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CYCLIC EXTENSIONS OF PARAFREE GROUPS1

BY

PENG-CHOON WONG

Abstract. Let 1 —> F —> G —> T —> 1 be a short exact sequence where F is parafree

and T is infinite cyclic. We examine some properties of G when F/F' is a free

Zr-module. Here F' is the commutator subgroup of F and ZT is the integral group

ring of T. In particular, we show G is parafree and y„F/y„+ XF is a free Z7"-module

for every n > 1 (where ynF is the nth term of the lower central series of F).

1. Introduction. A group G is termed parafree if

(i) G is residually nilpotent and

(ii) G has the same lower central sequence as some free group.

This paper is mainly concerned with some of the module structure involved with

the action of an infinite cyclic group on a parafree group. More precisely, let

1 -» F -» G -» 7" -» 1 be a short exact sequence where F is a parafree group and

T = <r> is an infinite cyclic group generated by t. Here we assume T to be a

subgroup of G. If F' denotes the commutator subgroup of F and ZT denotes the

integral group ring of T, then F/F' can be regarded as a ZT-module once the

action of t on F/F' is defined (by conjugation):

aF' * t = t~latF',        a G F.

We shall prove

Theorem 1. Let 1—»F-*G—»T —»1 be a short exact sequence where F is

parafree and T = <i> is infinite cyclic. If F/F' is a free ZT-module then G is

parafree

and

Theorem 2. Let 1 -* F —» G —» 7" —» 1 be a short exact sequence where F is

parafree and T = <i> is infinite cyclic. If F/F' is a free ZT-module then y„F/yn+xF

is a free ZT-module for every n > 1. (Here ynF is the nth term of the lower central

series of F.)

Such extensions G discussed above are not rare. Indeed it is clear that if G is free

on X u {t} and F is the normal closure of X, then the short exact sequence

1 -» F—> G -» T -* 1 where T = <r>, satisfies the hypothesis of Theorems 1 and 2.
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Even in this case the result seems to be new and sheds additional light on the

nature of free groups themselves.

Furthermore the one-relator groups G = <a, b,t; a = [t', a][tJ, b\), i j ¥= 0, are

also examples of such extensions (see §6).

Now according to G. Baumslag [7], the 2-generator subgroups of parafree groups

are free. G. Baumslag's proof uses machinery from Lie algebras. For these parafree

groups covered in Theorems 1 and 2 there is a straightforward proof which comes

out of Theorem 2. Indeed we shall easily deduce the following corollary of

Theorem 2.

Theorem 3. Let 1 —» F -» G -» F —» 1 be a short exact sequence where F is

parafree and T = <?> is infinite cyclic. If F/F' is a free ZT-module then every

two-generator subgroup of G is free.

Similarly we have

Theorem 4. Let 1—* F ^> G —» F —» 1 be a short exact sequence where F is

parafree and T = <i) is infinite cyclic. If F/F' is a finitely generated free ZT-mod-

ule, freely generated by {cF', dF', . . . , eF'}, then the group H = gp(t, c, d, . . . , e)

is free.

Many authors have discussed the existence, in a group satisfying appropriate

conditions, of a finitely generated normal subgroup (see, for example, B. Baumslag

[1], G. Baumslag [11], R. G. Burns [14], A. Karrass and D. Solitar [18]-[20]). In

particular, O. Schreier [22] proved that if F is a free group and N is a nontrivial

finitely generated normal subgroup of F, then N is of finite index in F. The

corresponding possibilities for parafree groups has not been investigated so far.

Here we note, as an easy consequence of Theorem 2,

Theorem 5. Let 1 —» F -» G —» F ^ 1 be a short exact sequence where F is

parafree and T = <i> is infinite cyclic. If F/F' is a free ZT-module and N is a

finitely generated normal subgroup of G contained in F, i.e., N «3 G, N < F, then N is

trivial, i.e., N = 1.

The arrangement of the rest of this paper is as follows. In §2 we prove Theorem

1. In §3 we prepare the ground for the proof of Theorem 2 which takes up §4. In §5

we prove Theorems 3, 4 and 5. Finally in §6 we give an example of a nonfree

parafree group satisfying the hypothesis of Theorem 1.

The notations used here are common in the literature (see W. Magnus, A.

Karrass and D. Solitar [21], G. Baumslag [8]). In particular, if G is a group and X is

a subset of G, then gp(X) and gpG(X) denote respectively the subgroup and the

normal subgroup generated by X. Furthermore we have [x,y] = x~ly~lxy, xy =

y ~ lxy for x, y G G and Z denotes the ring of integers.

The author wishes to express his deepest appreciation to Professor Gilbert

Baumslag for his invaluable help and guidance.

2. The proof of Theorem 1. Theorem 1 follows immediately from the proof of the

following theorem.
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Theorem 1'. Let 1—»F-»G—»F^>1 be a short exact sequence where F is

parafree and T = </> is infinite cyclic. If F/F' is a finitely generated free ZT-mod-

ule, then G is parafree.

Proof. First we show that G is residually a finite/»-group for all primes/».

Let p be a prime. We can assume p ¥^ 2 since the proof for p = 2 is similar. Let

g G G, g ¥= 1. We have to construct a homomorphism <£ of G onto a finite /?-group

such that g<|> t^ 1.

If g G F, we can easily construct the homomorphism.

Now suppose g G F We choose an integer k > 1 so that g G y*+i^r. Observe

that F/yk+xF is a free nilpotent group of class k and hence a residually finite

/»-group. Then there exist a normal subgroup R of F/yk+xF such that gyk+xF £ R

and (F/yk + xF)/R has order pd, d > \. This implies gyk+xF & (F/yk+xFy" or

equivalently, g $. (yk + xF)Fp .

By hypothesis, F/F' is a finitely generated free ZF-module, freely generated say

by

Cl,0^ ' C2,0^ ' • • • ' CnflF ■

Put

cij = clo'        1 < i < n,j G Z.

Then modulo (yk+lF)Fp", the set X = {cjl < /' < n, j G Z)  freely generates

F/(yk+xF)Fp viewed as a free group in the variety of all nilpotent groups of class

at most k and exponent dividingpd.

Now let us put

(a)F= F/(yk+xF)Fp\

(b)g = g(Y*+1F)F<

(c) c^ = c,v(Yjt+1F)F< Ki< n,j G Z,

(d)*={c,v|l <i <n,jEZ}.

Since A' freely generates F, there exists an integer m such that the group

^.^|1<¡<„,_í£^il<7<í£^ü)

contains g. Since A/ is a finitely generated nilpotent group of class at most k and

exponent dividing/?'', N is a finite/»-group.

We define an automorphism t of N by

di.-(p--l)/2+l'1

=     c,<,-0»"-iy2+l

£„•,-(/, "-l)/2 + 2

L«,l

1 < i < n.

LiÁPm-l)/21 Li.-(pm-l)/2
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It is obvious that r is of order/»''. Now let T = </> be a cyclic group of order/»''

generated by t. Finally let G be the split extension of N by <*> with t inducing the

automorphism t on N, i.e.,

G = gp(Ñ, t; t~lut = ut, u G Ñ ).

The group G is clearly a finite/»-group.

It is now clear that the mapping $ of G onto G defined by

<í>: f -> /,    c,0 -^ c¡0,        1 < / < n,

extends to a homomorphism of G onto G which we again denote by <f>. Notice that

g<¡> = g ¥= 1. Hence G is residually a finite/»-group.

Now, we show that G has the same lower central sequence as a free group.

Let A" = {c'l0, c'20, . . . , c'„0} and A be the free group freely generated by

X'U {/'} = {i'.c'^c^o, ...,<<,}.

We define a map 0 from ,4 to G by

<í>: f' -^ t,   c'ifi -> ci0,        1 < i < n.

Then 9 extends to a homomorphism, also denoted 9, from A to G. We claim G has

the same lower central sequence as A.

To see this, put B = gpA(X'), i.e., 2? is the normal closure of A" in A. Then B is

free on Y = {c¡j = (t')~Jc'ifl(t'y; 1 < / < n, j G Z}. Observe that 0 induces a

homomorphism of 5 into F and hence noting the actual effect of 6 on the free set

of generators Y of B, it follows that 9 induces an isomorphism of B/y2B to F/y2F.

Since F is parafree, it follows that 9 induces an isomorphism of B/yk+xB to

F/yk + xF for every k > 1.

We next show A/yk+xB is isomorphic to G/yk+xF. To do this let 9X be

homomorphism of A to G/yk + xF induced by 9. We show ker 0, = yk+xB. It is

obvious that yk+xB < ker f?,. Now let x G ker 9X. If x G B, then x G yk+xB by the

observation in the preceding paragraph. Suppose x G A, x G 5. Then x can be

written uniquely x = /""h^c^) where m ¥= 0 and h^c^-) is a word in the c^'s. Then

x0, = i'MclVh;t+1F^YJt + 1F.

Hence it follows that ker 9X < yk+xB. Therefore A/yk+ XB « G/y^+1Fand hence

A/yk+xA =A/yk + xB/yk+x(A/yk+xB)

= G/yk + xF/yk+x(G/yk+xF) « G/yk+xG.

This completes the proof of the theorem.

3. Preparations for the proof of Theorem 2. We shall develop some notions from

the commutator calculus (see G. Baumslag [8], P. Hall [16]). Unless stated diffe-

rently, we assume the integer n > Ï.

Let F be a group, not necessarily free, and equipped with a fixed set of

generators X = {x„ x2, . . . , xq}, q < oo.

Definition 1. Commutation. We define a binary operation ° , termed commuta-

tion, in F by g ° h = [ g, h], g, h G F.
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Definition 2. Commutators of weight n,n > 1. We define a commutator of

weight n, n > I, in xx, x2, . . . , xq inductively as follows:

(i) xx, x2, . . . , xq are the commutators of weight 1;

(ii) if u, v are commutators of weight i,j respectively and i + j = n, then u ° v is

a commutator of weight n in xx, x2, . . . , x .

Remarks, (i) (F, ° ) is a groupoid but not a semigroup since commutation is not

associative in general;

(ii) The commutators of weight n belong to y„F;

(iii) If F is the free group on xx, x2, . . . , xq then the weight of a commutator c in

xx, x2, . . ., xq will, in general, differ from the length of c viewed as an element in

the free group F. For example the weight of x, ° x2 is two but the length of x, ° x2

is four.

Next we define free groupoid.

Definition 3. Free groupoid. Let Y = {yx,y2, . . . ,yq}, 1 < q < oo, be a set of

symbols. We define a groupoid-word of length n, n > 1, inyx,y2, . . . ,yq induc-

tively as follows:

(i)^!, >"2, . . . ,yq are the groupoid-words of length 1;

(ii) if u, v are groupoid-words of length i,j respectively and i + j = n, then

u ° v = (uv) is a groupoid-word of length n in yx, y2, . . . ,yq and (uv) is just the

juxtaposition of u and v with brackets.

Let (P, ° ) be the collection of all groupoid-words of length n, n > 1. Then

(P,  ° ) is defined to be the free groupoid on.y,,^, . . . ,yq.

Now we define the form of a commutator by using Definition 3.

Definition 4. Form of a commutator. Let (F, » ) be defined as in Definition 1

above and let (M, ° ) be the free groupoid on x. We define, inductively, a map <i>

from the set of commutators of weight n, n > 1, in xx, x2, . . ., xq into (A/, ° ) as

follows:

(i) if x¡, 1 < i < q, is a commutator of weight 1, then x¡<¡> = x, 1 < i < q;

(ii) if w = u ° v is a commutator of weight n, n > 2, where u, v are commutators

of weight i,j respectively and i + j = n, then w<j> = (u ° v)<j> = u<¡> ° v<j>.

We call the image w<¡> of the commutator w, the form of w.

Remarks. Since (M,  ° ) is a free groupoid we have the following observations:

(i) the form of a commutator of weight n is unique;

(ii) the form of a commutator w of weight n, depends upon the order in which w

is formed;

(iii) if u, v are any two commutators of a fixed weight n, we write « — v if and

only if u and v have the same form, i.e., u<f> = v<j>. Then — is an equivalence

relation. Hence the set of commutators of a fixed weight « can be divided into

disjoint subsets where each subset contains commutators of a fixed form.

Notation. We will adopt the following notations for the remainder of §§3, 4. Let

F be a group.

(i)   If   gi,   g2, ■ ■ ■ ,gn G F>   « < oo,   we   write   gx° g2° g3°   • • •   ° g„ =

(• • • ((gi ° £2) ° S3) °  • • •   ° &.)•

(ii) If g is a commutator of weight n, we denote the weight of g by | g| ; so here
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The above two notations are not standard but turn out to be convenient here.

Theorem 2 will depend in large measure on a carefully selected sequence of

elements of F (called a basic sequence). From this sequence the free generators of

y„F/yn+xF will emerge. More precisely, let F be a free group freely generated by a

finite set X = {xx, x2, . . . , xq}, q < oo.

Definition 5. Basic sequence. A sequence bx, b2, . . . of commutators in xx,

x2, . . . , xq (viewed as elements in the groupoid (F, ° )) is called a basic sequence

if the following conditions are satisfied:

(i) every element of X occurs in the sequence;

(ii) if |¿>,| < \bj\, then i <j;

(iii) if br is of weight at least two, then

(a) br = b¡ ° bm, m < i and

(b) either |Z>,| = 1 or br = bk ° b, ° bm where k > l, m > I and bk, b, and bm are

of smaller weights than br.

Definition 6. Basic commutator. The elements bx, b2, . . . in a basic sequence are

called basic commutators and the index of the basic commutator bj is defined to be

J-
We now construct a basic sequence in F

Lemma 1. Let F be a free group freely generated by a finite set X =

{*,, x2, . . . , xq}, q < oo. Then a basic sequence bx, b2, . . . in F exists. Furthermore,

the basic sequence can be arranged in the following way:

(3.1) // b¡ is the ith term in the basic sequence and i < q, then b¡ = x¡, i.e., the

indices of b¡ and x¡ are the same for i = 1, 2, . . . , q.

(3.2) if b¡ = b¡ ° bm and bj = b¡ ° b are both basic commutators of weight 2, then

i <j if and only if one of the following holds:

(i) /, < lp

(ii) /,. = lj, m¡ < mr

(3.3) // b¡ = bk ° b, ° b and bj = bk ° b¡ ° b are both basic commutators of

weight n, n > 2, then i <j if and only if one of the following holds:

0) K\ < i^l;
00 K\ = 1^1, IM < \b,);
(»01^1 = 1^1, H = H ** < kJ>
(iv) l^| - 16^1, |fy| = |6j|, kt = kp /,. < ly,
(v) K\ = |¿»mJ, |64| = |*,|, kt = kp /,. = /,, mt < mr

Proof. The following method will be used in constucting the basic sequence in F

(see G. Baumslag [8, p. 30]).

Let A be a subset of F and let b G A. Define

A rep b = {aib\i = 0, 1, 2, . . . , a G A \ b)

where

a ° b = a    and   a(i + \)b = (aib) ° b.

Thus A rep b consists of all elements of A excluding b and those obtained from

them by repeated commutation on the right by b.
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We now define a basic sequence bx, b2, . . . in F. Put bx = xx, b2 = x2, . . . , bq

= xq and Xx = X, X2 = Xx rep b,,..., Xq = Xq_x rep b x. Suppose inductively,

bq+x, . ■ ■ , bq+r have been defined and that

Xq+i = Xq+i_x rep bq+i_x       (i = 1, 2, ...,/•+ 1)

so that conditions (3.2) and (3.3) are satisfied.

We have to define ¿»9+r+1. Observe that since q < oo, each X¡, i > 1, contains

only finitely many commutators of any fixed weight. Consider the finitely many

commutators of the smallest weight in X +r+,. We now carefully select one of them

tobeZ»?+r+1.

We note first that, using only the information above, it is now easy to verify that

bx, b2, . . . is a basic sequence in F, i.e., the conditions of Definition 4 are satisfied.

Continuing the proof, let C be any set of commutators. Define

/x(C) = minimum(|c| \c G 6)

where |c| is the weight of c.

We note, now that there are two possibilities in selecting ¿»?+r+1.

(I) n(Xq+r+x) = ii(Xq+r). In this case, the commutators of smallest weight in

Xq+r+x are also the commutators of smallest weight in Xq+r. Hence, by induction,

they have been ordered to satisfy one of the conditions (3.2), (3.3). Define bq+r+, to

be the first of these commutators in Xq+r+x.

(II) p(Xq+r+x) > p(Xq+r). There are two subcases.

(a) n(Xq+r+,) = 2. Then the commutators of smallest weight in Xq+r+, are of the

form b, ° bm, I > m and \b¡\ = \bm\ = 1. We order these commutators b¡ ° bm

according to (3.2) and denote the ordering by a. More precisely, if b/, ° b and

b, o bm are any two commutators of smallest weight in Xq+r+x, then b¡ ° bm¡ a

b, » bm if and only if one of the following holds:

J(i) //<<•;

(ii) /,. = lj, m¡ < mr

Now choose bq+r+x to be the first of these commutators of smallest weight in

Xq + r+l-

(b) n(Xq+r+x) > 2. Then the commutators of smallest weight in Xq+r+x are of

the form bk ° b, ° bm where k > l, m > I and bk, b, and bm are of smaller weights

than n(Xq+r+x). By induction, the ¿»¿'s, ¿>/s and ¿>m's are well ordered and hence

their indices are well defined.

We define an ordering, denoted a, on these commutators bk° b, ° bm of smallest

weight according to (3.3). More precisely, if bk ° b¡_ ° b^ and bk ° b, ° b are any

two commutators of smallest weight in Xq+r+x, then b^ ° b,_ ° b^a bk » b, ° b if

and only if one of the following holds:

0) K\ < 1^.1;
(u) K\ = 1^1, \b,,\ < \b,y,
(iii) 1^1 = 1*^1, N - \b,}, kt < ky,
(iv) |6J = 1^.1, \bk\ = |^|, k, = kp /,. < /,.;
(v) |¿J = 1^1, \b,\ = I^J, kt = kp /,. = /,, m, < mr

Now choose bq+r+, to be the first of these commutators in Xq+r+,.
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It is easy to see now that the basic sequence bx, b2, . . . satisfies (3.1), (3.2) and

(3.3). This completes the proof of the lemma.

Corollary 1. The basic commutators of the same weight and same form (as

constructed in Lemma 1) are arranged lexicographically.

Lemma 2. Let F be a free group of finite rank. Let bx, b2, . ■ ■ be a basic sequence

of F and Bn be the set of basic commutators of weight n, i.e., Bn = {bj\ \bj\ = n}.

Then ynF/yn+xF is a free abelian group freely generated by the elements of Bn.

Proof. For a proof refer to G. Baumslag [8], P. Hall [16].

We have so far constructed a particular basic sequence for a free group of finite

rank. We now extend the results to a free group F of infinite rank equipped with a

free set X of generators where X = {c,, d¡, e¡, ... ;(i£ Z)}. For ease of exposi-

tion we shall restrict our attention to the case where X = (c„ d¡; (i G Z)}. The case

where there are further "batches" of generators e¡, ... (/ G Z) can be handled in

much the same way.

Lemma 3. Let F = <c,, d¡; i G Z) be a free group freely generated by c¡, d¡, i G Z.

Let Fj,j > 0, be the subgroup of F generated by

c _» ■ ■ ■ , Cq, . . . , Cj, d_j, . . . , «Q, . . ., dj

and BJn be the set of basic commutators of weight n in F., Put Bn= U JL0 BJn. Then

modulo yn + xF, ynF is a free abelian group freely generated by the elements of Bn.

Proof. Notice first that, modulo y„ + 1Fy, y„Fj,j > 0, is a free abelian group freely

generated by the elements of Bjn (Lemma 2).

We show Bn spans ynF modulo yn + ,F. To this end, let x G ynF. Then x G Fj for

some j > 0. Now Fj is a free factor of F which implies that

yrF nFj = yrFj        (r = 1, 2, . . . ). (3.4)

So x G ynFj which means that x G gp(Bjn) (modulo yn+xFJ). Therefore x G gp(Bn)

(modulo yn+xF).

In order to prove the elements of B„ are independent modulo yn + lF, it suffices to

prove that the elements of Bjn (j = 0, 1, 2, . . . ) are independent modulo yn+xF.

But this follows immediately from equation (3.4) and the fact that the elements of

BJn are independent modulo yn + xFj.

Lemma 4. Let F = <c,, d¡; i G Z> be a free group freely generated by c¡, d¡, i G Z.

Let Fj and Bjn be as defined in Lemma 3. Put B = U j,nBj,n- Then the elements of B

can be totally ordered by using Lemma 1.

Proof. For each y = 0, 1, 2, . . . we order (denoted <7) the generators of Fj as

follows:

c_j <j c_J+x <j  ■ ■■ <j c0 <j ■ ■ ■ <j Cj <j d_j <j  ■ • ■  <j d0 <j  • ■ ■ <j dj.

Now put Bjx = U 7-iBj,„- The orderings extend by Lemma 1 to a total order

(denoted <_,-) of Bjaa. So each BJao becomes a totally ordered set. Notice that

^y+il^/,00 = *v and so we can define an ordering < on B by < = U JLq <j, i.e., if
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x, y G B, then x, y G Bjx for some 7 > 0 and by definition

x < _y if and only if x <j y.

It follows that the order relation < on B is a total order. This completes the proof

of the lemma.

We call the elements of Bn the basic commutators of weight n of F.

We next extend our definition of form (Definition 3) of a basic commutator to

the case when F is a free group freely generated by c¡, d¡, i G Z.

Let Fj be the subgroup of F generated by c -, . . . , c0, . . . , c„

d_j, . . . ,d0, . . . , dj and (Fj, ° ) as before (Definition 2 and its remarks). Let

(N, ° ) be the free groupoid on c, d. We define, inductively, a map 0- from the set

of commutators of weight n, n > 1, in c„ d¡, -j < / < j, of Fj into (N, ° ) as

follows:

(i) if c¡, d¡, -j < i < /', is a commutator of weight 1, then

cfij = c,   -j < / < /;       dfij = d,   -j < i < /;

(ii) if w = u ° v is a commutator of weight /i, n > 2, where u, v are commutators

of weight/», q respectively and/» + q = n, then wo, = u9j ° v9j. Notice that 9J+x\Fj

-§,

Definition 7. Macro-form of a commutator. Let F be the free group freely

generated by c¡, d¡, i G Z, and F, the subgroup of F generated by

c _j, ■ ■ ■ , c0, . . . , Cj, d_j, . . ., d0, . . . , dj.

Let (N, ° ) be the free groupoid on c, d. We define a map 9 from (F, ° ) to

(A^ ° ) by 9 = U JLo 9j where 9j is as above, i.e., if x G F, then x G F^ for some

j > 0 and by definition x# = xfy. Then x# is unique and we call x9 the macro-form

of x.

Corollary 2. For F = <c„ 4; ' e Z> ¿e a free group freely generated by c„ d¡,

i G Z. Then the basic commutators of the same weight and same macro-form (as

constructed in Lemma 3) are ordered lexicographically.

Remarks, (i) It is convenient to relabel the element r G B (see Lemma 4) by br

and call r the index of br. So, of course, we have

br < bs if and only if r < s, r, s G B.

(ii) From Lemma 1 we have

(a) if bk ° b¡ is a basic commutator of weight 2, then bk > b¡,

(b) if bk ° b¡ ° bm is a basic commutator of weight n, n > 2, then bk > b, and

K > h
4. The proof of Theorem 2. Theorem 2 follows immediately from the slightly

stronger

Theorem 2'. Let 1—>F—»G—»F-»l ¿>ea i/W/ exact sequence where F is free

nilpotent and T = <?> is infinite cyclic. If F/F' is a finitely generated free ZT-mod-

ule then y„F/yn+xF is also a free ZT-module for every n > 1.
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Proof. The proof is by induction on the class r of F The hypothesis is the case

r = 1. So we can assume r > 1 and the result holds for ykF/yk+xF, 1 < k < r - 1.

By hypothesis F/F' is a finitely generated free ZF-module of rank s, freely

generated by say cF', dF', . . . , eF'. For ease of exposition we restrict our attention

to the case where s = 2, i.e., F/F' is freely generated as a ZF-module by cF', dF'.

Now let c¡ = r'ct1 and d¡ = t~W, i G Z. Then modulo F', c„ d¡, i G Z,

generate F and c,, d¡, i G Z, are linearly independent. Since F is free nilpotent of

class r, this implies c,, ^-, i G Z, freely generate F. Then by Lemma 3, yrF is a free

abelian group freely generated by the basic commutators of weight r.

We shall show yrF is a free ZF-module by exhibiting a free set of generators for

it.

We introduce the notation * for the scalar multiplication in ykF/yk+xF (qua

ZF-module), 1 < k < r, where

xy^ + 1F * /' = t~'xt'yk+xF,        x G ykF, i G Z.

Furthermore we shall adopt the notations of §3.

The case when the class r = 2. In this case, the basic commutators of weight 2 in

y2F are of the form bk ° b¡, k > I, k, l G B and \bk\ = |Z»,| = 1. We denote the set

of basic commutators of weight 2 by B2.

Furthermore, notice that the basic commutators of weight 1 are simply the

elements c, and d¡, i G Z. It follows from the ordering of the basic commutators of

weight 1, i.e.,

• • • <c_! <c0 <c, < • • • < • • • <d_x <d0 <dx < ■ • •

that the elements of B2 can be divided, according to their macro-forms into the

following disjoint subsets:

Rx « {c, « Cj\i >j, i,j G Z },       R2 = K o cv\u, vEZ),

f3= {4 o á,\i >j, ij e z},

i.e., B2 = Rx u R2 U Ry

Now observe that modulo y2F, the elements c0 and ¿0 from a free set of

generators for the ZF-module F/F'. Furthermore notice that

c0F'* t» = cpF',       pEZ;        d0F' * tp = dpF',      p G Z.

We shall make use of the above trivial observation to prove that y2F is a free

ZF-module. So let

F, = {cm « c0|m > 0),        F2 = {¿m o c0|/h G Z },        F3 = {^ » ¿0|m > 0},

and put S2 = F, u F2 u F3. We claim that 52 is a free set of generators for the

ZF-module y2F.

Lemma 5. S2 = F, u F2 u F3 generates the ZT-module y2F.

Proof. Observe that

cm°c0*tp = cm+p oCp, m> 0,/» G Z,

dm°c0*tp = ¿m+/, » C/>, m,/» G Z,

dm°d0*t" = dm+p °dp, m> 0,p G Z. (4.1)
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The right-hand sides of the equations (4.1) comprise the whole of B2. Hence the

lemma.

Lemma 6. F, is linearly independent over ZT for i = 1, 2, 3.

Proof. We shall discuss only the case /' = 1. The other cases are similar and will

be left to the reader. Suppose then

<W, ° c0 *fm< + cmi o c0 *fm2 + ■ ■ ■ +c^ o c0 */^ = o (4.2)

where 0 < mx < m2 < ■ • ■ < mn and/^ G ZT, i = 1, 2, . . . , n. We may suppose

fm¡ ¥= 0. On multiplying equation (4.2) by a suitable power of t, we may assume

that/m has the form

/„, = a0+ axt + ■ ■ ■ +OjtJ,       j > 0, a0 * 0.

Then, by virtue of equation (4.1), the basic commutator cm ° c0 has coefficient a0

(¥= 0) and arises once and only once in equation (4.2). Hence from the Z-linear

independence of the elements of B2, we must have fm = 0. This contradicts the

choice of fm at the outset and so the lemma follows.

Lemma 7. S2 = F, u F2 u F3 is linearly independent over ZT.

Proof. Suppose that

2 cm ° c0 *fm + 2 du oc0 *fu + 2 dv o d0 *fv = 0 (4.3)
m u v

where the ith summation sign represents a finite ZF-linear sum of elements of T¡,

i = 1, 2, 3.

Then, by virtue of equation (4.1) and the Z-linear independence of the elements

of B2, it follows that

S cm ° c0 *fm = 2 du o c0 *fu = 2 dv ° d0 *fv = 0.
m u v

Now by Lemma 6, we have/m =/„=/„ = 0- Hence the lemma.

Thus we have proved that S2 is a free set of generators for the ZF-module y2F.

The case when the class r > 2. In this case the basic commutators of weight r in

yrF are of the form bk ° b, ° bm, k > l, m > I, k, l, m G B and bk, b,, bm are of

weights less than r. We denote the set of basic commutators of weight r by Br.

Now, the elements of Br can be divided into disjoint subsets according to their

macro-forms as follows (see the remarks following Definition 3):

Br=   U    T„
disjoint

where

TH = ibk ° bi ° bm\h ° b, » bm G Br, bk o b, has macro-form <¡>,

bm has macro-form »/>}.

Notice that the macro-form of the element bk ° b, ° ¿»m in F^ is ^. Notice further

that the macro-forms <f>\p, <j>'\p' are distinct unless <j>, $' are identical macro-forms

and \p, ip' are identical macro-forms.
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We now construct, inductively, a free set of generators for the ZF-module yrF.

To do so put

SH> ~ ■!

bk ° bi ° bm\bk ° bi° bm^Tw and K ° 6/Y,+ iF ranges

over the already selected free set of generators

of macro-form <J> of the ZF-module y,F/yJ + 1F, 1 < / < r — 1

Notice the definition of S^ makes tacit use of the obvious inductive assumptions.

Now let

s,- U   s„.
disjoint

Then we claim that Sr is a free set of generators for the ZF-module yrF.

Lemma 8. F^ = U „ez S^ * t".

Proof. Let bk ° b, ° bm G F^ where bk ° b, and ¿m are basic commutators of

weight /' and j respectively with 1 < i,j < r and i + j = r. Hence, inductively in

the ZF-module y,F/y, + ,F, there exists an element bk ° b,yi+xF of the free set of

generators such that

bk ° b,yi+xF = bk¡ ° ¿",,y,+1F * t"

for some/» G Z. Now in the ZF-module yjF/yj+xFobserve that

bmyJ + iF * f = bm¡yJ+xF

where bm is the appropriate basic commutator obtained by adding -p to each

index in bm (see also the comments following (i.b) below). Now form the commuta-

tor bk  o b, ° b„ and note that*i      'i      mi

bk° b,°bm = bkt » b,t ° bm¡ * t".

It remains only to check bk ° b, ° bm G 5^.

To do this we have to show

« V V*». G r<♦*and

(ii) ¿)A ° b¡yi+xF belongs to the free set of generators of the ZF-module

y,F/y,+ 1F where 1 < / < r — 1.

We need only to verify (i) since (ii) is already satisfied. To do so we prove

(i.a) bk  ° b¡ has macro-form <¡> and bm has macro-form \p,

(i.b) bk ° b¡ ° bm is a basic commutator of weight r, i.e., kx > lx and mx > /,.

Now if b is a commutator of weight n and macro-form a, then b * tp is also a

commutator of weight n and macro-form a for all/» G Z. So it follows that bk ° b¡

and bk ° b¡ have the same macro-form <¡> and bm and ¿»m have the same macro-form

4>. Hence bk ° b¡ ° bm has macro-form <jnf/. Furthermore, the weight of

bk ° b¡ ° bm is obviously r.

Now if br and bs are two basic commutators with br < bs, then br * tp < bs * tp

for all p G Z (see Corollary 2). Since bk ° b, ° bm is a basic commutator we have

bk > b, and ¿>m > b,. Since ¿"ti = bk * t~p, b,t = b, * t~p and bm¡ = bm * t~p, it

follows that bk  > b, and bm  > b,. In other words kx > /, and mx > /,.



CYCLIC EXTENSIONS OF PARAFREE GROUPS

Hence bk  ° b¡ ° bm G T^ and the proof of the lemma is complete.

Lemma 9. Sr = U disjoint $& generates the ZT-module yrF.

Proof. Since

Br=    U     T„
disjoint

and F^, = U „ez S^ * t" by Lemma 8, the result follows.

We observe that S^ can be further divided into disjoint subsets Sk o , where

$k . / = {b~k ° b¡ ° bm\bk ° b, ° bm G S^, and all the bk ° b, are identical].

Hence

s#- U  s*.,-
disjoint

Thus a finite ZF-linear sum of elements of S^ will be a ZF-linear sum of elements

from a finite number of subsets Sk o ,.

Lemma 10. S^, = U disjoint S* 0 , is linearly independent over ZT.

Proof. Suppose that

U V

+ ■ ■ ■ + 2 bki°brbw*fw=0 (4.4)

is a finite ZF-linear sum of elements of S^ where the »th summation sign

represents a finite linear ZF-linear sum of elements of St.«, / = 1, 2, . . . , s.

Writing in full the first summation sign of equation (4.4) we get

b\ ° b\ o bu¡ *fu¡ + bkt ° Bjt o bU2 *fU2 + ■ ■ ■ +bk¡ ° blx o b^ *fu¡

+ 2 b\ o b   o bv mf + . . . + 2 b\ o h o b  ,/ = o (4.5)

where

(i) m, G 5, 1 < / < z,

(ii) u, < M2 < • • • <uz,

(iii)/H G ZT, 1 </ <z.

We may suppose /   ^ 0. On multiplying equation (4.5) by a suitable power of / we

may assume that fu has the form

fu< = a0+ axt+ ■ ■ ■ +ajtj,      j >0,a0^ 0.

Now bk ° b, * tp ^ bk ° b¡ for all /> G Z, 2 < i < i, since (¿^ ° b,yi+xF,

b~k ° °~iYi+lF, . . . , bk ° btYi+1F} is inductively part of a free set of generators of

the appropriate ZF-module. It follows that the basic commutator bk ° b, ° bu has

coefficient a0 (^ 0) and arises once and only once in equation (4.5). Hence from

the Z-linear independence of the elements of Br, we have fu = 0. This contradicts

the choice of fu at the outset and so the lemma follows.
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Lemma 11. Sr = U disjoint S^, 's lmearty independent over ZT.

Proof. Suppose that

2 ** ° */ ° bm *fa + 2 bu° bD° bw *fß

+ ■■■ + 2 bx°byobz*fy = 0 (4.6)

is a finite ZF-linear sum of elements of Sr where the first summation sign

represents a finite ZF-linear sum of elements of S^,, the second summation sign

represents a finite ZF-linear sum of elements of S1^,, etc., and the macro-forms

{<b\p, 4>'ip', ■ • • } are distinct.

Now notice that if bk ° b, ° bm has macro-form <f>\p, then bk ° b¡ ° bm * tp has

macro-form <^ for all /» G Z (see Lemma 8) and the elements of Br are linearly

independent over Z. So it follows that

2 h" b,° bm *fa = 2 K° bv° K *fß

-• •• -2 4oA0***/t-°-
So the lemma now follows immediately from Lemma 10.

We have now shown that the set Sr forms a free set of generators for the

ZF-module yrF and hence completed the proof of Theorem 2'.

5. Consequences. We shall derive some consequences to the above theorems. To

begin we state, without proof, the following:

Lemma 12. Let H be a two-generator group, say H = gp(a, b). Then H is free if

and only if the set {bj = a~jba~J\j G Z} freely generates a free group.

Now we prove

Theorem 3. Let 1—»F—»G^>F—»1 be a short exact sequence where F is

parafree and F = <(i) is infinite cyclic. If F/F' is a free ZT-module, then every

two-generator subgroup of G is free.

Proof. Let H be any two-generator subgroup of G, say H = gp(a, b). If a G F,

b G F then H belongs to F and hence is free. We divide the remainder of the proof

into two cases.

Case l. a G G \ F, b G F.

(i) a= tn,b G F.

We may assume that b G yrF but b G Yr+iF where r > 1. But by Theorem 2,

yrF/yr+xF is a free ZF-module. Hence modulo yr+1F we have

b *   2   «■,'' = 0 if and only if e¡ = 0   for all e¡
finite

i.e. H(t~'bt')e''= 1 if and only if e¡ =0 for all e¡ i.e., modulo yr+1F, the set

{b¡ = t~'bt',i G Z} is independent over Z. This implies that g/»(¿», = t~'bt'\i G Z)

is free on the ¿»,'s. Hence by Lemma 12, the group H = gp(a, b) is free.

(ii) a = tnf,b G F where 1 =*=/ G F.

Observe that modulo yr+1F we have (t"f)~'ib(t"f) = t~''bt" since b G yrF by

assumption. So this subcase can be reduced to the previous subcase.
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Case 2. a G G \ F, b G G \ F.

We shall reduce this case to Case 1. Let a = t"'fx, b = t"2f2 where /,, f2 G F, nx,

n2 G Z. We can further assume «, > 0, «2 > 0. Then

H = gp(a, b) = gp{t"fx, t"f2).

If nx = n2, then

h = gp(f"fx, ff2(t"fxy{) = gp(ffx,f)

where/ G F and we are in Case 1. If w, < n2, then choose k such that «2 = knx +

h3 with 0 < n3 < nx. Then

H = gp(r-/„ í"2/2(ínfxyk) = «?(/"/„ /"/)

where/ G F. Now repeating this process we find

H = gp(t"g, h),       g,hEF,

and we are again in Case 1. This completes the proof of the theorem.

Similarly we have

Theorem 4. Let 1 —» F -^> G —» F —» 1 be a short exact sequence where F is

parafree and T = </> is infinite cyclic. If F/F' is a finitely generated free ZT-module

freely generated by {cF', dF', . . . , eF'}, then the group H = gp(t, c, d, . . ., e) is

free.

Proof. Notice that the set {f'ct', t~'dt', . . . , t~'et'\ i G Z} freely generates a

free group and hence the theorem follows.

We next show

Theorem 5. Let 1 —» F—» G-+F—» 1 be a short exact sequence where F is

parafree and T = </) is infinite cyclic. If F/F' is a free ZT-module and N is a

finitely generated normal subgroup of G contained in F, i.e., N ^ G, N < F, then N is

trivial, i.e., N = 1.

Proof. Suppose N =£ I. Then there exists an i > 1 such that N < y,F, N 4

Yi+1F. Then Nyi+xF/yi+xF is a submodule of y,F/y,+ 1F and Nyi+xF/yi+xF is a

finitely generated abelian group since Nyi+lF/y¡+xF = N/N n Y,+ iF.

Now let a G N, a G Y,+ iF. Then working modulo y,+ )F, the conjugates of a by

the powers of / are independent since y¡F/yi+xF is a free ZF-module. Hence

Nyi+xF/yj+xF contains a free abelian group of infinite rank. This is a contradic-

tion and hence N = 1.

6. An example. We prove the following example (see G. Baumslag [7]).

Theorem 6. Let i andj be nonzero integers and

G = <a, b, c; a = [c\ a][cj, ¿>]>.

Then (i) G is parafree.

(ii) G is the third term of a short exact sequence 1—»F—»G—»F—»1 where F is

free, T is infinite cyclic and F/F' is a free ZT-module.

(iii) G is not free.
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Proof. Let F = gpc(a, b). By the Reidemeister-Schreier rewriting procedure (see

W. Magnus, A. Karrass and D. Solitar [21]),

F = < . . . , a_x, a0,ax, . . .,  . . ., b_x, b0, bx, . . . ;

.. ., an = a~^¡a„b~^jbH, .... >

where ak = c~kack, bk = c~kbck, k G Z. We may assumej > 0 and it follows that

F is a free group freely generated by the elements   . . . , a_x, a0, ax, . . . , b0,

bx.bj_,. Obviously G/F is free cyclic on cF'.

Again from the defining relations of F, it follows that F/F' is a free abelian

group freely generated by . . . , b_x, b0, /»,,... . Hence F/F' is a free ZF-module

where F = <c>.

By Theorem 1, G is parafree and, by G. Baumslag [5], G is not free.
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