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EXTENDING COMBINATORIAL PIECEWISE LINEAR
STRUCTURES ON STRATIFIED SPACES. I1
BY
DOUGLAS R. ANDERSON! AND WU-CHUNG HSIANG?

ABSTRACT. Let X be a stratified space and suppose that both the complement of the
n-skeleton and the n-stratum have been endowed with combinatorial piecewise
linear (PL) structures. In this paper we investigate the problem of “fitting together”
these separately given PL structures to obtain a single combinatorial PL structure
on the complement of the (n — 1)-skeleton. The first main result of this paper
reduces the geometrically given “fitting together” problem to a standard kind of
obstruction theory problem. This is accomplished by introducing a tangent bundle
for the n-stratum and using immersion theory to show that the “fitting together”
problem is equivalent to reducing the structure group of the tangent bundle of the
n-stratum to an appropriate group of PL homeomorphisms. The second main
theorem describes a method for computing the homotopy groups arising in the
obstruction theory problem via spectral sequence methods. In some cases, the
spectral sequences involved are fairly small and the first few differentials are
described. This paper is an outgrowth of earlier work by the authors on this
problem.

Let X be a stratified space and suppose X is locally triangulable. The problems
that we wish to study in this paper are those of the existence and classification of
piecewise linear (PL) structures on X which are compatible in a sense made more
precise below, with the stratification of X. This paper is a continuation of our
earlier papers [2] and [3], but may be read independently of them. We recall some
definitions.

Let X be a space. A stratification of X is an increasing family of closed subsets of
X, {X™|n > — 1} such that X~V = O, there exists a positive integer N such that
X™ = X, and for every n, each component of X™ — X~V is open in X —
X =D, The space X ™ (respectively, X — X~V) is called the n-skeleton (respec-
tively, n-stratum) of {X™}; while N is called the formal dimension of X. If
X® — x®=D js a (possibly empty) topological (TOP) n-manifold without
boundary, then { X ™} is called a TOP stratification of X. A TOP stratified space
is a pair (X, {X™}) where {X™} is a TOP stratification of X. When no
confusion will arise, we suppress explicit mention of the stratification and denote a
stratified space simply by X.

Although the individual strata of a TOP stratified space are homogeneous when
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viewed as strata, they may not be homogeneous viewed as subsets of X. (Think of
R? as having two strata: one consisting of a horned sphere, the other being its
complement.) To rule out such pathologies, we will consider only locally cone-like
TOP stratified spaces (i.e. CS spaces in the sense of Siebenmann [26]). A TOP
stratified space is locally cone-like if for every x € X™ — X®~D, there exist a
compact stratified space L and a stratum-preserving (see §1 for the definitions)
open embedding h: R" X cL — X such that #(0, v) = x where cL denotes the open
cone on L and v is its vertex. The space L is called a link of x and A is called a local
chart. We shall call a locally cone-like TOP stratified space a TOP CS space.

Let X be a TOP CS space. A PL structure on X is combinatorial if the following
conditions hold:

(i) for every n, X™ is a subpolyhedron of X;

(ii) for every n, X™ — X~ with its induced PL structure is a PL manifold (i.e.
X™® — X@™=Y s combinatorially triangulated);

(iii) for every n and every component C of X™ — X®~D  there exists a
polyhedron L depending on C such that for every x € C, there exists a PL open
embedding A: R" X c¢L — X such that h(0, v) = x.

In fact, we wish L to be a PL stratified polyhedron (see §1) and A to be
stratum-preserving. Condition (iii) above is a compatibility condition. It is included
to insure that the strata of X have the same homogeneity piecewise linearly as they
do topologically. (The reader will note that this definition of combinatorial PL
structure is stronger than our use of this term in [2].)

The problem we consider may now be stated somewhat more precisely as
follows: Let X be a locally triangulable TOP CS space. Does X support a
combinatorial PL structure? If so, how are these structures classified? Our ap-
proach is to proceed by induction down the strata of X under the following
inductive hypotheses:

(a) the space X is a TOP CS space;

(b) there exists an integer m > 0 such that X™ — X®™~D and X — x),
respectively, are endowed with combinatorial PL structures a and f3, respectively.

Condition (b) is a necessary condition for the existence of a combinatorial PL
structure on X — X ™~D_ By assuming that the manifold X ™ — X~ has a PL
manifold structure a, we are assuming only that the well-understood obstructions
of Kirby-Siebenmann (cf. [13] or [14]) or Lashof-Rothenberg (cf. [17] or [18]) type
vanish.

Our main objective is to study the problem of extending the structures a on
X — x™=D and B on X — X to obtain a combinatorial PL structure y on
X — XD In order to have some chance of finding such a structure y, we add
the following condition to the inductive hypothesis:

(c) for every component C of X™ — X~ there exists a PL stratified
polyhedron L such that for every x € C there exists a stratum-preserving open
embedding h: R™ X cL - X — X~ such that h(0, v) = x, A(R™ X v) C X™
— X™=D B(R™ X (cL — v)) C X — X, and such that the restrictions of 4 to
R™ X vand R™ X (¢cL — v) are PL.
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Condition (c) amounts to assuming the existence of local triangulations of X that
are compatible with the PL structures a and B. This is a necessary condition for the
existence of a combinatorial PL structure y on X — X ™™D extending « and . On
the other hand, an example of Siebenmann [25, §3] shows that local triangulations
satisfying (c) do not always exist.

The following results are our principal theorems.

PROPOSITION 3.1. Let (X, {X™}) be a TOP CS space. Let C be a component of
X — xm=Y'y, € C,and L be a link of y. Then the diagram

cicxxBe (1)

where A(x) = (x, x) and pr((x, z) = x defines a microbundle over C with fiber
cS™ '« L.

The proof of 3.1 is given in §3. In that section we also invoke the Kister-Mazur
[15] arguments and replace the microbundle (1) with a fiber bundle with fiber
¢S™ !« L. This bundle is called the tangent bundle of C in X and is denoted
t(C; X) or simply #(C) when X is clear from the context.

In the presence of the inductive hypotheses (a)—(c), we may take L to be a
polyhedron. The proof of 3.1 then shows that the structure group of #(C) is the
semi-simplicial complex TOP} (cS™~! * L) a k-simplex of which is a stratum-pre-
serving homeomorphism h: A* X (¢S™~ '+ L) — A% X (c¢S™™' * L) which com-
mutes with projection on A* such that h|A* X ¢S™~! and h|A* X (cS™7 '« L —
¢S™1) are PL. We require also that |A* X v be the identity. Let PL(cS™ "' L)
be the subcomplex obtained by requiring & to be PL.

THEOREM A. Let (X, {X™)}) satisfy the inductive hypotheses (a)—(c) above. Let C
be a component of X — X~V and suppose there exists a map T, making the
Jollowing diagram commute

BPL(cS™ '+ L)
TC/ - l

c”’5  BTOP:(cs™ '« L)

where t_ is a classifying map for the tangent bundle of C in X. Then, if either m # 4
or m = 4 and C is an open manifold, there exists a combinatorial PL structure y on
(X — X)) U C such that y|X — X = B and y|C = a|C.

We remark that if X — X (U C has a combinatorial PL structure extending a
and B, then there is a lift 7, of ..

Let v, and v, be two combinatorial PL structures on X — X (™ C that extend
a|C and B. We say that v, and vy, are concordant if there exists a combinatorial PL
structure T on [X — X™ y C] X I such that T|X — X™ Uy C x {i}=17y, (i =
0, 1), T|C x I is PL homeomorphic to a|C X I, and T|X — X™ x I is PL
homeomorphic to 8 X I. We say that v, is isotopic to vy, relative to «|C and B if
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there exists a stratum-preserving topological isotopy 4: X — X™ y C—» X -
X®™ y € (0 <t < 1) such that hy is the identity; h: [X — X U C], —>[X —
X y C], is a PL homeomorphism; and such that A|X — X X I and h|C X I
are PL.

THEOREM B. Let (X, {X™)) satisfy the inductive hypotheses (a)—(c) above and
suppose there exists a combinatorial PL structure y on X — X ™  C extending B on
X — X and a|C on C where C is a component of X™ — X ™D,

(i) If C is an open manifold, then there is a one-to-one correspondence between
isotopy classes of such extensions y and vertical homotopy classes of lifts to t,:
C - BTOP}(¢S™ ' * L) to BPL(cS™ "' + L).

(i) If C is a closed manifold of dimension # 3, then there is a one-to-one
correspondence between concordance classes of such extensions y and vertical homo-
topy classes of t,: C — BTOP}(cS™ '« L) to BPL(cS™ ' » L).

In order to give some bite to Theorems A and B, it is necessary to describe
7,(TOP}(¢S™ ' » L)/PL(cS™ ! » L)) where TOP,(¢cS™ '« L)/PL(cS™ "' * L)
is the fiber of BPL(cS™ ! * L) - BTOP}(cS™ ' « L).

THEOREM C. Let (L, {L™}) be a PL stratified polyhedron of dimension n. Then
there exists a spectral sequence {E', d"} converging to
'rr,,,(TOP;(cS""l * L)/PL(cS™ '+ L)) for » > l_such that, if we set G,, =
7, (TOP;, /PL(S™ » L"7**D, ™ « L"), then E|, = G,, for s + t > 2, E}, C
G, fors+t=1,and E!, =0 fors + 1t < 0.

Furthermore, there exists a second spectral sequence {E',d"} converging to
7 ,(TOP} /PL(S™ » L"~**V S™ &« L®=9) for * > 1 such that ifp < 0,0rp > m,
or ¢ > 0, then Ep',q = 0. In addition, if g <0 and 4 <n — s+ 1 =1, then for
ptqg>2
B2 o HP* 942y K, ym (LD — LY"Y)) forp < m,

| {x € Rpaym(LO = L) x = (1P x5} forp = m,
and forp + g =1,
2 H'*(Zy; ]Zq+|7Tl(L(') - LU™Y)) forp <m,
C .
7 {x € Bpuym(LO = LD)x = (1) 'x*) forp = m.

In stating this theorem, we have used TOP;, /PL(S™ * L"7s*D §m 4 [("=9) a5
an abbreviation for

TOP;(Sm * L(n—s+l), S™ » L(n—s))/PL(SM * L(n—s+l), S™ x L(n—s))
and IZqHG as an abbreviation for Wh G if ¢ = 0, K,G if g = —1, and K, G if
g <1 (cf. [4, Chapter XII]). Furthermore, x > x* denotes the usual duality
involution on K, ym(L®¥ — L¢~ V) and
{x € K, o \m (LY = LE7D)|x = (-1)'x*}

r K 0 — =)\
" (22’ Kpem(E - ))_ {y +(-D)y*y € ﬁqﬂ”l(l‘m - L('—I))} '

We note that Theorem C is particularly cmllplete in the case when L is a PL
manifold of dimension n > 5. In this case, E ', =0 for s # 1 and the spectral

85
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sequence {E", d"} collapses. On the other hand, the second spectral sequence lies
entirely in the triangle sketched below. Furthermore, when =,(L) is finite, then
K, 1m(L) = 0 for ¢ < —3 by a result of Carter [S]. In this case then, the spectral
sequence lies entirely on the lines ¢ = 0, —1, -2. In all these cases, we also have a
description of the differential agq.

FIGURE 1

A note concerning the history of this paper might be in order. The first two
theorems in this paper were found by the authors in October, 1976. A complete
proof of Theorem C in the case when L is a PL manifold was known in July, 1977
and the essence of the general case was also known then. Because of other work,
however, the writing of this paper has been rather delayed.

This paper is organized as follows: §1 completes the list of definitions used in
this paper; §2 outlines the proofs of Theorems A and B; the details of those proofs
are given in §§3 through 7; the proof of Theorem C is contained in §§8 through 12;
and §13 contains a description of the second differential of the second spectral
sequence in Theorem C. A specific description of the ingredients of the proof of
Theorem C is given at the beginning of §8.

The first named author would like to extend his thanks to the Institute for
Advanced Study, McMaster University, and the Royal Institute of Technology
(Stockholm) for their hospitality during different periods when the research con-
tained in this paper was being done.

1. Some more definitions. In this section we complete the list of definitions of the
basic terms used in this paper.

Let X be a stratified space. Let ¢X denote the open cone on X (i.e. the quotient
space X X [0, 00)/X X 0) and let v € cX be the vertex (i.e. the point X X 0).
Then setting (cX)™ = v if n = 0, and (cX)™® = cX® Vif n > 1 gives a stratifica-
tion of cX called the cone stratification. When X is a stratified space, unless
otherwise stated, cX will denote the open cone on X equipped with the cone
stratification.

If X and Y are stratified spaces, the product stratification on X X Y is defined by
(X X YYD = U ,44mn XP X X, The join stratification on X = Y is defined by
X*Y)P=U ey XPx Y@y X®y Y™ where X™ and Y™ are in-
cluded in X * Y via the obvious inclusions of X and Y in X * Y. In the sequel,
unless we state otherwise, X X Y (respectively, X = Y) will denote the product
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X X Y (respectively, the join X * Y) equipped with the product (respectively, the
join) stratification.

Let X and Y be stratified spaces. The map f: X — Y is skeleton- (respectively,
stratum-) preserving if f(X™) c Y™ (respectively, (X®™ — X@®~D)yc y®™ —
Y"~Y) for every n. The map f is an isomorphism of stratified spaces if it is a
stratum-preserving homeomorphism.

A stratified polyhedron is a pair (X, {X™}) where X is a polyhedron and {X ™)}
is a stratification of X such that X is a subpolyhedron of X for every n. Since
X® — xX®=Dis an open subset of X ™, it inherits a PL structure. If X®™ — x =D
with this PL structure is a PL manifold, then (X, {X ™)) is called a PL stratified
polyhedron.

Let CAT denote either of the categories TOP or PL and let X be a CAT
stratified space. We say X is a CAT CS space if for every n and every x € X™ —
X @™=D there exist a stratified space (if CAT is TOP) or a stratified polyhedron (if
CAT is PL), L, and a stratum-preserving open CAT embedding #: R" X cL - X
such that 4(0, v) = x where R" is given its natural stratification (i.e. (R")"™ = @, if
m < n; and (R")™ = R", if m > n) and, when CAT is PL, R", cL, and R" X cL
have their usual PL structures. The space L is called a CAT link of x in X. We
remark that when CAT is TOP the examples of Milnor [20] or Stallings [27] show
that x does not determine a CAT link uniquely. On the other hand, Corollary 3.3
below shows that a component C of a CAT CS space is homogeneous in the sense
that given any two points x and y of C, the local charts A, and h, may be chosen so
that L, is CAT homeomorphic to L,.

ExaMPLE 1.1. A PL stratified polyhedron need not be a PL CS space.

To construct such an example, let m > 7 and let W™~! be a nontrivial PL
h-cobordism. Cone off the two boundary components of W to obtain a polyhedron
Y of the type considered by Stallings [27]. Let X = S®+ Y and notice that
S° * {cone points in Y} forms a circle S' ¢ X. To complete the construction,
stratify X by setting X® =, if n < 1; X® = S\, if 1 <n <m; and X® = X, if
m < n. The remaining details are left to the reader.

We now introduce a category TOP,, which is a mixture between TOP and PL.
An object of TOP;} is a stratified space (X, { X ™)) together with PL structures 8
on X — X™ and @ on X™ — X™~D_A morphism in TOP}, is a stratum-preserv-
ing map f: X, - X, such that f|X, — X{™ (respectively, f|X{™ — X{™~Y) is PL
with respect to the PL structures B, on X; — X ™ (respectively, ; on X —
XYy (i = 1,2). A TOP} stratified space consists of a TOP stratified space X
together with a PL manifold structure « on X™ — X =D and a PL structure 8 on
X — X such that (X — X ™), is a PL stratified polyhedron.

A TOP; CS space consists of a TOP CS space X together with

(i) A PL manifold structure a on X ™ — x (=",

(ii) A PL structure 8 on X — X ™ such that (X — X ), is a PL CS space;

(iii) For each component C of X — X~ a choice of the polyhedron L for
the link and of coordinate charts 4 satisfying condition (c¢) of the inductive
hypotheses given in the introduction.
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2. The proofs of Theorems A and B. The proofs of Theorems A and B are based
on immersion theory and follow the argument given by Lashof in [17] quite closely.
Indeed, a careful reading of [17] shows that the conclusions of that paper are
essentially formal consequences of the following results:

1. The existence of the tangent bundle (Chapter 1).

2. Lees Immersion Theorem (Chapter 2). This depends, in turn, on

3. The Isotopy Extension Theorem (Chapter 4), and

4. A suitable engulfing lemma (cf. pp. 142-143).

5. A collaring lemma (cf. pp. 159-160).

(All references in this list are to [17].) In §§3 to 7 of this paper we shall establish the
appropriate analogues of all these results. Theorems A and B then follow directly
from obvious modifications of the definitions and of the arguments given in [17].

A word about our style of presentation may be helpful to the reader. In addition
to proving the needed analogues of the results cited above, we have also stated the
analogues of some of the other key results used in the proofs given in [17]. This has
been done to clarify for the reader what the appropriate analogues of those results
are.

3. The tangent bundle of a stratum. Let X be a CAT CS space where CAT is one
of the categories TOP, PL, or TOP}. Let C be a component of X ™ — x™~D_|p
this section we shall show that C has a CAT tangent bundle in X. We recall first
the following definition due to Milnor [21].

Let X and F be spaces. A microbundle over X with fiber cF is a diagram

xSEL X )

such that for every x € X there exist a space U, and open embeddings A,: U, - X
and H_: U, X cF — E such that the diagram

U 3 uxce 5 ou

X X

lhx lHX lhx
s P

X - E - X

commutes where s,(y) = (y, v), v is the vertex of cF, and pr(y, z) = y. If all the
spaces and maps appearing in this definition are in CAT, then (2) is called a CAT
microbundle.

The main result of this section is the following proposition.

PROPOSITION 3.1. Let X be a CAT CS space and let C be a component of
X — xm=Djp xm _ xm=D_ Jety € C and let L be a CAT link for y in X.
Then the diagram

ciecxxBc 3)
is a CAT microbundle over C with fiber ¢S™ '+ L where A(x) = (x, x) and
pri(x, z) = x.

We remark that when CAT is PL or TOP,, then a CAT link for y is a
polyhedron.
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PrOOF. Let x € C. Then there exists a CAT chart h: R™ X cL — X such that
h(0, v') = x. (If CAT is TOP or PL, this follows from 3.3 below. If CAT is TOP,,,
this is by definition.) Furthermore, there exists a CAT homeomorphism f:
c¢S™ '+ L > R™ X cL such that f(v) = (0, v"). Consider the following diagram

. : h
R™ it R™ b R™ il c
Isy Isi W 1A
idxf a (A)xh
R™ X (c¢S™'+L) - R™X(R™XcL) —> R™X(R™XcL) > CxXX
lpr lpr lpry lpr,
i i h|
R™ s R™ s R™ L] c

where 5,(y) = (¥, v), si(¥) = (», 0, v), A'(y) = (y,y, V'), pr, is projection on the
first factor, and a(y, z, w) = (y,y + z, w). It is easy to see that all squares
commute and that the composite from the left-hand column to the right-hand
column defines a CAT local trivialization of (3).

The reader will note that the proof above is just Milnor’s proof [21, Lemma 2.1]
that M 4 M x M5 Mis an R™ microbundle when M is an m-manifold.

It follows from the proof of the Kister-Mazur Theorem [15] that the microbundle
(3) determines a unique bundle over C with fiber c¢S™~! » L. This bundle is called
the CAT tangent bundle of C in X and is denoted t-,7(C; X) or simply by #(C)
when CAT and X are clear from the context. The disjoint union I¢.,(C; X)
where C runs over the components of X™ — X =D is called the tangent bundle of
X™ — x@™=D in X, It is denoted by either tc,(X™ — X™~Y; X) or (X ™ —
X ™=D). We note that the fibers of this bundle over points in different components
may be different.

The proof of 3.1 shows a little more than its statement reveals. Namely, if we
stratify $™~! in the obvious way (let S™~! be the (m — 1) stratum; let all other
strata be empty) and, if we add a stratum to R™ X cL by setting (R™ X cL)® =
(0, v), then the CAT homeomorphism f: ¢S™ ™' + L - R™ X cL used in the proof
of 3.1 can be taken to be a CAT isomorphism of CAT stratified spaces. It follows
from this remark that the structure group of fc,r(C; X) is the semi-simplicial
complex CAT(cS™ ' * L) of CAT isomorphisms of ¢S™~! * L onto itself. More
precisely, a k-simplex of CAT(cS™ ' x L) is a CAT isomorphism of stratified
spaces f: A¥ X ¢S§™ '« L > A% X ¢S™ ! « L which commutes with projection on
A* where A* is the standard k-simplex equipped with its wusual stratification
(&%) = {faces of A* of dimension < i}. The face and degeneracy operators are
defined in the obvious way.

Let X and Y be CAT stratified spaces and let f: X — Y be a CAT stratum-pre-
serving map. Since f(X™ — X™=D)y c y™ — y™=D for every component C of
X — X™=1Y_there exists a component D of Y™ — Y™ ~D such that f(C) c D.
Then the diagram

c 5 cxx 4 ¢

N W% f Vs @)

p 5 bpxy 5 b
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commutes and defines a microbundle map. This map, in turn, induces fiber-pre-
serving maps df: #(C) — t(D) and, by taking disjoint unions, df: #(X ™ — X™~D)
— (Y™ — Y= Either of the maps df is called the differential of f. We note
that if f is a local homeomorphism, then the restriction of df to a fiber of
HX™ — xX™=D)is a homeomorphism.

We conclude this section with the proofs of the following lemma and corollary
which were used in the proof of 3.1.

LemMMA 3.2. Let X be a CAT CS space and let x and y be distinct points in the
same component C of X™ — X ™~V Then there exists a CAT isomorphism f:
X — X such that f(x) = y. Furthermore, f may be taken to be CAT isotopic to the
identity.

Proor. Since C is a CAT manifold, there exists a CAT ambient isotopy f;:
C — C (0 <t < 1) supported on a compact subset K of C such that f; = id and
Ji(x) = y. Foreach z € C, let h,: R™ X cL, - X be a CAT chart about z and let
B, = h(B™) where B™ =[—1,1] X - - - X[—1, 1] (m factors). Then the isotopy
J{ may be factored in CAT as a composite of ambient isotopies f; f; _;," - fi,
where each f/, is supported by some set B,. (If CAT is TOP, this follows from (7,
Corollary 1.3]. If CAT is PL, this is well known (cf. [29]).) Clearly each f/, extends
to a CAT ambient isotopy f;, of isomorphisms of X. The proof is completed by

setting f, = f;c,z j;c—l,t T fl,l and f = f,.

COROLLARY 3.3. Let X be a CAT CS space and let x and y be distinct points in the
same component C of X™ — X =Y_If L is a CAT link for x, then L is a CAT link

for y.

ProoF. Since L is a CAT link for x, there exists a CAT chart h: R™ X ¢cL - X
such that h(0, v') = x. Let f: X - X be a CAT isomorphism such that f(x) = y.
Then fh is a CAT chart about y and L is a CAT link for y.

4. Immersing a neighborhood of a stratum. In this section we define the notion of
a CAT immersion near a stratum of a CAT CS space and we prove the analogue of
the usual immersion theorem for manifolds.

Let X and Y be CAT CS spaces where CAT is one of the categories TOP, PL, or
TOP, . A stratum-preserving CAT map f: X — Y is a CAT immersion if for every
x € X there exists a neighborhood V such that f|V,: ¥V, — Y is an open embed-
ding. A CAT regular k-homotopy is a CAT immersion F: AF X X - A x Y
commuting with projection on A* (where A* is the standard k-simplex with its usual
stratification).

Let C be a component of X — X™~Y_ A CAT regular k-homotopy near C is a
CAT regular k-homotopy F: A* X U — A¥ X Y where U is an open neighborhood
of C in X. (Here U becomes a CAT CS space by setting U™ = U n X for all n.)
We identify two CAT regular k-homotopies near C, F;: A¥ X U, A X ¥V (i =
1,2) if F||A¥ X U = F,|A¥ X U for some open neighborhood U of C, U c U, N
U, If k = 0, F is called a CAT immersion near C.

We note that if f is a CAT immersion near C, then we may form the diagram (4)
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defining the differential of f. In this situation, when CAT is PL, df: {(C) —»
(Y™ — Y™=Dy js actually a map of bundles with structure group PL(c(S™ " « L))
where L is a PL link of some point x € C. If CAT is TOP or TOP;,, let C’ be the
component of Y™ — Y™=1 guch that f(C) c C’. Then the structure group of
t(C) (respectively, #(C")) is CAT(cS™ '+ L) (respectively, CAT(cS™ !« L))
where L (respectively, L’) is a CAT link of x € C (respectively, f(x) € C’). In this
case, although L may not be CAT homeomorphic to L', df is a bundle map in the
sense that on each fiber it induces a CAT homeomorphism of ¢S™~! « L onto
¢S™~ !« L’. Similarly a regular k-homotopy near C, F: Ak X U — A* X Y induces
a bundle map dF: A* X ¢(C) — A* X (Y™ — Y ~D) commuting with projection
on A%,

Let D be a closed subset of C and let f be a CAT immersion of a neighborhood
of D into Y. We let CAT Immy(C; Y) be the semi-simplicial complex whose
k-simplices are CAT regular k-homotopies near C, F: A* X U — A* X Y, such that
F equals 1 X f on a neighborhood of A¥ X D where we identify two such maps F;:
A% X U, — AF X Y (i = 1, 2) if they agree on A* X U where U is an open neigh-
borhood of C, U Cc U, N U,. If D = &, we write simply CAT Imm(C; Y) and
make no mention of f. Similarly, we let CAT Rep(#(C); (Y™ — Y%~ 1)) be the
semi-simplicial complex whose k-simplices are CAT bundle maps ¢: A* X #(C) —
A% X (Y™ — y™=D) commuting with projection on A* such that ¢ equals 1 X df
on a neighborhood 3" of D in C; and we write CAT Rep(#(C); (Y™ — y(~Dy)
when D = & and df plays no role.

It is easy to check that CAT Immg(C; Y) and CAT Rep(#(C); (Y™ —
Y =D)) are Kan complexes and that the differential defines a semi-simplicial map

d: CAT Immy(C; Y) — CAT Rep,(+(C); (Y™ — Y™~ 1)), (5)

THEOREM 4.1. In the situation described above suppose that the closed subset D of
C is either compact or a locally flat submanifold. Suppose also that every component
of C — D is either noncompact or a manifold with boundary. Then the map d of (5) is
a homotopy equivalence.

ProOOF. The arguments given in [9] or [17] show that this theorem is a more or
less formal consequence of the following propositions:

PROPOSITION 4.2. Let A be a locally flat codimension zero submanifold of C. Then
the restriction map

r;: CAT Rep(#(C); t(Y™ — Y~ 1)) > CAT Rep(#(4); t(Y™ — Y(m—1))
(6)
is a Kan fibration.

In 4.2 CAT Rep(#(A4); t(Y™ — Y™~D)) is the semi-simplicial complex of bun-
dle maps of #(U) into (Y — Y™ =D) where U is an open neighborhood of 4 in
X with its induced stratification and such bundle maps f: A* X #(U) — A* %
Y™ — y™=D) (i = 1, 2) are identified if they agree on A* X #(U) where U C
U, N U, is a smaller open neighborhood of 4.
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Proor. This proposition follows easily from the Covering Homotopy Theorem.

PROPOSITION 4.3. Let D be as in 3.1. Then the restriction map
ry: CAT Imm(C; Y) — CAT Imm(D; Y) @)
is a Kan fibration.

In 4.3 a k-simplex of CAT Imm(D; Y) is a regular k-homotopy F: A*¥ X U — A*
X Y where U is an open neighborhood of D in X where two such regular
k-homotopies are identified if they agree on a smaller neighborhood of D.

The proof of 4.3 is given in §5.

PROPOSITION 4.4. Let X = R™ X cL where L is a TOP (respectively, PL) stratified
space (respectively, polyhedron) if CAT is TOP (respectively, PL or TOP,.). Then
R™ = R™ X v=C.Let D=(. Then

d: CAT Imm(R™; Y) — CAT Rep(t(R™); t(Y"™ — y(m=1y)
is a homotopy equivalence.

ProoOF. The proof of the corresponding statement given in [9, p. 84] or [17, pp.
138-139] works here. We need only replace the origin by the point 0 X v of
R™ X cL.

5. The proof of Propesition 4.3. The arguments given in [9] and [17, pp. 144—147]
show that 4.3 follows directly from the following propositions.

PROPOSITION 5.1. Let X be a CAT CS space where CAT is TOP, PL, or TOP,:.
Let D be a compact subset of X™ — X ™=V and let U and V be open neighborhoods
of Dsuch that U CV CX— X"V Let F: U X I—V X I be a CAT isotopy.
Then there exist a CAT isotopy H: V X I — V X I and an open neighborhood U, of
D with Uy C U such that

Fox1
U xI > VxI

1 \H
UXI — V X1

commutes and H is the identity outside some compact set.

ProoF. If CAT is TOP (respectively, PL), this proposition was established by
Siebenmann in [26] (respectively, by Akin in [1]). The proof for the case when CAT
is TOP; is based on the Handle Lemma below. We first set some notation.

InR,weletrB' =[—r,r]X - -+ X[—r,rfland rB = (—=r,/) X - - - X(—=r,7)
where there are i factors in either case. If L is any space, the closed (respectively,
open) cone on L of radius r is the image of L X [0, r] (respectively, L X [0, r)) in cL.
It is denoted ¢, L (respectively, c,L). The image of L X r in cL will be denoted L,.

HANDLE LEMMA 5.2. Let X = R™ ' X R’ X cL where L is a polyhedron. Let
D =0 X B X v, U be a neighborhood of D in X, and suppose F: U X I - X X I
is a TOP,, isotopy such that F|Uy X I U U X 0 is the identity where U, C U is an
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open neighborhood of dB’. Then there exist an ¢ > 0, a TOP}. isotopy H: X X [0, €]
— X X [0, €], and a neighborhood U, C U of 0 X B' X v such that the diagram
below commutes

Fox1

U, X[O,e] - X X[O, e]
1 LH
U X[0,¢] L x X [0, ]
and such that H is the identity outside some compact set.

ProoF. Without loss of generality we may assume that U = 10B™~! x 10B x
c1oL, that Uy = 10B™~% x (10B° X 1B’) X ¢,oL, and that ¥ = R™™* X R’ X cL.
The proof now follows that of Siebenmann [26, §3] with some modifications. In
particular, we construct a sequence of embeddings F,, F,, F,, F,, F,, Fs which are

(i) equal to Fon rB™~" X rB* X ¢,L for some r > 0;

(ii) equal to the identity on the intersection of either 4 = R™ ' X (R — 3 B") X
cLxITord=Tr"x (T" — %B’) X ¢L X I with the domain of F, (whichever
makes sense); and

(iii) are level preserving (i.e. commute with projection on 7).

We construct F, by using [2, Lemma 2.2] to wrap F around 7. This involves
restriction to a neighborhood W of ¢,L X 0 in ¢;oL X I. We may assume that W
has the form ¢, L X [0, ¢] for some ¢, & (1 <t < 10; & > 0). We obtain an
embedding Fy: T~ X T' X ¢, L X [0, 6] —> T""" X T' X cL X I satisfying (i)-
(iii) above such that F,is PLon T"~* X T’ X (¢, L — v) X [0, ¢;] and on 7™ ~' X
T X v X [0, ¢] by Addendum (iii) to Lemma 2.2 of [2]. Note also that F,|T™~' X
T’ X ¢, L X 0 is the identity.

To construct F,, we first conjugate F, by a level-preserving homeomorphism of
T" ' X T' X ¢, L XTI to insure that F; is the identity on a neighborhood of
An (T x T' X L, X I) where t, = t,/2. We regard the restriction of F, to
T" X T' X L, X [0 ¢,] as a PL isotopy into 7"~% X T’ X (cL — v) which is
the identity near An (T" " X T" X L, - By the Covering Isotopy Theorem for
maps of polyhedra [1], there exists a PL isotopy G, of T"~" X T X (cL — v) onto
itself such that for every s € [0, ¢,}, Gi(x) = G{F)(x) = Fi(x)forx € T"™ " xX T*
X L, where Gj =G AT X TP X (cL — v) X s and F; is defined similarly.
Furthermore G, may be chosen to be the identity on A and outside a compact set
containing T77% X T' X L,. Thus G, extends, via the identity, to an isotopy of
Tm i X TV x ¢, L onto itself. We define F, by setting Fy(x) = G|~ 'Fi(x) if x €
7' X T' X ¢, L X [0, ¢] and Fy(x) = x otherwise. It follows immediately from
the construction that there exists a #; < ¢, such that F, and F, agreeon T™~' X T*
X ¢, L X [0, ¢]. Clearly then F, satisfies (i)—(iii) above. Note also that F3 is the
identity.

We now define two auxiliary maps G, and H, as follows: G, = (F,|T™ ' X T'
X v X [0, ¢]) X id and H, = G, 'F, where id is the identity on cL.

Let F3, G;, and H, be obtained by lifting F,, G, and H, to R"™' X R’ X ¢, L X
[0, €,] and making the modifications described in [26, p. 136]. Note that all these
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maps are the identity outside R”~' X R’ X ¢, L X [0, ¢,].

We now construct H, by applying the “horn device” of [26, §3] to H,. Thus, we
let B: [0, 0) — [0, ;] be the PL function that satisfies B(f) = ¢, if 0 <t < 4,
B(n)=4t,/n if n >4 is an integer, and that maps [n, n + 1] linearly onto
[4¢,/(n + 1),4¢,/n]. Let T: R™" X R X ¢cL - R™ X R' X cL be a PL ho-
meomorphism such that T = id outside R™~' X R’ X ¢,L and on 4B™~' X 4B’
X ¢L; T(R"™™" X R' X §L)=C={(x,y,2u) € R™ " X R" X cL|u <
B(|x, y|)} where we have parametrized cL via the collapsing map L X [0, c0) — cL
and |x, y| = max{|x|, . ... [x,_ib [ysls - o5 (2D} if X = (xy, ..o, x,, ) and y =
(¥ ---,»); and T commutes with projection on R™~* X R’. Note that C is
subpolyhedron of R™™% X R’ X cL. We set H, = (T X id)H,(I' X id) ™" where id
is the identity map on [0, ¢,]. Note that H, is the identity outside C and on
R™ X R' X v X [0, ).

We also construct a map G, as follows: We regard the restriction of G, (or, what
is the same thing, F;) to 4B™ ‘ X 4B’ X v X [0,¢,] to be a PL isotopy of
4B™~' X 4B'in R™. Since Gy = F3 is the identity, there exists an €, < ¢, such that
G;(4B™"" X 4B") C 5B™ " x 5B for 0 <s < &. But then there exists a PL
isotopy G,: R™~ X R’ x [0, &) — R™” i X R' X [0, ¢,] such that G? is the iden-
tity; for every s (0 <5 <), Gj(x) G3(x) F3(x) for x €4B™~' X 4B’; and
G; is the identity outside SB™~ X 5B’. We set G, = G, X id where id is the
identity on cL.

We now define F, to be the composite G,H,/R™™' X R’ X ¢, L X [0, &;]. We
note that H, = Hy = G; 'F; on 4B™"/ X 4B’ X ¢, L X [0, &] and that G, = G,
on the same set. Since the restrictions of G, and H, to 3B™ ™/ X 3B’ X L x0
are the identity it follows that there exists a neighborhood N of 3B™~/ X 3B’ X v
X 0 contained in 4B™~' X 4B’ X ¢, L X [0, &,] such that H(N) C 4B"~' x 4B’
X ¢, L X [0, &) If x €N, it follows that Fy(x) = F3(x) = F(x). Thus F, satisfies
(i). That F, satisfies (ii) and (iii) is obvious.

The construction of F; requires a map J similar to that of [26, §3]. To describe J,
we identify R~/ X R’ and SB™~' X 5B' with R and 5B™ in the obvious way and
write R™ and 5B™ respectively as the union of the annuli

={x € R"n<|x|<n+1)}
and
= {x€5B™5-1/2""*<|x|< 5 - 1/2"7%}
respectively (n = 4, 5, 6, ...). We can then construct a PL embedding J": R™ X
cL — R™ X ¢L mapping 4, X cL onto A}, X cL with the following properties:

(@) J'|4B™ X cL = id;

(b) J'(C) = {(x, z, u)|u < y|x|} where y: [0, 5) > (0, ¢,] is the PL function that
satisfies y(r) = ¢, for 0 <t < 4, y(5—1/2""% =41,/n if n > 4 is a positive
integer, and y maps [S — 1/2"7%, 5 — 1/2" 73] linearly onto [41,/(n + 1), 41,/ n};

(c) J' preserves the level in the cone coordinate; and

(d) J’ preserves rays through the origin in R™.

LetJ = J’ X id where id denotes the identity on [0, 1].
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We now define H; by setting Hy(x) = JH,J ~'(x) if x € SB™ x ¢, L X [0, &)
and Hs(x) = x otherwise. Since H,(x) is bounded and H, is the identity outside C,
H; is continuous. Furthermore, the restriction of Hsto R™ X (cL — v) X [0, g,] is
PL since J and H, are PL on that set. Also Hj|R™ X v X [0, &,] is the identity
since H, is the identity there. Hence H5|R™ X v X [0, ¢,] is PL.

We now set Fs = G,Hs. Since Hy agrees with H, on 4B™ X ¢, L X [0, &,], the
argument given above shows that F, agrees with F on a neighborhood N of
3B™ X v X 0. Clearly conditions (ii) and (iii) hold and F; is the identity outside
5B™ x ¢, L X [0, &,]. Finally the restrictions of Fs to R™ X (cL — v) X [0, &,] and
R™ X v X [0, &,] are PL since the restrictions of Hs to these sets are PL and G, is
PL.

By an argument similar to the one used to construct F,, we may replace F, with
a new TOP} map Fg: R™ X R' X cL X [0, &]— R™™ " X R X ¢cL X [0, &,]
such that Fg agrees with F on N, has properties (ii) and (iii) and is the identity
outside a compact set containing 0 X B’ X v. Choose r < ¢, and & > 0 so that
rB™ " X rB' X ¢,L X [0, ] C N. Then Fyg satisfies (i).

We complete the proof of extending Fg to H defined on X X [0, €] by setting
H = id outside R™ ™% X R’ X cL X [0, ¢].

ADDENDUM TO 5.2. Lemma 5.2 holds even if F|U X 0 is not the identity.

ProoOF. This case can be reduced to the case when F|U X 0 is the identity by a
standard argument.

PrOOF OF 5.1. Let ¢ € [0, 1]. Standard arguments using the Handle Lemma and
its Addendum show that there exist an ¢(¢#) > 0 and an isotopy G,: V' X [t — &(¢), ¢
+ ()] > V X[t — €(t), t + €(¢)] such that for every s €[t — &(?), t + €(?)]
G'F'(x) = F°(t) where G’ = G|V X s and F° = F|U X s. The G, may now be
spliced together to yield the desired isotopy H by another standard argument.

6. An engulfing lemma. In this section we prove the following lemma.

LEMMA 6.1. Let X be a CAT CS space where CAT is one of the categories TOP,
PL, or TOP.. Let C be a noncompact component of X — X™~V and let f:
[0, 0) — C be a proper locally flat embedding. Then there exists a CAT ambient
isotopy ¢, 0 <t < 1) of X — XD such that (X — X" V) cXx - xmD—
10, o). Furthermore ¢, may be taken to be the identity outside a neighborhood of
10, o).

The proof of this lemma requires the following lemma.

LEMMA 6.2. (i) Let X, C, and f: [0, 00) — C be as in the hypotheses of 6.1. Then
there exist an open neighborhood U of f]0, ) in X and a CAT homeomorphism h:
(U, f10, ©)) > (R' X R™™! X cL, [0, ) X 0 X v) where L is a CAT link of f(0)
in X.

(i) In fact, if we stratify U by setting U™ = U N X™, then h is an isomorphism
of CAT CS spaces.

PrOOF. The argument given by Lacher [16] to establish this result for manifolds
extends trivially to establish this case also.
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PROOF OF 6.1. By 6.2 there exist a neighborhood U of f[0, o) in X and a CAT
homeomorphism A: U— R' X R™~! X cL. Clearly there exists an ambient iso-
topy ¥, (0 <7 < 1) of R' X R™™! X cL such that §,(R' X R™™! X ¢L) c R' X
R™ !X ¢L — [0, 00) X 0 X v and such y, is the identity outside (— 1, 00) X B™~!
X ¢,L. Set ¢,(x) = h~Y,h(x) if x € U and ¢,(x) = x otherwise.

7. A collaring lemma. In this section we prove the following lemma.

LEMMA 7.1. Let X be a TOP,_, CS space. Let C be a noncompact component of
X — X™=D such that C is homeomorphic to N X R' where N is a closed
topological (m — 1)-manifold. Let M be a locally flat PL submanifold of C such that
the inclusion M < C is a homotopy equivalence. If m > 5, then there exist a closed
neighborhood V of C in X, a PL stratified polyhedron Y C V such that M = Y™~V
— Y2 and a PL homeomorphism h: V — Y X R such that h maps Y identically
onto Y X 0.

PrOOF. We note first that M separates C into two submanifolds C, and C, with
0C; = M =3C,. Let W be a collar neighborhood of M in C, and let U be a
regular neighborhood of W in X — X™~D relative to W = M U M’ (cf. [6])
where M’ is PL homeomorphic to M. Let Y (respectively, Y’) be a regular
neighborhood of M (respectively, M’) in Fr U where the frontier is taken in
X — X~ Y. (Notice that this is the same as the frontier of U in X.) Then there
exists a PL homeomorphism g,;: (U; Y, Y)— (Y X[0,1]; Y X 0, Y X 1) such
that g, maps Y identically onto Y X 0. The argument given in [17, p. 159] based on
Siebenmann’s thesis [23] and Stallings engulfing [12] clearly extends to produce a
PL homeomorphism f;: (U — Y’; Y) —(V,; Y) which is the identity on Y where
V', is a relative regular neighborhood of C;, modulo M in X — X =D, The map
8, /"' followed by a change of scale yields a PL homeomorphism h(Vi; Y)> (Y
X [0, +0); Y X 0) such that h, maps Y identically onto Y X 0.

By a similar argument, there exists a PL homeomorphism h,: (V,; Y) —» (Y X
(— o0, 0]; Y X 0) which is the identity on Y. The desired PL homeomorphism # is
obtained by patching k4, and A, together.

8. The proof of Theorem C. In this section we begin the proof of Theorem C by
constructing the first of the two spectral sequences described in it. The second
spectral sequence is constructed in §9, its E' term is calculated in §§10 and 11, and
its EZ term is determined in §12 at which point the proof of Theorem C is
complete. Before stating the main results of this section, we set some notation.

Throughout the remainder of this paper, CAT will denote any one of the three
categories TOP, PL, or TOP;.. Let (X, A) be a pair of spaces in CAT-when CAT is
TOP,,, regard A as being a substratified space of X (i.e. 4™ = A4 N X™) and
A — A™ as being a subpolyhedron of X — X ™, We let CAT(X, 4) (respectively,
% CAT(X, A)) denote the semi-simplicial complex of CAT homeomorphisms (re-
spectively, CAT pseudo-isotopies) of X that restrict to the identity on 4. Thus a
k-simplex of CAT(X, A) (respectively, P CAT(X, A4)) is a CAT homeomorphism f:
A% X X - A¥ X X (respectively, F: A* x I X X - A* X I X X) that commutes
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with projection on A* and that satisfies f|A¥ X 4 = id (respectively, that commutes
with projection on A* and that satisfies F|A* X I X A U A* X 0 X X = id and
F(A* X 1 X X) = A¥ X 1 X X). When CAT is TOP}, we require that the restric-
tions of f (respectively, F) to Ak X X — x™=D and A* X X — X (respec-
tively, to A* X I X X™ — x™=Dand A*¥ x I X X — X™) be PL.

To simplify our notation, we shall let TOP; /PL(X, 4) and
P TOP,, /PPL(X, A), respectively, denote TOP, (X, A)/PL(X, A) and
PTOP, (X, A)/PPL(X, A) respectively; and we shall follow this convention for
the rest of this paper.

LeMMA 8.1. There are homotopy equivalences

(i) TOP; /PL(cS™ ' % L, cS™ ') ~TOP} /PL(cS™ ' * L),
(ii) TOP} /PL(cS™ ' * L, cS™" ') ~ TOP} /PL(S™ * L, S™).
The proof is given later in this section.

It follows from 8.1 that it is sufficient for us to determine the homotopy of
TOP; /PL(S™ = L, S™).

PROPOSITION 8.2. Let L be a PL stratified polyhedron of dimension n. Then there
exists a spectral sequence {E_ " a7’} converging to = (TOP,; /PL(S™ = L, S™)) for
* > 1 such that
7, (TOP,, /PL(S™ « LO™**D, ™ « LC*=9)) if s + ¢ > 2,

se = 1Im r, ifs+t=1,
0 if s+1<0,
where

ry: m(TOPL(S™ % L, §™ # LO"=9)) > m,(TOP}, (S™ » LO=5+D, §m 5 [(n=9))

is induced by restriction.

ProoF. The main step in constructing this spectral sequence is the following
proposition whose proof will be given later in this section.

PROPOSITION 8.3. There exists a fibration
TOP;, /PL(S™ * L, S™ * L‘""“")—';TOP;/PL(S’” * L, S™« L("™9)
5TOPL /PL(S™ # L¢~5*D, g™ & [(=9)
where r and i are induced by restriction and inclusion respectively.

Assuming 8.3, the proof of 8.2 proceeds by setting X = TOP,. /PL(S™ * L, S™)
and X, = TOP}, /PL(S™ * L, S™ + L”™9). Then X, = X fors > n + 1 and X, is a
point. The spectral sequence of 8.2 is just the spectral sequence of the homotopy
exact couple of the tower of X; —» X, > - - - - X,_, = X of fibrations where we
have truncated the homotopy exact sequences at the fundamental group level by

— m,(TOP}, /PL(S™ * L, $™ » L""~**Y))
— 7,(TOP;, /PL(S™ * L, S™ + L("=9)) > Im r, - 1.
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LEMMA 8.4. In the following diagram of semi-simplicial groups and homomorphisms

ho hy
H - H —-> H”
4 0 i
8o 4]

G - G > G

suppose that the top row is a fibration onto, the bottom row is a fibration (onto), and
the vertical maps are monomorphisms. Then

S S
G’/H’—O)G/H—I)G”/H”
is a fibration (onto) where f; is the map induced by g; and h; (j = 0, 1).

PRrROOF. This lemma is well known.
ProoF OF 8.1. The first part of 8.1 follows directly from 8.4 upon observing that

the diagram

PL(cS™ '+ L,eS™™") >  PL(eS™'sxL) 5 PL(cS™)
N\ \) .
TOP}(cS™ '+ L,cS™ ") — TOPL(cS™ '+L) 5> PL(cS™ )

satisfies the hypotheses of 8.4 where r is the restriction map.

To prove the second part of 8.1, let ECAT(cS™ '+ L,cS™"") denote the
semi-simplicial complex of germs at the cone point of CAT embeddings of
¢S™ ! « L into itself that are the identity on ¢S™~". The restriction map r yields a
fibration

CAT(«:S"“l «+ L, éS" '« LUy cS"‘")—»CAT(cS'”" «L, cS’"")
S ECAT(cS™ '+ L, cS™Y)
where cX denotes a closed cone on X. The Alexander trick shows that
CAT(cS™ ', eS™ ' » L U ¢S™ 1) is contractible. If we now apply 8.4 to the

diagram obtained from the above fibration by setting CAT equal to PL and TOP;,,
we obtain a homotopy equivalence

r: TOP;; /PL(cS™ " * L, cS™~') - ETOP}, /EPL(cS™" x L, cS™"").

Similarly the restriction map #’ yields a fibration onto

CAT(D™ « L, S™"" '+« L U D™) - CAT(S™+ L, S™)
S ECAT(cS™ '+ L, cS™")

whose fiber is contractible by the Alexander trick. Hence ’ induces a homotopy
equivalence

r': TOP}, /PL(S™ x L, S™) — ETOP}, /EPL(cS™ " + L, cS™"").

The composite of » and an inverse for 7’ is the desired homotopy equivalence.
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PrROOF OF 8.3. Proposition 8.3 is an immediate consequence of 8.4 and the
observation that there is a fibration

CAT(S™ * L, S™ » L"‘“*")—">CAT(S’" * L, S™» L"™9)
_’)CAT(Sm * L(n—.H-l)’ S™ » L(n-s))
where r is the restriction map and i is the inclusion.

9. Another spectral sequence. In this section we construct a spectral sequence that
converges to E' of the spectral sequence 8.2. In particular, we prove the following
proposition.

PROPOSITION 9.1. Let L be a PL stratified polyhedron of dimension n. Then there
exists a spectral sequence { E’, d"} converging to
7,(TOP}, /PL(S™ » LO75*D, S™ « L)) for » > 1

such that E), = 0ifp < Oorp >morq > 0,andifq < 0and0 < p < m, then

wp+q_|(g’TOPp+_l/@PL(Sp—l « Lnms+D gp=1 L("“))) forp 4452,
Ejy=1{Im3, ey
" Jorp +.q <0,
where
3,: m(TOP; /PL(S? * L&"=*+D, §P 4 L("=9))
o mo(PTOPY, /P PL(SP~" + LO=5+D, 57~ 1 & L=9))

is defined after 9.2 below.

PROOF. Let X = TOP}, /PL(S™ » L"~**D, §™ « L") andfor0 < p < m + 1
set X, = TOP,_ | /PL(S?~" « L&"**D, §771 « L®~9) where forp = 0, SP Vs dis
just 4. Then X,,,, = X and X, = TOP* (L®~**D, L= /PL(L®~**Y, L"=9) is
a point by the definition of TOP*,. By 9.2 below there is a tower X, — X,
- -+ > X,,, = X of fibrations whose homotopy exact couple, truncated at the
point

- = o (TOP}_ /PL(SP~"! « L"~#* D), gp=1 4 [(n=)))
3
— m(TOP; /PL(S? » L"~**Y, §7 « L“~9)) 5 Im §, - 1,
yields the desired spectral sequence.
PROPOSITION 9.2. Let (X, A) be a polyhedral pair. Then there exists a fibration
PTOP,; /P PL(S? » X, S¥ » A)—'#TOP;‘/PL(S’ *X,S? + A)

2 TOP?, ,/PL(SP*! x X, SP* « A)

where 2 is induced by suspension and p is induced by restricting a pseudo-isotopy F'.
A X I X (8P %+ X)—> A X I X (8P + X) to A* X 1 X (§? = X).
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The function 9, above is just the connecting function in the homotopy exact
sequence of this fibration.

PrOOF. Proposition 9.2 is an immediate consequence of the following lemma and
8.4.

LemMA 9.3. Let (X, A) be a polyhedral pair. Then there is a fibration

PCAT(S? + X, 57  4) 5> CAT(S” + X, 57 + 4) 5 CAT(SP*! + X, $7*1 + 4)

where X is the suspension map and p is the restriction of a pseudo-isotopy to time
t=1

ProoF. The existence of this fibration is established by an argument similar to
one given in [19, §8]. Namely, consider the following homotopy commutative
diagram

PCAT(S? = X, S*P *A)i CAT(S? = X, S* *A)E) CAT(SP*' = X, SP*' x A)
lid le r
PCAT(S? * X, S” = A)—’-> CAT (cS? » X, cS? *A)—’> ECAT(cS? * X, ¢S? » A)

where CAT(S? + X, €S” » A) is the semi-simplicial complex of CAT homeomor-
phisms of the closed cone ¢S? * X onto itself that carry the base of the cone S? = X
into itself and that restrict to the identity on ¢S” * A; ¢ is the map obtained by
coning; r and r’ are restriction maps; and i is the map defined by i(F) = F u id
where F: A% X [0, 1] X (S *+ X) > A* X [0, 1] X (§” + X) is a k-simplex of
P CAT(S? * X, S * A), id is the identity map of A* X ¢{0 X (S” * X)} and we
have identified c{0 X (S? = X)} U [0, 1] X (S7 * X) with ¢S? » X via a (fixed)
CAT homeomorphism.

Let r”: CAT(CS? * X, éS? * A) — CAT(S” * X, S? + A) be the restriction map.
Then r” is a fibration onto whose fiber CAT(cS? + X,cS? » A U SP * X) is
contractible by the Alexander trick. Thus r” is a homotopy equivalence. Since
r"c =id, ¢ is also a homotopy equivalence. Similarly ' is a fibration with
contractible fiber CAT(cS? * X,cS? » A U S? » X). Hence r' is a homotopy
equivalence.

Since the bottom row of the diagram above is obviously a fibration, so is the
upper row and the proof of 9.3 is completed.

10. The determination of Ep',q. It is the object of this section and the next to
identify most of the E' term of the spectral sequence described in §9. In this
section, we prove the following proposition.

PROPOSITION 10.1. If ¢ > O, then E,|, = 0. More precisely,

Tysq1(PTOP_ | /PPL(SP~! & Ln=s¥D, §P=1 4 [(7=9)) = 0,

The following lemmas are the main tools used in proving 10.1.
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LeMMA 10.2. Let k < p and (X, A) be a pair of polyhedra. Then there are

homotopy equivalences
o: QX CAT(S?7 ' x X, §77' x A) - CAT((S”~'~* * X) x I*,9)
and
w: PPCAT(S?™' + X, SP7!' + 4) > PCAT((S?~'~* » X) x 1%, 9)

where 3= (SP"'"kx X)X Ik y (§77'""k« Ay X I* and S~'+ X = X. Further-
more, o and w homotopy commute with the maps induced by the inclusions of
categories i;: PL = TOP,"_,, i,: PL < TOP, iy: TOP,_, < TOP.

The proof of 10.2 uses arguments similar to those in [19, §8] and will be given
later in this section. This result is also known to Hatcher [10] and [11].

LemMa 10.3. Let (X, A) be a polyhedral pair. Then
7(PTOP)_,/PPL(SP ™' + X, S~ '+ A)) =0 for k > p.
PROOF. Assuming 10.2 we proceed as follows. Consider the exact sequence
- m(PPL(S?™" + X, $77" x 4)) > 7w, (PTOP;}_ (577" + X, S7~! » 4))
— m(PTOP;_ | /PPL(S”"" + X, 577! + 4)) >.

By 10.2 for k > p, there is a commutative diagram

T (PPL(S?™' » X, S ' » 4)) S (P TOP}_(SP~" + X, 77! » 4))

~ |9 ~ |9
T (¥ PPL(S?™" » X, SP~ '*A)) 5 m_(PPTOPS (SP~' + X, 7' + 4))
~J,w‘ ~1r“’.
me_ (PPL(X X I?, 3)) N 7e_ (9 TOPY_ (X X I?, 3))

where 9 is the natural homomorphism and w is the map of 10.2. Since
P TOP,_ (X X 17, d) is identical with PPL(X X I?, 3), the bottom map is an
1somorph1sm Hence so is the top map. In the next section we shall show that
T (PPL(SP™' + X, SP"' « A)) =0 for Kk < p — 1. It now follows that
m(PTOP;_,/PPL(S?~" » X, S?~" x 4)) = Ofor k > p.

ProOF OF 10.1. Proposition 10.1 is an obvious corollary of 10.3.

ProoF oF 10.2. It suffices to construct homotopy equivalences

0: @ CAT((SP 7'+ X) X I',9) » CAT((S?~ "'« X) x I'*',3,_))
and
w: QPCAT((S? 7'+ X) x I',9)) > PCAT((S7~'' « X) x I'*}, 941)
which homotopy commute with the inclusions §; (j =1,2,3) where 9, =
(SP~ '+« X)X I' U (S~ » A) x I'. Since the constructlon of w is similar to that of
o, we describe only the latter.

Let CATG((R?~' % X) X I',9,) be the semi-simplicial complex of germs at
O X I' of CAT homeomorphisms of (R”~' + X) X I' that restrict to the identity
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on 9, = (RP~'+ X)X I' U (RP~'+ A) X I' where O € R?~' is the origin. If we
identify (R?~', 0) with (§”~' — north pole, south pole) the operation r of taking
the germ gives a fibration

CAT((DP~'+ X) X I', 9) - CAT((S7' + X) x I', d)
— CATG((R*~' » X) x I',9)

where & = (SP7/" '« X)X I' U (DP™' « X) x I' U (DP~' « A) x I'. Since
CAT(D?~'*+ X) X I', &) is contractible by the Alexander trick, r is a homotopy
equivalence. Clearly r commutes with j; (j = 1, 2, 3).

Similarly, taking germs gives a fibration

CAT((S77'7' « X) x I'*',3) > CAT((D? '« X) x I', ¥)
— CATG((R?~' = X) x I',9)
whose total space is contractible. It follows that the map
A: @ CATG((RP™' * X) x I*%,3) > CAT((S*~'~' » X) x I'*',d)
from the loops on the base of the above fibration to the fiber is a homotopy

equivalence. Clearly A commutes with j; (j = 1, 2, 3).
The desired homotopy equivalence ¢ is just A($2r).

COROLLARY 10.4. Let k < p. Then there are homotopy equivalences
o: @ TOP} | /PL(S?~ '« X, §7' « 4) > TOP;_, /PL((S?~* » X) x I%,9)

P
and

w: ZXPTOP;_ | /PPL(S?™' » X, 577! + A)
— PTOP;_,/FPPL((S** * X) x I, 3)
where 3= (SP~% » X) x I* U (8?7 % x A) x I*.
Proor. This follows immediately from 10.2 and 8.4.

COROLLARY 10.5. Let k < p. If the functor QF is applied to the fibration of 9.3 or
9.2 respectively, we obtain the fibrations

PCAT((S?~* » X) x I*,3) - CAT((S7~* = X) x 1%, 9)
— CAT((S?P~**' * X) x 1%, 3)
and
PTOP; /PPL((S?™* + X) x I* 3) > TOP; /PL((S?* » X) x I*, 3)
— TOP}, ,/PL((S”™**' » X) x 1%, 3)

respectively, where p is the restriction map of 9.2 and 3= (S77% + X) X i*u
(SP7% x 4) X I*,

PROOF. This is obvious.
For any space X, let n: m(X) — mo(2“X) be the natural isomorphism.
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Let i: TOPS((S?7* + X) X I*,9) > PTOP,;_ ((S*~* + X) X 1*7',3) be the
map obtained by noting that since a k-simplex in the first complex is the identity
on AF x (§77% « X) X I*~! x 0, it is also in the second complex.

COROLLARY 10.6. There is a commutative diagram

m(PTORS ((SP%+X ) X 1%,3)) 5" m(FTOP}(S7+X, SP+4))
o, o,
m (TOP} (§7+X, SP+A)) 5" m(TOP; ((SP7*sX ) X I*, 3))
13, i,

T (P TOP (877" » X, 877" x 4)) 5" my(PTOP ((SP7* » X) x I*71, 3))

where 3, is the connecting homomorphism of the homotopy exact sequence of the
fibration 9.3.

11. The rest of E, . In this section, we identify most of the remaining Ep', o terms
of the spectral sequence of §9.

For any space X, we shall let Wh 7(X) = 3 Wh #,(X,) where the summation
runs over the path components of X and Wh G denotes the Whitehead group of
the group G. The groups f('ow,(X ) and K7 (X) for i < 0O are defined similarly
where the latter groups refer to the “lower” algebraic K-theoretic groups of [4,
Chapter XII].

THEOREM 11.1. Let L be a compact PL stratified polyhedron of dimension n. Let
t=n—s+1<n and suppose 5 < p+ m. Then for p + q > 2 in the spectral
sequence 9.1,

K om(L?P = LYYy ifg < =2,

q
Ep‘.q = K~O7TI(L(‘) —LU7Y) ifg= -1,
Wh 7 (L® — LY"D) ifg =0,

and forp + q = 1,

K, m(LY = LY ifg < =2,

q
Epl,q c Izo'”l(Lm —LUY) ifg= -1,
Wh 7 (LY — L¢™Y) ifg=0.

We shall show in §12 that when p + ¢ = 1 then Ep‘_q is actually a subgroup of
{x € K, \m(L® — L¢"V)|x = (-1)'*'x*} where “star” denotes the usual duality
involution.

We also remark that when L has no strata of dimensions < 4, then 11.1
completes the description of E,! forp + g > 2.
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ProOF. This follows directly from the exact sequence
- m(PPL(SP~" « LD, §P71 &« LUTD))
- m(PTOPS_(8§7=! +« L®, §P=1 & LU~D))
- m(PTOP;_,/PPL(SP~" » LO, §P7' « LU~ D)) -
and the following propositions.

PROPOSITION 11.2. Let L be a PL stratified polyhedron of dimension n, t < n and
suppose S < p + t. Then

Wk(@TOP;_‘(SP" « LO gP1 L(l—l)))

Kk—p+2"71(L(') - L('_l)) ifo<k<p-3,
Kgm(L® = LY™Y) ifk=p -2,
Wh a7, (LW — LU7Y) ifk=p— 1.

ProprosiTioN 11.3. Let (X, A) be a polyhedral pair. Then
T (PPL(SP '+ X, 87 '« A) =0fork <p— 1.

ProorF oOF 11.2. Since kK < p — 1, by 102 it suffices to determine
7o(P TOP}_((SP~'~% » LW) x I* 3)) where 3= (S7~'"% x LO) x J* y
(SP~ 17k« [ D) x I*. The techniques used to prove [3, Theorem 4], however,
may be easily adapted to show that this group is K, _,,,m(L® — LU™D) if
0<k<p-—3, Km(L?~ L") if k =p -2, and Wh a (LY — LY~ D) if k =
p— L

The proof of 11.3 is rather tedious. In order to indicate the idea of the proof, we
prove first the following special case.

LEMMA 11.4. Let X be a polyhedron. Then ny(? PL(S® + X, S%) =

PROOF. Let Fy: I X (S°+* X) > 1 X (S°+ X) be a O-simplex of
PPL(S® + X, S°). Then Fol0 X (S°+ X)u I X S®=id. Let N =1 X (c, * X)
where S° = {c_, ¢, }. Then N is a regular neighborhood of 0 X (c, * X) U I X
c, relative to 0 X X U 1 X c,. Hence, so is Fy(N). By uniqueness of relative
regular neighborhoods [6], there exists a PL isotopy of F,, through pseudo-isotopies
in PPL(S°* X, S% to a new pseudo-isotopy F, that satisfies F(N)= N
F(I xXX)=1XX,and Fj[1 X (c, * X)]=1X(c, * X).

Let G = F||I X X and notice that G is a O-simplex of P PL(X). Hence, G is
pseudo-isotopic to the identity; i.e. there exists a PL homeomorphism H: I X
[1/2, 1] X X > 1 X [1/2,1] X X such that H|I X 1/2 X X =+id, H|I X 1 X X
= G, and H|0 X [1/2, 1] X X = id. We now define a pseudo-isotopy F, of S° * X
by setting F,|I X (c_ * X) = F||I X (c_ *X), F|I X[1/2,1] X X = H, and
FylI X ¢,,,X = id where we have identified ¢, *+ X with c,/zX ull/2, 11 X X.
An Alexander isotopy shows that F, is isotopic to F, in PPL(S° « X, S°).
Similarly F, is isotopic to the identity in ¥ PL(S° * X, S°).

It now follows that F is isotopic to the identity in P PL(S° » X, §° from which
11.4 follows.
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The above proof is sharp enough to show the following addendum.

ADDENDUM TO 11.4. If A C X is a subpolyhedron, then my(PPL(S® + X, S° * A)
= 0.

In order to prove 11.3 in general, we need the following lemma.

LEMMA 11.5. Let X be a polyhedron. Let J = {(,, .. ., t,) € I*|t, = O for some
i}. Then

(i) There is a PL homeomorphism of (S°* X)X I* onto S°+ (X X I*) U
v, *[(cy * X)X J]U v_ *[(c_ * X) X J] where the notation is explained in the
proof. Furthermore, v, * [(c. * X) X JIN[S°* (X X I)] = v, * (X X J).

(ii) If A C X is a subpolyhedron, then (S° + A) X I* is carried onto S° * (4 X I*)
Uv, *[(cp *A) X JJU v_ *[(c_ * A) X J].

(ili) The subspace (S° * X) X J is mapped onto (c, * X) X J U (c_ +* X)X J C
vy *[(cp * X)X JJUv_*[(c_*» X)X J])

(iv) Let K = {(¢},..., ) € I"‘|t,- = 1 for some i}. Then (S® + X) X K is mapped
ontov, *[(c, * X)X (U NK)Uv_=*[(c_*X)X{ nNK)]U S%+ (X X K).

ProOOF. Let S° = {c,,c_}. Then (S°*+ X)X I* =(c,  * X) X I* U (c_ * X)
X I* and the intersection of these two pieces is X X I*. But also ¥ = w * J where
w=(l,...,1) € I* Thus

(ce s X)X I* = (ca v X)X (o) =0, #[(ce s X)X T U X X (wsJ)]

=v,*(c.* X)X J Uv, x(X XxI".
where v, is the point (.c:, w) € (c, * X) X (w * J). Hence,
(SO X)X I* =0, s (X XI*) U v, *[(cy xX)xJ]
Uo_*(X XI¥) Uv_ *[(c_+X) X J]
=S+« (X xDuUv,*[(cy*X)XJJUv_=*[(c_*X)xJ]
where S° is now {v_, v, }. A simple inspection of this construction completes the
proof of the lemma.

ProOF OF 11.3. By 10.2 it suffices to show that m(PPL((S”~'~* » X) X I*, 9))
=0.Let Fo: I X (SP7'" %%« X) x I* 51 X (SP~'~% » X) X I* be a O-simplex of
PPLI(SP'"%» X) x I¥,9). By 11.5, we can write (SP7! %« X)X I¥K =
SO+ [(SP72 k4« X)X I¥] U v, * B, U v_ » B_ where B, =
c, *(87727% « X) X J. Under this identification (S?~'~* + X) X I* corresponds
to SO+ [(SP72 "k *x X)X J'JU B, U B_ whereJ' = {(t),...,4) € I*|t, =1 for
some i}, and (SP7'"* x 4) X I* corresponds to SO [(§?727 %« 4) X I*]U
v,*C,Uv_*C_ where C,=c,*(SP"2 x4)xJ. Thus, FyI X
(B.uv.*xC,)=id

Now let N, = I X (v, * B,). Then N, is a regular neighborhood of 0 X
(ve *B)U I X (v, * C,) relative to 0 X v, *[(SP"2 ¥+ X)X J]JU 1 X
(v. * C.). By the uniqueness of relative regular neighborhoods, F, is isotopic in
PPL((S?~'"* * X) X I, 9) to a pseudo-isotopy F, such that F;(N.) = N,. Since
FolI X (B, Uv, *C,)=1id, we have F||I X (B, U v, * C,) =id; and also
F||0 X (v, * B,) =id.
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If we now regard 7 X (v, * B.) as the coneon 0 X (v, * B,) U I X B, with
vertex 1 X v,, we may isotope F||N . to the identity via an Alexander isotopy. By
the isotopy extension theorem, this extends to an isotopy in PPL((S? ' % = X) X
I*%, 9) from F, to a pseudo-isotopy F, such that F,|N, = id.

Consider now the map G, = F,|I X S%+[($?727% x X) x I*]. Then G, €
PPL(S®+ Y, S%+ D) where Y =(SP" 2"k« X)x I* and D= (87727« L) X
I* U (87727% x 4) x I*. But now 11.4 and its addendum show that G, is isotopic
to the identity in P PL(S® + Y, S° + D). We extend this isotopy via the identity to
an isotopy of F, to the identity in @ PL((S?~'~% « X) x I*, 9). It now follows that
F, is isotopic to the identity in P PL((S”~'~* » X) X I*, 3) and 11.3 is established.

12. The E? term. In this section we shall obtain a description of the E? term of
the spectral sequence 9.1 by determining the differential d'.

To simplify our notation in this section, we shall use K;G to denote, respectively,
WhG if i=1, K,Gif i=0, and K,G if i<O0. Let w: G>Z,={*1} be a
homomorphism and denote by x> x* the involution on K.G induced by the
anti-involution of ZG that sends 2 n,g to 2 w(g)nxg“'. These involutions are
natural on the category of pairs (G, w) and define a Z(Z,) module structure on
K(G). We let

H'(Z,; KG) = {x € KG|x = (—l)'x*}/ {y + (-1)y*y € IZ,G}

The main result of this section is the following proposition.

PROPOSITION 12.1. Let L be a PL stratified polyhedron of dimension n and suppose
4<t=n— s+ 1< n.Then, in the spectral sequence 9.1, for p + q > 2 we have

F = HP* 9425 K, ym (L — LU7D)) Jorp <m,
P {(x € Bpim (L9 = LOD)x = ((1P* %4} forp=m.

Furthermore, if p + q = 1, then

B H‘”(ZZ; I?q+,w,(L"’ - L""))) forp <m,
P {x € Rm(LO = L )x = (1) 'x*) forp=m.

PrROOF. By the arguments of the three previous sections, for p + ¢ > 2 we may
identify £, with 7,,,_(PTOP;_(S77" « L, 577"« LU7Y) and 4, with the
composite

'”P+q—l((g)TOP;—I(SP—l x L), $P~1 4 LU7D))

- 7p+q—|(TOP:_|(Sp_I « LW §P1 L(l—l)))
= Ty FTOR; (8772 4 L, 5772 4 LU-V))

coming from the fibration 9.3. The study of this composite is based on the
commutative diagram on the following page.
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In this diagram, 7 is the natural isomorphism, w, and o, are induced by the
maps of 10.2, and i, is the map of 10.6. Furthermore 7 is the isomorphism of 11.1
and [3, §8] and p = 7/, can be regarded as being obtained by the same device of
wrapping around 7 ~¢ that was used to construct 7. Finally 6 and a are the
inclusion and projection coming from the direct sum decomposition [4, Chapter
XII)

Wh(G X Z') = Wh G ® rK,G + X (1)K_,,,G @ Nil terms
s=2
for r = —q in which a single copy of the group K, |G appears.

It follows from the diagram that d' may be identified with pr,7~'. We recall that
for x € K, ,m(L® — L“~Y), 77 'x is obtained as follows: Construct the relative
h-cobordism W with base (L® — Int N) X T~7 X I?*97! x I and torsion 8(x)
where N is a regular neighborhood of L~V in L®. (See Figure 2 below. Notice
that (L® — Int N) X T~7 X I?*97! x [ is a manifold with boundary

B=(L®—IntN)X T™9 X I?P*9"' x [ y (L = Int N)
X T 9X P9I JUIN X T I X [P~V x |

and that the part of W over B is the product A-cobordism V. Thus oW =9, W U
(LO—IntN)X T4 X IP*9" ' x I U V.) Glue a copy of N X T-9 x [p+9~!
X I X I to W along the face 9N X T~7 X IP*971 x I x I to obtain an “invert-
ible” cobordism C (cf. [24]) with base L® X T~9 x I?*9~! x I. The arguments of
[23, Chapter IX] and [3, §8] may now be applied to C to obtain a pseudo-isotopy
representing 7~ '(x).

R MW
T S LAk s S prael
@ -1ty TSP I e0x1
NP L) x| 7
1
aNxT_qxIp'.q.lxIXO -~ 1
(L ) -IntN) XT-qXIW_lXO 0

FIGURE 2

Since r, is the restriction of a pseudo-isotopy to time ¢ = 1 which, in turn,
corresponds to the A-cobordism 0, W on the top of the above picture, it follows
easily that pr,77'(x) = ar, where 7, = 713, W, (L® — Int N) X T~9 x [°*e~!
X 0X1). But 7, = 8x)+ (-1)'*?7'8(x)*; hence d,(x) =pr,77'(x) = x +
(-1)y*P*971x* since a: Wh(G X Z %) — I?qHG satisfies a(x*) = (-1)(a(x))*
and ad = id. This completes the proof of the first part of 12.1.

The second part of 12.1 (when p + ¢ = 1) is established by a similar argument.
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It is sufficient to note that in this case, it is still possible to define a function

p: m(TOP;_ (877" « L®, 877 5 LU7Y)) K, \m (LD — L¢-Y)

(p + g = 1) such that pr,7~'(x) = x + (-1)'x*. Now consider the diagram

7(TOP; (57 + L)) - m,(TOP;} /PL(S” » L))
\ 13,
7o(P TOP;_ (57~ » L)) 3 no(9 TOP;_,/PPL(S?~" » L))
TN =7
o Kporm (L9 = L¢7Y) w
no(TOP}_ (577" + L)) - wo(TOP;_, /PL(S?~" » L))
PN P

Iqu”l(L(') - L('_l))

where we have denoted the pair (S"*L®, S"+L¢" V) by S"+L (r=p,p— 1) to
simplify notation. It is easy to see that p induces a function p making the bottom
triangle commute. Since the middle triangle also commutes, we now see that
PF.T X = x + (-1)x*.
: 1 _ —1 =5 _ 1
Since E,, = Im d, forp + g = 1,pr,(y) =0foranyy € E, ,. Hence
E,c{xe K, m (LY = L Y)|x = (—l)'“x"‘}

as we asserted in §11. Since the argument for the first case identifies the boundaries
in E}, as {y + (-1)*y*|y € K, \m(L® — LY"V)}, the proof of 12.1 is now
complete.

We remark that the function p described in the case p + ¢ = 1 above is not in
general a homomorphism. The problem is that a homeomorphism f: SP7! « L® -
SP~1« LY induces a homotopy equivalence g: L® — L¢~D 5 L® — 1¢~Y which
may not induce the identity on fundamental groups. The most we can expect then
is that p be a crossed homomorphism. On the image of r, this problem does not
arise and p|Im r, is a homomorphism.

13. The second differential. In this section we obtain a description of the
differential d,fq in the spectral sequence 9.1. In order to do this, we recall that the
direct sum decomposition

Wh(G X Z9) = WhG ® ak,G & S (Z)K_,,HG @ Nil terms

b=2
leads to a direct sum decomposition

H(Z,; Wh(G X Z%)) = H(Z,; Wh G) ® aH *\(Z,; K,G)

a
a c
® bzz ( b)H +b(zz; K_41G).
In particular, there is a well-defined projection
a: H(Z,; Wh(G X Z%)) - H***(Z,; K_,,,G).

There is a similar direct sum decomposition of H(Z,; IZO(G X Z%)) which leads to
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an inclusion
8: H=%(Zy; K_,G) - H(Z,; K(G x Z°)).

Finally, we recall the Rothenberg exact sequences

B
- Lc"_,(G X Z°, w)—»H“'(Zz; Wh(G X Z9)) > L} (G X Z% w) —
and

— L2(G X Z°% w) > H(Zy; Ky(G X Z%) S LY (G X 2% w) —.

PrOPOSITION 13.1. Let L be a PL stratified polyhedron of dimension n and suppose
5<t=n—s+1<n Thenforp+ q > 2, the differential d’: E}, > E?, ., of
the spectral sequence 9.1 is given by

2 = {aﬁv& ifp=m,
P4 aByd if0<p<m,

where e: E} — H™*9*(Z,; K, \m(L® — L~ ) is the natural surjection. In all
other cases dpz’q = 0.

We remark that although H*(Z,; C) is periodic of period 2 for any coefficient
module C, the periodicity of the Wall groups makes the maps 8 and y in the
Rothenberg sequence periodic of period 4. The appropriate value of ¢ to use in
computing 47, then, isp + ¢ + 1.

PROOF. Let £ € E},. We first give a geometric interpretation of d2 (£). Namely,
let x € K, m(L® — L") represent £ and construct the relative PL h-cobor-
dism W with base (L® — IntN) X T~9 X I?*97' x I and torsion &(x) €
Wh(m,(L® — LY~P) x Z ~9) as in Figure 2 of §12. The proof of 12.1 now shows
that 9, W is a trivial h-cobordism. Hence there exists a PL homeomorphism :
(L@ —Int N) X T~9 X I?P*971 X I 9, W such that h identifies the subset S of
the domain with § X 1 C 8 W in the obvious way for

S=(LY—IntN) X T4 X (I?*9"' x 0y IP*9"' x I)

UIN X T™9 x IP*97 1 x [
and such that A maps (L” — Int N) X T~9 X I?*9~! x 1 PL homeomorphically
onto the back face of 3, W, (L® — Int N) X T~9 x I?*97! x | X 1. We extend
h|((L® — Int N) X T~9 X I?*97! X 1 to a PL homeomorphism g: L® X T~9 x
Pl S 1O X T79 x [P*9 ' by settingg =idon N X T~9 x IP+9~!,

Since g induces the identity map on fundamental groups, g may be covered by a
homeomorphism g: L® X R~9 x [P*97! 5 1® x R~9 x I?*9~! which is
bounded in the R ~7 direction (i.e. there exists a positive number M such that
| P2&(x,y,2) — || <M for all (x,y,z) € L® x R~7 X I?*7~! where p, is pro-
jection on the R ~7 factor). If L® X R ™7 X I?*97 ! is identified with § 9~ » (L®
X [P*971) — §79-! with a little care, then setting g|S ~?~! = id extends g to a
homeomorphism

ST w (LW X [Py 5 § 797 a (L0 x [PreY),
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LEMMA 13.2. Let X be a polyhedron and suppose O < r < s. Then there is an
inclusion
S’ * [(Ss—r-l * X) X Il] C Sr—l * [(Ss_’#X) X ]l]
whose complement is the union of two cones.

PROOF. By 11.5 there is an inclusion SO * [(S*""!+ X) X I'] C(8°7" * X) X
I' with complement the union of two cones. Join this inclusion with §"~".

It follows from 13.2 that there are inclusions
ST (LW X [PHa ) c §7972 [(50, L(')) X 1p+q—l] cC:--

CS 9" [(sr—Z * L(l)) X ]p+q-l] cC---

c (S -q-1, L(’)) X JP*ta-1

whose successive complements are cones. A tedious but straightforward argument
shows that g may be extended at each stage by coning to produce a homeomor-
phism G: (S 97 '+ L)y x [P*97' 5 (879714 LO) x [P*97) In fact G is the
identity outside S9! (L® X IP*9"") and on (S~ 'x L®) x [P+l
(87971« L¢D)y x 1P*97! Since g is PL, G is PL off § 97! x I?*9-! and we
may regard G as a O-simplex of TOP,;_,((S ™7~ « L®) X [P*971, 3), and, hence,
as a O-simplex of P TOP,_,((S 797"« L) x IP*972, ). Clearly 7(G) represents
42,6

It is easy to describe 7(G) in terms of g. In particular, let g’ be the lift of g to the
infinite cyclic cover (L — Int N) X R' x T~971 x [P*9~1 of (L® — Int N) X
T~ x IP*97! corresponding to the first factor of S' in T 77 For a sufficiently
large integer M the closure of the region between (L® — Int N) X 0 X T~97! x
I7*97Vand g(L” — Int N) X M X T~97! x IP*971) is a relative h-cobordism
V such that the component of 7(V,(L®” —Int N) X 0 X T~ ! x IP*97Y) in
I?q oM (LY = LY"Yy is 7(G). In fact, we may assume that the torsion of this
h-cobordism actually equals 7(G); i.e. that its components in all other summands
of Wh(mr (L®” — LYy X Z 97" vanish.

Now let F: W (LY —IntN)X T~9 X I?*97' x I X I be a homotopy
equivalence such that F|S = id where

S=(LY—IntN) X T~9x {IP*97 ' x (I xI y I x0)uP**" ' x I x I}

UON X T4 X IP* 1 x I X I

By an obvious modification of the argument in [28, Lemma 4}, we may find an
embedding of V in 3, W such that ¥ meets the front and back faces of 3, W in
(L® — Int N) X T~97" x IP*97! where T~9~! c T 7 s the subtorus consisting
of the last —q — 1 copies of S'. Furthermore, we may assume that F(V) = (L® —
Int N) X T971 x I7*97! X I X 1 and that F is split along V (cf. [8]). If we now
make F transverse to (L — Int N) X T~97! x I?*97! x [ X I, relative to the
boundary, and let U be the inverse image of this set, we obtain a normal cobordism
U from (L® — Int N) X T=97' x IP*971 % I X 0 to V. It is immediate from the
definitions in [22] that the class that U represents in L, (m(L® — L") x
Z797y s just y8(8). Since T(V,(L® —Int N) X 0 X T-97! x [P+l =
B(¥8(£)), we now see that d,,%q(g) = afy8(f) as claimed. This completes the proof of
13.1.
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