TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 261, Number 2, October 1980

DERIVATIONS ON ALGEBRAS OF
UNBOUNDED OPERATORS
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ATSUSHI INOUE AND SCHOICHI OTA

ABSTRACT. This paper is a study of derivations on unbounded operator algebras in
connection with those in operator algebras.

In particular we study spatiality of derivations in several situations. We give the
characterization of derivations on general s-algebras by using positive linear
functionals. We also show that a derivation with some range-property on a left
EW ¥ -algebra induced by an unbounded Hilbert algebra is strongly implemented
by an operator which belongs to an algebra of measurable operators.

1. Introduction. Derivations in operator algebras (C*-algebras and von Neumann
algebras) have been investigated by many authors and many useful results have
been obtained. In particular, it is well known [18] that every bounded derivation on
a von Neumann algebra is spatial; that is, it is implemented by an element of its
von Neumann algebra. The structure of unbounded derivations in operator alge-
bras is more complicated than that of bounded derivations. It is well known that a
generator of a strongly continuous one-parameter subgroup of s-automorphisms of
a C*-algebra is a *-derivation which is implemented by a symmetric operator by
giving some representation of its C*-algebra on a Hilbert space. It seems to be
important to investigate whether an unbounded closed derivation in a C*-algebra is
spatial by some faithful representation in a Hilbert space, or not [5].

Let 8§ be a *-derivation in a von Neumann algebra It acting on a Hilbert space
©. Suppose that 8§ is implemented by a selfadjoint operator H (possibly un-
bounded) in & with HD(H) c D(H), where 9 (H) denotes the domain of H.
Then we can easily construct a derivation on an unbounded operator algebra
generated by the domain ) (8) of § and H. Furthermore, if a derivation § on a
particular unbounded operator algebra (an EW #-algebra) @ is implemented by a
selfadjoint element H in &, then we can also construct a o-strongly closed
x-derivation in a von Neumann algebra.

In this point of view, we shall study in §4 the spatiality of derivations on
unbounded operator algebras.

In §3 we shall consider derivations on #*-algebras with identity and extend a
derivation on *-algebras with identity to one on unbounded operator algebras by
using the G-N-S representation induced by some positive linear functional, and we
characterize the spatiality of its extended derivation by a positive linear functional.
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2. Preliminaries. We start with some notations and definitions of unbounded
operator algebras. Let ) be a pre-Hilbert space with the Hilbert space £ which is
the completion of 6. By £(D) we denote the algebra of all linear operators on D.
By £% () we denote the set of all operators 4 € £(%D) for which there exists an
operator A ¥ € () such that

(A£[m) = (§4 ")

for every £, m € 9. It is easily seen that each operator in £%#() is closable in §
and £#(®) is an involutive algebra with the involution 4 — A4 ¥*. An involutive
subalgebra of £¥# (%) is called a #-algebra on ). We note that a #-algebra with
identity operator is said to be an 0,*-algebra on &) by G. Lassner.

Let @ be a #-algebra on . We denote by @, the bounded part of @, that is,

={4 € @; 4 € B($)), where 4 denotes the smallest closed extension of 4

and B (P) denotes the algebra of all bounded linear operators on . A #-algebra
@ on % with the identity operator I is called a symmetric #-algebra on 9 if
(I + A*A4)™ " exists and lies in @, for all 4 € @. If @ is a symmetric #-algebra on
) and @, is a C*-algebra (resp. W*-algebra), then @ is called an EC *-algebra on
) over @, (resp. an EW *-algebra on D over @,), where @, is the set of all 4 with
A in @,. For a more complete discussion of #-algebras the reader is referred to [1),
(8]-[11], [13].

Let B be an involutive algebra (+-algebra) with involution 4 — 4*. By a
*-derivation in % we mean a linear mapping 8 of the domain D (8), which is a
+-subalgebra of B, into % satisfying that for each 4, B € B

6(AB) = §(A)B + Ad(B), 8(A*) = 6(A)*.
In particular a *-derivation in a #-algebra @ with ) (§) = @ is called a #-deriva-
tion on @. If a #-derivation on a #-algebra @ is continuous with respect to the
topology 7 on @, § is said to be -continuous. We set & = {4 € &,; §(4) € &, }.

It is easily seen that &’0 s a *-subalgebra of a x-algebra éE Hence we define a
s-derivation in @, with the domain @, as follows

5(4) =3(A) (4 € Q).
For H = H¥ in @, we define a #-derivation 8 on @ as follows:
8(4) = i[H, 4] (= i(HA — AH))
for A € @. Such a derivation is called a spatial derivation implemented by H.

PROPOSITION 2.1. Let @ be an EW *-algebra on D and let 8" be a spatial
derivation on @. Then (8"), is a o-weakly closed *-derivation in the von Neumann
algebra @, with the o-weakly dense domain @,

PrOOF. We first show that @, is o-weakly dense in @,. Since @ is an EW *-alge-
bra, H is a selfadjoint operator with the spectral resolution H = /2. dEQ\). For
each 4 € @, we put 4, = EQ\,)AE(\,), where {A,} is an increasing sequence with
lim, A, = o and E(A,) converges o-strongly to the identity operator /. Then we
have 87(4,) = i[H, A A,] = i{ HEQ,)AE]\,) — EQ,)AE\,)H} € &,, which im-
plies 4, € &,. Since A,= E(\,)AE(\,) converges o-weakly to 4, @, is o-weakly
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dense in @b. Now we recall the (&)-o0-weak topology simply denoted by & . Let
9, be the Hilbert direct sum of the Hilbert spaces §, with ®, =9 (n=1,2,...).
We set

D (@) = {{s,,} €9, ED(n=12,...)and
§ |4, < o forall4 € 68]
n=1

and

Py an(4) = 21 (A4&,in,)

where 4 € &, {£,}, {n,} € D (®). It is easily seen that @ is a locally convex
»-algebra equipped with the locally convex topology t& , generated by the family
{Pieyiny () (&) (m.) € D (®)}). The derivation 8% is t& -continuous on @
and so (8), is s-weakly closed in @,. This completes the proof of Proposition 2.1.

EXAMPLE 2.2 (DIRECT SUMS OF #-DERIVATIONS). Let {@;} be a sequence of
#-algebras @, on %, with the identity operators I,. We denote by D the set =% ¢,
of all elements £ = (£), where £ € 9, and & = 0 except for finitely many indices i
and also denote by @ the Cartesian product [12., @, of the #-algebras &@,. Then @
is a #-algebra on 9 with identity I = (I,) by the usual operations. We note that
for A = (4,) € @, A™ = (4%). Then each #-derivation § on @ is represented by
the direct sum of #-derivations 8, on @, that is, §(4) = (8,(4,)) for 4 = (4,) € &.
In fact, for every 4; in &, we set

c= (a(A,.)f’, S(A)E . 8(A)* L 0, 8(4)E L 8(A)E . ) € @.

Then we have
8(4,C) = 8(4,)C + A4,8(C)
= (8(4),8(4)7, 8(4),8(4); - -, (A S(A)
A,;8(C);, 8(4,),,,8(A)F, 1 8(4),,,0(4)F 5 .. .).

Since 4,C = 0, we have 8(4,),8(4,)F = 0 for k #i and so &§(4,), = 0 for k #i.
This implies that each @, is invariant under 8, and hence we can define a linear
mapping §; on @ as the restriction of & to @,. It is easily proved that each §; is a
#-derivation on @ and 8(A), = §,(4,) for A = (A4;) € @. Suppose that in the
above situation, each @ is a von Neumann algebra on a Hilbert space ;
(©, = D,). Then @ =12, @ is an EW*-algebra on D =3P §, and every
# -derivation on @ is a spatial derivation on @. This follows from the well-known
fact [18] that every bounded *-derivation § on a von Neumann algebra It is
represented as 8(4) = i[H, A] for A € M, where H is a selfadjoint element in k.

3. Derivations on =-algebras. Let A be a =-algebra with identity e and let f be a
positive linear functional on A, that is, f(x*x) > 0 for every x € A. We consider
the G-N-S representation induced by f. The elements a in A with f(a*a) = 0 form a
left ideal 9N, in A. For a in A we denote by A(a) the coset of A/ N, (= A(A))
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which contains a and we define an inner product by (A(a)|A(b)) = f(b*a). Then
A(A) becomes a pre-Hilbert space with the completion §;. For each a € A, we
define a linear operator on A(A) by m(a)A\(b) = A(ab) (b € A). It is easily seen
that 74a) is closable in §; and for a, b € A we have n{aa + Bb) = anfa) +
Ba(b) and m{a)m{b) = w{ab) (a, B € C). Then n{A) is a #-algebra on A(A) with
wj(a)* = m{a*). Now let 7 be an involution-preserving homomorphism of a
+-algebra A into a #-algebra @ and let 8 be a *-derivation on A. In the rest of this
paper, we only consider everywhere defined derivations. If § preserves the kernel of
@, ie., 8(ker #) C ker w, we can define a #-derivation 6, induced by § on a
# -algebra w(A) by defining §,(w(a)) = m(8(a)) for a € A.

The following proposition is well known in the case of unbounded derivations in
C*-algebras [2, Theorem 4] and is proved in the same way.

ProPOSITION 3.1. Let A be a *-algebra with identity e and let § be a *-derivation
on A. Suppose that there exists a positive linear functional f with f(8(a)) = 0 for
a € A. Then there exists an element H = H* of £* (\(A)) such that

8,(mda)) = i[H,n(a)] fora €A

Using the above proposition, we can prove the following proposition in the same
way as in [2, Theorem 8].

PROPOSITION 3.2. If @ is a #-algebra on D containing all finite rank operators in
RP#(D) and 8 is a #-derivation on @, then there exists an element H = H* of
R¥# (D) such that

8(A) = i[H,A] forall4A € Q.

Chernoff proved in [7] that if X is a normed space and 8 is a derivation on the
algebra of all linear continuous operators, then § is spatial. In the case of
derivations on unbounded operator algebras, we have

COROLLARY 3.3. Each #-derivation on 2% (D) is a spatial derivation implemented
by H= H#* in £¥(D).

Let f be a positive linear functional on a *-algebra A with identity e. We set
D(p) = () Dmla)*)
acA

and 7*(a)§ = 1(a*)*é (a €A, € GD(wf*)). It follows from [15, Lemma 4.1] that
7} is a homomorphism of A into £(%(n})). We remark that 9D (7}*) D A(A) and
7#(a) coincides with 7{a) on A(A).

THEOREM 3.4. Let § be a *-derivation on a *-algebra A with identity e and let f be
a positive linear functional on A. The following conditions are equivalent.

(1) | f(8(ba))}? < yyf(a*a) for all a, b € A, where v, is a constant depending only
on b.

(2) There exists a linear operator H in E(A(A), D (m})) satisfying the following
conditions (a) ~ (c):
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(a) H is a symmetric operator on Q.

(b) (HA(e)|A(a)) = — (A(a*)|HA(e)) for all a € A.

«©) § (wf(a)))\,(b) = i[H, n}(a)A\(b) for all a, b € A, where E(\(A), D(7}))
denotes the set of all linear transformatzons of A(A) into GD(wf*)

PrROOF. (1) = (2). The idea of this proof is based on [4]. We define a linear
functional ¢ on A(A) by ¢(A(a)) = if(8(a)). From the condition (1) we have
lpA{@))| < v}/ 2||)\,(a)|| and so there exists a vector § in §;, by the Riesz representa-
tion theorem such that if(8(a)) = (A\(a)|¢) for all a € A. Furthermore we have

[(m(BN(@)[€)| = |if(8(ba))| < v,"*|AL @)
for all a, b € A, which implies that £ belongs to GD(wf*). Now we define a linear
operator H in §, by

H)\(a) = —iA(8(a)) — 37} (a)é.
We show that H has the desired properties. Since
(A(a*)§) = if(8(a*)) = —if(8(a)) = — (¢A(a))
foralla € A, we have
(HA{a)A(B)) — (A(@) HA(B)) = (~ iM(8(a))A(B)) — 3 (7 (a)EIA(B))

— (@) = A(8(8))) + 3(A(a)l7F(b)E)
— if(6*8(a)) — 3(EP(a*b)) — if(8(b)*a) +3(A(b*a)lt)

= —if(8(b*a)) + (A(b*a)lf) =
for all a, b € A. Hence H is a well-defined symmetric operator and belongs to
EALA), D (7})) by the definition. From the equality that HA(e) = — 3£, we find

the condition (b). Finally using the homomorphism of 7, fora, b € A we have

i[ H, wf*(a)]}\j(b) = i{wa(a)Xf(b) — 7} (a)HA(b)}
= i{ H\(ab) — wf*(a)H)y(b)}
= i{ — iA(8(ab)) — 37} (ab)§ — 7rf(a)(—t>\,(6(l>)) — 377 (b)8) }
= A(8(ab)) — —mf (ab)é A{(ad(b)) +1 2im}(ab)§
= M(8(a)b) = &, (m{a))A(b).
This implies (1) = (2).
(2)=(1). Fora, b € A, we have
|f(8(ba))| < |f(8(b)a)| + |/(bd(a))|
< f(8(6)8(6)*)'*f(a*a)'"* +|(A(8(a))A(5™))|
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and
|(AL8(a))A(b*)| = |i( HrF(a)\(e) — m}(a) HALe)A(b*))]
<|(HA(@)M(B*))| +|(HN(e)|m{a* (%))
=|(Ada@)| HA\(b%))| + |(A(ba)| HAj(e))| (condition (b))
< HA(6*)|[f(a*a)'"? +|(\(@)|m(b)* HA(e)))|
< (|HNB®)| +||7(BY* HALe)|)f(a* a) /2.

Therefore there exists a constant y, depending only on b such that | f(8§(ba))|* <
vuf(a*a) for each a, b € A. This completes the proof of Theorem 3.4.

4. Derivations on left EW *-algebras. In this section we consider derivations in a
particular #-algebra (a left EW *-algebra) which has an interesting structure in
# -algebras. We recall some of the definitions and results concerning unbounded
Hilbert algebras and left EW *-algebras and refer to [9], (10] for further details.

Let oA be a pre-Hilbert space with inner product (| - ) and be a *-algebra. Let
H(N) be the completion of A. Suppose U satisfies the following conditions:

(1) ¢Em) = (*|£),

(2) ¢nl$) = (mlE*$)
for every £ n and { € U. For each £ € %, we define #(§) and #'(§) by 7(§)n = &n
and 7'(&)n = n¢ for n € A. Then by the equalities (1) and (2) we see that both 7(§)
and 7'(£) are closable operators in H(¥) with domains U satisfying #(£)* D 7(£*)
and 7/(£)* D 7'(¢*). Furthermore if 9 satisfies the conditions (1), (2) and

(3) A2 is dense in H(N),
where %, denotes the set of all elements £ of U such that 7(£) is a bounded operator
on $(A), then A is called an unbounded Hilbert algebra over A, in H(A) and =
(resp. 7') is called the left (resp. right) regular representation of . If U is an
unbounded Hilbert algebra over %, in (), then we see that A, is a Hilbert
algebra and the completion $(U,) of U, is the Hilbert space H(A) (= $). The
involution * on U is extended to an involution on §, which is also denoted by =*.

Let 7, (resp. my) be the left (resp. right) regular representation of the Hilbert
algebra 9. For each x in §, we define linear operators 7,(x) and 7y(x) in § by

mo(x)E = mp(§)x and  my(x)¢ = m(§) x

for £ € %,. Then both 7y(x) and my(x) are closable operators in § with domains %,
such that

mo(x)* = To(x%) and my(x)* = mo(x7) .

Let QUy(Ay) (resp. Vo(U,)) be the left (resp. right) von Neumann algebra of the
Hilbert algebra %, and let ¢, be the natural trace on QUy(Np)*. We.set (%), = {x
€ §; mo(x) € B ($)). Then (U,), is a Hilbert algebra containing %,

We next define the L¥-spaces with respect to the natural trace ¢, and the Hilbert
algebra %, according to the noncommutative integration of Segal [21]. We denote
by L?(¢y) = L? (1 < p < + oo) the LP-space with respect to ¢, equipped with the
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LP-norm || - ||, and also by L* the left von Neumann algebra Uy(A,) with
operator-norm || - || ..
Now we put L3(¢g) = My peo LP and

Ly(%p) = {x € &; mo(x) € L5 () }-
Then LY(A,) becomes an unbounded Hilbert algebra with the multiplication
defined by £ -7 =77—0(£_)n ¢ m € LY(Yy) and involution =. Thus if A is an un-
bounded Hilbert algebra over %, in &, then A is an involutive subalgebra of
L3(Ay).

Let 75 be the left regular representation of L5(2,). Then L3y() is invariant
under 75’(A) and also under QUy(A;). Hence both #5(A) and the restriction
Uy(Ag)/ L5(Ag) of U(Ay) on L(A,) are #-algebras on LY(A,) under 75(§)* =
75 (€*) for £ € A and (T/Ly(Mp)* = T*/Ly(YU,) for T € Uy(A). We denote by
U(A) the #-algebra on Ly(A,) generated by 75(A) and Uy(Ay)/ L5(N,). We see
that QU(A) is an EW *-algebra over Uy(A,) on LL(A,), which is called a left
EW *-algebra of %. We remark that each element in (%) is represented by the
sum of an element in L™ and an element in L? with any fixedp 2 < p < + o).

Let 9N be the set of all measurable operators with respect to ¢,. It is well known
[8] that 9N is a *-algebra under the operations of strong product, strong sum and
strong scalar multiplication, and the adjoint operation.

We now introduce the strong commutator in 9 as follows:

[A,B] =A-B— B-A forall4,B € 9.

LeEMMA 4.1. Let U be an unbounded Hilbert algebra over %, in . Let @ be the left
EW *-algebra U (X) induced by U and let &, be the set of all unitary elements of @.
If 8 is a #-derivation on & with the range in w35(Ly(N,)), then for each p
(2 < p < o) there exists a selfadjoint operator H, in L such that 8(A)=i- [H,, A]
for all A in @,.

PrROOF. We shall show this lemma by the application of the Ryll-Nardzewski’s
fixed point theorem [14], [17]. We note that @ is contained in L” 2 < p < ). We
denote by K the set of all U*8(U) with U € @, and by 2 the o(L?, (L?)*)-closed
convex hull of ¥. It is easily seen that L? is a Banach @-module. We set
8,(4) =8(A) for A € @,. Then §, is a derivation of the C*-algebra @, into the
Banach @,-module L?. It hence follows from [16, Theorem 2] that 8, is continuous.
This implies that @ is a bounded subset of the Banach space L”. Since L? is
reflexive, it follows from the Alaoglu theorem that 2 is o(L?, (L?)*)-compact. We
now define an affine map on L? for each U € @, as follows:

Ay(S) = U*S- U + U*8(U)
for S € L”. Since UT- U* € (L?)* for all U € &, and T € (L?)*, for each

U € @, the affine map A, is o(L?, (L?)*)-continuous. Since for U, V € @, we
have

A (U*8(U)) = V*U*s(U) -V + V*§(V)

1
veu+{8(U)- vV + Us(V) } = (UV)*8(UV),
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the affine map A, leaves 2 invariant. Since AyA4,(T) = A, (T), {Ay; U € &,} is
a semigroup. We have

145(S) = AT, =|U*(S = T)- U], =||S = T,
for U € &, and S, T € L?. It follows from the Ryll-Nardzewski’s fixed point
theorem that there exists H, € 2 such that A,(H,) = H, for all U € &,. This
implies that 8(U)= U- H, — H,- U for all U € @,. Since @, is a von Neumann
algebra, each element of @, is a finite linear combination of elements of @,. Thus
we have 8(4) = [4, H,] forall 4 € @,.
Now we set

1

Then we have H, = H} € L*? and 8(4)=i- [H, Alforall 4 € @,.

REMARK 4.2. In the same assumption as in Lemma 4.1, if 2 < p < oo we have
8(A) = i(H,A£ — AH,$) for all 4 € @, and § € L§(y). In fact, we can easily
show that £ € 9D (H,) for each § € L3(%). This implies that

8(A)e = i-| H,, A4 & = i(H,A4¢ — AH,E)
for all 4 € @, and £ € L5(¥).
LEMMA 4.3. Let A be an unbounded Hilbert algebra over N in © and let @ be the

left EW *-algebra of W. Then, for each A in @ there exists a sequence {B,} in @,
which converges to A with respect to LP-norm for eachp 2 < p < o).

PrOOF. Take 4 in @ with A = T, + T, where T, is in L* and T, € L%(¢,). Let
T, = U|T,| be the polar decomposition and let |T,| = (A dE(M) be the spectral
resolution of | T,|. We put

B, =T, + Uf"}\dE()\), n=12...,
0

and, as easily seen, a sequence { B,} has the desired property.
Let @ be a #-algebra on 9 with the identity operator / and let § be the
completion of the pre-Hilbert space ). We define the following seminorms on @:

P, (A) =|(A&n)] (& nED);
P(A) =||AE| (€ D).
The locally convex topology on & generated by the family of the seminorms

{Peo(-); £ € DY (resp. {P(-); £ € D)) is called the weak (resp. strong) topol-
ogy and is denoted by ¢, (resp. ¢,).

THEOREM 4.4. Let A be an unbounded Hilbert algebra over U, in $ and let § be a
# -derivation on the left EW *-algebra @ induced by N. If 8 is t,-continuous and the
range of 8 is contained in 75 (Ly(N,)), then for each p (2 < p < o) there exists a
selfadjoint operator H, in L? such that

8(A)E = i-[Hp, Z]g
forall A € @ and § € L3 (Ny).
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ProoF. Take p (2 < p < o0). By Lemma 4.1, 8(B)= i- |H,, B] for all B € @,.
We show that 8(4)=i- [H,, A] for all 4 € @. For each 4 € GE there exists, by
Lemma 4.3, a sequence {B,} in &, such that lim |B,— A||, =0 for all ¢
(2 < t < o). Since § is ¢,-continuous, we have

lim [(3(B,) = 3(A)) - mo@0) |, < lim [|5(B,) — 8(A)E] | 7ol |}, = O
for every §, m € U,
On the other hand, we have
lim |H, - B, 7o(&) — H,-4- (&) |, < lim (1,1, (B, — 4) - 7n) I}

n-—oo n—oo

< lim {"HP"p”E - A_"ql” 7o(n) ”qz} =0

n—oo

n—sco |

where 1/p +1/p"=1,1/q, + 1/q, = 1/p’ and g, > 2, similarly
Jim |'B, - H, - mo(&n) — 4-H, - 7o(&n) |, = 0.

Therefore we have
8(B,) - mo(¢n) = i(H,- B, —

|
|
o8
p
3
2.
g

—i(H,-A — A-H,)- n,(&n)
as n — oo in L', which implies that
8(A) - mo(En) = i- (H,- A — A-H,)- 7o(&n) .
Since 7y(£n)* is a bounded operator on §, we have
To(En)*8(A)* = mo(En)* - 8(A4)* = (8(A) - mo(En) )*
mo(gm)* - (i-[ Hy 4 ])* = molem)*(i[ H,» 4])*,

for every £, n € Uy Thus we have §(4)* = (i[H, A)])*, which implies that §(4) = i
- [H,, A]. This completes the proof of the theorem.
Using Remark 4.2 we can prove the following corollary by the similar calcula-

tions in the proof of Theorem 4.4.

COROLLARY 4.5. If 8 is a t,-continuous #-derivation on the left EW *-algebra @
induced by W with the range of 8 in w5(L$(N,)), then for each p (2 <p < o) there
exists a selfadjoint operator H, in L” such that

8(A)E = i(H,Af — AH,E)
Jor all A € @ and § € L5(N,).
From Theorem 4.4 and Corollary 4.5 we have the following

COROLLARY 4.6. Let U be an unbounded Hilbert algebra over Uy in & with identity
and let & be a #-derivation on the left EW *-algebra @ induced by . If & is
t.-continuous (or t,-continuous), then for each p (1 <p < ) there exists a
selfadjoint operator H, in L7 such that §(A4)=i- |H,, Al for all A € Q.

We recall the A-topology defined by D. Arnal and J. P. Jurzak [1). Let @ be a
#-algebra on &) with the identity operator. For each T € @ we set
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up L4EL
”A"T ” Tg" 4 €@,
where A /0 = oo for A > 0. This defmes the normed space M, = {4 € &; A(A)
< o0} equipped with the norm || - || and the spaces {9M,; T € @} constitute a
direct set with U ;ce My = Srcqe My = &. The inductive limit topology for the
normed spaces {9M,; T € @} is called the A-topology and is denoted by ¢,.

LemMA 4.7. If @ is an EW #-algebra on D, then for each A in @ there exists a
sequence {C,} in &, which converges to A with respect to the A-topology. Thus @, is
dense in & with respect to the A-topology.

PrROOF. Take 4 in @. Let A = U|A| be the polar decomposition of A and let
|[A| = [CA dE(\) be the spectral resolution of |A|. Now we put C, = AE(n),
R, = [®(1/N)dE\), n = 1,2, . ... Thus we have C, € @, and 4 — C,= AR |A]|.
Furthermore, since R, commutes w1th |4], we have for each £ € Lg(%,)

l4¢ ~ el =| AR AN < | 14 BR8] = (A4l 41°8)

< (1 - EGNIATE A9 <+ 147

Hence we have |4 — C,|| ;=4 < 1/n. This implies that the sequence {C,} con-
verges to A with respect to the A-topology.

Let @ be a #-algebra on . We put & = N ¢ GD(A), At=AtforA €@
and £€ 9. Then, R ={4; 4 €@} is a #-algebra on 3p, _Which is called the
closure of @. Let 8 be a #-derivation on @. We put 8(4) = 8(A), A € @. Then §
is a #-derivation on Q.

THEOREM 4.8. Let U be an unbounded Hilbert algebra over U, in $ and let & be a
#-derivation on the left EW *-algebra induced by U with the range of & in
7o (LS(N,)). If 8 is continuous with respect to the topology t,, (ort,, 18, t@ 1, t"D
L, &2 t,), then for eachp (2 < p < o0) there exists a selfadjomt operator

os? “os> "u? qu’ p’

H, in L? such that
8(A)E = i(H, A% — AH %)

forall A € @ and & € L;’(%[o) (Remark: the reader is referred to [1), [11] (resp. [13],
[1]) for the topologies t,, t@ ta t(’D t;?,w, L, t"Z and t s (resp. t, and 1, t, and
H).)

PrROOF. We first note from Remark 4.2 that §(B)§ = i(H,B — BH ,€) for all
B € &, and ¢ € Ly(Y,). From Lemma 4.7, for each 4 € @ there exists a sequence
{C,} in @ such that {C,} converges to 4 with respect to the }\-topology t
Suppose 7 is one of the following topologies: ¢, 1, ta & qow? IGD s tﬁ, Loss s

L. 1, and 1. Since £, < 7 < ¢, [11, Theorem 2.1], 1t follows that {C } converges to
/T w1th respect to 7. From the continuity of § we have

lim, (3(C)8in) = (3()gin)
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for all £, n € L$(¥,). Furthermore, it is easily shown that
H¢e Ly (o)
for all ¢ € Ly(N,). This implies that
lim (i(H,C, — C,H,)¢n) = (i(H,4 — AH,)éln)

for all £, n € Ly(Y,). Hence we have 8(4)¢ = i(H,A§ — ing) forall4 € & and
£ € LY(N,). This completes the proof.

REMARK 4.9. Let % be an unbounded left Hilbert algebra over %, in § and let §
be a #-derivation on the left EW *-algebra @ induced by o with the range of § in
w5 (L3 (Uy)). If & is continuous with respect to the special topology (called L%-
topology [10]) on @, then the statement in Theorem 4.8 holds.
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