d(Q). From (1.1) now follows R(z, w,w’, ..., w") — S(z, w) =
P,(z, w)/ Q(z, w). Denoting
R(z,w,w,...,w™) — S(z,w) = Ry(z, w, W, ..., w"™)
we get a new equation
Ry(z, w, W', ..., w") = P(z, w)/Q(z, w)

where P,(z, w)/ Q(z, w) has the required property. We assume that already in (1.1)
the degree of P(z, w) is lower than the degree of Q(z, w) in respect of w.

In order to prove our theorem we suppose that Q(z, w) depends explicitly on w.

Let w(z) be a meromorphic solution of order p > A of (1.1). We substitute in (1.1)
w for w(z). By a suitable transformation

w=((Bu+1)/(u+1) (2.1)
with an appropriately chosen 8, (1.1) will be reduced to
R*(z,u, o, ..., u"™) = P*(z,u)/ Q*(z, u) (2.2)

with the following properties:
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(i) P*(z,u), Q*(z,u) and R*(z,u,u’,...,u™) are polynomials of u and
u, ', ..., u"™ respectively with meromorphic coefficients of order no more than A;

(ii) P*(z, w) and Q*(z, w) are mutually prime in I;

(iii) the function Q*(z, u(z)), where u(z) is the meromorphic solution of (2.2)
corresponding to w(z) (of order p: p > A), does not vanish at the poles of the
function u(z) and

(iv) a = oo is not a deficiency value of u(z).

In order to prove these properties consider now the zeros of the function
0Q*(z, u(z)). In the poles of u(z) according to (2.1)

W(Z)|yma = B (2.3)

Further,
Bu+1\ Bu + 1\97J
Q(z, u+1 )_Eo QJ(Z)( 7+ 1 )
q-J u = Q (z’ “)
( + l)qjg Q(Z)(Bu + 1) ( + 1), (1 + )q (24)

and

Bu + 1

Pz w) P(z, Bu _)(1 + u)? _ Pz

O(z, w) Q*(z, u) T 0%z u)

with the polynomial

P = Pz, 2 Bu + l)(1 + u)t,
We have

o= 251 - owp). 25)
Let {z,} be the sequence of all the zeros of the function Q(z, w(2)): Q(z,, w(z,)) =

0,n=1,2,3,....We now point out a number 8 such that
w(z,) # B, n=123,.... (2.6)

Suppose {z,} is the sequence of all the solutions of the equation w(z) = S:

w(z)=8 j=123.... 2.7
Obviously z/ # z,; j, k = 1,2, 3, .. .. At the point z;, in view of their construction,
oz, w(z)) #0, j=123,.... (2.8)

So that Q(z, (Bu + 1)/(u + 1)) does not vanish in the poles of u. From (2.4) we
now infer that all the solutions of Q*(z, ) = (¥ + 1)7Q(z, (Bu + 1)/(u + 1)) =0
are different from the poles of u(z). Besides 8 can be chosen in such a manner that
Q*(z, u) will depend explicitly on » and additionally so that @ = oo will be a
nondeficiency value of u(z) since the deficiency values form only a countable set. It
is obvious also that if in (1.1) P and Q are mutually prime in IR, then P*(z, ¥) and
Q*(z, u) will be mutually prime in I too.

Thus without restricting the generality we can assume that already in (1.1)
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0O(z, w(z)) # 0 at the poles of w(z) and that @ = oo is not a deficiency value of
w(z).

3. It follows now from (1.1) under our assumptions of the §2 that P(z, w(z))
vanishes at every point where Q(z, w(z)) vanishes with the exception maybe of a
sequence of poles of the function R, ..., (z) (see (1.2)) whose convergence expo-
nent is not greater than A. Indeed, at a point z, where Q(z,, w(z,)) = 0, according
to our construction w(zy) # o0, so that if P(zy, w(z,)) # O then it is indispensable
that
Ry(z) = R(zp w(2), - - ., w(zg)) = 0,  Ro(z) =R(z, w(2), ..., w"(2))
i.e., the function Ry(z) will have a pole in z,. But this is possible only if z, is a pole
of at least one of the coefficients R;; ...;(z) in (1.2). Since w(zy) # oo the
multiplicity of the pole of Ry(z) cannot be greater than the multiplicity of the pole
of the corresponding functions R;; ..., (z). But the last functions are of order not
more than A, so that the convergence exponent of the poles of Ry(z) is not
exceeding A.

Consider now the common zeros of P(z, w) and Q(z, w), that is the set of all the
solutions of the system of equations

P(z,w)=0, Q(z,w)=0. @3.1)
The resultant D(z) of this system is a meromorphic function of order no greater
than A and cannot vanish identically because P(z, w) and Q(z, w) are mutually
prime in IR according to our conditions of the theorem. Consequently the sequence

of the zeros of the function Q(z, w(z)) has a convergence exponent not greater than
A. Thus there is a representation

0(z, w(2)) = f(z)/ F(2), (3.2)
where f(z) is an entire function of order not greater than A, F(z) is another entire
function.

LEMMA 1. F(z) in the representation (3.2) is an entire function of order p.

REMARK. We restrict ourself with p < oo. The case p = o0 can be dealt with
literally in the same way.
PrOOF OF LEMMA 1. We consider the function

q
2(z, w(2)) = go (2w (2). (33)

Since a = oo is not a deficiency value of w(z) (see property (iv) in §2) then the
convergence exponent of the sequence of the poles of (3.3) equals p and Q(z, w(z))
is of order p. Indeed

q q
2 QW (2) = wi(2)| Qol2) - gl 0/(2)/w(z) |. (34)

Jj=0
As we saw in §2

04(2) - é 0/(2)/wi(z) % 0 ' (3:5)
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at the poles of w(z) so that Q(z, w(z)) is of order not less than p, because the
convergence exponent of its poles as it follows from (3.4) and (3.5) is not less than
p. On the other hand, Q(z, w(z)) is at most of order p. Thus the order of Q(z, w(z))
equals p.

Equality (3.2) now shows that F(z) is an entire function of order p since
Q(z, w(z)) is of order p and f(z) of order A < p. Lemma 1 is proven.

4. We continue the proof of the theorem.
Let ¢ be a maximal point of the function |F(z)| on the circle |z| = r, that is,

|[F($)| = ll}}gfIF(Z)l =M(r,F), [§|=r 4.1)
Denote

. rM’'(r, F)
K(ry, F) = 1 —_—
(ro F) = lim o F)

It is known [3, p. 148] that for each §, |{| = r with the exception of a sequence of
intervals I on the r-axis with bounded logarithmic measure (that is [{(dr/r) < o).

F(ge") = (1 + o(1)F(Z),  |FGe"| = (1 + o())M(r,F), re&l, (43)

for

42)

|n] < 1/KIn'*°K, K = K(r, F), (4.9)
with an arbitrary fixed a > 0, I = I(a). For such g

$1(1 = 2n]) < |$e”] < [$1(1 + 2|n]) (4.5)

because K(r, F) — oo (see [3, p. 66]). Hence according to equation (4.3), |F(z)| =
(1 + o(1))M(r, F) in the circle C:
lz = &1 < S| ml/2 (4.6)
(7 is given by (4.4)).
Denote H= U G, [{| & I. We will now construct a sequence I; =
U (R, R/) on the r-axis such that (R, R)N (R, R) =6, i+#j, 1 nI= <,
mes I, = oo and

. InlnM(r,F) _
Jim —— = =0p. (4.7)
rel,

In order to prove it we note that there is a sequence I, of intervals I, =
U 21(R, R), (R, R) N (R, R)) = B, i #j, mes Iy = oo such that

. InlnM(r,F) _
rlg& T = p. (4.8)
rel,

This is obvious if the lower and upper orders of F(z) coincide. To prove (4.8)
suppose now that

lim —h‘lnlM(" F) ¢ Tm
r—oo nr r—>

In this case there is an infinite sequence of local maximal points R; 1 oo such that

Inln M(r) _
Inr )
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In In M(R;, F)
m ——— =
Jj—o0 ln RJ
Let N > 1 be an arbitrary fixed number and R* an arbitrary point on the
segment [Rj, NRJ.], J=123,....Evidently
In In M(R?*, F) S In In M(R;, F) _InR .
In R n R, In NR; ;5o

We assume I, = U /Z,(R;, NR;). Obviously the sequence {13,} can be chosen so
rare that (R, NR) N (R;, NR) = &, i #j. Define I, = I,\ 1. We will show now
that mes I, = oo. Indeed

dr dr & (NR dr [ dr & dr
- = —= —= == InN-|] —=o0
L. r ‘/;0\1_ r j?] ’/‘Rj r '[;- r J- 1 'l;- r
since [ (dr/r) < oo (see above in this section). Thus
© = -d—r<f dr = mes I,.
nn{r>1y T I,

We return now to the representation (3.2). The function f(z) there is of order A,
so that for a givene > 0

|f(2)] < exp P*e. 4.9)
On the other hand for { € H, r = |{| € I, and a given ¢ > 0 according to (4.3)
|F($) = (1 + o(1))M(r, P) > exp r°~=. (4.10)

From (4.9) and (4.10) now follows: for§ € H, |[{| =r € I,

’.A+e -
0w =| L8| < SBLZ  -tvsetn @11)

5. LeMMA 2. For each w > 0 with p > A + w there is a sequence of intervals I on
the r-axis with mes I = oo such that for all§{ € H, |§| € 1

W) < re*Del’ ™ 5 =0,1,2,3,..., N, 5.1
where N, is an arbitrary positive integer and I = I(N).

PROOF. Let h(z) be an entire function of order p. It is known (see for example [1,
p. 22]) that outside a set H, of circles E, with union I* of their radii I:
U=y I§ = I* of finite measure: mes I* < oo

e < |h(2)| < e (5.2)
for an arbitrary ¢ > 0 and r > ry(e) (r & I*). Each function Q,(z) (see (1.2)) is a
meromorphic function of order not more than A and can be represented as a
fraction of two entire functions of the same order as Q,(z): Q.(2) = hy(2)/hy(2).
As above, there is a set H, of circles with union of radii I* of finite measure,
mes I* < oo, such that for z € H|, the functors h,(z) and h,(z) satisfy inequality
(5.2). Then forz & H,
e < |0 (2)] < e, (52)
for r > ry(e).
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Denote I = I) \ I* = I, \ U ., I} (the definition of 7, is given in the previous
section). Suppose now that (5.1) is already wrong for » = 0. Then there is a certain
wo > 0 with p > A + «, and a sequence {{;}, {{;} € I such that

W(G) > exprf=,  n=|fl €L, 11 oo ¢3)
We have

oG, w(e))| =| 3
k=0

qu-*(:){ > 10s(EWIE)] ~ él 10,(0)] we=4(8)]

- IW"(S")I[IQo(K)I - éllgk(:)l IW(K)I"‘],

whence in view of (4.3) and (4.2),

q
10(35 w(E))| > exp q'f"”“{e"r’ et 3 exp -"'f‘““}
> exp qrf~“o{exp —r}** —q exp(-rf* <o + r}**)}
= exp((1 + o(1))grP*<)

for large enough j and sufficiently small ¢ (since p > A + wg). The last inéquality
contradicts (4.11). Thus for each w > Owithp — 0 > A

[w($) <e” ", r=8l€l, r>ryw). (54)
Now let { € H with |§‘| € I. Then

wOE) = 2L [ o gy = LI
) 2mi fc( - | {l 2
where according to (3.4) we can choose
[n| = (K In'*°K)™, K = K(r, F). (5.5)
We obtain for [§| =r € I

W)l < [w(u)|

IK I'Inl' Jal <1510 % Inl/2)

=7(Kln'+°‘K)'M( +%,W) K= K(r,F)a

and in respect to (5.4) and (5.5) for{ e H, || 1

W) < 22 | iF 22 (K m'*e k) exp[r +2(KIn'*= K)" ] . (56)
It is known ([3, p. 35]), that
m an(r,F) l lnlnM(r,F)
r—>o r r—c
Thus for a given gy: 1 > gy > 0 and r > ry(g)
K(r, F) < r**o, (5.7)

From (5.6) and (5.7) we obtain
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[w®($)] < »! (%)”(r"+eo In'* rp*e)” exp(2r)’ ¢ < r®*D exp(ir)""", rel
Lemma 2 is proven.
6. We fix now the number w so that p > A + w.
LEMMA 3. The inequality

IR(S, w(£), W(E)s - .., W) < roeC™" (6.1)
holds for all { € H with large enough |§| = r € I (I is defined in Lemma 2) and a
certain constant s.

PRrOOF. From (1.2) follows

[R(S, w($), w(§), - .., w(E))|

m

< > _OIR,-O,.,...,-_(K)I WO W ()N~ - - W)

o+ iyt - - i,
According to (5.1) we obtain
|R(S, w($), w(§), . .., w())I

< 2 |R-°,~ i.(g-)lr(p+l)(io+i,+2i,+ e i )2r), (6.2)
igiy -

ig+iy+ - - +i,=0

The functions R, ..., , are meromorphic functions of order not higher than A
and therefore

Ry (O] <@, r =[] > (e, (6.3)

fore € H, [¢] € I (see (5.2)).
From (6.2) and (6.3) now follows
[R(S, w(2), W(E), - - ., w(E))| < Ar™me+D exp((2r)° ™ + (2r)**°),
p—w>A+e,

where

m
A= > 1.

o+ i+ - -+ +ip=0

Wesee thatforr = [{| >A,reE,§ €EH
IR w(E), W(E), - .y w(E))| < roe® ™
with s = mn(p + 1) + 1. Thus Lemma 3 is proven.

7. Completion of the proof of the theorem. We know the representation Q(z, w(z))
= f(z)/ F(z) where f(z) and F(z) are entire functions of order <A and p: p > A
respectively. For §{ € H, |§| € I (mes I = o0) according to (4.3)

|Q(%, w(§))| < exp P *¢/exp rP+A") = exp —rP*A(1 + o(1)) 7.1)
where B(r) —,_, ,, 0. In view of (6.1) and (7.1) we getfor §{ € H, || € I
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|R(S, w(£), w'($), - - ., WO QS w(E))I
< r* exp(3r)° ¢ exp —rP+ACY(1+o(D)

= exp — (1 + o(1))rP+E®, (7.2)
(1.1) now gives for the same § ({ € H, |{| € I)
P($, w($)) = O(exp — (1 + o(1))rP*£®). (7.3)

The relations
P($, w) = O(exp — (1 + o(1))r** A7),
(%, w) = Ofexp ~ (1 + o(1)r**A7), () > 0,
on the set H = {$: ¢ € H, |¢| € I} define a system of equations, from which w({)
can be found. After eliminating w we obtain
®(§) = O(exp - (1 + o(1))rP*A),
where ¢(z) is a meromorphic function of order not greater than A. Indeed replacing
w by w({), we get according to (1.2)
Po(§)W + PUSOW? ™ 4 - +B(§) = O(exp ~ (1 + o(1))r#*6),
Qo($Iw? + QW™ + - -+ +0,(8) = O(exp - (1 + o(1))rP*F),
(181 = r,w =w(§), B(r) —_0). (14)
Suppose p < ¢g. We can now eliminate w? by multiplying the first equation of the
last system with Q($)w?7?({) and tl‘}e second with —Py({) and then adding them.
Remembering that w({) satisfies on H inequality (1.5) (with » = 0 there), we obtain
Qo($Iw™P($)O(exp — (1 + o(1))r* ") = O(exp - (1 + o(1))r**F")
and
—Py($)O0(exp - (1 + 0(1))r"*A") = O(exp - (1 + o(1))rP+A").
Therefore after the above indicated operations we get

—Qi()P($)w?™ = - - - = Qu(§)Py(§) = Ofexp ~ (1 + o(1))r**£1)).
Thus we reduced the degree of one of the equations of (7.4) in respect to w by a
unit and the new system from which w has to be eliminated contains the first
equation of (7.4) and the last one. In such a way we lower the degrees of w in the
equation of (7.4) step by step until w will be completely eliminated and we finally
come to

@(§) = O(exp — (1 + o(1))re*A"), (75)
where @(2) is a meromorphic function of order no more than A but which does not
vanish identically because ¢(z) is the resultant of the system (3.1), where P(z, w)

and Q(z, w) are mutually prime polynomials in I%. We saw earlier that outside a
set E’ of circles with a finite sum of radii

lp(z)] > ™", (1.6)
Equality (7.5) now shows that all the solutions of this equation are within E’. But
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(7.5) is correct for all { € H ($| € I, mes I = o) so that the set 7 on the r-axis
has to be of finite measure: mes I < co. But mes I = o0. We obtained a contradic-
tion which shows that our assumption about Q(z, w) depending on w is not
possible. The theorem is proven.
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