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THE FIXED POINT PROPERTY AND
UNBOUNDED SETS IN HILBERT SPACE
BY
WILLIAM O. RAY

ABSTRACT. It is shown that a closed convex subset K of a real Hilbert space H has
the fixed point property for nonexpansive mappings if and only if K is bounded.

1. Introduction. A closed convex subset K of a Hilbert space H is said to have the
fixed point property for nonexpansive mappings if, whenever T: K — K satisfies
ITx — Ty|| < ||x — y|| for all x,y € K, then T has a fixed point in K. While it is
well known that closed, convex and bounded subsets of Hilbert space must have the
fixed point property (see, for example, [1], [3] or [4]), whether or not boundedness
of K is a necessary condition (a question initially raised by W. A. Kirk) has
remained an open problem for several years. It is our purpose in this paper to
resolve this question in Hilbert space with the following theorem.

THEOREM 1. Let K be a closed and convex subset of a real Hilbert space H. Then
K has the fixed point property for nonexpansive mappings if and only if K is bounded.

Theorem 1 is remarkable in that broad classes of unbounded convex sets K in
both Hilbert space and the spaces [, (1 <p < o) have been shown to possess the
almost fixed point property, i.e., inf{||x — Tx||: x € K} = 0 whenever T: K— K
and is nonexpansive. In particular, K. Goebel and T. Kuczumow show in [2] that if
K C I, is block, i.e., a set of the form K = {x € I,: [{x, ;)| < M;} where {¢;} is an
orthonormal set in /,, then K has the almost fixed point property. This result was
subsequently extended by the author in [5] to include all linearly bounded subsets
of [, (1 <p < ). (A subset K of a normed space E is linearly bounded if K has
bounded intersection with all lines in E.) Since it is known that the almost fixed
point property implies the fixed point property for bounded convex sets in these
spaces (see, for example, [3]), Theorem 1 together with the results of [2] and [5]
constitute a rather surprising concatenation. Moreover, since it is clear that if
K C I, is not linearly bounded, then K does not have the fixed point property,
Theorem 1 shows that the results of [5], as they apply to Hilbert space, are sharp.

While blocks possess the almost fixed point property, a relatively easy example
shows that blocks need not possess the fixed point property. Take K = {x € /,:
[Kx, ¢>] < 1}, and, for x = ZP<x, ¢, ¢; € K, define T(x) = e, + ZP°Cx, ¢,)e; -
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Then T is clearly a fixed-point free nonexpansive mapping of K into K. Our proof
of Theorem 1 is an extension of the above simple example, and makes use of the
following theorem.

THEOREM 2. Let K be a closed, convex, linearly bounded and unbounded subset of a
Hilbert space H. If 0 € K, then there is an orthonormal set {e,} C H such that, for
each n, 27_, ¢ € K.

The proof of Theorem 2, which is motivated by the classical Gram-Schmidt
procedure, is based on a sequence of geometric lemmas to which we now turn.

2. Geometric lemmas. We begin with some definitions which will facilitate the
statements and proofs of the lemmas. Throughout H denotes a (real) Hilbert space.

(2.1) A subset K C H will be called admissible if K is nonempty, unbounded,
closed, convex and linearly bounded.

(2.2) Forasubset K C H,y € H and p € (0, 1), set

C(y, 1w K) = {w € K: pp|* < w,y) <y}
and

E(y,p K) = {W € K: p‘“yllz = (w,y}}.

LEMMA 1. Let K be an admissible subset of H and let y € K. If y is not the
(unique) element of K of minimal norm, then C(y, p, K) is admissible for each
u € (,1).

Proor. It is clear that C(y, p, K) is closed, convex, linearly bounded and
nonempty; therefore it suffices to show C(y, p, K) is unbounded.

Choose {x,} C K such that |x,|| - o and fix R > 0. Choose {A,} C R™* so
that ||A,x, + (1 — A,)y|| = R. Since ||x, — y|| » oo, it follows that A, -0, and
hence, for large n, that A, x, + (1 —A,)y € K. Now {A,x, + (1 —A)y} is a
bounded sequence in H and thus must have a weakly convergent subsequence;
reindexing if necessary, we may thus suppose that A,x, + (1 — A,)y — w,. Note
that since K is weakly closed and A, x, + (1 — A,)y € K for large n, it follows that
wo € K. We next show that wy = y.

To see this, fix u > 0 and consider pw, + (1 — p)y. Choose N so large that if
n > N then pA, < 1. Since A, x,, + (1 — A)y — w,, we see

wo € CO {A,x, + (1 —A,)y:n >N},
and thus
pwo + (1 — p)y € CO {pA(x, =) +y) + (1 = p)y:n >N}
= CO { p\,(x, —y) + y:n > N}
=CO{m\x, +(1—pA)y:n >N} CK

since pA, < 1. This shows that, if w, #y, then the ray from y through wj, is
contained in K, contradicting the requirement that K be linearly bounded. Conse-
quently, A, x, + (1 — A)y —y.
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Thus we see that for each R > 0 and each ¢ > 0 we may choose w € K so that
wl| = R and ||y||> — e < {w,y> < ||y||> + e. The proof will be completed if we
can show that, for each R > 0, ¢ > 0, there is a w € K with ||w|]| > R and
1P — & < <w, ) < Iyl>

Let u be the element of K of minimal norm, and choose a sequence {¢,} C
©, 3(I¥I1* = Il l|7])) sc that e, — 0. Set

€

2 5
v el 4 I L
note that u, € (0, 1) for each n and that p, — 0. Now choose {w,} C K such that
lw,]l = R’ > R and

u, =

I = & < W <[I* + &
and setz, = (1 — w,)w, + p,u. Then z, € K, ||z,]| > R’ > R and moreover

(2 y) = = p)Wo y) + wlusy)
< (1= w)(WI* + &) + mallull I
=IWI” = w1 = llull vl + &) + & =PI

ie., <z,,y> < ||y|% Clearly <z,,y> —|»||*~ Then given R >0, ¢ > 0, we can
choose n sufficiently large that ||z,|| > R and ||y|* — ¢ < {z,,¥)> < ||¥||> This
completes the proof of Lemma 1.

LEMMA 2. Let K be an admissible subset of a Hilbert space H, let p. € (0, 1) and let
u be the element of K of smallest norm. If y € K and if || y|| > p~"||u||, then the set
E(y, p, K) is admissible.

REMARK. Since K is unbounded, we can always choose y € K so that || y| >
g~ Y lu||. Then Lemma 2 in particular asserts that, given p and K, we can always
find y so that E(y, p, K) + <.

PROOF. Set a = {u, y>, and observe that our hypotheses imply |/ y|> — a > 0.
Fix M > 0. By Lemma 1 we may choose w € K so that

2 —
[w]| > Wl =«

5 (M +|u|)
Hpll® — @ i

and so that

IF > <w 2> =1l > w)

Set A = (u||y|> — a)(¥l|¥|I> — a)~'. Since y > p, we see that A < 1. Since y < 1,
it follows that

A> (sl - @)/ (DI = o) > 0. 23)

Now set v =Aw + (1 — A)u. Since A € (0, 1], v € K. We will show that v €
E(y, pu, K) and ||v|| » M. To this end, we compute {v, y).
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(o, =Qw + (1 = Nu, y) = Xw,y> + (1 = MN<u, y)

= M+ (= Na = Myy? +TJ"M—
I = ol

_ P = ye + (v - pa

2
I -

ie, <v,y> = plyl>
Finally, using (2.3) and our choice of ||w]||,

ol =1Aw + (1 = Mu|| > Ajw| = (1 = V)]

M—" E Wl —llull > M +|juf| = || = M

Thus E(y, p, K) contains elements of arbitrarily large norm. Since E(y, p, K) is
clearly closed convex and linearly bounded, this completes the proof of Lemma 2.

LemMMA 3. Suppose K is a closed convex set, 0 € K, and {y,} is a sequence in H
such that Z_, y; € K for each n. If {A,} is any nonincreasing sequence of nonnega-
tive numbers bounded above by 1, then 2_, Ny; € K for each n.

ProOF. The result holds trivially for { y,} and any scalar {A;} C [0, 1]. We now
suppose the result holds for {y,,...,y,_;} and any nonincreasing sequence
{#p -5 by_,} bounded above by 1 and proceed by induction. Let {A,, ..., A}
be any nonincreasing sequence bounded above by 1. We may suppose without loss
of generality that )\, > }\,,, and compute

— m—1 - m
San8 bren BB 5]

Now since A; > )\j+ 1» it follows that
N =2/ A=A > N — A/ A —

and thus the inductive hypothesis implies that

5 () o
x = —Fy,| EK; x = y, €K
Jj=1 A=A Jj=1 /
by supposition. Hence
)\,[(l — N/ AD)x + )\mx'/)\,] € K
and the inductive step is verified.
REMARK. Lemma 3 holds in an arbitrary linear space.

COROLLARY 1. Suppose K is a closed convex set, 0 € K, and {y,} is an orthonor-
mal sequence in H such that 27 _, y; € K for each n. If

={we sp ({»,)): {{W,y,>} is a nonincreasing sequence of
nonnegative numbers bounded above by 1},

then K is a closed convex subset of K.
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3. Proofs of the theorems.
PROOF OF THEOREM 2. Fix p € (0, 1). Choose y, € K such that ||y,|| > p~", set
= E(y,, », K) and let u, be the (unique) element of K, of minimal norm. Since
K, is admissible, we may choose w, € K, so that ||w,|| > p~"||l4,|| and so that
lIwall > (& + DI|»,]l. Then setting

=w - <W|a)’1>)’1/||)’|"
we see that <y2,y,> 0, ||y2|] > |l»,ll and w, = py, + y,. Moreover, if we set

= (sal® + 2%/ (Wall® + #2lP),
then K, = E(w,, }\2, K,) is admissible and also, if w € K,, then {w, y,> = p||y,|]?
and (w, y,> = || y,||>. To see these assertions, first recall that Lemma 2 implies
E(w,, Ay, K)) is admissible if ||w,|| > A, ||u,]||. But

2 2
>‘2_I||ul" = "ulll ")’2" + ”’2"})'"
all* + wil?

by construction. Since w € K, {w, y,> = u||y,||> Finally,
W,y + wH|P = (o a) + Cwy ) = (wy wy)
= Nl = A(lyall” + w?]?)
= wlpall® + w? )

] <lll/ 1 <|wi

and hence (w, y,> = ||yl
We now proceed by induction; suppose we have defined the sequence
{yp...oy.}. Forj=1,...,nset

_ Bl + w7 Wl
AP + w20y Wl

=
andforj=1,...,n — 1set

J
W =Yt 21 Ve
mms=
Suppose in addition our sequence satisfies the following conditions.

O Iyill < Nyall < =+ - < lyall-

@) ypy;» = 0( # ).

(ii)) K; = E(w;_,, A;, K;_) is admissible and has element of minimal norm ;.

i) w, € K; and ||w)]| > p~"lu], and

WifweK (i=1,...,n)andifj=1,...,i then {w,y;> = p|lyl>
The paragraphs at the beginning of this proof provide the basis for our induction.
We will show that we can define y,,, so that, with A,,,, w, and K, defined as
above, properties (i)—(v) hold.

By the inductive hypothesis, the set K, is unbounded, and hence we may choose
w, € K, with norm so large that ||w,| > p“"u || and so large that if

_ W 232
at E. I

J
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then ||y,44ll > ||y,ll (and thus @) is fulfilled). By (v), <w,,»;> = pllyl* ( =
1,...,n), and thus our choice of w, and y,,, guarantees that w, =y, ,, +
uZ5., ;» as desired.
By (i), {¥p+1,¥;> = 0forj =1, ..., n, and thus (ii) holds for { y,, . .., y,4}-
By Lemma 2, the set K, , = E(w,, A,,,, K,) will be admissible if ||w,|| >
Ariillu, . But

l4all | sall® + #2Zms el
Bl neil® + 00y 2l
<J|wall/ 1 <[l

An_+ll " un" =

by construction. Thus (iii) is fulfilled; our construction guarantees that (iv) holds.

Finally observe that if w € K., C K,, then (v) implies that {w,y;> = || yj||2
(J=1,...,n); consequently, to verify (v) it suffices to show that <w,y,,,> =
Bl Yp41l>. Using the fact that {w, y,> = p||y,|I% we see that

n n
(W, Ypiry + 12 2. I = W ynrr) + 2 (W, 9>
Jj= Jj=1
n
= <W,Y,,+| + ""21 yj> = <W, wn>
o
n
= Acillwal’ = Wl + 0 2 Il
f=

the last equality following from the definition of A,,, and the orthogonality of
{¥1 -+ Yns1)- This shows that (v) is fulfilled, and the inductive step is complete.

We have now shown that there is an orthogonal sequence {y;} C H such that,
for each n, y, + p=72 y; € K and such that ||y|| < [|y,ll < = -+ <[yl < - -.
An easy induction, applying Lemma 3 to the sequence of vectors {my,,...,
Wa—1» Y.} and the sequence of scalars {1, 1,..., 1, u}, shows that 27_, w; € K.
Another application of Lemma 3 shows that if e, = || wy,||~'wy;, then 27_, ¢, € K
for each n. This completes the proof of Theorem 2.

ProorF ofF THEOREM 1. Sufficiency is well known; we show only necessity.
Without loss of generality we may assume that K is linearly bounded and that
0 € K. Take {¢} to be the orthonormal sequence guaranteed by Theorem 2, and
H' to be the closed subspace spanned by the {¢;}. Set K, = {w € H': {{w, ¢>} is
a nonincreasing sequence of nonnegative numbers bounded above by 1}. The
corollary to Lemma 3 implies that K, is a closed convex subset of K. For
w =22 KW, ¢)¢; € K, define F(w) by F(w) = e, + 272w, ¢;)¢;,,. Then F:
K, — K,, is nonexpansive (indeed, is an isometry) and is fixed-point free. For
x € K, take P(x) to be the point in K, nearest to x, and set T = FP. Since, as is
well known, P is nonexpansive, T will be a nonexpansive fixed-point free mapping
of K into itself.

The author is indebted to W. A. Kirk for valuable discussions on this topic.
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