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SCATTERING THEORY AND POLYNOMIALS ORTHOGONAL ON
THE REAL LINE
BY
J. S. GERONIMO AND K. M. CASE

ABSTRACT. The techniques of scattering theory are used to study polynomials
orthogonal on a segment of the real line. Instead of applying these techniques to
the usual three-term recurrence formula, we derive a set of two two-term re-
currence formulas satisfied by these polynomials. One of the advantages of these
new recurrence formulas is that the Jost function is related, in the limit as n — oo,
to the solution of one of the recurrence formulas with the boundary conditions
given at n = 0. In this paper we investigate the properties of the Jost function and
the spectral function assuming the coefficients in the recurrence formulas converge
at a particular rate.

L. Introduction. In our previous paper [7] the techniques of scattering theory were
applied to polynomials orthogonal on the unit circle (POUC). The natural equa-
tions satisfied by these polynomials are two two-term recurrence formulas instead
of the more familiar three-term recurrence formula satisfied by polynomials or-
thogonal on the real line (PORL). These two two-term recurrence formulas have
several interesting properties. For example, the Jost function, which has been
shown to be so useful in the theory of orthogonal polynomials [4], [7], is the limit of
a sequence of polynomials satisfying one of the recurrence formulas with the
boundary condition given at n = 0. It is natural to ask whether such a system of
recurrence relations exists for PORL.

In this paper we develop the theory of PORL along a line that parallels the
theory of POUC and delve deeper into the consequences of applying scattering
theory to PORL.

In §II we define the polynomials and derive the familiar three-term recurrence
formula. Now, in analogy with POUC, a set of two two-term recurrence formulas is
derived. These formulas plus the appropriate boundary conditions are taken as the
fundamental equations defining the polynomials. From them the Christoffel-
Darboux formula and Wronskian theorem are derived.

In §III the Jost function is defined and is shown to be the limit of a sequence of
polynomials satisfying one of the recurrence formulas with the boundary condi-
tions given at n = 0. Some of the properties of the Jost function are investigated.

Since we have started with the recurrence relations it is necessary to show that
the polynomials are indeed orthogonal. This is done in §IV. We also show how one
can calculate the Jost function directly from the weight function.
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Next (§V) the discrete analogs of the Marchenko equations are derived [3]. The
equations are then used to investigate the behavior of the Jost function at the
points z = *1. The consequences of these results for the weight function are
discussed.

II. Preliminaries. Suppose we are given some nondecreasing p(A) [10] with
infinitely many points of increase on a segment of [a, b] of the real line such that

= P A" do(A) (IL1)

exists for all n. We are to find polynomials p(\, n), such that

(i) p(A, n) is a polynomial of precise degree n in which the coefficient of A" is
positive,

(i) /2 p\, m)p\, m) dp\) = 8(n, m),m,n=0,1,2, .. ..

Using standard orthogonalization procedures one finds

So Sl S2 M M * S,,
—12 S S S5t S
p(\n)=[H,_ ,H,] Cs - - -, m>0, (I12)
Sp_1 S, . . . s2’l—~l
1 A A"
where
SO Sl S2 M M M Sn
Ho=[7 %2 0 S a0 (1L3)
Sn Sn+1 : : : : San

(Here we define H_, =1 thus p(A, 0) = Hy/? = 55 '/2) The coefficient of A" in
P(A, n) can be determined from equation (I1.2) and is'
k(n) = (H,_,/H)>, n=0,1,.... (I11.4)
From the orthogonality condition one can construct the well-known three-term
recurrence relation [10]
a(n + Dp(A, n + 1) + b(n)p(A, n) + a(n)p(\, n — 1) = Ap(A, n),
n=12 ..., (IL5)

where
a(n) = k(n — 1)/ k(n) (1IL.6)
and
b 2
b(n) = [ "X\, n)’ do(). (1L.7)
Note that (I1.5) can be extended to n = 0 provided we define
p(A, —1)=0. (1L.8)
We shall also set
a(0) = 1. (11.9)

! The theory of positive quadratic forms tells us that the H, are positive (see [10]). Results were
presented at the A.M.S. meeting #753 Columbus, Ohio, March 25, 1978.
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Thus we could take (I1.5) and the initial conditions (I1.8) and
P(A, 0) = k(0) (1IL.10)
as the starting point in our study of orthogonal polynomials. However one of our
purposes is to develop the properties of polynomials orthogonal on the unit circle

and those on a segment of the real line along similar lines. With this in mind
consider the following two two-term recurrence formulas,?

PO\ n) = ‘( ))[(z—B<n—1))p<An—1)+ W n )],

n=12..., (LI

and

¥(z, n) = a( )[ Y(z,n — 1)

a(n)
+ {(1 _ alny’ )z — B(n - 1)}1’(7\," - l)]

a()’
n=12..., (IL12)
where we assume that
nli_)nc}o a(n) = a() > 0, nli_l& b(n) = b(0),  b(n)real, (IL.13)

and we have set

B(n) = %ﬂ (I.14)
and
A = a(0)(z + 1/z) + b(w). (IL15)

By solving (II.11) for ¢ and then substituting the result into (II.12) one easily
obtains (I1.5).
Considering p(A, n) and y(z, n) as two components of a function ® defined by

p(A, n)
®(z,n) = (‘P (z, n))’ (11.16)
equations (II.11) and (II.12) can be condensed to
®(z,n) = C(n)®(z,n — 1) (IL.17)
where
1
z—B(n-1) -
_ () z
C(n) = a(n) L a(n)’ )z _ Bn - 1)} 1 (11.18)
a(e0)? z

2 y(z, n) is a function of z and 1/z.
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We will take the recurrence relations and the initial conditions
PN, 0) =y(z,0) =1/Vsy =0 (IL.19)

as the fundamental equations in our discussion of these orthogonal polynomials.

As a first application let us examine special cases of the following relation®

o0z, n)[(l) ’ ]q><2>(z', n)

= oO(z, 0 - l)C(')T(n)[(l) " ]c<2>(n)<1><2>(z', n—1), (I1.20)

where ®V(z, n) and ®P(z’, n) satisfy (I1.16), (I1.17) and (I1.18) for z and Z/,
respectively. Substituting in (II1.18) yields

2
= (I)(l)(z n— l) a(oo)2 z - B(n — l) {( a(n) ) — B(n - 1)}
1
z

a(n)* | 1
zZ —B(n-1) l/
0 -1 z ,
[1 0] (l_a(n) )’—B(n-l) 1 ®3(,n—1),  (21)
a(0)? z

which is

— 00z, n — 1)[ B(n = 1)(z = 2) 0"/ d ]w(z', n—1). (1122

Setting z = z’ (Wronskian theorem) in (I1.22) yields
a0z, n)[ 0 ]o@)(z, n)

= oWz, n — 1)[‘1’ ! ]q><z>(z, n—1)=W[oeW, o).  (1123)

Thus the Wronskian W is independent of n.
With @@ = ®@ (Christoffel-Darboux), it can be shown [6] after some manipula-
tion that

a(n)(p(\, m)p(\', n — 1) — p(X', n)p(A, n — 1))
=A-N)p\,n—1pA,n—-1)
+a(n — )(p(\, n — Dp(\', n — 2) — p(\, n — 2)p(N', n — 1)). (I11.24)

3 CT means transpose here.
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IIL. Jost function. Let us look at equation (I1.18) for large n. Using (II.13) and
(I1.14), we have

0_ 1 _|z 1/z
C’= nl_n& C(n) [0 1/z ] (I1L.1)
Proceeding formally we introduce two auxiliary solutions
_[P+(zn)
®D,.(z,n) = (\p,,,(z, n)) (I11.2)
and
®_(z,n) = (” - ) (IL3)
v_(2,n)

satisfying (I1.17) and (I1.18) with boundary conditions
lim |p.(z,n) — z:"l =0, 2|5 1,

n—>oo
lm |y,(zm)|=0, |z<1, (11L.4)
and
: — — 2N =
Jlim |[¥-(z,n) = (1 = 2z)z7"|=0, |z|> L
From (I1.23)

we_,o,.]=- (2-1). (111.5)
Therefore @, (z, n) and ®_(z, n) are linearly independent except at z = *+1 and
(z—-1/2)®(z,n) = C,P,(z,n) — C_®_(z,n), lz]=1, (I11.6)

where
C.=Ww[o,0,] (111.7)
which is
Cy = p.(z, m)¥(z, n) = pA, n)Y (2, n) (I11.8)
and
C_ =p_(z,n)¥(z, n) — p(\, n)y_(z, n). (111.9)

Since (II1.8) and (II1.9) are independent of n we can evaluate them for large n.
Thus

C, = ,,li_r,& z(z, n) = nli_l)]& Y*(z, n) (I11.10)
where
Y*(z, n) = z™(z, n) (I11.11)
and
C_(2)= Jim (z7™(z, n) — (1 = 2H)z""p(A, n)). (I1L.12)

Letting z — 1/z in (I1.11) and subtracting it from the original equation gives us
(1 -z2)1/2)pA\n—1)=1/2)(z,n = 1) — 2¢(1/2,n — 1). (IIL13)
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Substituting this result into (II1.12) yields

C_(z) = nli_ygo 2227Y(1/z, n). (I1L.14)
Now define
_ a() a(x)
1(2) = Lor Cald) = gt e, 0, ] (1L15)
and
Fo(z)=HR) ¢ () = A®) w[e, o_] (IIL.16)
- %(0)z k(0)z oo r ’
Equation (II1.6) now becomes
(z - 1/2)®(z, n) = (0) S - am — @ @m], =1,
(111.17)

Using (I11.10) and (II1.11) it is easy to see that*
f+(2) = f.(1/2) = f_(2) (I11.18)

for |z] = 1.
If one uses (I1.11) to eliminate y(z, n) and ¥, (z, n) in (I11.8), one finds®

ful2) = % [P 5+ Dp (2, n) = p, (2 n + 1)p(h, n)] (IILI9)

or
fi(2) =p.(z, - 1). (111.20)

We shall call f, (z) the Jost function for polynomials orthogonal on a segment of
the real line.

In order to investigate the properties of the Jost function, we will find it
convenient at this point to introduce the techniques of Banach algebras. Thus, let A4
denote the class of functions integrable on — 7 < @ < « such that if g is an element
of A then

g(0) ~ § g(k)e™ (111.21)
k= — o0
with
&l = R §; |8(k)| < eo. (111.22)

Let A* and 4~ denote those functions in 4 of the form

o0

g0~ 3 g(k)e™ (I11.23)

k=

4 Note from (I1.11) and (I1.12) that the coefficients of f, (z) are real.
3 This corresponds to Case’s definition, see 2



SCATTERING THEORY AND POLYNOMIALS ON THE REAL LINE 473

and .
h@)~ 3 h(k)e* (111.24)
k= — o0
respectively.
Let || g|| be the norm on 4, A* and A, then 4, A* and A~ are Banach
algebras [3].

THEOREM 1. If

an2
| - el

+|B(n - 1)|} < o (I11.25)

0

$ [

n=1
then

()% zf , (2) is analytic inside and continuous on the unit circle,
(i) zf . (2) is an element of A ™,
(iii) if f . (2) has zeros inside the unit circle they are
(a) real,
(b) simple,
(c) finite in number,
(d) the points where the orthogonal polynomials are square summable.
Finally
(iv) if f.(2) has zeros on the unit circle
(a) they must be at z = +1 and/or z = -1,
(b) they must be simple.

Property (iii) is proved in Appendix A. Properties (i) and (ii) are proved in
Appendix B. Property (iv, b) is proved in §V. Property (iv, a) is a consequence of
(I11.17) and (II1.18) and the fact that the zeros of p(A, n) alternate with those of
P, n— 1)[4].

In Appendix B the following is also proved:

THEOREM 2. If (II1.25) holds then p . (z, n) is analytic inside the unit circle,
continuous on it, and is an element of A™*.

LeEMMA 1. p_(z, n) is analytic outside the unit circle, continuous on it, and is an
element of A~

From the boundary conditions and recurrence formulas one finds that
P+(z’ ”) = P—(l/za n)-
The above formula and Theorem 2 prove the lemma.

LemMa 2. Iff,(2) = 0at z = 1, then

zf,(2) = (1 - 2)(2) (111.26)
where a < 1 and g(z) is bounded at z = 1, continuous everywhere else on the unit
circle, and analytic for |z| < 1.

S Properties (i), (iii) and (iv) have been independently proved by Guseinov, see [8]. Property (i) has
also been proved by Nevai, see [9)].
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ProOF. The lemma follows from Theorem 1(i), Theorem 2, Lemma 1 and

(111.17).
Throughout the rest of this paper we will assume that the coefficients in the
recurrence formulas satisfy (I11.13) and (I11.25).

IV. Consequences. Having defined the Jost function and listed some of its
properties in the prevous section, we now investigate the role it plays in various
properties of orthogonal polynomials.

THEOREM 3 (ORTHOGONALITY CONDITION). If (11.13) and (I111.25) hold then

S 2 mp(h, m) do(¥) = 8(n, m) (Iv.1)
where
a(A) dA, b(0) — 2a(0) < A < b(0) + 2a(x),
() ~ § 8\ — ) d\, A not as above, \, # X, for i #j, N < oo,
=]
with
o = 9(c0)sin 6 dA - . 2= e® (IV.
(A) dA k(0717 ,  A=a(o)(z +1/z) + b(0), e’ (IvV.2)
and
=220 )+ 1/2) + b(o) 2] < L (IV3)
L OFALY)

Here \; denote the roots of f,(z) for |z| < 1.
THEOREM 4 (RELATION TO WEIGHT FUNCTION). If (I1.13) and (I11.25) hold then
d@)m,(z — 2)7_(z — z)
zIlfy(1 = zz)
cexpl - 2=27Y fb(oo)+2a(oo) d\ In wk(0)%|d(z")Po(N’)
P 47 b(o0) —2a(0) sin 0'(A' - A) a(oo)sin 0’ ’
A=a(o)(z' +1/2") + b(), 2’ = e*, |z] < 1.
(Iv.4)

fi(2) =

Here {z;} are the roots of f, (z) for |z| < 1 and 7, means the product of z, in the
unit circle subject to z; = 0. d(z2) is equal to

M 1iff, (z) #0forz = %1,

21— ziff,(z)=0onlyatz = 1,forz = e®,

B)1+ziff,(z2) =0onlyatz = —1,forz = e,

@1 - z22iff,(z2)=0atz = *1.

To prove Theorem 3 examine the following integral

fo L 12l MO m)

s s = 1. V.S
5 P? C.(d dz m<n,|z|=1 (Iv.5)
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The existence of the integral is a consequence of Theorem 1(i) and (iv, a), Theorem
2, and Lemma 2. Solving (II1.17) for p . (z, n) then substituting this and (IIL.15) into
the above equation yields

1§, -2 Pz m)p( m)

2mi (k(0)/a(0))f 4 (2)
_ 1 & 27 mpQ,n)

277 (k(0/a())| 1 ()
s Lz -z mpm)
27i 7 (k(0)/ a(0))zf_(2)

Letting # — —0 in the second term on the right-hand side and combining it with the
left-hand side gives

1§27 20 mpA m)(z —1/2)
2mi 7 (k(0)*/a(0))| f4 ()P

pulamphm) )
= G @ TV E = @D

where we have used (II1.18) and the fact that p,(z, n) = p_(1/z, n) for |z| =
Now changing over to real variables in the integral on the left-hand side of the
above equation

dz

(z—-1/2)dz

dz, lz]=1,n>m. (1v.6)

_ __l_f" P\, m)p(A, n)2i sin e —? df J—y
2m (k(0)*/ a(e0)?)If, ()P

Breaking up the range of integration to [§ and f°  letting § — — @ in the second
integral then recombining

SR (N NOL L R
™ Jo (K(0)/a())|f ()}
Finally using (II.15), equation (IV.9) becomes
b(o0)+2a(o0) a(oo) sin 8 )
= A, A n)| ———— ) dA. IV.10
fu e o mio O (P o

In order to continue we need the following limits for z = 0.

(IV.8)

(IV.9)

@ 1) = e T 22,

®) pO\ ) = 2-%(0) 11 “(°°) av.11)

i=1

© pa(amy=zn 11 3‘#‘°—)

i=n+1 a(i) '
These limits are easily obtained from the recurrence relations and boundary
conditions satisfied by the functions above (see Appendix B).
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Returning to (IV.7) we evaluate the integral on the right-hand side using the
above limits, Theorem 1(iii) and the residue theorem. Thus

1 ¢P+(Z’ ”)p(A’ m)(l — 1/z2)

T kO e E ©
= m) — & p +(zi: n)P(A, m) 1R
3(n, m) igl (k(0)/a(0))f:(2) (1 1/ i) (IV.12)

where {z;} refers to the zeros of £, (z) for |z| < 1. From Appendix A

po(h ) = ”*T‘(";;)i)p(x,-, ) av.13)

at a zero of f, (z) for |z| < 1. Substituting this equation into (IV.12) and using the
fact that

fi(z)
a(w)(1 — 1/27)

(' refers to differentiation with respect to the variable of which f, is a function)
yields

=20 (Iv.14)

p+(A,~, 0)

N
= 8(nm) = 3 p(, m)p(\, m) kO, (\)

n>m, (Iv.15)

or

b(o0)+2a(0) a(oo) sin 9
A A, m)—————
j;(oo)—za(oo) PO mp@, m) wk(0)’ £, (2)?
r+(A, 0) _

+ 2 p0e e ) g

8(n,m), n>m. (IV.16)

For m > n examine the integral

7oL ,-12+(zmpQ, n)

20 P? .y &

The result is the same as (IV.15) giving us the orthogonality relation. With the
above relations the spectral function can be identified with the Jost function in the
following way:

dp(A\) ~ o(A\) dA,  2a(o0) — b() < A < 2a() + b(0),

N
~2 p8(A—N\)d\,  Anotasabove, A # A, fori #j, N < oo,
i

(IV.17)

where o(A) and p, are given in (IV.2) and (IV.3).
However, usually the weight function is given and one must determine the Jost
function. This can be done using the Poisson integral formula. For f, (z) # 0 at
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z = =] the proof follows essentially that given in [4]. If f, (z) has a zero on the
unit circle then f, (z) must be modified in a way exhibited in §V.2. The proof given
in [4] may then be applied to f,(z)/d(z) yielding (IV.4).

V. Inverse scattering theory. We now introduce the techniques of inverse scatter-
ing theory. In particular the discrete analogs of the Marchenko equations are
derived. These equations are then used to prove property 1(iv, b) of $III. The
consequences for the weight function of these results is discussed. In this section we
assume that properties 1(i), (ii), (iii) and (iv, a) have been proved.

1. Derivation of the Marchenko equations. We are given a comparison system of
orthogonal polynomials { p’(A, n)} with

a(n) = a(0) (V.1
and
B(n) =0 (V2)
for all n. From the recurrence formulas p’, (z, n) = z" and p’(A, n) are Tchebycheff
polynomials of the second kind. From Theorem 2 and Lemma 1 (see Appendix B)

pu(z,m) = 2 An, )z (V.3)
and therefore
p_(z,n) = g,, A(n, i)z™* (V.4)
where '
S J4(n, 9] < . W5)

i=n

Dividing (II1.17) by £, (z) yields

(z - %)M - ﬂ[—p_(z, n) + S@p.(z,n)], |z|=1, (V.6)

fi(z)  a(e)
where
2 f—(z) f+(z) _
SO=F o e Mt V)

Substituting (V.3) and (V.4) into (V.6) then multiplying by (a(c0)/k(0))(z™/2mi)
with m > n and integrating around the unit circle yields

PQ.n) ,a(0) dz
2cm515 @ Lk VAT

——2 A(n,n)2 ¢,,,,,,dz

n'=n

+ 2 A(n,n)—-¢S(z)z"""" E, m>n> —1. (V.8

n'=n
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From (I1.8) the L.H.S. is equal to zero when n = —1. Otherwise, we can evaluate
the L.H.S. using the residue theorem and (IV.13), (IV.14), (IV.3) and Theorems 1(i)
and 1(iii). Thus form >n > 0

_1__¢p(}\,n) z,,,a(oo) (z _ l)iz_

i @) %(0) - = > pp.(z, n)z", m>n > 0.

1

z

N
(V.9)

p, is defined in (IV.3). For m = n there is a residue at zero which is equal to
—1/A(n, n) 3], [S]. Substituting (V.3) and (V.9) and combining it with (V.8) gives
the discrete analogs of the Marchenko equations

a(n,m) + win,m) + > a(n,n)w(n’,m)=0, m>n3>0, (V.10)

n=n+1

and

1/A(n, n)* =1+ w(n, n) + § a(n,n)w(n’,n), m=n>0,(V.11)

n=n+l
where
a(n, m) = A(n, m)/A(n, n) (V.12)
and
win, m) = — 5= PS(z)"+" £ ,.é Pz, (V.13)
For n = —1 we have

a(-1,m) + w(—1,m) + § a(—1, )W (n,m)=0, m>—1, (V.14

n'=0
where a(— 1, m) is defined as above and
’ - — _l_ n+m E
w'(n, m) = P ¢S(z)z - (V.15)
From (V.7)
|S(2)|= 1. (V.16)
The manipulations leading to (V.10), (V.11) and (V.14) can be justified using
(V.15), (V.16) and the fact that p , (z, m) is an element of 4*.
The {a(i)} in the recurrence relation are related to {A(i, i)} in the following way

51, [67":
a(n) _ A(n, n)
a(wo) A(n—1,n-1)’
2. The properties of f,(z) at z = *=1. Equation (II1.17) shows us that if f,(z) = 0
atz = 1 then

n > 0. (v.17)

f4(2) = (1 - 2)°8(2) (V.18)

7 This can be easily seen using (V.3) and (IV.11).
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where a < 1 and g(z) is bounded at z = 1. This is also true if f,(z) =0atz = -1.

We show here that « = 1 and g(+ 1) # 0.2 Summing (V.14) from m = n to oo
PR

gives

‘a(n) + i W'(m) + § a(—1,n) § o'(m) =00 (V.19)

m=n—1 n'=0 m=n'+n
where
a(n) = mi;n a(—1, m). (V.20)
Summing by parts gives
0=a(n) + _ﬁ",_l W(m) + go a(—1, ) .‘§_. w(m)
+ 3w 5 wm- § wm)  va
n'=0 m=n'+n m=n'+n—1
which is
= a(n) + (1 + «(0)) _iﬂ W'(m) — 20 a(n)'(n + n—1). (V.22)

Assuming that f, (z) = 0 at z = 1, equations (I1.9), (I11.20), (V.3), (V.12) and (V.17)
say that

=y a(O)p+(l, -1) = f+(l)

1+ «(0) = (A0 0~ a(o0) (0, 0) =0. (V.23)
Therefore
‘a(n) — éo a(M)w'(n +n—1)=0. (V.24)
From (B.54)
2 |@'(n)] < oo.

Therefore there exists w(n), &(n) and N such that
w(n) = '(n) — &(n), &(n), w(n)#0, n<N,

w(n) = w'(n), n>N, (V.25)
and
';ﬁ-. | ()| < 1. (V.26)

Substituting these results into (V.24) gives

) - go Ayl + =) + io A oln +n—1)=0. (V.27)

8 This proof is adopted from the book of Agranovich and Marchenko, see [1}.
9 All operations are justified in Appendix B.
10 Note that from (V.15) w'(n, m) = '(n + m).
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Summing from n = 0 to oo yields

S am-3 wrFa-D 3 a)
n=0 n=0Q n'=0
N+2
= — 2 o +n-1)3 aln)
n=0 n'=0
or
) N+2
Sam((i- 3 jaml) < £ e 3 [
Thus
°° | < n-ol‘*’(”)'zﬁ’:ﬂ a(n’) |
2O s
Defining
ko) =3 mz
n=0

(V.28)

(V.29)

(V.30)

(V.31)

equation (V.30) tells us that k(z) is an element A * and k(z) is continuous at z = 1.

For z # 1 integrating (V. 31) by parts gives

k(z )=——+ 2 2 Z(a(n) — a(n — 1))

n=] j=pn

which

SO S O CEs 1))

1_ z n=1
Using (V.20) gives
k(z)=l;_z(1 +a(0) - 1- § z%(=1,n - 1))

n=1

or using (V.23), (I11.20), (V.3) and (V.12)

—-—(l/z+ > z"a(-1,n)

n=0

) -z a0p.(z -1

Thus
-_—Z f.(2)
1 -2z a(0)4(0,0)"
Therefore zf,(z) /(1 — z)is an element of 4 *.
If f,(—1) = 0 then applying % _,.(—1)" to (V.19), defining

@ = 3 (~)a(=1,m)

m=n

1-2z a(0)4(0,0) °

(V.32)

(V.33)

(V.34)

(V.35)

(V.36)

(V.37)

and using the previous techniques shows that zf, (z)/(1 + z) is an element of 4 *.
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Finally if f,(z) = 0 at z = =+ 1 then the previous results show that zf, (z)/(1 —
z) and zf,(z)/(1 + z) are elements of A*. One now uses the local Weiner-Levy
theorem [10] to show that zf, (z)/(1 — z?) is an element of A *. Thus zf,(z)/d(z),
z = e® is an element of A*. d(z) is defined following (IV.4). This proves property
(iv, b). (2f,(z)/d(z)) is an element of 4 ~,therefore |zf, (z)/d(z)|* is an element of
A. Since |f,(z)/d(z)|* # O for |z| = 1 an application of the Wiener-Levy theorem
tells us that

In |f,(2)/d(z)[’
is an element of 4. Equation (IV.2) now implies the following:

THEOREM 5. If equations (11.13) and (111.25) hold then
In ( 7k(0)’|d(z)o(A) )

a(o0) sin @

is an element of A.

V1. Conclusion. In this paper the techniques of scattering theory have been used
to study polynomials orthogonal on a segment of the real line. Since one of our
aims was to try to parallel the theory of polynomials orthogonal on the unit circle,
a set of two two-term occurrence formulas satisfied by polynomials orthogonal on
a segment of the real line was derived. One of the advantages of these two two-term
recurrence formulas is that the Jost function is just the limit of a sequence of
polynomials satisfying one of the recurrence formulas with the boundary condition
given at n = 0. This, of course, simplifies the discussion of the analytic properties
of the Jost function. In this paper we have assumed that a particular sum of the
coefficients in the recurrence converges. The consequences of this assumption on
the Jost function and weight function were discussed.

Appendix A. In this appendix some of the properties of the zeros of Y*(z, n) and
f+(z) are discussed. First it is shown that for |z| < 1 the zeros of Y*(z, n) are real,
simple, and alternate with those of p(A, n — 1). Equations (II1.10) and (II1.15) then
imply that the zeros of f, (z) are real and simple'! for |z| < 1. It is also shown that
P(A, n) are square summable at a zero of f, (z) for |z| < 1. Finally a proof is given
showing that if the coefficients in the recurrence formula satisfy (II1.25) there are
only a finite number of points where f,(z) = 0 for |z| < 1.

I. Zeros of Y*(z, n). We begin our study with the following formula:

%[mo\, mp (N, n — 1) = pX(N, m)p'(A, n — 1)]

n—1
=(z+1/z—-2 -1/2) 20 PN, Dp'(A, i)

ZS [P0 0PN, ~) - PO - D 0] (A

! This is true under conditions weaker than (II1.25); see Appendix B.
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This equation can be derived from (I1.5) [4] or (I1.22) [6]. Solving for (a(c0)/ a(n))(z
— B(n — 1))p(A, n — 1) in (I1.11) and then substituting the result into (I1.12) yields

p(\, n) — Wz, n) = :(o';)) (A, n — 1). (A2)

Since p'(A, i) and p?(A, i) satisfy (I1.11) they also satisfy (A.2). Therefore substitut-
ing (A.2) into the L.H.S. of (A.1) yields
P'(\ )Yz, n) — PPN, m)Y!(z, n)

n—1
=(z+1/z—-2 —-1/2) .20 P\, )pA(N, i)

+ _:((g)) [P'A 0P’ (N, =1) = P’(V, 0p'(N\, —D)].  (A3)

Setting p! = p = p% y? = ¢ = ¢! and 2’ = 7 yields
(1/2) (A, n) ¥(z, n) — (1/2)p(A, n) ¥(z, n)

n—1
=(z+1/z2-2-1/3) §0 I\ D + (1/z = 1/2)]pA, n)>. (A4)

Thus the zeros of Y(z, n) for |z| < 1 are real.
Now setting p> = p' = p,y* = ¢! = ¢ in (A.3) and letting z’ — z gives

((1/2)4(z, )Y p(A, ) — (1/2)4(2, n)p’(A, )

n—1
= = (1/2p )’ + (1= 1/2) T p(\ iy (A5)
i=0
From the above equation we see immediately that the zeros of y(z, n) are simple.
Using an argument similar to that given by Szeg6 [10] proving that the zeros of
P(A, n) and p(A, n — 1) alternate, we can show that [6] the zeros of y(z, n) and
P(A, n — 1) alternate for |z| < 1. Also if z; is the smallest positive zero of p(A, n),
¥(z, n) will have a zero at z, where 0 < z, < z;. Likewise let z; be the negative zero
of p(A, n) with smallest magnitude then y(z, n) will have a negative zero z, where
0 < |z| < |z]|. Now using (II1.10), (IIL15), (B.12) and (B.17) we see that the zeros
of f,(z) for |z| < 1 are real and simple.
Setting a(n + 1) = a(o0) and B(n) = 0 for n > ny in (I1.11) and (I1.12) gives

PN, n + 1) = zp™(A, n) + (1/2)Y"(z,n), n > n, (A.6)
and
Yz, n+ 1) = (1/2)y"(z,n), n > n,
or
Y*"(z, n + 1) = Y*"(z, n) = Y*(z,ny), n > n, (A7)
It is easy to see from (II.11) that
P"™A, n)=pA, n), n<ny (A.8)
and

y"(z, n) = Y(z, n), n < ng



SCATTERING THEORY AND POLYNOMIALS ON THE REAL LINE 483

From (II1.10), (IIL.15) and (A.27)

14 no) = Sz, ) (49)

where f, (z, n,) is the Jost function for the system whose coefficients reach their
asymptotic value for n > n,. Substituting these results into (II1.17) yields

;(oo)(kz(% [f—(z’ no)Q"_'?(z, n) - f+(z: no)d)"_"(z, n)],
IZI =1. (A.10)

®"(z, n) =

In particular
20 1) = s [ (5o ) = £, np (e, ).

(A.11)

From (A.6) it is easy to see that
m—ng—1

YA, m) =z"""p(\, ng) + 2" NY(z,mg) X z7H,  m>n,
i=0

(A.12)

Therefore as m — oo p™(A, m) is unbounded for |z| < 1 except at a zero (z,) of
Y(2, ng). In this case for |z| < 1,

P"Ae m) = 25" ""p(Ag, o). (A.13)
Since f_(zq, ny) is a polynomial in 1/z it can be continued inside the unit circle.
Thus at a zero of f (z, ny) for |z| < 1,

k(0)

"o n) = () (z — 1 /zo)f-(z°’ np ™z ), |20 <1, (A.14)
or
P™(No n) = C”?:.o(zo, n) (A.15)
where
C" = PQAs0) — k(0) (A16)

PP 0) P20 0)
At a zero of Y(z, ng) equation (A.5) tells us that
(1/29)¥"™(2¢, n)P™(Ag» 1)
= — (1/29)p™ (Mg n)* + (1 — 1/2%) ,.%: PAy i)y,  n>n,  (A17)

Substituting in the previous results gives

fi(zo n)k(0)" _

n—1
(o)™ 0) ~ 22)p" g, n)* + (1 = 1/23) Eo P™M\ i), (A.18)
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Letting n — oo, using (A.13) and changing the differentiation of f, from z to A
yields

k(0)*f,(Ags 1 ®

s " & e w19
If we now let ny — oo and use (II1.10), (II1.15) and (B.17) we see that at a zero z,,
) of f,.(2) where |z;] < 1,
k(0)

P, m) = P+(2,0)

P+(zin) (A-20)
and

1_ kO _ &,
e = p - j < 0. A.2l)
P P.(2,0) ,-go &) (
Here p; is the same as in (IV.3).
1. The number of zeros of f,(z) for |z| < 1. We now prove!? that if the
coefficients satisfy (II1.25) then f, (z) will have only a finite number of zeros inside
the unit circle. Here we will find it convenient to use a version of (I1.5)

a(n+ DpN,n+ 1)+ B(n)p(\, n) + a(n)p(N',n — 1) =XNp(\,n) (A22)
where
a(n) = a(n)/2a(0), N = —;-(z +1/2) (A.23)

and
B’'(n) = B(n)/2.

Thus the continuous spectrum occurs for |A\| < 1 and the eigenvalues (points where
the polynomials are square summable) occur for [A| > 1.
The boundary value problem (A.22) and (I1.8) is equivalent to finding solutions
y = {¥}%, to the equation
J(y) =Xy (A.24)
with the boundary condition y(—1) = 0. This in turn is equivalent to finding
solutions y = {y}¢° to the equation

B'(0)y(0) + a'(1)y(1) = N'y(0),
a'(n)y(n — 1) + B'(n)y(n) + a’(n+ D)y(n+ 1) =XNy(n), n=123....
(A25)

Let J' denote the minimal closed operator induced by (A.25) in /%0, oo). It
follows from (I1.13) that J' is selfadjoint [2]. The domain of J’, D,., consist of all
functions y € /%0, o) satisfying the following conditions:

(1) y(n + 1) and y(n — 1) must exist for all finite n > 1,

(2) J'(y) € 10, ).

12 This proof has been adapted from the book of Agranovich and Marchenko (see [1)).
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We must show that the equation
Jy =Xy (A.26)
has only a finite number of eigenvalues.
To this end we introduce two additional selfadjoint operators J,,, and J,,, for
m > 0 defined in /%(0, m) and /% (m + 1, o0).
Where the equation for J,,, is

B'(0)(0) + a'(1)y(1) = X'y(0),
a'(n)y(n = 1) + B'(n)y(n) + a'(n + )y(n + 1) = Ny(n),
n=1...,m-2,
a(m—1y(n—2)+ B(m— ly(n—1)=XNy(m—1) (A.27)

and the equation for J,,, is
B'(m+ y(m+ 1)+ a'(m+ 2y(m+2)=ry(m+1),
a'(n)y(n — 1) + B'(n)y(n) + a'(n + Ny(n + 1) = Xy(n),
n=m+2,m+3,....
(A.28)

The domains D, and D, consist of functions satisfying the following conditions.
Fory € D, ,

() J1m(¥) € 170, m),

@)y(n+1andy(n — 1) existfor 1l <n<m—1.
Fory € D, ,

(1) Jom(¥) € I%(m + 1, 0),

() y(n + 1) and y(n — 1) exist for all finite n, n > m + 2.

Equations (A.27) and (A.28) are equivalent to equation (A.24) with the boundary
conditions y(—1) = y(m) = 0, and y(m) = 0 respectively.

We now show that J,,, has no eigenvalues for large enough m. First let us note
that since (A.25) is equivalent to (A.24) with the boundary condition y(—1) = 0.
We know from Appendix A that the eigenvalues of J and therefore J’ occur at the
zeros of f,(z) for |z] < 1. Thus the equivalence of J,,,, and J with the boundary
condition y(m) = 0, allows us to associate the eigenvalues of J,,, with the zeros of
Jost function f~!(z) where

7 N(2) = a(m)p(z,m — 1) (A29)
for0 < |z| < 1, z real.
From (B.37) and (B.41)
m T 1
l"*(" m - 1 56
< CJz|™! S i{|1 = 2a'(n + 1’| + [2B'(n)]}. (A.30)
imm+1

Consequently for large enough m = mg, p , (z, mg) has no zeros for 0 < |z| < 1 and
J,, has no point spectrum.
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We now show that J,,, has only a finite number of eigenvalues. Now J,,, is
equivalent to J’ with boundary condition y(m,) = 0. Since J,,, is a finite dimen-
sional Jacobi matrix, it is easy to see that the eigenvalues of J,,, occur at the zeros
of p(\’, mg). Since p(\’, mg) is a polynomial it has only a finite number of zeros. Let
k be the number of zeros of p(\’, my) with [X'| > 1 (|z| < 1). It follows that the
number, N, of eigenvalues of J’ with |[A'| > 1 (number of zeros of f, (z) with
|z] < 1) is

N<k+1 (A.31)
To prove this let us assume that N > k + 1 and let
g'(n), gX(n), ..., g***(n) (A32)

denote the k + 2 linearly independent eigenvectors of J’ corresponding to k + 2
different eigenvalues whose magnitudes are greater than one.'

Turning our attention to J,J2, and J7, and their respective domains D,.,
D s, We note that from (A.26) g‘(n) are also linearly independent eigenvectors of
J’2. Now combine the eigenvectors to form k + 1 linearly independent combina-
tions x'(n), x}(n), . . ., x**(n) such that

xi(mg) =0, i<k+1 (A33)
Consequently the x’ belong to both D,; and D;; . Since the zeros of p(X', my) are

. . . . img . ;
simple it is possible to form a nontrivial linear combination of the x'(n),
k+1

fin)y =% zx(n) (A.34)

i=1
such that f(n) is orthogonal to all the eigenvectors of J2, corresponding to
eigenvalues with magnitude greater than one. Since the x‘(n) are in DJ?..,, we can
use the orthogonality condition on that space to impose k conditions on k + 1
unknowns. Denoting the scalar product 2% f(n)g*(n) in (e, B) as {f, g)(a, B),
the vector f(n) satisfies the following relations:

<lemoff>(0,mo—l) =L me-1 = <(J|2,,,o - 1)]f>(o, me—1) <0 (A35)

since f(n) is orthogonal to all the eigenvectors of J ,2,,,0 with eigenvalues greater than
1, and

2 S mos 1, 0y = I Dmost, 0y = (g = DI D(mps1, 0y <O (A36)

since .122,,,o has no eigenvectors corresponding to discrete eigenvalues. But

<J'2ff>(o, w0y — <@ w0 = <J? - Dff >0, >0 (A.37)

because f(n) is just a linear combination of the eigenvectors of J'? with eigenvalues
greater than 1. But

I = D000 = LTy = DI @ =1y + (i = DI Dot 1,0 (A38)

and we have a contradiction.

13 Note from Appendix A that the zeros of f, (z) for |z| < 1 are simple.
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Appendix B. Analytic properties and bounds. In this appendix we investigate the
analytic properties of f, (z), p(A, n) and p . (z, n). We prove that if the coefficients
in the recurrence formula satisfy (I1.13) and (II1.25) then zf, (z) and p_(z, n) are
analytic inside the unit circle and continuous on it (see (B.17) and (B.42)). Under
the above condition zf, and p . (z, n), z = e®, are both elements of A* (see (B.19)
and (B.33)). Bounds on p(A, n) and y(z, n) are also derived (see (B.14) and (B.16)).

(A) Properties of p(A, n) and f__(z). Multiplying (II.12) by z”" and iterating down

yields
Vian) _ _ali + 1 R
amy Y Z:o {( a()? ) - BU) } a(i) @1
where
a(j) = k(0) II “(°°), a(0) = k(0). (B2)
Now increasing (II1.13) by 1, then multlplymg by z"*! and substituting in (B.7)
gives
o elia S [ e R 1N S
O [ e S T
_zzn+2"—l {( _a(i + 1)’ ) -1] P |1
igo : a(o0)? - Bl a(i) |1-22
(B.3)
which is

1=z "i'(l _a(i +1) )zz( 1- 22"‘2“2) P 0)

1 - 22 =0 a(oo)2 1-22 a(’)
a 1 — 22772\ zip(N, i)
zgo B(i)z ( 5 ) aG) (B.4)

To get a bound on z"p(A, n)/ a(n) we use the technique of successive approxima-
tions. Write

220 - 3 s n) (B5)
where
_ L 2n+2
g\ n)° = 11—_222— (B6)
and

2O\, n)j - "2' (l _ a(i + 12)2 )zz( 1 - zj";:"z )g(}‘, i)j—l

i=0 a(o0) 1

=S B L )r, iy (B.7)
(=)

i=0
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Now there exists a constant C such that

1— 2z Cn
, n>0]zI< 1. B.8
1-22| 1+4|1-2%n d (B3)
Therefore from (B.6),
Cn+1
g, my < — S+ D) (B9)

1+ 1 =2Y(n+1)
Setting j = 1 in (B.7) and substituting in (B.9) yields

n—1 .
a(i + l) (n—i-1)
g\, n)|' < z?
I8 )l i§0{l a(o0 I Il+|1 2|(n—i—-l)
+1B)| g0, o)
1+ |1 22|(n — i)
(B.10)
which is
C " C(i +1)
< L i, 2), z| <1, (B.11)
Tt & Ten- Ay
where
1(i, z) = l M |22 +| B()| |2]. (B.12)
Thus by induction
. Cn 1[S! C(i + 1) s
An)f K —————— = ,z)[.  (B.13)
I < o 1![,~-o Tr a2
Substituting these results into (B.5) and summing gives
z"p(A, n) C(n+1) ! C(i +1) .
< i,z).
a(n) 1+|1-23)(n+1) P 20 1+1-234G+1) v 2)
(B.14)

It is obvious that

n—1
% <Cn+Dexp S Cli+1)y(G,1), z=eP (B.IS)
i=0 .
Substituting (B.14) into (B.1) yields
¥*(z, n) "o Cl+ 1)y, 1) S CG+1) .
am | Tro i) Eo T+ -G+ VD

(B.16)
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Now using (I11.10) and (B.1) gives
C.(2) y*(z,n)
a(o0) a(n)
o C(j+1)

e C@i+1) , g
< i, z)ex
2 Trn-Auen O T AG e

YU, 2).
(B.17)

Therefore if (II1.25) is satisfied then C,(z) and, through (IIL.15), zf, (z) are
analytic inside the unit circle and continuous on it. If

o0

20 (i, 1) < 0 (B.18)

-
then zf, (2) is analytic inside the unit circle and continuous on it except perhaps at
z = 1. Notice that using (B.15), equations (B.16) and (B.17) are norm inequali-
ties with |z| = 1 on the L.H.S. and z = 1 on the R.H.S. of (B.17). Thus

Cu(e")  y*(e*,n)
a(o0) a(n)

0 i—-1
< Y C(i + 1)y(i, Dexp 20 c(j + Dy(, 1) (B.19)
j=

imn

and we see that C, (e), and through (II1.15), ef, (¢?) are elements of A *.
(B) Properties of p . (z, n). Let us define

o (e n)
®(z, n) = (%(z, n) ), n>l, (B.20)
satisfying (I1.17) with initial conditions
O, 1) = y,(2, 1) = 1/a(1)k(0). (B.21)
Since & satisfies (I1.17) we define
C.ol2) = W[d, @, ] (B.22)
which in component form is
Cal2) = P4 (2, M)Yu(z, n) — p(\, )Y, (2, n) (B.23)
and
C_o(2) = p_(z, n)¥u(z, n) — p(\, n)y_(z, n). (B.24)

Letting n — oo in (B.23) using (I11.4) yields
C+a(z) = ”l;ll’l;o z"‘kx(z’ n)' (B'25)
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Since Y, (z, n) and Q(A, n) satisfy (II1.13) we can write
z"Q(A, n) _ z(1 = 22
a(n) a(0)k(0)*(1 — z2)

+ ”il [l _ai+ 1 }z’( 1= zz,.-:,--z )Z'Q(A, i)
-2

i=1 a(0)? 1
n—1 1 - zZn—2i .
- 2] B(i)Z(ﬁ)Z'Q(A, i). (B26)
Applying the procedures that led to (B.14), (B.15), and (B.17) yields
z"Q(A, n) Cn
<
a(n) a(0)k(0)*(1 + |1 — z3n)
nl Ciy(i, z) B27
P [ igl a(o0)k(0)*(1 + |1 — 23|i) }’ B27)
*(z, n) ( |z| ) "t Ciy(i, z)
<
a(n) a(o0)k(0)* ] =1 a(e0)k(0)2(1 + |1 — 22i)

i—1

Cj'Y(j» z)

exp 71 a(o)k(0)2(1 + |1 — z%[j) ’ (B.28)
and

Coald) _ W20z, m)
a() a(n)

i Ciy(i, z)
i=n a(o0)k(0)’(1 + |1 — 2%i)

i—-1

exp O, CZY(j’ 2) . (B.29)
j=1 a(0)k(0)*(1 + |1 - 2%))

Therefore C, ,(z) has analytic properties similar to those of C,(z). Setting |z| = 1
on the L.HS. and z = 1 on the R.H.S. makes (B.27), (B.28) and (B.29) norm
inequalities thus making C, ,(z) an element of 4 *(z).

Multiplying (B.23) by Q(A, n) and (II1.8) by p(A, n) then subtracting one from the
other yields

(CL(2)Q(\, n) — C.a(2)P(A, 1))
= P+(zy n)[‘l’(z’ n)Q(}" n) - ‘Pa(z’ n)p()\, n)] (B°30)

Now

¥(z, ) Q(\, n) = Y, (z, M)p(\, n) = W[ D, @] (B.31)
which is
=[¥(z, DO, 1) — ¥o(z, Dp(A, )] = —z/a(). (B.32)
Thus (B.30) becomes
pulem) =22 o0 m) - CL@OAM],  n> Ll =1

(B.33)
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Using similar procedures the following equation for Y, (z, n) can be derived

voam) = 2E @) - CoEm]  n> 1 B3
Letting n — oo in (B.1) using (I11.10) and (B.25) gives

C.(2) _¥*(zn) | _a@+1 2. )
(o)~ a(n) ?[(1 a()) B()] R

and

Cia(2) _92(zn) & _a(i+1) O i)
a(0)  a(n) +,§,{(‘ _a( w)z) B(I)Z}z 20 (B.36)

Substituting these equations into (B.33) yields

n3(®) a(o)

p.(zm) = 2"— () [¥a(z, mP(A, 1) — ¥(z, n)p(A, n)]
a(wa(w) & [, _aG+1?),_ g\ 2
+ z ,~-§+'1{(l a(0)? ) B ] i)
. [ O, )p(A, n) — P\ DOM, ”)]
which is using (B.32)
_on T a(o) | a(w)a(w) & M — B(i\z
o 0, S 3 {12 e - o
a( ) [Q(A p(A, n) — p(A, )QQA, n)]. (B.37)
Notice that
g, i, n) = (Q(, Dp(, n) — p(\, )Q(, n)) (B.38)
and
8(z, i, n) =[Y(z, Dp(\, n) — (2, )QQA, n)] (B.39)

satisfy (I1.17) with initial conditions

gAhn+1,n)=g(z,n+1,n)=1/a(n + 1).
Therefore z'~""'g(A, i, n) and z'~"~'3(z, i, n) are polynomials in z of degree
2(i — n — 1). Since g(A, i, n) and g(z, i, n) satisfy (III.13) we can use the proce-
dures leading to (B.4) to derive the following formula

i-n—18A i, n) 1 [ 1 - zz(i—n)]

£ «()  a(n+Da()| 1-22

P 5 (1 _aG+ 1)’)zz(l—z2<‘-f-'>) jon-180Js )

j=n+1 a()? 1- 22 T a()
il 1- zz(‘"f)) . g\, j, n)
- B(j)z| —E—— )18 1) B.40
20t ee
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Applying the same procedures that led to (B.14) we find
Izi—n—lg(xa i n) 1 C(' - n)

a(i) a(n + Da(i)) 141 -2 - n)
exn S c (—n) .
P j-§+| a(n+ Da(j) 141 - 23 —n) v 2).
(B.41)
Substituting (B.41) into (B.37) yields
o a(o)
o mi<iz 125
a(20) |\ ey S &) [|, _ali+1?
a(n + l)l Ii-§+1 a(i) {Il ()? IZI+IB(I)I}
C(i — n) exp & C(U — m)v(, 2)

T+ 1= 243 - n)

jent1 a(n+ Da()(1 + |1 = 234G - n)

(B.42)

Since the right-hand side of (B.33) and (B.34) satisfy (I1.7) with boundary condi-
tions (I11.4) p, (z, n) has analytic properties similar to those of C,(z) and C, (2)
and is also an element of A*. It is easy to see that (B.42) becomes a norm

inequality if one follows the procedures leading to (B.19).
Once having found dp(]) it is clear that

Q(}\, n) = Lb (P(A’ n) — P(X’ ")) dPO\'), n>l,

A—N
and
ba(zum) = [* M) ;f,"" % dpx)
+2(n) (>\ n—1) ,
a(w)f( B2 doh), >

Since the boundary conditions (B.21) are equivalent to
O\, 0) =0, O, 1) =1/a(1)k(0),
we can apply the steps that led to equation (II1.20). Thus
_ a(x)
f+a(z) - k(O)Z C+a(z)
_a(n+ 1)
k(0)

[Q(}" n+ I)P+(z’ ”) - P+(Z’ n + I)Q(Aa ”)]a

which is
= 1/k(0)’p.. (2, 0).

(B.43)

(B44)

(B45)

n>0,

(B.46)

(B.47)
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Substituting (V.3) into (B.42) yields the following bound

S a(o) &
m-2n+[ |a(n, m)| < m i-§+| v(i, 1)C(@i — n)

. <« CU-=nv0U,1)
exp j-§+l Ta(n ¥ Dal) (B.48)

where a(n, m) is defined in (V.12). From (V.10)
o0

|w(n, m)| < |a(n, m)| + 2+1 |a(n, n)| |w(n’, m)|. (B.49)

n=n
Summing on m from / to o0,/ >n + 1

gllw(", m)| < i;lla(", m)|+ X §+l|a(n, )| |w(n’, m)|. (B.50)

m=/| n'=n

From (B.45) there exists an N such that

00

Y a(n )< 1 (B.51)

n=np+1

for all n > N. From (V.13) w(n, m) = w(n + m). Thus (B.50) can be rewritten as

o0 o0 0
S jem)|< X latnm)|+ 3 |um)] 3 |a(nn)| (BS2)
m=I/+n m=1 m=Il+n’ n=n+1
which is
< X la(nm)+ X |o(m)| X |a(nn)|. (B.53)
m=] m=Il+n n=n+1
Combining the second term on the right-side with the left-hand side yields
> 2 n-ila(n, m)
m)| < . B.54
m-21+n Iw( )l 1- 2:_"_”'“(”’ m)l ( )

From (V.16), w(m) is bounded for all m and therefore summable. These techniques
can be applied to (V.14) with similar results.
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