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ABSTRACT. Let @ be an automorphism of finite order of a free group X. We
characterise the action of § on X by showing that X has a free basis which is the
disjoint union of finite subsets S;, where if S; = {ug, u,, ..., 4} then 4,8 = u; .,
(0 < 1 < k)and 4,8 = A;uiB; for some A, B;in X and e = +1. As an application
of this result, we obtain a list of the conjugacy classes of periodic automorphisms of
the free group of rank three.

1. Introduction. In [2], by using the structure theorem for finite extensions of free
groups obtained by Karrass, Pietrowski and Solitar {5], Cohen [1] and Scott [7],
Dyer and Scott were able to give an explicit description of the way in which an
automorphism of prime order p can act on a free group X. The aim of the present
work is to extend this result to give a description of the way in which an
automorphism @ of finite order n can act on a free group X. Specifically, we shall
show that X has a free basis which is the disjoint union of finite subsets S;, where if
SJ = {ug uy, . .., u} then

ul=u,, (0<i<k)
and
0 = A;ugB,
for some A4;,BiinXande= *1.

Dyer and Scott also showed in [2] that the fixed point subgroup X™ of any finite
group 7 of automorphisms of X is a free factor of X. We show, in the case
7 = (@), that X > has a free basis consisting of the union of all S; above such that
ISl =1, 4;= B, =1 and ¢ = 1. We also show, as in the case n = p, that X =
X< « H, where (H)§ = H

As an application of our main result, we obtain a list of the conjugacy classes of
periodic automorphisms of a free group F of rank three. Such a list, in the case
where the rank of F is two, has been obtained by Meskin [6], using different
techniques.

. Statement of the result. In order to facilitate the statement of the main
theorem, we now introduce the notion of an n, n,-based tree. These trees occur as
maximal subtrees of certain graphs which arise naturally in the theory of finite
extensions of free groups. The reader might find it helpful to examine the second
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310 JAMES McCOOL

half of the proof of the theorem in order to understand the motivation for the
introduction of this concept.

Let I be a tree with a distinguished vertex a. By the level /(c) of a vertex ¢ of F,
we mean the number of edges in the unique reduced path of ¥ from a to c. Let n
be an integer with n > 2, and suppose that:

(1) For each vertex b of J, there are assigned positive integers y,, 7, with y, > 1,
YT, = nand7, = 1.

(2) For each pair of vertices c, d joined by an edge of ¥, with I(c) = I(d) — 1,
there are assigned positive integers a, 4, 8, with 1 < a, 4 1 < B, a_4lv., B, and
Y.Bs = @47, We note that a_, and 8, depend only on 4.

(3) For each unordered pair {e, f} of vertices with e # f, a specific order e, f is
chosen, satisfying /(e) < /(f), and to each such ordered pair (e, f), and to each pair
(e, €), there is assigned a family (possibly empty) of pairs of positive integers 9, ;;,
P.s» indexed by a set I, with 8, ,.|v., P.silYp YePesi = ¥/0ey;» and, in addition,
1 <p.yi 1 <8, if e #f. Also, for each i € I, there is assigned an integer 7, ;
satisfying 0 < n,,; < (7, 7)), where (7, 7/) is the greatest common divisor of 7, and
Ts.
jThen 9, together with the above assignments, is said to be a based n, n,-tree
(with base a) if the least common multiple of the set of all 8,7, 8, ;,7, is the integer
n,. We note that n, is a divisor of n.

Our main result is

THEOREM. Let & be a based n, n,-tree with base a, as above. Let X be a free group
with free generating set S, where S is the disjoint union of subsets S(d) (d ranging
over the vertices of & other than a) and subsets S(e, f, i) (e, f, i as in (3) above), with

S(d) = {Dg, Dy, . . ., D(g,~1yr,~1}
and
S(e, i) ={T.pi0 Togirs -+ - » Te.f,i,p,‘,','r!—l}’

We shall use the convention that if d is a vertex of § and k,j are integers with
J > Oand k > 0, then (k) shall denote the product D;D; ., - * - D, _y,..

Let 0 be the endomorphism of X defined inductively as follows: firstly,

D =Dy fO<k<(B,—Dr;—1,

Topis = Topiper fO<k<pgm—1;
next, for each vertex d of I with d # a, let ¢ be the vertex with I(c) = I(d) — 1
which is joined to d by an edge of ¥ ; we define

D(BJ“)"‘J“lo = (’D(;-l(ﬁd - l)eo(ac,d); (2.1)
here we have assumed, inductively, that C; = Cy9' has been defined for all nonnega-

tive integers i, with the convention that, in case c = a, we put A, = 1 for all i. This
clearly defines D, = D8’ for all nonnegative i. Finally, we define

T i, ‘,‘,‘l’,—lo =% l(pe,f,i) T, si0%y, ,_,(se i)- (22)

Then 0 is an automorphism of X of order n,.
Conversely, if 0 is an automorphism of order n of a free group X, then there is a
based n, n-tree § so that X, 0 are defined in terms of § as above.
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3. Proof of the Theorem. Let I be a based n, n,-tree, and let X, 8 be defined in
terms of J as above. It is easy to see that (S)8 is a free generating set of X, so that
@ is an automorphism of X. We now show that @ has order n,.

We note firstly that if ¢, d are the vertices of an edge of 9, with I(c) = I(d) — 1,
then from y.7, = v,7, = n and v.B; = a_,Y, it follows that y.7.a, , = v.B8,7,; S0
that a7, = B,7,. Similarly we see that §, ;;7, = p, ;;7,, for all appropriate e, f, i.

Next we note that (2.1) may be written as

Do( Ba) = Co(0)- 3.
Now suppose that d is a vertex with /(d) = 1. Then (3.1) becomes 9D,(S8,) = 1.
We remark here that if c is a vertex such that Cy(k) = 1 for some k > 0, and k, is
the least positive integer such that Cy(k,) = 1, then it is easy to see that k is a
multiple of k,. Now from Do(B,) = Dg(B,) =1, it follows that D, = D, g
Defining the order m; of § on D, to be the order of # on the subgroup
{(Dy, Dy, ... » of X generated by all the D,, we see that m,|7,8,. Now from the
definition of § we have m; > (B, — 1)7,. Since B, > 2, it follows that m, = B,7,.
We note that in this case m; may be described as A;7,, where A, is the least positive
integer such that Dy(A,) = 1.
Now let a,b,...,¢c,d be a reduced path in 9 beginning at a. Then the
subgroup G of X generated by S(b) U - - - US(c) U S(d) is clearly invariant
under . We show

The order of # on G is the least common multiple of the set

{Bymps - - -5 Buta}- (G2
The order m, of 8 on %, is of the form A7, where B,A,, A |V,

and A, is the least positive integer such that Dy(A,)) = 1. 3.3)
The order of @ on G is equal to m,. 34

We shall prove these results by induction on the number g of vertices in the path
under consideration. Since the results are known if ¢ = 2, we suppose that g > 2.

Let H be the subgroup of G generated by S(b) U - - - U S(¢). Since both H and
G are 6 invariant, § induces a homomorphism 6, on G modulo the normal closure
of H. Applying the argument of the case /(d) = 1 above to 8, shows that m, is a
multiple of 7,8,.

Let u be the least common multiple of the pair a, 4, A,. We write p = ua, , = vA,,
and note that p|y.. We have, using the induction hypothesis,

I=CAIC,A) - - - Ciominr )
= Co(ua,,z)
= GO(ac,d)Goe'dfc(ac,d) T @(u—l)a“r,(ac,d)'
Using (3.1) and the fact that a, ;7. = B,7,, this becomes
1 = Dy( Bd)ébpm( B - 6D(u—|)p,r,( B,) = Do(uB,), (3.5)

and it follows that m,|upB,,.
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Now using Dy(B,) = Cp(a.,) and D, (B,) = C, (. ,) e see that
D Bata = @0_ l(ac,d) D Oe'r,(ac,d)' (3 ‘6)

Applying §*~ VA 1o (3.6), and using induction on h, we see that for any positive
integer & we have

Dllﬂ“rd = e()_l(hac,d)Doevl(hac.d)’ (3.7).
Now let m, = hf;r,. Since the subgroup of X generated by S(d) and
{Cy C,, . .. ) is the free product of these two subgroups, it follows from (3.7) that
Co(ha, 4) = 1, so that, by the induction hypothesis, m, = A 7, divides ha, ,7,.. Hence
A.|ha, ;. However, since u = ua,, is the least common multiple of A, and a,, it
follows that u|h. Now m,|uB,,, so that u = h, m; = uB,r,, and (3.3) follows easily,
using (3.5).
To prove (3.2) and (3.4) we note that, by the induction hypothesis, m, =
lem{ B,7p, ..., B.7.} = A.7.. Now

lem{ By, . . ., By7s} = lem{L 7, By7,} = lem{A 7, & 47}
=1, lem{A, a 4} = T ua,,
= uByry = my,
as required.

We now investigate the order m = m, ;; of  on the generator T, ;. For ease of

notation, we shall omit the subscripts e, f, i from T, ;, 8, ., p. ;> and 0, ;;. We have

S(e,f,i) = {Tp, Ty, - . ., Tp, 1}, and, writing T; for Te#’ for all nonnegative j,
(2.2) becomes
T, = Fo '(p) To5, (). (3.8)
From this, it is easily shown that for any k > 1 we have
Ty, = Fo '(kp) Tob, (K8). (3.9

Now factoring out the subgroup of X generated by the union of the sets S(d)
shows immediately that m is a multiple of p7,. It then follows from (3.9) that
m = kpr,, where k is the least positive integer such that %o(kp) = 1 and &,(k8) =
1. Thus k is the least positive integer such that A|kp and A, |3, i.e. such that m]|kpr,
and m,|ké7,. Hence m = lem{m,, my, pr}.

It now follows immediately that the order of # on X is the least common multiple
of the set of all 8,7, and §,,,7,, i.e. |#| = n,. This proves the first part of the
Theorem.

Now we suppose that 8 is an automorphism of order n of a free group X. We
show that there is a based n, n,-tree I so that X, 8 are described in terms of J as
in the statement of the Theorem. The approach used is similar to that of [2], and as
in [2], we shall use the terminology of [1] and [8].

We denote by Y the split extension of X by Z,, a cycle of order n, formed using
the action of 4 on X, and by = the natural projection from Y to Z, with kernel X.
The fundamental theorem of Karrass et al. ([5), [1], [7]) tells us that Y is an HNN
extension whose base is a tree product of finite groups, and whose associated
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subgroups lie in vertex groups of the base. In the language of [8], this states that Y
is the fundamental group of a connected graph of groups %, which is such that
every vertex group Y, of ¥ is finite.

Since X is torsion-free, = provides an injection of each finite subgroup of Y into
Z,. Thus each finite subgroup of Y is cyclic, and of order a divisor of n.

From the construction of Y, there exists 4 € Y such that (4) has order n, and
AxA~' = (x)0, for all x € X. By conjugating %Y (see [1]) if necessary, we may
assume that 4 is in a vertex group Y, of . It then follows that Y, = (4.

We now observe that by applying suitable contractions (see [1]) to %Y, we may
assume, without loss of generality, that for each edge v of %Y which is not a loop,
the associated subgroup of v is (embedded as) a proper subgroup of each of the
two corresponding vertex groups.

Now let § be a maximal subtree of (the graph of) %, regarded as being based at
a. For each pair of vertices e, f with e # f we choose an order e, f as in part (3) of
the definition of a based n-tree. For such an ordered pair e, f the (directed) edges of
%Y, not in 9, joining f to e will be called free edges of %Y, and are regarded as being
indexed by a set I, ;. Also, for each vertex e and each (undirected) edge beginning
and ending at e, we select one of the two corresponding directed edges. The edges
so selected are also called free edges of %, and those at vertex e are regarded as
being indexed by the set I,,. It now follows (see [8]) that Y has presentation
P = (5; R), where S consists of one generator D for each vertex d of Y (D
corresponds to a generator of the vertex subgroup Y, of Y) and one generator T, ;
for each i € 1,,, where (e, f) ranges over the selected pairs of edges (the T
generators correspond to the free part of the HNN extension Y). Here R consists
of three sets of relations; firstly the set ,, consisting of one relation D% = 1 for
each vertex generator, where v, is the order of the vertex subgroup Y,, so that

1<y,<n, Y47, Y, = n. (3.10)

Next, R, consists of one relation C*< = D* for each edge v of J, where c, d are
the vertices of v, and /(c) = I(d) — 1. This relation corresponds to the embedding
of the associated subgroup of v as a subgroup of Y, and Y, so that

1<a 1<By  v./(awY) = vi/(Bsva) (3.11)

In addition, we may assume that
o 4|7 (3.12)

since the subgroup {C%<) has a generator C* with k|y,, and it is sufficient to
identify C* with an appropriate power of D.
Finally, R, consists of one relation

Te.[,i Est./,lTe},’! = FPesi
for each ‘free generator’ T,,, of Y. These are the HNN relations of Y, and

correspondingly we have
1 <8, 1 <p,.y (3.13)
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with strict inequality if e # f, and
‘Ye/(Ye’se‘f,i) = Yf/(Yj’ pe,f,i)‘ (3°l4)
In addition, we may assume that

O, gl Ye- (3.15)
Now from the choice of 4, it follows that for each D generator there is a positive
integer 7, such that Dr = (A7)™, i.e. that DA~ ™ € X. Since An has order n, it
follows that y, = n/(n, 7,). Let r, s be integers such that rr, + sn = (n, 7). Then
(r, v;) = 1, so that (D> = (D" ). We note that D'r = (An)" = (An)™™, Clearly
we could have selected the generator D" originally, in place of D, when obtaining
the presentation ? . Thus we may assume that D was chosen so that

Y T4 = N (3.16)

The conditions (3.10) to (3.15) continue to hold with this choice of D.

We now show that 8, may be chosen so that 8,|y,. Applying 7 to the relations in
AR, we obtain, since (Y) is abelian, that

( Aﬂ)ftac‘d =( Aﬂ)faﬁd,
so that
T, 4 =1,8; (mod n). (3.17)
From (3.10) and (3.11) we have a., = v.(B,, ¥;)/vs and substitution in (3.17)
yields
7 Y(Bs» Ya)/Ya = 74B; (mod n). (3.18)
Now from (3.16) we have 7,y. = 7,v,, so that (3.18) may be written as

7 By Ya) =7,8;, (mod n),
and therefore

(Bsvs) =B; (modn/7,=1y,).
Since D has order y,, it follows that D = D(A+¥) Thus we may assume 8,|,.

Now by applying 7 to R,, we see that

7.8, 5i = 1.4, (mod n).
It is now easy to see, by an argument similar to that used in the case for @R,, that
peJliI‘Yf'

For each free generator T,,; we have (T, )7 = (Am)*#~, for some integer 7, ,;
satisfying 0 < n < n. Since T, ;; occurs in only one relation of &, we may, in view
of the form of that relation, replace T,,; by a new generator T,,,, where T,,, =
F'T,,,E* for some integers r, s, and the presentation obtained is just P again, if we
now denote T, ;; by T, ;;. We then have

(T,p)m = (Am)™* et s,
We choose r, s so that r1; + s7, + 7, is the remainder on division of ,,; by
(7., 7). Thus we may suppose that 0 <9, ,; < (7,, 7).

It follows from the above that J is a based n, n,-tree, where n, is the least
common multiple of the set of all 8,7,, 8, ;,7,.
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We now apply the Reidemeister-Schreier rewriting process (cf. [S]) to obtain a
presentation for X. We use the coset representative system 1, 4, ..., 4"~ ! for X in
Y. Writing D, for the word 4°‘DA~"*Y where 0 < i <n and (1, + i) is the
remainder of 7, + i on division by »n, and similarly writing T, ; for
A’T, ;;, A=Y+, where 0 < j < n, we find that X is generated by all the D, and
T, together with W = A4". Rewriting the relations of Y in terms of these
generators, we firstly obtain W = 1 from the relation 4” = 1. We shall therefore
delete all occurrences of W in what follows.

Rewriting A'D"4 ™' (d # a) we have, if i = kr + s, where 1 = 7,0 < s <7 and
Y = v, that

AiD’rdA—i = {Akf+:DA—1-(k+l)-.r}{A f(k+l)+.sDA—-r(k+2)—,} .
{Af(Y—I)+sDA —s}{AsDA—f—:} e {A‘I’(k—l)DA -rk—s}’
Thus we obtain from R, the following set of relations of X:
DD. ---D =1,

ss+, s+(va— D714
where 0 < s < 7,. In our previous notation, these relations may be written as
Dy(va) = 1 (3.19)
for0 <s <,

A similar argument shows that the relations @}, yield the following set of
relations for X, where 0 < j <n — 1:

Cla..a) = DY B), (3.20)

with the understanding that the subscripts in the written out forms of C(«,,) and
“D,( B,) are to be reduced modulo 7, and in case ¢ = a we put 4; = 1 for all ;.

Now we rewrite the word TE®T ~'F ~# corresponding to the relation ®,, where
we have omitted the subscripts e, f, i. We may assume that 87, < n, since otherwise
the relation is a consequence of %R,. We have

TEST " \F-° = (TA=")(A"EA~"" %) - - - (An+(s—l)f,EA —n—&r.)(A n+rr.T—lF—-p).
We note that n + 87, < n, since 87,|n, 87, < n and 7 < ,. Rewriting F*TA"*%- we
have, since 47, = Py,

FPTA "% = (FA™")(ATFA~ %) - - - (A®~DYFA~¢7)(A*"TA~"~"P7).
Thus the corresponding relation of X is
ToEyE,sr, - -+ Egyo-ns, = FoFy - - - Fo1pr T,

] (/4
which may be written, with the same understanding as in the case of },, in the
form T,6,(8) = Jo(p)T A similar argument shows that the relation of X
corresponding to the rewritten word A’TE®T ~'F ~#4~J , where 0 < j < n, is

J+n(8) = (P) J+erp (3.21)

and this is therefore the set of relations of X corresponding to the relations R,
where we have omitted the subscripts e, f, i.

Now let X, 0, be the free group and corresponding automorphism constructed
from the based n, n,-tree I as in the statement of the Theorem. We regard X, as
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being generated by the set S, of all Dy, D,...,D,_,and Ty, T, ..., T,_,. We
note that, since n,|n, the elements of S, continue to satisfy the relations given by
(3.1) and (3.8), when the subscripts in these are reduced modulo n. These relations
are clearly sufficient to express each element of S; as a word on the free generating
set S of X, and hence constitute a set of defining relations for X, on the generating
set S,. In addition, it follows from (3.3) that the set of relations Dy(y,) = 1, with
reduced subscripts, are satisfied by the D-generators of X,. Comparing with (3.19),
(3.20) and (3.21), we see that X and X, have the same presentation on the set S,
and that the actions of § and 4, are the same. It follows that n = n, and that X, 8
have the required form. This proves the Theorem.

4. Remarks on the Theorem. Let X, § be defined as in the statement of the
Theorem, and let U be the corresponding graph of groups. We have:

(1) If X is finitely generated then it follows immediately from the definition of X
that its rank r(X) is given by

r(X)=2(B;— D+ X Pe Ty (4.1)
d e.fi

(2) It is easy to see, from the conditions on the various parameters used, that the
description of the action of 8 on X reduces to that of [2] in the case n is a prime.

(3) We now find the fixed point subgroup X <> of . We note that if K is the
centralizer of 4 in Y, then X <%’ is the intersection of K and X.

Let T = T,,, be a ‘free generator’ of Y such that p,,; = 1. Then T € K, and if
K, is the group generated by 4 and all such T, we shall show that K = K.

To prove this, we use the normal form theorem for the elements of the
fundamental group of a graph of groups which was given in [3]). We begin with
some notation. Let r be a (directed) edge of %, with initial vertex e and terminal
vertex f. We denote by L(r) the subgroup of Y, associated with r, and by M(r) the
corresponding subgroup of Y. Of course, if 7 denotes the edge opposite to r, then
L(F) = M(r). We now choose, for each r, a coset representative system £(r) for
L(r)in Y,, so that Y, = £(r)L(r), and 1 € £(r). We now define an element ¢, of Y
for each edge r. If r € 9, then we put ¢, = 1; otherwise, we put t, = T,;! or
t, = T,,,, according as r or 7 is the ith free edge corresponding to the pair of
vertices e, f (as in the construction of 9 in the second part of the proof of the
Theorem).

The normal form theorem of [3] (see also [9]) states that every nonidentity

element y of Y has a unique expression

Y =LY, Vel 4.2)
where k > 0, r,, ry, . .., r, are the successive edges of a path in % beginning and
ending ata,y, € £(r;), 1 <j < k,hE€ Y,andr,_, #Fify, =12 < j <k).

We note that if the edge r has initial vertex a, then we may suppose that the
transversal £(r) contains A4, unless r is a loop at a with corresponding p = 1, since
if r is not such a loop then the subgroup L(r) is a proper subgroup of {4 ).

Let y € Y, with normal form (4.2), be an element of K. We show that y € K.
We may suppose that k > 1, since otherwise y = h € K. We note that vy, € K|,
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and that replacing y, by 1 in the right side of (4.2) again yields a normal form
expression. Thus we may suppose that y, = 1. Next, if ¢, is a loop at a with
corresponding p = 1, then ¢, € K, and the expression obtained from the right side
of (4.2) by deleting v,¢, is again a normal form expression. Thus we may suppose,
also, that r, is not such a loop. We show that, with these assumptions, we cannot
have k > 1. Suppose otherwise. Then, from the conditions satisfied by v, and r,, it
follows immediately that both A7, y, - - - 1, h and v, - - - 1, (hA) are normal form
expressions. Since these expressions are both equal to y, they must be identical.
This is clearly not the case, and hence k& = 0. This proves that K = K.

It follows that X <” is the subgroup of X generated by all T, with p,,; = 1.
Visibly, X<?> is a free factor of X, and X = X<?> « H, where H§ = H.

5. The periodic automorphisms of the free group of rank three. The Theorem can
be used to verify that each periodic automorphism of a free group of rank three is
conjugate to exactly one of the following: First, we have eight automorphisms of
order two

B,— Bg', Co— Cyl, Dy— Dy !, (5.1)
B,— By, Co— Col, To— T, (5.2)
By— By, Ty Ty, Jo—Jo, (5.3)
By — Bg!, Co— Cyl, Ty — By 'T,B,, (54)
By— By !, To— T, > Ty (5.5)
By,— By !, To— B; 'ToBy, Jo— Jo (5-6)
B,— B; ', T, — By 'ToB,, Jo— By B, 5.7
Thb->T\->Ty Jy—J, (5.8)
Next, we have three automorphisms of order three
B,— B, > B[ 'By!, Ty-T, (5.9)
By— B, — B 'By', T,— B;'TyB,, (5.10)
To>T,>T,> T, (5.11)
Next, we have three automorphisms of order four
By—> B, > B;', Co—Cyl, (5.12)
B,— B, > B;!, To— Ty, (5.13)
B,— B, > B,—> B;'B;'B; . (5.14)
Finally, we have four of order six.
By— B, —> B[ 'By', Cy—Cy, (5.15)
B,—> B, > B 'B;!, C,— Cy 'B,B,, (5.16)
By— B, —» B[ 'By'C,, Co— Cy ', (5.17)

By— B, > B, > B; . (5.18)
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We indicate briefly how the list is obtained. Let X be a free group of rank three,
# a periodic automorphism of X, %Y the corresponding graph of groups and J a
maximal tree in %Y. Since each B8, > 2, it follows from (4.1) that the rank of X is at
least 3,7, where ¢ ranges over the vertices of %Y other than a. Thus % has at most
four vertices. It is now a simple matter to list all possible graphs % and compute
the corresponding automorphisms. To illustrate this, suppose that % has three
vertices a, b, c. From (4.1) we see that there are two possibilities for the pair 7, 7.,
namely 7, = 7, = 1 and 7, = 2, 1, = 1. We consider only the first case (the second
gives rise to the automorphism (5.12)). For the case 7, = 7. = 1 we may have,
again from (4.1), either B, = B, =2 and ¥ has one free edge with p = 1 (and the
free edge must therefore be a loop, with n value zero since all 7 values are one) or
B, = 3, B. = 2 and %Y has no free edges. We consider only the latter possibility (the
former gives rise to the automorphisms (5.2) and (5.4)).

Thus we have vertices a, b, ¢ with 7, = 7, = 1, B, = 3, B, = 2. Hence || = 6,
and all y values are 6. There are three possible labellings of the vertices of the tree
%, from which we obtain three (isomorphic) groups, namely <4, B, C; A% = B =
Cé=1, 4> = B3 4% = C?), and the groups obtained from this by, firstly, inter-
changing A and B, and, secondly, interchanging A and C. The a values can now be
read from this, and the automorphisms obtained are, respectively, (5.15), (5.16) and
(5.17).

On obtaining the list of possible 8’s, as given, some further arguments are
required to show that no two of the elements listed are conjugate. Details are
available from the author.
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