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CYCLIC EXTENSIONS OF PARAFREE GROUPS!
BY
PENG-CHOON WONG

ABSTRACT. Let 1 > F— G — T — 1 be a short exact sequence where F is parafree
and T is infinite cyclic. We examine some properties of G when F/F’ is a free
ZT-module. Here F’ is the commutator subgroup of F and ZT is the integral group
ring of T. In particular, we show G is parafree and v, F/ v, F is a free ZT-module
for every n > 1 (where v, F is the nth term of the lower central series of F).

1. Introduction. A group G is termed parafree if

(i) G is residually nilpotent and

(i) G has the same lower central sequence as some free group.

This paper is mainly concerned with some of the module structure involved with
the action of an infinite cyclic group on a parafree group. More precisely, let
15 F—- G- T—1 be a short exact sequence where F is a parafree group and
T = {t) is an infinite cyclic group generated by ¢. Here we assume T to be a
subgroup of G. If F’ denotes the commutator subgroup of F and ZT denotes the
integral group ring of T, then F/F’ can be regarded as a ZT-module once the
action of 7 on F/ F’ is defined (by conjugation):

aF' » t = t~'\atF’, a €F.
We shall prove

THEOREM 1. Let 1 > F—- G —> T —1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/F’ is a free ZT-module then G is
parafree

and

THEOREM 2. Let 1 > F—- G —> T —>1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/ F’ is a free ZT-module then y,F /vy, F
is a free ZT-module for every n > 1. (Here v, F is the nth term of the lower central
series of F.)

Such extensions G discussed above are not rare. Indeed it is clear that if G is free
on X U (¢} and F is the normal closure of X, then the short exact sequence
1> F— G- T— 1 where T = {¢t), satisfies the hypothesis of Theorems 1 and 2.
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Even in this case the result seems to be new and sheds additional light on the
nature of free groups themselves.

Furthermore the one-relator groups G = <a, b, t; a = [t', a][t/, b]), i - j # O, are
also examples of such extensions (see §6).

Now according to G. Baumslag [7], the 2-generator subgroups of parafree groups
are free. G. Baumslag’s proof uses machinery from Lie algebras. For these parafree
groups covered in Theorems 1 and 2 there is a straightforward proof which comes
out of Theorem 2. Indeed we shall easily deduce the following corollary of
Theorem 2.

THEOREM 3. Let 1 > F—> G — T — 1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/F' is a free ZT-module then every
two-generator subgroup of G is free.

Similarly we have

THEOREM 4. Let 1 > F—> G — T — 1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/ F’ is a finitely generated free ZT-mod-
ule, freely generated by {cF', dF’, . .., eF'}, then the group H = gp(t, ¢, d, ..., e)
is free.

Many authors have discussed the existence, in a group satisfying appropriate
conditions, of a finitely generated normal subgroup (see, for example, B. Baumslag
[1], G. Baumslag [11], R. G. Burns [14], A. Karrass and D. Solitar [18]-[20]). In
particular, O. Schreier [22] proved that if F is a free group and N is a nontrivial
finitely generated normal subgroup of F, then N is of finite index in F. The
corresponding possibilities for parafree groups has not been investigated so far.
Here we note, as an easy consequence of Theorem 2,

THEOREM 5. Let 1 > F—> G —> T — 1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/F’ is a free ZT-module and N is a
finitely generated normal subgroup of G contained in F, i.e., N 4G, N < F, then N is
trivial, i.e., N = 1.

The arrangement of the rest of this paper is as follows. In §2 we prove Theorem
1. In §3 we prepare the ground for the proof of Theorem 2 which takes up §4. In §5
we prove Theorems 3,4 and 5. Finally in §6 we give an example of a nonfree
parafree group satisfying the hypothesis of Theorem 1.

The notations used here are common in the literature (see W. Magnus, A.
Karrass and D. Solitar [21], G. Baumslag [8]). In particular, if G is a group and X is
a subset of G, then gp(X) and gp;(X) denote respectively the subgroup and the
normal subgroup generated by X. Furthermore we have [x,y] = x 7Y% ~!xp, x* =
y~xp for x, y € G and Z denotes the ring of integers.

The author wishes to express his deepest appreciation to Professor Gilbert
Baumslag for his invaluable help and guidance.

2. The proof of Theorem 1. Theorem 1 follows immediately from the proof of the
following theorem.
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THEOREM 1. Let 1 > F—- G —> T — 1 be a short exact sequence where F is
parafree and T = (¢t is infinite cyclic. If F/ F’ is a finitely generated free ZT-mod-
ule, then G is parafree.

PrOOF. First we show that G is residually a finite p-group for all primes p.

Let p be a prime. We can assume p #* 2 since the proof for p = 2 is similar. Let
g € G, g # 1. We have to construct a homomorphism ¢ of G onto a finite p-group
such that g¢ # 1.

If g & F, we can easily construct the homomorphism.

Now suppose g € F. We choose an integer k > 1 so that g & vy, ,F. Observe
that F/y,,,F is a free nilpotent group of class k and hence a residually finite
p-group. Then there exist a normal subgroup R of F/y, F such that gy, ,F € R
and (F/y,,,F)/R has order p? d > 1. This implies gy, ,,F & (F/v;+ . F) or
equivalently, g & (v, lF)F"'.

By hypothesis, F/ F’ is a finitely generated free ZT-module, freely generated say
by

CroF’s c30F"s .o s CpoF.
Put

cij=c,f:,, 1<i<nj€Z

Then modulo (y,,,F)F?", the set X = {c; 1 <i<n, jEZ} freely generates
F/ (y,ﬁ,,F)F“d viewed as a free group in the variety of all nilpotent groups of class
at most k and exponent dividing p?.

Now let us put

(@ F = F/(Yk+1F)}’:pd’

(®) g = gt F)F”,

©) Gy = GV F)FF,1<i<nj€EZ,

@DX={gll<i<nj€EZ)}

Since X freely generates F, there exists an integer m such that the group

= | : ("-1 .. (P’"—l))
N—gp(c,.‘,]1<z<n,— > <j< 3
contains g. Since N is a finitely generated nilpotent group of class at most k and
exponent dividing p?, N is a finite p-group.
We define an automorphism 7 of N by

i,—(pm—1)/2T = G—(pm-1/2+1

‘_'i,—(p"'—l)/2+1"' = .i,—(p"'—l)/2+2

= _ " 1<i<n.
ci.oT = cl,l

Cipm-1)/27 = G_pm-1,2
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It is obvious that 7 is of order p%. Now let T = {¢> be a cyclic group of order p*
generated by 7. Finally let G be the split extension of N by (¢} with ¢ inducing the
automorphism 7 on N, i.e.,

G=gp(N,t;t ' 'ut=ur,uc N).
The group G is clearly a finite p-group. 3
It is now clear that the mapping ¢ of G onto G defined by

prtot, oG 1<i<n,

extends to a homomorphism of G onto G which we again denote by ¢. Notice that
g = g # 1. Hence G is residually a finite p-group.

Now, we show that G has the same lower central sequence as a free group.

Let X' = {c} 0, €505 - - - » Cno} and A be the free group freely generated by

X u{t}={tclecrep- --sCho}-
We define a map 4 from 4 to G by

¢: t'—)t, cr,o—‘)c'-’o, 1 <i<n.

1

Then 6 extends to a homomorphism, also denoted 8, from 4 to G. We claim G has
the same lower central sequence as 4.

To see this, put B = gp,(X’), i.e., B is the normal closure of X’ in 4. Then B is
free on Y = {¢/; = (t)7c[o(t'Y; 1 <i <n, j € Z). Observe that § induces a
homomorphism of B into F and hence noting the actual effect of 8 on the free set
of generators Y of B, it follows that # induces an isomorphism of B/y,B to F/vy,F.
Since F is parafree, it follows that # induces an isomorphism of B/y, B to
F/y,, Fforevery k > 1.

We next show A/v,,,;B is isomorphic to G/y,,,F. To do this let 8, be
homomorphism of 4 to G/v,,F induced by 8. We show ker 8, = y,,,B. It is
obvious that y,, ;B < ker 8,. Now let x € ker 8,. If x € B, then x € v, B by the
observation in the preceding paragraph. Suppose x € 4, x & B. Then x can be
written uniquely x = #"w(c;;) where m # 0 and w(c;;) is a word in the ¢;;’s. Then

x0, = t"w(¢;;)Yi41F # YisrF.
Hence it follows that ker 8, < vy, ,B. Therefore A/, ,,B = G/y,,F and hence

A/ YA = A/ YerB/ Yis1(A/ Y41 B)
=G/ Y1 F/ Y+ 1(G/Yes1F) = G/ 4\G.

This completes the proof of the theorem.

3. Preparations for the proof of Theorem 2. We shall develop some notions from
the commutator calculus (see G. Baumslag [8], P. Hall [16]). Unless stated diffe-
rently, we assume the integer n > 1.

Let F be a group, not necessarily free, and equipped with a fixed set of
generators X = {x, X, . .., X;}, ¢ < 0.

DEFINITION 1. Commutation. We define a binary operation ° , termed commuta-
tion,in Fbygo h=[g,h), g, h € F.
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DEFINITION 2. Commutators of weight n,n > 1. We define a commutator of
weight n,n > 1,in x, x,, . . ., X, inductively as follows:

() xy, x, - . ., x, are the commutators of weight 1;

(ii) if u, v are commutators of weight i, j respectively and i + j = n, then u o v is
a commutator of weight nin x,, x,, . . ., Xg-

REMARKS. (i) (F, °)is a groupoid but not a semigroup since commutation is not
associative in general;

(ii) The commutators of weight n belong to v, F;

(iii) If F is the free group on x,, x,, . . ., x, then the weight of a commutator ¢ in
Xy5 Xy, « - - X, Will, in general, differ from the length of ¢ viewed as an element in
the free group F. For example the weight of x, ° x, is two but the length of x, ° x,
is four.

Next we define free groupoid.

DEFINITION 3. Free groupoid. Let Y = (Y2 -5} 1 <gq < oo, be a set of
symbols. We define a groupoid-word of length n, n > 1, in y,, y,, . . ., y, induc-
tively as follows:

D)y, Y2 - - - » y, are the groupoid-words of length 1;

(ii) if u, v are groupoid-words of length i, j respectively and i + j = n, then
u o v = (uv) is a groupoid-word of length n in y,, y,, ..., y, and (uv) is just the
juxtaposition of # and v with brackets.

Let (P, o) be the collection of all groupoid-words of length n, n > 1. Then
(P, °)is defined to be the free groupoid on y,, y,, - . . , y,.

Now we define the form of a commutator by using Definition 3.

DEFINITION 4. Form of a commutator. Let (F, o) be defined as in Definition 1
above and let (M, °) be the free groupoid on x. We define, inductively, a map ¢
from the set of commutators of weight n, n > 1, in x;, x,, . . ., X, into (M, °) as
follows:

@) if x;, 1 < i < g, is a commutator of weight 1, then x;¢ = x,1 < i < g;

(ii) if w = u ° v is a commutator of weight n, n > 2, where u, v are commutators
of weight i, j respectively and i + j = n, then wp = (¥ © V) = u¢ ° vé.

We call the image w¢ of the commutator w, the form of w.

REMARKS. Since (M, ) is a free groupoid we have the following observations:

(i) the form of a commutator of weight n is unique;

(ii) the form of a commutator w of weight n, depends upon the order in which w
is formed;

(iii) if , v are any two commutators of a fixed weight n, we write ¥ ~ v if and
only if ¥ and v have the same form, i.., u¢p = vé¢. Then ~ is an equivalence
relation. Hence the set of commutators of a fixed weight n can be divided into
disjoint subsets where each subset contains commutators of a fixed form.

Notation. We will adopt the following notations for the remainder of §§3, 4. Let
F be a group.

@ If g, 8,...,8 EF, n<oo, we write g,°8,°8;° *** °g, =
(- (81°8)°8)° - °8)

(i) If g is a commutator of weight n, we denote the weight of g by | g|; so here
lgl = n.
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The above two notations are not standard but turn out to be convenient here.

Theorem 2 will depend in large measure on a carefully selected sequence of
elements of F (called a basic sequence). From this sequence the free generators of
Yo F/ ¥, +1F will emerge. More precisely, let F be a free group freely generated by a
finite set X = {x;, xp, . . ., X}, ¢ < o0.

DEFINITION 5. Basic sequence. A sequence b,, b,, ... of commutators in x,,
Xy . .., X, (viewed as elements in the groupoid (F, °)) is called a basic sequence
if the following conditions are satisfied:

(i) every element of X occurs in the sequence;

@) if |5, < ||, then i < j;

(iii) if b, is of weight at least two, then

(@)b, = b, o b,,m <iand
(b) either |b| = 1or b, = b, o b, o b, where k >, m > [ and b, b, and b, are
of smaller weights than b,.

DEFINITION 6. Basic commutator. The elements b,, b,, . . . in a basic sequence are
called basic commutators and the index of the basic commutator b; is defined to be
J-.

We now construct a basic sequence in F.

LEMMA 1. Let F be a free group freely generated by a finite set X =
{x1> X3 - - . s %}, ¢ < 0. Then a basic sequence b,, b,, . . . in F exists. Furthermore,
the basic sequence can be arranged in the following way:

(3.1) if b, is the ith term in the basic sequence and i < q, then b, = x,, i.e., the
indices of b; and x; are the same fori = 1,2,...,q.

B2 ifb,=0b,°b, and b; = bg ° b,,y are both basic commutators of weight 2, then
i <j if and only if one of the following holds:

D5 <i

@)/, = 1 m; < m;.

3.3) if b =b ° b,‘ °b, and b, = bk, ° b,j ° b,,y are both basic commutators of
weight n, n > 2, then i <j if and only if one of the following holds:

) 18] < Iby;
(V) |B| = |6y, 1] = Ibz,l, k,,l, <l

) 16,] = [B,,)s 18,] = 1B, K=Ky li= 1, m <m.

7yt
Proor. The following method will be used in constucting the basic sequence in F
(see G. Baumslag [8, p. 30]).
Let A be a subset of F and let b € A. Define
Arepb = {aibli=0,1,2,...,a € A\ b}
where
acb=a and a(i + 1)b = (aib) - b.
Thus A rep b consists of all elements of 4 excluding b and those obtained from
them by repeated commutation on the right by b.
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We now define a basic sequence b,, b,, ... in F. Put by = x, b, = x5, ..., b,
=x,and X, = X, X, =X, repb,, ..., X, = X,_, rep b,_,. Suppose inductively,

bys1s - - - » by, have been defined and that

Xq+i= q_'_‘._lrepbqﬂ._l (i=l,2,...,r+l)

so that conditions (3.2) and (3.3) are satisfied.

We have to define b,,,,,. Observe that since ¢ < oo, each X, i > 1, contains
only finitely many commutators of any fixed weight. Consider the finitely many
commutators of the smallest weight in X, , ;. We now carefully select one of them
tobeb, -

We note first that, using only the information above, it is now easy to verify that
by, b,, . . . is a basic sequence in F, i.e., the conditions of Definition 4 are satisfied.

Continuing the proof, let C be any set of commutators. Define

#(€) = minimum(|c| |c € C)

where |c| is the weight of c.

We note, now that there are two possibilities in selecting b, , ;.

M (X 4, 41) = M(X,,,)- In this case, the commutators of smallest weight in
X, 1,41 are also the commutators of smallest weight in X_, . Hence, by induction,
they have been ordered to satisfy one of the conditions (3.2), (3.3). Define b, to
be the first of these commutators in X, , ..

(D) w(X, 4 ,+1) > w(X,4,)- There are two subcases.

(@) p(X,+,+1) = 2. Then the commutators of smallest weight in X, are of the
form b, ¢ b,, | >m and |b| = |b,| = 1. We order these commutators b, ° b,
according to (3.2) and denote the ordering by a. More precisely, if b, ° b,, and
b, ° b,, are any two commutators of smallest weight in X, ., then b, b, «a
bg ° b,,y if and only if one of the following holds:

D4 <

) L=, m <m.

Now choose b,,,,, to be the first of these commutators of smallest weight in
Xq +r+1

(b) w(X,+,+1) > 2. Then the commutators of smallest weight in X, are of
the form b, © b, ° b,, where kK >/, m > | and b,, b, and b,, are of smaller weights
than p(X,,,,,). By induction, the b;’s, b’s and b,’s are well ordered and hence
their indices are well defined.

We define an ordering, denoted a, on these commutators b, ° b, © b, of smallest
weight according to (3.3). More precisely, if b, ° b, ° b, and bk/ ° b9 ° b,,y are any
two commutators of smallest weight in X, ,, then b ° b, ° b, a b, ° b, b, if
and only if one of the following holds:

) 16| < lby

Gi) [B,] = 1B}, 1B,] < 18;

(ii1) Ibm,l = 'b,,yl, |bl,| = Ibljlv k; < kj;

(V) |by| = by)s |B,] = |By) ki = Ky I, < I3

) b | = |bys |By| = |By), k; = K, ;= by m; <.

Now choose b, .., to be the first of these commutators in X .
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It is easy to see now that the basic sequence b,, b,, . . . satisfies (3.1), (3.2) and
(3.3). This completes the proof of the lemma.

COROLLARY 1. The basic commutators of the same weight and same form (as
constructed in Lemma 1) are arranged lexicographically.

LEMMA 2. Let F be a free group of finite rank. Let b,, b,, . . . be a basic sequence
of F and B, be the set of basic commutators of weight n, i.e., B, = {b}] |b| = n}.
Then y,F /v, F is a free abelian group freely generated by the elements of B,.

ProoOF. For a proof refer to G. Baumslag [8], P. Hall [16].
We have so far constructed a particular basic sequence for a free group of finite
rank. We now extend the results to a free group F of infinite rank equipped with a

free set X of generators where X = {c;, d, ¢, ... ; (i € Z)}. For ease of exposi-
tion we shall restrict our attention to the case where X = {c¢;, d; (i € Z)}. The case
where there are further “batches” of generators ¢, ... (i € Z) can be handled in

much the same way.

LEMMA 3. Let F = {c;, d;; i € Z)) be a free group freely generated by c;, d,, i € Z.
Let F;,j > 0, be the subgroup of F generated by

c .,co,...,cj,d s dy ..., d;

—-jr e -j 7
and B;, be the set of basic commutators of weight n in F,. Put B, = U /%, B;,. Then
modulo v, \F, v,F is a free abelian group freely generated by the elements of B,.

ProoF. Notice first that, modulo v, ., ,F}, v,Fj,j > 0, is a free abelian group freely
generated by the elements of B;, (Lemma 2).

We show B, spans vy, F modulo v, F. To this end, let x € y,F. Then x € F, for
some j > 0. Now F; is a free factor of F which implies that

vZwFNE=vyF (r=12...). (3.4)

So x € y,F; which means that x € gp(B;,) (modulo v, ,F)). Therefore x € gp(B,)
(modulo v, F).

In order to prove the elements of B, are independent modulo v, , , F, it suffices to
prove that the elements of B;, ( =0, 1, 2, ...) are independent modulo v, F.
But this follows immediately from equation (3.4) and the fact that the elements of
B, , are independent modulo v, ., F;.

LEMMA 4. Let F = {c;, d;; i € Z) be a free group freely generated by c;, d;, i € Z.
Let F; and B, be as defined in Lemma 3. Put B = U ;,B; ,. Then the elements of B
can be totally ordered by using Lemma 1.

ProOF. For each j =0, 1,2, ... we order (denoted <;) the generators of F; as
follows:
Ci<ic_ i< <<t <jCj<jd_j <G o Kidy <ot <jdj.

Now put B, , = U ;.,B,,. The orderings extend by Lemma 1 to a total order
(denoted <) of B, . So each B;, becomes a totally ordered set. Notice that
<,+1|B;, = <; and so we can define an ordering < on Bby <= U 2, <, i.e,, if
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X,y € B, then x,y € B, , for some;j > 0 and by definition

x < yif and only if x <; y.
It follows that the order relation < on B is a total order. This completes the proof
of the lemma.

We call the elements of B, the basic commutators of weight n of F.

We next extend our definition of form (Definition 3) of a basic commutator to
the case when F is a free group freely generated by ¢;, d,, i € Z.

Let F be the subgroup of F generated by c_ N I
d_j,...,dp...,d; and (F;, °) as before (Definition 2 and its remarks). Let
(N, °) be the free groupoid on ¢, d. We define, inductively, a map §; from the set
of commutators of weight n,n > 1, in ¢, d, —j <i <j, of F; into (N, °) as
follows:

() if ¢, d, —j < i < j, is a commutator of weight 1, then

¢b=c —j<i<j; d#=d -j<i<j;

J

(ii) if w = u ° v is a commutator of weight n, n > 2, where u, v are commutators
of weight p, g respectively and p + g = n, then wf; = uf; ° vf,. Notice that 4, || F;
=4.

J

DEFINITION 7. Macro-form of a commutator. Let F be the free group freely

generated by ¢,, d,, i € Z, and F; the subgroup of F generated by

c_j,...,co,...,c}.,d_j,...,do,...,cg..

Let (N, °) be the free groupoid on ¢, d. We define a map 6 from (F, °) to
(N, °)by 8 = U 2,0 where § is as above, i, if x € F, then x € F; for some
J > 0 and by definition xf = x6,. Then x4 is unique and we call xf the macro-form

of x.

COROLLARY 2. For F ={c;, d;; i € Z) be a free group freely generated by c, d,,
i € Z. Then the basic commutators of the same weight and same macro-form (as
constructed in Lemma 3) are ordered lexicographically.

REMARKS. (i) It is convenient to relabel the element r € B (see Lemma 4) by b,
and call r the index of b,. So, of course, we have

b, <b ifandonlyif r <s,r, s € B.
(ii) From Lemma 1 we have
(a) if b, ° b, is a basic commutator of weight 2, then b, > b,
(b) if b, ° b, ° b, is a basic commutator of weight n, n > 2, then b, > b, and
b, > b,

4. The proof of Theorem 2. Theorem 2 follows immediately from the slightly
stronger

THEOREM 2'. Let 1 » F —» G — T — 1 be a short exact sequence where F is free
nilpotent and T = {t) is infinite cyclic. If F/F' is a finitely generated free ZT-mod-
ule then y,F /¥y, F is also a free ZT-module for every n > 1.
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Proor. The proof is by induction on the class r of F. The hypothesis is the case
r = 1. So we can assume r > 1 and the result holds for vy, F/v,,,F, 1 <k <r—1.

By hypothesis F/F’ is a finitely generated free ZT-module of rank s, freely
generated by say cF’, dF’, . . ., eF’. For ease of exposition we restrict our attention
to the case where s = 2, i.e., F/ F’ is freely generated as a ZT-module by cF’, dF’.

Now let ¢, =t"‘ct' and d, =t~ dt', i € Z. Then modulo F’, ¢, d, i € Z,
generate F and c;, d,, i € Z, are linearly independent. Since F is free nilpotent of
class 7, this implies ¢;, d;,, i € Z, freely generate F. Then by Lemma 3, v,F is a free
abelian group freely generated by the basic commutators of weight r.

We shall show v, F is a free ZT-module by exhibiting a free set of generators for
it.

We introduce the notation * for the scalar multiplication in vy, F/v,, ,F (qua
ZT-module), 1 < k < r, where

XY Fet'=t"xt"y . ,F, x€vyFi€Z

Furthermore we shall adopt the notations of §3.

The case when the class r = 2. In this case, the basic commutators of weight 2 in
v,F are of the form b, © b,, k > I, k,! € B and |b,| = |b,| = 1. We denote the set
of basic commutators of weight 2 by B,.

Furthermore, notice that the basic commutators of weight 1 are simply the
elements ¢; and d,, i € Z. It follows from the ordering of the basic commutators of
weight 1, i.e.,

M <C_|<CO<CI<”' < - <d_l<d0<d|<"'
that the elements of B, can be divided, according to their macro-forms into the
following disjoint subsets:
R ={ceogli>ji,jEZ)}, Ry={d, > clu,vE Z},
Ry={d °dli>j,i,jeZ},
i.e, B, = R, U R, U R,

Now observe that modulo y,F, the elements ¢, and d, from a free set of

generators for the ZT-module F/ F’. Furthermore notice that
o' * 1P = ¢, F', pEZ dF' s t* =dF’, pe€Z

We shall make use of the above trivial observation to prove that y,F is a free
ZT-module. So let

Ty={c,°cm>0}, Ty,={d,°cme€Z}, Ty={d,°dym>0},
and put S, = T, U T, U T,;. We claim that S, is a free set of generators for the
ZT-module v,F.

LEMMA 5. S, = T, U T, U T, generates the ZT-module y,F.

PROOF. Observe that
CmoC*tP =c,y,°c, m>0p€EZ,
Yy MPpEZ

c
dpocostP=d,,, °q
d,°dy*t*=d,,,°d, m>0p€Z 4.1)
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The right-hand sides of the equations (4.1) comprise the whole of B,. Hence the
lemma.

LEMMA 6. T, is linearly independent over ZT for i = 1, 2, 3.

Proor. We shall discuss only the case i = 1. The other cases are similar and will
be left to the reader. Suppose then

Cmy ©Co* fon, ¥ Cmy©Co* fr, ¥ FCp oS, =0 4.2)
where 0 <m; <m, < --- <m,andf, € ZT,i=1,2,..., n. We may suppose
S, # 0. On multiplying equation (4.2) by a suitable power of ¢, we may assume
that f,, has the form
=G+ at+ - +at/, j>0,a,+0.

Then, by virtue of equation (4.1), the basic commutator c,, ° ¢, has coefficient a,
(# 0) and arises once and only once in equation (4.2). Hence from the Z-linear
independence of the elements of B,, we must have f,, = 0. This contradicts the
choice of f,, at the outset and so the lemma follows.

LEMMA 7. S, = T, U T, U T, is linearly independent over ZT.

PROOF. Suppose that
2cmocorfytDdocorf,+X dodyxf,=0 (4.3)
m u v

where the ith summation sign represents a finite Z7-linear sum of elements of 7,
i=123.

Then, by virtue of equation (4.1) and the Z-linear independence of the elements
of B,, it follows that

2cmoco*fm'__zduoco*fu=2do°d0‘j;:=0’
m u v

Now by Lemma 6, we have f, = f, = f, = 0. Hence the lemma.
Thus we have proved that S, is a free set of generators for the ZT-module v, F.
The case when the class r > 2. In this case the basic commutators of weight r in
Y, F are of the form b, o b, ¢ b, k >, m >, k,Il,m € B and b, b, b,, are of
weights less than 7. We denote the set of basic commutators of weight r by B,.
Now, the elements of B, can be divided into disjoint subsets according to their
macro-forms as follows (see the remarks following Definition 3):

B=U T,
disjoint
where
T, = {b; ° b, ° b,|b, ° b, ° b, € B, b, ° b has macro-form ¢,
b,, has macro-form ¢ }.

Notice that the macro-form of the element b, ° b, © b, in T, is ¢y. Notice further
that the macro-forms ¢y, ¢'y’ are distinct unless ¢, ¢’ are identical macro-forms
and v, Y’ are identical macro-forms.
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We now construct, inductively, a free set of generators for the ZT-module v, F.
To do so put

B o B, o bylB B by, € T, and b o by, F ranges
S4y = 1 over the already selected free set of generators
of macro-form ¢ of the ZT-module v,F/v;,,\F, 1 <i <r—1

Notice the definition of S, makes tacit use of the obvious inductive assumptions.
Now let
s, = U s,
disjoint
Then we claim that S, is a free set of generators for the ZT-module v, F.
LEMMA 8. Ty = U ez Sy * 1"

PROOF. Let by © b, ° b, € T, where b, ° b, and b,, are basic commutators of
weight i and j respectively with 1 < i, j <r and i + j = r. Hence, inductively in
the ZT-module v,F/v,, ,F, there exists an element b—k. ° 5,ly,-+,F of the free set of
generators such that

by ° by F = Ek, ° b_I,Yi+1F * tF
for some p € Z. Now in the ZT-module y;F/ ;. F observe that
b, Yy \F*t7P =b, v, \F

where b,, is the appropriate basic commutator obtained by adding —p to each
index in b, (see also the comments following (i.b) below). Now form the commuta-
tor by, ° b, ° b, and note that

bkoblobm=b_k|°b-l|°bm|*tp'

It remains only to check Ek. ° 51. ° b, € Sgy-

To do this we have to show

() by, ° by ° b, € T, and

(i) by, © b,Y;+1F belongs to the free set of generators of the ZT-module
Y;F/v;sFwherel <i<r—1

We need only to verify (i) since (ii) is already satisfied. To do so we prove

(i-a) b, ° b, has macro-form ¢ and b,, has macro-form y,

(ib) by, © by b, is a basic commutator of weight r, i.e., k, >/, and m, > I,.

Now if b is a commutator of weight » and macro-form «, then b * ¢? is also a
commutator of weight n and macro-form « for all p € Z. So it follows that b, ° b,
and b, ° b, have the same macro-form ¢ and b,, and b,, have the same macro-form
y. Hence b, ° b, °b, has macro-form ¢y. Furthermore, the weight of
by, © b, ° b, is obviously r.

Now if b, and b, are two basic commutators with b, < b,, then b, * t? < b, * t*
for all p € Z (see Corollary 2). Since b, © b, © b,, is a basic commutator we have
by > b, and b, > b, Since b, = b, xt7?, b, = b+t and b, =b,*t77 it
follows that b, > b, and b,, > b,. In other words k; >, and m, > I,.
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Hence b, © b, ° b, € T,, and the proof of the lemma is complete.
LEMMA 9. S, = U gisjoint Sy generates the ZT-module v, F.

PROOF. Since
B=U T,
disjoint
and T,, = U ,cz Sy * ¢" by Lemma 8, the result follows.
We observe that S, can be further divided into disjoint subsets S, ., where

Si.1={by ° b, °b,|b, ° b, ° b, € S,, and all the b, ° b, are identical }.
Hence
S.;.p = U Sk o
disjoint
Thus a finite Z7-linear sum of elements of S, will be a ZT-linear sum of elements
from a finite number of subsets S, _,.

LemMa 10. Sy, = U gisoint Sk . 7 is linearly independent over ZT.

PROOF. Suppose that
g b_k,ol;l.obu*f;-'-g I;k,ol;lzobu*f;)
+".+2b—k,°_l,°bw*fw=0 (4'4)

is a finite Z7-linear sum of elements of S,, where the ith summation sign
represents a finite linear Z7-linear sum of elements of S, ,, i=12,...,s.
Writing in full the first summation sign of equation (4.4) we get

I;"lol;llob“l‘f"|+b_"|°b-’|°b“1.j;‘2+... +5k|°b-l|°b"x‘f"x

+25kz°b_lz°bo‘.ﬁ:+”'+2b_k,°Iobw‘fwgo (4'5)
) cd

where

()uw, € B,1<i<z

iu, <u, < --- <u,

(i) f, € ZT, 1 <i<z.
We may suppose f, 7 0. On multiplying equation (4.5) by a suitable power of ¢ we
may assume that f, has the form

“l=ao+a,t+-°~+ajtj, J 2 0,a0%0.

_Now by o b+ P zh o b, for all p€ Z, 2<i<s, since {b ° by, F,
be, © bYi1F,s - - ., by ° by, F} is inductively part of a free set gf generators of
the appropriate ZT-module. It follows that the basic commutator b, © b, ° b, has
coefficient a, (# 0) and arises once and only once in equation (4.5). Hence from
the Z-linear independence of the elements of B,, we have f, = 0. This contradicts
the choice of f, at the outset and so the lemma follows.
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LEMMA 11. S, = U it Sy is linearly independent over ZT.

PROOF. Suppose that
2 b—kol;lobm*fa+2 b_uol;oobw*fﬁ
+: - +Xbobobxf =0 (4.6)
is a finite ZT-linear sum of elements of S, where the first summation sign
represents a finite Z7-linear sum of elements of S,,, the second summation sign
represents a finite Z7-linear sum of elements of S, etc., and the macro-forms
{oy¥, oY/, . .. } are distinct.
Now notice that if b, ° b, ° b,, has macro-form ¢y, then b, o b, o b, * t? has

macro-form ¢y for all p € Z (see Lemma 8) and the elements of B, are linearly
independent over Z. So it follows that

zl;kol;lobm*fa=2b-u°l;o°bw‘fﬂ

== I;xob;obz‘f1=0.
So the lemma now follows immediately from Lemma 10.
We have now shown that the set S, forms a free set of generators for the
ZT-module y,F and hence completed the proof of Theorem 2'.

5. Consequences. We shall derive some consequences to the above theorems. To
begin we state, without proof, the following:

LEMMA 12. Let H be a two-generator group, say H = gp(a, b). Then H is free if
and only if the set {b; = a~’ba~l|j € Z) freely generates a free group.

Now we prove

THEOREM 3. Let 1 > F—> G—> T —1 be a short exact sequence where F is
parafree and T = {t) is infinite cyclic. If F/F' is a free ZT-module, then every
two-generator subgroup of G is free.

PROOF. Let H be any two-generator subgroup of G, say H = gp(a, b). If a € F,
b € F then H belongs to F and hence is free. We divide the remainder of the proof
into two cases.

Casel.a€ G\ F,beF.

()a=1t"b€EF.
We may assume that b € y,F but b & vy, F where r > 1. But by Theorem 2,
Y,F/v,,,F is a free ZT-module. Hence modulo v, , , F, we have

bs > et'=0ifandonlyife; =0 foralle;
finite

ie. II(¢+7bt)%*=1 if and only if ¢, =0 for all ¢ ie., modulo vy, F, the set
{b; = t~'pt’, i € Z} is independent over Z. This implies that gp(b, = t ~'bt’|i € Z)
is free on the b;’s. Hence by Lemma 12, the group H = gp(a, b) is free.

(ii)a =t"f,b € Fwhere 1l #f € F.
Observe that modulo vy,,,F we have (")~ 'b(t"f) =t "bt" since b € v,F by
assumption. So this subcase can be reduced to the previous subcase.
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Case2.a € G\F,be G\ F.
We shall reduce this case to Case 1. Let a = ¢"Y,, b = ", where f,, f, € F, n,,
n, € Z. We can further assume n, > 0, n, > 0. Then

H = gp(a, b) = gp(1™,, t"1,).
If n, = n,, then

H = gp(1"f,, t"h,(1"f) ") = gp (1", f)
where f € F and we are in Case 1. If n; < n,, then choose k such that n, = kn, +
ny with 0 < n; < n,. Then

H = @(t"fp t"’fz(t"ffl)_k) = gp(t"f,, t"f)
where f € F. Now repeating this process we find
H = gp(t"g,h), g, h€EF,

and we are again in Case 1. This completes the proof of the theorem.
Similarly we have

THEOREM 4. Let 1 > F—- G —> T —1 be a short exact sequence where F is
parafree and T = (t) is infinite cyclic. If F/ F’ is a finitely generated free ZT-module
freely generated by {cF',dF’, ..., eF'}, then the group H = gp(t, ¢, d, ...,e) is
free.

PROOF. Notice that the set {¢ ~'ct’, t~'dt’, ..., t'et’; i € Z} freely generates a
free group and hence the theorem follows.
We next show

THEOREM 5. Let 1 > F— G —> T — 1 be a short exact sequence where F is
parafree and T = (t) is infinite cyclic. If F/F’' is a free ZT-module and N is a
finitely generated normal subgroup of G contained in F,i.e, N <G, N < F, then N is
trivial, i.e., N = 1.

PROOF. Suppose N # 1. Then there exists an i > 1 such that N < y,F, N ¢
Yi+1F. Then Ny, \F/y,, F is a submodule of v,F/y,,,F and Ny, ,F/v;,,Fis a
finitely generated abelian group since Ny, ,F/vy;,,F = N/N N y,,,F.

Now leta € N, a & v,,,F. Then working modulo v,, ,F, the conjugates of a by
the powers of ¢ are independent since v,F/y,,,F is a free ZT-module. Hence
NY;41F/v;,,F contains a free abelian group of infinité rank. This is a contradic-
tion and hence N = 1.

6. An example. We prove the following example (see G. Baumslag {7]).
THEOREM 6. Let i and j be nonzero integers and
G=<{a,b,c;a= [c‘, a][cf, b]>.

Then (i) G is parafree.

(ii) G is the third term of a short exact sequence 1 > F > G — T — 1 where F is
free, T is infinite cyclic and F/ F' is a free ZT-module.

(iii) G is not free.
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PROOF. Let F = gpg(a, b). By the Reidemeister-Schreier rewriting procedure (see
W. Magnus, A. Karrass and D. Solitar [21]),

F={...,a_yjapa,..., ...,b_,bpby,...;
Sa,=a lab b, ...D
where a, = ¢ *ack, b, = ¢ "*bc*, k € Z. We may assumej > 0 and it follows that
F is a free group freely generated by the elements ..., a_,, ay a,, ..., by,

by, ..., b;_,. Obviously G/ F is free cyclic on cF".

Again from the defining relations of F, it follows that F/F’ is a free abelian
group freely generated by ..., b_,, by, b,, . ... Hence F/F’ is a free ZT-module
where T = {c¢).

By Theorem 1, G is parafree and, by G. Baumslag [5], G is not free.
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