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ALGEBRAS OF AUTOMORPHIC FORMS
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PHILIP WAGREICH!

ABSTRACT. Those finitely-generated Fuchsian groups G for which the graded
algebra of automorphic forms A is generated by 2 or 3 elements are classified. In
these cases the structure of A4 is described.

Suppose G is a finitely-generated Fuchsian group of the first kind and A4; is the
(graded) ring of automorphic forms relative to G. The purpose of this paper is to
give a self-contained proof of the classification of those groups G for which the ring
A is generated (as an algebra over C) by < 3 elements. The first results in this
direction were announced by Dolgachev [D1] who studied the case where G is a
triangle group G, , , . Thatis, G is the subgroup of orientation-preserving maps of
the group generated by reflections in the sides of a hyperbolic triangle with angles
w/n,, m/n, and 7/n,. He showed that exactly 14 triangles have the property that
Ag is generalized by 3 elements. The remaining groups for which H,/G is
compact were studied independently by Dolgachev [D2] and myself. Milnor [M]
has studied rings of automorphic forms with fractional weight. This paper will
describe the classification for arbitrary G. The idea of the proof is elementary and
makes heavy use of the fact A; is a graded ring (Definition (1.1)) i.e., 45 =
& k>0 Ax> where A4, is the vector space of k-forms. Suppose 4 is generated as a
C-algebra by 3 elements x, x,, x,. Elementary arguments (1.5) show that the
generators can be chosen to be homogeneous. Let x; € 4,. We let §=
C[X,, X,, X,] and define a grading on S by letting degree X; = g;. Define ¢:
S — A; by @(X,) = x; and let I = kernel ¢. Then we have

PROPOSITION (2.7). I is a principal ideal.

Now the kernel of a homomorphism of graded algebras is a homogeneous ideal,
ie, = @D I where I, =1 N A,. One can easily show that I is generated by a

n=0"n

homogeneous element. Suppose that the element is f € S. Then
(192, t9Z,, 19Z,) = t'(Zy, Z,, Z,)
where d is an integer called the (weighted) degree of f. Such a polynomial is called

a weighted homogeneous polynomial, i.e., homogeneous with respect to the grading
of S defined above. We let R = S§/I. The dimension of R; can be computed easily
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368 PHILIP WAGREICH

in terms of gq, q;, ¢, and d. On the other hand, dim 4, can be computed using the
Riemann-Roch theorem.

By equating dim R, and dim 4; and observing some elementary properties of
rings of the form S/I we can eliminate all but a list of 42 types of groups. Direct
calculation then gives the structure of 4 for that list of groups.

This paper is organized as follows. The first section is devoted to a review of
properties of graded rings and the Poincaré power series of a graded ring. In §2 we
calculate the Poincaré power series of 4; and as a consequence develop relations
between invariants of G (the signature of G) and q,, ¢,, ¢, and 4. Then in §3 we
find a list of groups G so that all groups with 4, generated by < 3 elements are on
the list. The fourth section is devoted to proving that all of the groups on the list
are, in fact, generated by 2 or 3 elements.

This paper is essentially self-contained. In a subsequent paper [W2], we will use
the theory of singularities of complex surfaces to give more general results on the
structure of algebras of automorphic forms.

I would like to thank Irwin Kra and Igor Dolgachev for stimulating correspon-
dence.

1. Graded algebras. Suppose K is a field and R is a K-algebra.

DEFINITION (1.1). A grading on R is a collection of K-vector subspaces R; of R so
that

HR=D2 _R.

(i) R,R, C R,
The K-algebra R together with a grading is called a graded K-algebra. We say
X € R is homogeneous of degree i if x € R,.

ExampLE (1.2). R = K[X,, ..., X,). Fix integers ¢y, . . ., g,. Define R, = K-

subspace generated by X° - - - X,» so that iogy + - - - +i,q, = i. Note that
fERSHYX,, ..., 1%X,) = (X, ..., X,),

t an indeterminate. If g, = ¢, = + - - = g, = 1 we get the usual grading on R.
DEeFINITION (1.3). A homomorphism ¢: S — R of graded algebras is said to be
homogeneous of degree d if ¢(S;) C R, 4 for alli.
DEerFINITION (1.4). We say R is a graded K-algebra of finite type if there are
homogeneous elements x,, . . . , x, € R so that the homomorphism

¢: K[ Xy, ..., X,] >R

defined by @(X,) = x; is onto.

Henceforth we shall assume R is positively graded (i.e., R, = {0} for i < 0) and
R, =K.

(1.5) If we are as before and degree x; = g; and we grade S = K[X,, ..., X,] as
in Example (1.2) then ¢ is a graded homomorphism of degree 0. It follows that
I = kernel ¢ is a homogeneous ideal, ie., I = @,. I.. Thus I is generated by
homogeneous elements. Let m = @, R,. Then m is a maximal ideal of R. The
embedding dimension of R is defined to be K-dimension of the vector space m/m?.
The algebra R is of finite type if and only if dim, m/m? < co and in that case
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X - -+ 5 X, generate R as a K-algebra if and only if their residues %, ..., X, €
m/m? generate m/m? as a K vector space. Note that m /m? is a graded vector space
and we can choose n homogeneous generators for m/m?2. These lift to n homoge-
neous algebra generators of R. The above discussion shows that the embedding
dimension of R is the minimal n so that the algebraic variety Spec(R) can be
embedded in affine n-space over K.

DEFINITION (1.6). Suppose R is a graded K-algebra, M is a graded R-module and
a; = dimyg M; < oo for all i. Let ?,,(¢) = 3%, a;t’, the Poincaré power series of M.

We now sketch the calculation of ?.(7) in the case we will be studying.

ProPOSITION (1.7). Suppose S = K[X,, ..., X,] is graded as in Example (1.2),
fE€S;,I=(f)and R = S/I. Then

) P(1) = 1/l — 19,

(i) Po(0) = (1 — 19/T_o(1 — 19).

PRrROOF.

LEMMA. Suppose 0 — M’ S ME M S0is an exact sequence of graded S
modules, @ is homogeneous of degree 0, ¢’ is homogeneous of degree . Then

12Pplt) = P (8) + Ppo(2) = 0.
The proof of the lemma is immediate. To prove (i) one can proceed by induction
by considering the exact sequence

0> K[ Xgp -, X] S K[ Xer -, X] S K[ Xy . .., X,

1 1—

1]—0

where ¢'(g) = X;g and ¢ is defined by (X)) = X}, # i, p(X;) = 0.
To prove (ii) we use the exact sequence

058585 R0

where ¢'(g) = fg. O

REMARK. One can show as above that for any graded K-algebra of finite type
P (?) is a rational function [A-M].

In §2 we will be interested in the principal part of P, (7).

PrOPOSITION (1.8). If p(t) = II7_o(1 — t%)/ H;:g(l — t9), then the principal part of
patt=1lisa/(1 — t)* + b/(1 — () where

n g n+2 g — 1 noo4 -1 )
i=0% 2 i
a=—"—"— and b=a| > -> —
7:3 9; (j=0 2 =0 2
PRrOOF.
1 M_o(1+ - +47h
p(1) = s

(1= 0 T2+ +1971)
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Now let z=1—1t Then 1+ - -- +t" '=m — m(m — 1)z/2 + f(z) where f
consists of terms of degree > 2 in z. Thus

o= a4 12

where g(z) is holomorphic at z = 0. This gives us the desired result.

PROPOSITION (1.9). Let f(t) = (1 — t%)/(1 — t°)(1 — t%)(1 — ) where a, b, ¢, d
are positive integers. Suppose £€ = 1 and § # 1.
(a) If ela, e} b, c, d then the principal part of fat t = £ is

(-¢(1 = ¢9)/a(1 - £°)(1 - £))- (1/ (1 = 1))
(b) If e|a, e|b, e|d, e c then the principal part of fat t = ¢ is

(-d§/ab(1 — £))- (1/ (1 = 1)).

PROOF. Let z = ¢t — ¢ and substitute for 7 in the given function. The principal
part is easily calculated.

DEFINITION (1.10). The dimension of a K-algebra R is the transcendence degree of
the quotient field of R over K.

REMARK (1.11). (a) If R is finitely generated over K then dim R = Krull dim R.

(b) If R is a finitely-generated graded algebra then dimension R = order of pole
of Pp(1) att = 1[A-M].

DEFINITION (1.12). If § = K[X,, ..., X,] is graded by letting degree X; = ¢, >
0, we define c(qy, . . ., g,); = dim, S; which by Proposition (1.7) equals the coeffi-
cient of ¢/ in the power series 1/II7_,(1 — %).

When calculating this integer by hand it is frequently helpful to use the recursion
formula

o 4= (o> ui)i + o - gimg,  (110.1)
for all i. Also

c(l,...,l)i=(i':'l”).

The calculations in the later parts of this paper were done by using a computer,
evaluating ¢(qy, . . ., ¢,); by multiplication of the power series 1/(1 — t%) =

K=o 149

2, Automorphic forms.

(2.1) The Lie group PSL(2, R) acts on the upper half plane H, by y-z =
(az + b)/(cz + d), where (¢ ) is a representative for y and z € H . Henceforth
we shall assume that G is a subgroup of PSL(2, R), that G acts properly discontinu-
ously on H, and that X = H,_/G is a compact Riemann surface with a finite
number of punctures, i.e., there is a compact Riemann surface X and an open
immersion of X = H, /G into X so that X — X consists of a finite number of
points. Let ¢ be the number of punctures.

Let p;, ..., p, € X be the points where H, — X is branched and let ¢; be the
ramification index over p,, We number the p, so that e, < e, < - - - <e,. We let
ey =-"-=¢€,,=. If g=genusX then {g; o; e,,...,¢} is called the
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signature of G. We will also use the notation {g; e,, . . ., e, ,} for the signature of
G. By [K, p. 78] a set of integers as just mentioned arises from a group G as before
if and only if

o+2(l—%)+23—2>0. (2.1.1)

i=1 i

Alternately 2719(1 — 1/¢) + 2g — 2 > 0.

i=1
(2.2) A meromorphic function f(z) on H, is said to be an unrestricted automor-
phic form of weight k for G if

f((az + b)/ (cz + d)) = (cz + d)**(2) (22.1)
for all (¢ %) € G. Equivalently
Ay - 2) = (dy/dz) f(2). (222)

For any parabolic element of G we can change coordinates so that its fixed point is
at oco. Let A(z) = z + 1 be the generator of the stabilizer of oo. Then f has a
Fourier expansion f(z) = £%___ a,e>™. We say f is entire if f is holomorphic in
H, and a, = 0 for n < 0 (for each parabolic subgroup of G). We say f is a cusp
Jorm if fis entire and a, = 0 for n < 0 (see [G, I1.7] for details).

Define 4, = the C-vector space of entire automorphic forms of weight k, k > 0.

C, = the subspace of cusp forms, k> 1

Define 4, = @,‘f_o A,, the algebra of automorphic forms,
Cs = @ C,, theideal of cusp forms.
k=1

Then A is a graded algebra and C; is a homogeneous ideal. If we define C, = C
and C; = @,‘f_o C, we call C; the algebra of cusp forms.

Henceforth, when there can be no confusion we will denote A; by 4.

REMARK. In [W2] we prove that 4 is a finitely-generated C-algebra. It follows
that C; is a finitely-generated ideal. On the other hand Cj; is not a finitely-gener-
ated C-algebra (see (4.1)).

(2.3) The dimension of the vector space A4, can be calculated using the
Riemann-Roch theorem. For example, one can use the proof in [G, Chapter II,
Theorem 1] slightly modified. If G has signature { g; 0; €, . . ., ¢,} then

Rk—-1D(g-1)+ck+

dim 4, = i=1
g ifk=1ando =0,
1 ifk=0.

k(l —l)} ifk>1loro >0,

1

(2.3.1)

The symbol [x] denotes the largest integer < x.
(2.4) An elementary calculation using (2.3) shows that the Poincaré power series
(1.6) of A4 is

26 —-2+0  3-3g-o0 4
= + + 3 P()+ 8,1t +
(1 _ 1)2 (1 —t) igl q() +1,1 4

A
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where P, (¢) = ZF_olk(1 — 1/ e)]t* and & denotes the Kronecker delta.
We shall be interested in the partial fraction decomposition of P,. This is
calculated in the following proposition.

PRroPOSITION (2.5). (i) If a and b are natural numbers and a, = [k(a /b)) then

o tk b—1 4k b
S gk = Zizo A+ a(Zizo )% @25.1)
k=0 (1-1¢%) (1 - 1%y
(ii) The principal part of P,(t) att = lis
e—1 1 _3(e-1) 1 252)

e (1-1) 2¢ (1-1)°
(iii) Suppose £ = 1 and & #+ 1. Then P,(t) has a pole of order 1 at § with residue
£2/e(1 - §).

ProoF. (i) Observe that a, , ,, = a; + na and hence

0 b—-1 oo
2 qth=23 3 g,k = 2 S (a, + nayek+
k=0 k=0 n=0 k=0 n=0
b—1 00 00
= (akt" > t®+ad nt'“'””)
k=0 n=0 n=0
b—1 1 o0
=3 (akt"( b) +atk > nt"”)
k=0 11— n=0

_ Sisoat” . a(Z 261" )'tl’
(1-1%) -y

(i) If we let b = e and @ = e — 1 in part (i), then ¢y = a, =0, a;, =i — 1 for

i=2,...,e— 1. Letz =1 — ¢ and substitute for ¢ in (2.5.1). We get
- _ —D>e-1(] — 1 -
py=le=e=D/2, (e — D561 - 2" — 2)°
ez 222

+ terms on nonnegative degree in z.
The principal part of the above is

— — — _ e—1 _ _
(e I;E?e 2) + (e = 1e L€ 1 [—ez _ kgl kz] _(e—-1) 3(e l).

ez %2 ez? 2ez

(iii) P,(¢) has a pole of order 1 at t = £, hence the residue = lim,_ (¢ — §)P,(¢)
which can be evaluated using (2.5.1) and I’'Hoépital’s rule. [J

REMARK. Since ¥, has a pole of order 2 atr = 1, 4 is an algebra of dimension 2
(cf. [A-M]). In particular this tells us that if 4 is generated by n elements, then the
ideal of relations has at least n — 2 generators.

THEOREM (2.6). Suppose G is a group with signature {g; o; e, ..., e}. If the
algebra of entire automorphic forms A is generated by 3 elements f, f,, f, of weights
do> 91> 4, respectively, then the ideal of relations is a principal ideal generated by a
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homogeneous element of degree d and

r -1
2Ag—-1D+a+ > % d

= , 2.6.1
i=1 €; 909192 ( )

Lo — 1 d(d_‘Io"‘II—‘Iz"'Z)
3(l—9)— g — = = , 2.6.2
(1-g) -0 21 B 240019 (262)

1o e-1_ dd—g—q— )
1—g)—= . 2.6.3
(1-¢g) 7 2 200013 (2.6.3)
Moreover

g~°~d-(qo, 9 ‘12) =1 (26’4)

PrROOF. By (2.4) and Proposition (2.5) the principal part of ¥ ,(¢) att = 1 is

(2g—2+o+2 '—1)( !

i=1 € 1 - 1)2

3-3 o a—1) 1
g-¢ 2 e -0

i=1

On the other hand we define ¢: C[X,, X, X;] > 4 by ¢(X,) = f,, and we grade
S = (C[X,, X,, X,] by letting degree X; = g;.. We see that 4 is isomorphic to
R = S /I as a graded algebra, where I = kernel ¢.

LEMMA (2.7). I is a principal ideal generated by a weighted homogeneous polynomial
F of some degree d.

We shall prove the lemma below. Returning to the proof of the theorem we
apply Proposition (1.8) to find the principal part of P, (7). Equating the coefficient
of 1/(1 — )% in Pr(¢) and P ,(¢) gives (2.6.1).

Similarly equating the coefficient of 1/(1 — ¢) gives (2.6.2). The third equation
follows from the first two. Finally g.c.d.(¢o, 4;, ¢,) = 1 since P ,(¢) = P(?) has a
pole of order at most 1 at each nontrivial root of unity. []

REMARK. The case that 4 is generated by 2 elements is a special case of the
above. If f,, f, are generators of A define ¢: S—>A4 by e(X)=f, i=0, 1,
9(X;) = 0. Grade S by letting degree X; =g;, i =0, 1, and degree X, = g,,
arbitrary. Then I is the principal ideal generated by X, so thatd = g,.

ProoF oF LEMMA (2.7). If @: C[X,, X, X,] > Ag is a surjective graded homo-
morphism, then I = kernel ¢ is a principal ideal generated by a homogeneous
element.

PRrOOF. By (2.4) and Proposition (2.5), ¥ ,(¢) has a pole of order < 2 at¢ = 1. By
(2.1.1) the order of the pole is precisely 2. Hence by (1.11)(b), 4 has dimension 2.
Now A4 is isomorphic to S/ hence I is a height 1 prime ideal. But S is a unique
factorization domain, hence every height 1 prime ideal is principal [Z, Chapter V,
§14]. If F generates I let F=F,+ F,,, +--- where ;€ S, Now [ is a
homogeneous ideal so F, € I. Thus F|F, and therefore F = F,. []
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PROPOSITION (2.8). Suppose G has signature { g; o; e,, ..., e} and Ag is gener-
ated by f, € A,,i =0, 1,2. For each i let § = exp(2mV ~1/e;) and v; = the number
of j so that ejle;. Then

P, (1) = (1 — 19/ (1 = 19)(1 — 19)(1 — 1) (2.8.1)

if and only if
(a) (2.6.1), (2.6.2) and (2.6.4) hold.

(b) For each i
-gi(l - g,'d) .
i |- -gm  Telmandalan g s
e(l1 —§) - —dg, ' 8.
a1 — £%) ¥ eldg eildiy it g

(c) For all i and j so that i # j, (g;, g;)|d.
(CY)

d=go+q,+q,+1 ifea=0,
d=¢qgo+q,+ q, ifo >0andg >0, (2.8.3)
d<q,+q, +q,—1 ife >0andg=0.

PROOF. Let f(1) = (1 — t9)/(1 — t%)(1 — t7)(1 — t%). Decompose f(f) and P =
P (1) as partial fractions over the complex numbers. The poles of ¥ are at ¢;th
roots of unity for some e, or at = 1. Equation (2.6.4) is equivalent to f having a
pole of order at most 1 at roots of unity. Equations (2.6.1) and (2.6.2) are
equivalent to the coefficients of 1/(1 — ¢) and 1/(1 — ¢)? being the same for f and
%. By Propositions (2.5)(iii) and (1.9), equations (2.8.2) are equivalent to the
equality of the principal parts of f and @ at &, where £ # 1 is a root of unity. Now
the polynomial part of @ (1) is 8,,,,¢ + g. Thus 0 = 0 if and only if §,,,, = 1 if
and only if d = g, + ¢, + ¢, + 1. If 6 > 0 and g > O then the polynomial part of
? is a nonzero constant, i.e., ¥ is holomorphic and nonzero at oo. But f is
holomorphic and nonzero at oo if and only if d = ¢y, + g, + ¢,. Finally 0 > 0 and
g = 0 is equivalent to & having a zero at oo and f has a zero at oo if and only if
d < qy + q, + g, — 1. When all other conditions are satisfied the constant term of
® and f must be equal since f(0) = P0)=1. O

3. Groups for which 4; may have few generators. Henceforth we assume G is
a finitely-generated Fuchsian group of the first kind with signature
{g;e,....€,...,€,,} where ¢, < oo for 1 <i <r and ¢ = oo fori >r. We
arrange the ¢, so thate, < e, < - - - <e,.

THEOREM (3.1). If the algebra A is generated by 2 elements then it is a polynomial
ring in two variables. Those signatures and the degrees q,, q, of the generators are
given below.
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Signature (90> 91)
{0; 00, 0, 0} (1, 1)
{0; 2, o0, o0} (1,2)
{0; 2,3, o} (2,3)
If the algebra A is generated by 3 elements, then G is on Table 1 which follows. For

these signatures we determine the degrees qq, q,, q, of the generators and the degree d
of the relation. The converse of this theorem will be proven in §4.

TABLE 1

Signature (d;qo,ql,qz) Signature (d;qo,ql,qz)
{3}, non hyperelliptic (%;1,1,1) {0,2,2,2,2,3} (8;2,2,3)
(2) (651,1,3) (0;2,2,2,2,2} (1052,2,5)
(2;2) (551,1,2) (0;2,3,3,3) (952,3,3)
{(1;2,2,2} (6;1,2,2) (052,2,3,4) (10,2,3,4)
(1,2,2) (851,2,4) (052,2,3,3) (12;2,3,6)
(152,3}) (751,2,3) (052,2,2,5]) (12;2,4,5)
(152} (12;1,4,6) (052,2,2,4}) (14352,4,7)
(1;3) (1051,3,5) (052,2,2,3} (18;2,6,9)
{(1;4) (951,3,4) (0s4,4,4) (12;3,4,4)
[1;.:":”] (5;111’1) [olj’u’B) (13;3;1‘:5)
(1s0,=} (451,1,2) {053,4,4) (16;3,4,8)
(12} (651,2,3) (053,3,4) (24;3,8,12)
(052 ,2,0,=} (251,1,1) {0;3,3,5) (18;3,5,9)
(0;2,0,0,s) (3;1,1,2) (0;3,3,6)} (15;3,5,6)
(0;2’2"’:°] (45112’2) (032)5:6] (16;415’6)
{0;3,=,=) (451,2,3) (0;2,5,5) (2034,5,10)
[032)2:2:.} (652:2:3) [0;2:1‘,7] (18;4:6;7)
(0;3,3,=) (652,3,3) (0;2,4,6) (22;4,6,11)
(0;2,4,=} (652,3,4) {052,4,5) (3034,10,15)

(052,3,9) (24;6,8,9)

{052,3,8) (30;6,8,15)

(0;2,3,7} (42;6,14,21)

PRrROOF. For each possible signature we shall determine the degrees q,, ¢,, ¢, of
the generators. Then d is determined by (2.6.1). For clarity we shall divide the
proof into sections.

(3.2) Suppose A is generated by forms f,, f, f, and g; = degree f. We let
S = C[X,, X,, X,] and define ¢: S — 4 by ¢(X,) = f. We grade S by letting degree
X; = g;. Then ¢ is onto and A is isomorphic to R = S/I, where I = kernel ¢. Now
by (2.3)

. _[(g=1)+0 ifo>0,
dlmA,—[g ffo=0
and dim 4, < 3 since 4 is generated by 3 elements. Thus
(g—1)+06<3if6>0, and g<3ifo=0. (3.2.1)

In either case g < 3.
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(3.3) Suppose g = 3. Then by (3.2.1) either 6 =0 or 6 = 1. In either case
dim 4, = 3 implies there are at least 3 generators of weight 1. Hence ¢, = ¢, = ¢,
= 1. Applying (2.3.1) we get dim A4, =6 + 26 + r. But dim S, = ¢(1, 1, 1), = 6
(see Definition (1.10)), hence, 6 = r = 0. Thus {3} is the only possible signature
with g = 3. If X is hyperelliptic, then the one-forms do not generate A (this
follows from [S, p. 293)).

(3.4) Now suppose g = 2 or g = 1. Then Table 2 gives dim A for all signatures
which do not appear on Table 1. A generator of A is indicated by the letters a, b,
¢, d. We stop counting generators after we have found that there must be four
generators. As an example, consider the signature {1; 2, e,}, e, > 3. Clearly there is
a generator a € 4,. Now dim 4, = 2, so there must be an element b € A4, so that
a’ and b are linearly independent. Next there must be an element ¢ € A so that
a®, ab and c are independent. Finally, a, b and ¢ generate a subspace of dimension
< (1,2, 3), = 4 in A,, so there must be a fourth generator 4.

TABLE 2. dim A, for signatures with embedding dimension

>3,g=1lor2
k 1 2 3 4 5
a,0 e, d
{Z;el,...,er} r>2 2 3+r
fo.a A 2,0 C d
(232) 2 > 2 2 y 7
. N d
{2558 00,0 ] c>3 a’b’scu’
; b d
{2;05911---)91.1 o =2 a,},c 27
b d
(2505275 00052,) s =1 & §§
b,c,d
[1;81""’er] r>3 i '
b,c d
(Lie),ep,e5) ey > 2 $ 3 Sk
’ b c,d
(1se,e5) ey > 2 ] 2 4
o a b c d
{(1525e,) e, > 3 : 2 5 :
. a b c d
(13e) ey > 4 1 1 2 3 y
[lgc;el,...,er} g >3 a,oﬂc,d
Lz a,b,c d
[1,3,e1,...,er] r>0 '3’ >7
1 c,d
(1325e),.0052,) r>o0 aé" 35
a b,C 4a
[l;el;m) 1 3 > L
a,b,c,d
(0505eq,..-,e.) o> 4 o -1
a,b,c
(O;u;el,...,er] 3 r+5 7
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(3.5) Suppose g = 0. Then Table 3 lists all the groups with signatures not on
Table 1. This table suffices to rule out all the cases excepto =2,r =1,¢; > 4. In
that case g, = 1, ¢, = 2 and ¢, = 3. By (2.6.1), d/6 = (¢, — 1)/ e, which implies
e, = 3 or 6. But ¢, = 6 does not satisfy (2.6.3). Thus e, = 3.

{0; 2, 2, 0} is not realizable by (2.1.1).

4. Classification. In this section we prove the converse of Theorem (3.1); for
every group G on Table 1, 4 is generated by 3 or 2 elements. In order to do this,
we first reinterpret the ring A as a ring of functions on X.

(4.1) Let w* be an arbitrary meromorphic differential form on X and K the
divisor of w*. Then w* pulls back to a meromorphic form w on H,. If f is an
automorphic form of weight k, g = f/w* is a G-invariant meromorphic function on
H, and hence induces a meromorphic function on X. By [G, p. 24] f is holomor-
phic if and only if

(g) +k-K+ é

i=1

1 r+o
k(l —?)}pi + > kp,>0

i r+1

where p,, ..., p, are the elliptic points and p,,,, ..., p,,, are the cusp points.
Here () denotes the divisor of a function or differential. Thus for any k we have an

isomorphism
Hi-%)
€

TasLE 3. dim A4, for signatures with embedding dimension
>3,g=0,0<2

r
<pk:Ak:>L(k~K+ >

i=1

pit+ é kPr+i)

i=]

1 2 3 4 5
2 b,c,d
[O;el,...,er,a,a] r> 3 1 l+r
a b,c d
[O;el,ez,w,wl e, > 2 1 3 >4
a b c
(05ey,%,=] e 2 4 1 2 3
a,b,c d
(O;el,...,er,a] r> 4 [} r-1 > 2
a,o c,d
[0391’e2’ej'°) es > 2 o] 2 > 2
a b,c <}
(05e;,e5,=) e 23,24 0 1 2 > 2
a b [ d
[o;z,ez,w) e, 25 o] 1 1 2 2
a,b,c d
(05ey,..05e.] ry6 0 r-3 > 1
a,b c,d
[O;el,...,esl e, > 2 [¢] 2 > 2
a,b c d
(0;52,2,2,2,e.) eg > 4 o 2 1 i
a b,c,d
[o;el,ez,e3,eu) e 23 [¢] 1 3
a b,c d
(052,e5,e5,¢)) ey > 3, €,>3 0 1 2 > 2
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TABLE 3 (continued)

! 2 : oS 6 7 8 5 1
e, > 4 a b c,d
(c32,2,e,,c,) 3= o 1 1 3
3774
2 b c d
(0,2,2,3,9‘1) ey 25 0 1 1 > 2
a ° c d
(0;2,2,2,e,) e, 26 0 1 0 2 1 3
| a b, d
(05ey,e5,25) e b eg> b 0 o 1 AN
a b c,d
(053,655} e 25 0 0 1 1
a b c q
(053,4,e5) e5 2 6 0 0 1 1 1 H
a b g d
(033,3,e5) ey > 7 0 0 1 o 1 1
a b c,d
(0;2,e2,e3) e, 26 0 0 0 1 ] 2
a b c d
(052,5,e5) es > 7 0 o 0 3 7 g ?
a b c d
(052,4,e5) e5 > 8 o o 0 T ° ¢ g
a b c d
(052,3,e4) e5 > 10 o 0 0 o ° 2 o ® ¢ ¢
defined by @, (f) = f/w*. Let
r 1 o
Lk=Lk'K+2 k(l—;) p,.+2kp’+',.
i=1 i i1
Then we have an isomorphism of C-algebras
=~
v 4> & Ly 4.1.1)
k>0

Let L; denote D, ¢ L.
REMARK. ¢, induces an isomorphism of the space of cusp forms of weight k with
a similar vector space of functions

@ CkiL(k-K+ S [k(l - %)

i=1 i=1

pt S (k- l)p,+.~).

One can use this to see that the algebra of cusp forms is not finitely generated, as
follows. Linear combinations of products of cusp forms of degree < k are all

contained in
k(l - —1 )
€

If g > 1, it follows immediately from Riemann-Roch that dim C,/C, > o, and
hence that there are at least o generators of every degree. If g = 0 then we have
A, D G, O C, and again by Riemann-Roch dim C,/C, > 0, provided dim 4, >
0. Now 4 is an algebra of dimension 2 (see Remark preceding Theorem (2.6))
hence there are an infinite number of k so that dim 4, > ¢. Thus C, requires an
infinite number of generators.

C_‘,(=L(k-K+ >

i=1

pt+ é (k - Z)Pr+i)'

i=1
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(4.2) Let C(X) denote the field of meromorphic functions on X. Note that the
inclusions L, — C(X) do not induce an inclusion L; — C(X). (Since, for example,
L, c L,,.) Let ¢ be an indeterminate and define

L—>CX)[t], fof-1~

This extends to an injective map ig: L; — C(X)[¢].

Henceforth, we identify L; with its image in C(X)[¢], i.e., an element
©,...,0,f0,...)is identified with f- t* if f lies in the kth component. Thus the
exponent of ¢ serves as a reminder of which L, f comes from.

EXAMPLE (4.3). Suppose G is a group with signature {1; 4}. Then L, ~ L((k3]p)
where p € X is the branch point. Let f be the Weierstrass & function with pole (of
order 2) at p and g = f’. Then letting { > denote “vector space generated by”, we
have

<1, n=01,
L(np) =<1 £, & % f8 .. .. %, n even, > 2,
L fgfifg Y. . f" %), nodd, > 3.
Now
L(3np), k = 4n,
L(3np), k=4n+1,

L, =
Kl L(@Bn+1)p), k=4n+2,

L((3n +2)p), k=4n+3.
L; =<1>®Upt® 2D, 2 ®<L, f,g)e* B, f, g . . . . It can easily
be verified that L is generated by zo = 1 -, z, = f- t* and z, = g - r*. The map

©: C[Zy, Z), Z,] - Lg
defined by ®(Z,)) = z, is surjective. By Lemma (2.7) the kernel of ® is a principal
ideal generated by a homogeneous polynomial f of degree d. Now by Proposition
(2.8)(d),d = g, + q, + g, + 1 = 9 and we see that

AZy Z, Z,)) = ZyZ7 — AZ} + 8,757, + 8,2

where g, and g, are constants depending on G so that g; — 27g7 # 0. []
For the groups on Table 1 we have natural candidates for generators of 4;. To
show that these elements actually generate we use the following.

PROPOSITION (4.4). Suppose A is a graded algebra over C,
1 - ¢
(1 — ¢9)(1 — ¢9)(1 — %)’
and the z; satisfy a relation f of degree d in A. Suppose, moreover, that
(1) f is irreducible,
(2) the z; generate a field C(z, z,, z,) of transcendence degree 2.
Then the canonical map

P (1) = 2, € A, foreachi =0, 1,2,

®: C[Zy, Z,, 2,]/ (f) — 4

is an isomorphism.
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PROOF. Let R = C[Z,y, Z,, Z,]/(f) and I = kernel ®. Now f irreducible implies
R is an integral domain. Thus I # (0) implies [A-M, §11] dim R/ < dim R = 2.
But transcendence degree C(zq, z;, z,) = 2 implies dim R/ =2 [A-M, 11.25].
Thus 7 = (0) and hence ® is one-one. Finally, P,(¢) = ¥ ,(¢) implies ® is onto.
O

REMARK (4.5). Suppose A is an integral domain, 4, ¥, and z; are as in
Proposition (4.4) and the z satisfy a relation f of degree d.

(1) If the z; satisfy no relation of degree < d then f is irreducible.

(2) If for some i #j, z%/z% is not a constant then the z; generate a field
C(z¢, z,, z,) of transcendence degree 2.

Proor. (1) If f were reducible then f = gh where g and 4 are homogeneous of
degree < d. But 4 is an integral domain and hence either g or A is a relation in 4.
This contradicts the hypothesis.

(2) If C(zy, z,, z,) has transcendence degree < 1, then z, and z, are algebraically
dependent. Then there is an irreducible polynomial f(Z,, Z)) satisfied by z, and z,.
But f is weighted homogeneous of the form Zj — eZ ,B where e €C, a =
4:/(Go 91) and B = qo/(4o, ;) by [O-W, Lemma 3.6]. Thus z§'/z{° is a power of ¢,
contradicting the hypothesis. []

THEOREM (4.6). For every group on Table 1 in §3, A is generated by < 3 elements.
The degrees of the generators and the relation are given in Table 1.

PrOOF. For each group one finds natural candidates, z; € L,- t%i=0,1,2, for
the generators of L; using Table 4. Then we show that these actually generate
using Proposition (4.4) and Remark (4.5). One first verifies that for each group G

Po=(1—1%/(1 - t%)(1 —t9)(1 - t%)

where ¢, q,, ¢, and d are given in Table 1. This verification can be carried out
using Proposition (2.8) or (2.4) and Proposition (2.5) and we shall not include these
calculations here. The fact that the z; satisfy a relation f of degree d is also easily
seen. Hence all that remains is to show that Proposition (4.4)(1) or Remark (4.5)(1)
and Proposition (4.4)(2) or Remark (4.5)(2) are satisfied. We first prove a technical
lemma which is used in the proof.

LEMMA (4.6.1). Suppose fy, . . . , f. are analytic functions, none of which is identi-
cally zero. Suppose that for each i there is a point p so that v,(f) < v,(f) for all i <},
where v,(f) is the order of the pole of fatp. Then fy, . .., f are linearly independent.

PrOOF. Proof by induction. The assertion is true for r = 0. Now suppose it is
true for r — 1 functions. If f,, . . ., f. are as before and aof, + - - - +a,_,f,_; +
af =0thenayfy + - - - +a,_,f,_, = —af,. If a, # 0, then by hypothesis there is
a point p so that the right-hand side has a pole at p of order, say n = »,(f,), while
the left-hand side has a pole of lesser order. This is impossible, so a, = 0. Now by
the inductive hypothesis f,, . . . , f,_, are linearly independent soay = a;, = - - - =
a,_, = 0. Thus f;, . . ., f, are linearly independent. []

We return to the proof of the theorem, examining each signature in turn.
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9 ¢ G 2 # 1T ¢€ 0 2 O
9 ¢ 6 2 ¢ 1T 2 0

2 1T 2 1T 1T T T O

2 T 2 1T 1 0

¢ 2 1T 2 1 0

.2 ¢ 1 2 0

noh ¢ ¢ 2 2 1

¢ ¢ 2z 1

S ¢ ¢ 1

S v £ 2

< % 2

¢ ¢

9 ¢ % ¢ 2 1

8 9 % 2

6 9 ¢

9 9 6 % ¢€ ¢ 2 1T 1

9 9 ¢ % ¥ ¢€ 2 2 T 1

9 6 G % % € € 2 2 1T T T
L L S % € 2 1T

6 2 9 & t 2 2 1

8 9 9 ¢ ¢ 1

TT6 9 # 2

IT6 L § ¢ 2

#T 0T 9 ¢

w2 ¢2 22 1z 02 61 @gT LT O Gt #T ¢1 2L TrL Of 6 @ Z 9 G % ¢ =z 1T

1 9[qeL uo saymeusis 10j Y wip p 14V

fzfzcz‘z22f0)
{¢€22°2°2¢0)
{efc2¢0)
{=%°270)
{=f¢“¢i0})
{=222¢2¢0)
{=f=2¢0)
{=f=ci0)
(= =2°2:0)
{=‘m‘=ip)
{of=f=2i0])
{of=faf=ip]
{=f1)
fofeit)
{ofef=iT)
{(1°1)

(¢f1)

(2'1)
{¢e2iT)
{2°2¢T)
{22°2¢1)
{272)

{2)

(<)
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¢ 2 1 2 2 I 2 1 T 2 T O 2 T 0 1T 1T O T O O T O O
¢ 2 1 ¢ 2 1 ¢ 1 T 2 1T o 1T T 0O T O O

¢ 2 1 ¢ 2 T 2 1T 0 2 T o 1T O O

¢ ¢ 2 1 ¢ 2 T T 2 T T O 1T T O O

4 ¢ 2 2 2 2 T T T T T O O

b ¢ 2 1T ¢ 2 1T 0 2 1T 0 O

L 2 ¢ 2 ¢ T ¢ T 2 1T 2 0 2 o0 1T O T O

K 2 f 2 ¢ 1T ¢ 1 2 0 2 0 T O

T 2 f 2 ¢ 1T 2 1T 2 0 1T O

s ¢ ¢ ¢ ¢ 1T ¢ T T T T O

f ¢ ¥ 2 ¢ 1T 2 T T O

S 2 % 2 1T 2 T ©

Wz €2 22 1tz 0z 6t gt Lt OrT ST +#r ¢t 2t It Ot 6 8 L 9 & ® ¢ 2 T

(penunuoo) ¢ a1av],

{(fife‘efo)
{G°¢¢€0)
{9¢‘¢f0)
{nhc¢c0)
{6 nefo)
{rnt0]
{¢€2°2°2¢0)
{h€222¢0)
{cf2¢22¢0)
{¢fe2c2io}
{re¢22¢0)
{e¢ee2io}
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2 T 1 T T o}
T T T T T 0 T 0 T T T o}
T o) 0 T T 0 1 0 o] o T o
T 0 0 o 0 0 T 0 0 0 o 0 {Lf¢2%0)
2 T T T T 0
2 1 T T T 0 T 0 1 1 T 0
1 0 0 0 T 0 T 0 0 0 0 o {gc2:0)
2 T T T 1 0 2 T T T T 0
T o} 0 T T o} T 0 o) 0 0 0 {6°¢“2¢0)
2 T 2 T 1 T
2 T T 0 2 T T 0 T T T 0
T 0 1 0 T 0 o} o} T 0 o} 0 {sne2fo)
2 1 2 T 2 T 2 T T o)
2 1 T 0 T 0 T 0 T o} 0 o} {o‘n 2¢0)}
2 T 2 T 2 T
2 1 T 0 T T T 0 T o 0 0 {Lhe2%0)
¢ 2 2 1 T 2 2 T
1 o] 2 T 1 0 0 1 T 0 0 0 {G°G 2¢0)
2 2 2 T
2 1 2 T T o} T T T 0 0 0 {9°6°2¢0}

*038 O¢ - G¢ he [44 2¢ ¢ 0o¢ 62 g2 L2 9z G2
he ¢2 22 12 02 61 81 T 91 St H1 ¢ X
FA 11 01 6 8 L 9 S % 4 P4 T

(penunuod) $ 1AV ],
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{3}: By Noether’s theorem [S-D] A4 is generated by 1-forms if and only if X is
nonhyperelliptic. In fact, we can see this rather explicitly in the case of genus 3. If
X is nonhyperelliptic then one can choose a basis w;, w,, w; for the space of
1-forms and then

h(x) = (@,(x): wy(x): wy(x))
defines the canonical embedding of X in P2 Now one can see that Ag is
isomorphic to the homogeneous coordinate ring of h(X). Hence A4 is generated by
the w;, and the w, satisfy a (nonsingular) relation of degree 4. This relation is
precisely the equation of #(X) in P2. Conversely, if X is hyperelliptic we can write
X as the Riemann surface of the plane curve

;
y 2= H (x — 81')'
i=1
By [S, §10.10] the 1-forms are generated by dx/y, xdx/y, x’dx/y and the 2-forms
by dx?/y? ..., x*dx?/y? dx*/y. Now the last 2-form is not in the subspace

generated by products of 1-forms, hence A4 is not generated by 1-forms. One can
show that A is generated by the three 1-forms and dx?/y.
{2}: We may write X as the Riemann surface of the curve

yi=(x = &)(x — &)(x — &)(x — eg)(x — &5) (46.1)
where the ¢ are distinct nonzero complex numbers.
A, = (dx/y, xdx/y),
Ay = (dx’/y?, xdx?[y?, x%dx*[y?),
Ay = (dx®/y?, xdx®/y*, xdx [y3, x*dx3 [y?, dx3 /y*?),
Ly={1,x), Ly={1,xx*, Ly={lxx%x%y).

Let z=1-t,2, = x-t,2z, = y- . Then the z, generate a field of transcendence
degree 2 and satisfy an irreducible polynomial relation

5
(z,)* = zo I (2, — &20) = 0. (4.6.2)

i=1
Thus by Proposition (4.4) the z; generate L.

{2; 2}: The curve X is given by equation (4.6.1). Let p be the branch point on X.
Suppose p = oo. Then L, = IL(K) =<1,x), L, = LK + p) = L(5x0) =
,x,xLy>. Letzg=1-t,z = x-t,2, =y- % Then the z satisfy the irreducible
relation

5
ze22 = Il (2, — &20) = O. (4.6.3)

i=1
Hence by Proposition (4.4) the z; generate L.

Now suppose p # . Then L, = {1, x), L, = <1, x, x%, f> where f has a pole of
order 1 at p. By subtracting a suitable linear combination of x and x? from f we
may replace f by a function with a pole of odd order at infinity (since the canonical
divisor K = 2c0). By the Riemann-Roch theorem /(oo + p) =1 + (o0 — p) = 1,
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hence L(co + p) consists only of constants. Therefore f must have a pole of order 3
at 0. Now L, D <1, x, x%, x3, f, xf> and by using Lemma (4.6.1) we can show that
those six functions are linearly independent. The dimension of L, is 6, hence the
inclusion above is an equality. Similarly L, = <1, x, x%, x>, x%, f, xf, x, f*> and
these functions are linearly independent. We can now exhibit candidates for
generators of L, namely let zo = 1-¢, z, = x- ¢, z, = f- t>. One can easily verify
that there are 12 monomials of (weighted) degree 5 in z,, z,, z, and that dim Ly =
11. Thus there must be a relation of degree 5 among the z,. Moreover one can
easily see from the preceding remarks that there is no relation of degree less than 5.
Hence by Remark (4.5) and Proposition (4.4) the z; generate L and satisfy a
relation of degree 5.

{1; 2,2,2): In the case g = 1, the canonical divisor K = 0. Thus L, = L(0) =
1>, L, = L(p, + p, + p;) = <1, f, g> where we choose f and g so that the divisor
of poles of f, (f), = p; + P,and (g), =p, + ps. Letzg=1-t,z, =f- 1}, 2, =g
- t2. There is a relation of degree 6 among the z; since dim 44 = 9, while there are
10 monomials of degree 6 in the z;. Now by Remark (4.5)(1) it is sufficient to show
that there is no relation of degree < 6. Now L, = L, so there is no relation of
degree 3. Next we see that

Ly= LQp, +2p, + 2p3) 2 (1. f, 8. f% fo. &%) (4.6.4)
and dim L, = 6. By considering the orders of the poles of the above functions at
the p, we can see that they are linearly independent. Thus we have equality in
(4.6.4) and there can be no relation of degree 4. Finally L, = Ls so there is no
relation of degree 5.

{1;2,2}: In this case L, = L(0)=<(1), L, = L(p, + py)) =<1, f), Ly = L,
Ly=L,= L(2p, + 2p,) =1, f, g> where we can choose f and g so that (f), =
p, +p, and (g), = 2p,- Then one can easily verify that Ly = L, =
{1, f, f% f°, g, fg) since these functions are linearly independent. There is a relation
of degree 8 among the z; since dim 43 = 8 and there are 9 monomials of degree 9
in the z;. Now by the above remarks if we let zy = 1-1,z, = f- %, z, = g- t* then
there are no relations of degree less than 8, hence by Proposition (4.4) and Remark
(4.5) the z; generate L.

{1;2,3}): Inthiscase L, = {1), L, =1, f), Ly =1, f, g) where (f),, = po +
p, and (g), = 2p,. Then one can easily verify that a basis for L, i = 4, 5, 6, is
given as follows.

Ly=<1f8f*, Ls=<1fgf%fe)
L6 = <l’f’ g’f29fg, gzaf3>'

Letting zo = 1-1, 2z, = f- 1% z, = g- 1 we see that there is a relation of degree 7
and no relation of degree < 7. Hence again by Proposition (4.4) and Remark (4.5)
the z, generate L.

{1; n}: Let p be the branch point, © the Weierstrass function with pole at p. Let
f=pandg=pandzo=1-t.1fn=2letzy;=f1*€L,-t",z,=g-1°€ L,-
.. Ifn=3letzy=freLl,-Pandz,=g-1°€ Ls->. Ifn=4,letz, = f- 1
€L, and z,=g-1*€L,-t* If n=o0, let z,=f-¢* and z,=g->. By
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Proposition (4.4) it is sufficient to show that in each case the z; satisfy an
irreducible relation in L, - ¢4,

(1;2): 22 — 423 + gyz8z, + 8325 = 0,
{153): 23 — 4zp2] + £,202, + £32° = 0,
(15 4): zg22 — 42} + .25z, + 8325 = 0,
{1; 0): 2} — 4z} + gyz3z, + g32§ = 0,

where g,, g; are complex numbers so that g3 — 27g2 # 0. These can be seen to be
irreducible by considering them as polynomials in z,.

{1; 0}, 6 = 2 or 3: These can be explicitly constructed as above using the fact
that on an elliptic curve X any divisor of degree n is linearly equivalent to a divisor
of the form np for some p € X [W1].

All of the groups on Table 1 with 0 > 0 are seen to have L; generated by < 3
elements by elementary application of Proposition (4.4), Remark (4.5), (A.1) and
(A.2). For example in the case of signature {0; 2, 2, 2, oo} L has two generators z,
z, € L, and one generator z, € L;. Now 2, and z, generate the quotient field of
L;, hence Remark (4.5)(2) is satisfied. As for Remark (4.5)(1), there are clearly no
relations in L,, L, or L,. Applying (A.2) with i = r =2 we see there are no
relations in L, and applying (A.1) with i =3 and j = 2 we see there are no
relations in L.

Finally, we consider the groups with g = ¢ = 0. We number the branch points
Py P, EX= C, the Riemann sphere. We may assume p, =0, p, =1 and
p3= 0 E C and the canonical divisor is K = -2 - Py

{0;2,2,2,2,3}: Inthiscase L, = {0}, L, = L(-3-0+ 1 + o0 + p, + ps). The
latter is generated by

2o = x>/ (x = 1)(x = pa)(x = ps)
and

zy=x%/ (x = )(x = p)(x = ps).

Rearrange the subscripts so that e, = 3. Then L; = L(-4-0+ 1 + 0 + p, + ps)
is generated by z, = x*/(x — 1)(x — p)(x — ps). Clearly Remark (4.5)(2) is satis-
fied. To verify Remark (4.5)(1) we can easily see using (A.1) and (A.2) that the only
possible relation of degree < d = 8 is in degree 6. The monomials in L, are z3, z3,
z3z,, 2423 and z;. At the point O these functions have a zero of order 8, 9, 10, 11 and
12 respectively. Hence by (4.6.1) they must be linearly independent. Thus Remark
(4.5)(1) is satisfied and we have the desired resulit.

{0; 2,2,2,2,2}: Let L, = {zy, z,) and Ls = {z,). Several applications of (A.l)
and (A.2) show that Remark (4.5)(1) and (2) are satisfied.

{0;2,3,3,3}: Let ¢g=2. Then L,=L(-3-0+1+4+ 0 +p,) and L, =
L(-5-0+2-1+ 200 + 2p,). Let

Zo = x3/ (x = D(x—py) ELp 2= xs/ (x - 1)2(" - P4)2
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and
2= x5/ (x = (x — )"

Then L, = {z,) and L, = {z,, z,). Clearly Remark (4.5)(2) is satisfied. Now by
(A.1) the only possible nontrivial relations of degree < d = 9 are in Ly or Lg. The
monomials in Lg are z3, z7, z,z,, z. At the point O these functions have a zero of
order 9, 10, 11 and 12 respectively. Hence they are linearly independent. A similar
calculation in Ly shows that Remark (4.5)(1) is satisfied.

{0; 2,2,3,4}: Lete, = 2,e, = 2, e = 3, ¢, = 4 and define

29 = x3/ (x = 1) (x — py) € L,, Z, = xs/ (x = D(x "P4)2 € L,
and

z=x"/ (x = ’(x = pa)’.

Then L, = {zy), Ly ={z,), Ly ={z3, z,» and Ls = {z4z,>. Now L¢ contains the
monomials z3, z2 and z4z,. At the point oo these have poles of order 3, 4 and 3
respectively. Thus any relation is of the form azj + Bz,z, = 0. But any such
relation factors, and hence is a consequence of a relation of lower degree. This is
impossible. There are no relations of degree 7 or 9 by Proposition (A.1). Finally,
the monomials of degree 8 are z§, z2z,, zo2% and z2. At p, these have poles of order
4, 4, 5 and 6 respectively. It follows easily that there is no relation of degree 8.

{0; 2,2,3,3): Let L, = {zo), Ly = {z,>. Then z} and z? are linearly indepen-
dent since z3 has a pole of order 3 at oo and z} has a pole of order 4. Using Table 4
we see there is a z, € Lg so that Ly = {23, zZ, z,>. Then the fact that L; is an
integral domain and repeated application of (A.1) shows there is no relation among
the z; of degree < 12. Thus Remark (4.5) and Proposition (4.4) imply that the z;
generate L.

{0;2,2,2,5): Let ¢, =5. Then L, = {zy = x*/(x — 1)(x — pg)>, Ly = {23, z,
= x®/(x = ’(x = p*>, Ls =<z, = x*/(x — 1(x — py)*). Applying Proposi-
tions (A.1) and (A.2) we see that the only possible relation of degree < d = 12 is in
degree 10. Now the monomials of degree 10 are z3, z3z,, zoz? and z2. At p, these
have poles of order 5, 6, 7 and 8 respectively. Thus there can be no relation among
them. Thus Remark (4.5)(1) is satisfied. Clearly (4.5)(2) holds, hence we get the
desired result by Proposition (4.4).

{0; 2,2,2,4) and {0; 2, 2, 2, 3}: These two cases follow easily from Proposi-
tions (A.1), (A.2) and (4.4).

Consider the groups with g = ¢ =0 and r = 3. In this case there is, up to
conjugacy, a unique group for each signature. We can obtain our results by using
Remark (4.5) as before. Alternately one can prove that the relation of degree d
must be irreducible and apply Proposition (4.4) directly. A third proof can be
developed using the theory of Seifert bundles. The crucial fact in that proof is that
there is a unique singularity with Seifert invariants {0; b; (a;, 8,), (ay, B), (a3, B3)}
[0O-W]. O



388 PHILIP WAGREICH

Appendix.

PROPOSITION (A.1). Suppose k is a field, L is a graded k-algebra, L is an integral
domain, z,, € L, forn=20,1,2and

P =(1 - t")/(l;l 1 - t"").

Suppose we are given natural numbers i and j and d so that i + j <d, dim L, = 1,
dim L; = L, ;, and there are no relations of degree j or i (among the z,). Then there

are no relations of degree j + i.

PROOF. Let S = K[Z,, Z,, Z,], define f: S—>L by f(Z)= 2, and let I =
kernel f. If we grade S by letting degree Z, = g,, for n = 0, 1, 2 then f is a graded
homomorphism of degree 0. Note that P;(r) = 1/(II, 1 — ¢t%). Let X € S, be any
nonzero element and x = f(X). Then x # 0 since there are no relations of degree i.
Then we have a commutative diagram with exact rows

S
N T R
o A4

Si+i
0 - Ij+i - Sj+i i Lj+i

where @(z) = XZ and ¥(z) = xz. Note that no relations of degree ; means
I; = {0}. Moreover dim S; = coefficient of 7 in Pg = coefficient of +/ in P, =
dim L;. Hence ]j is an isomorphism. Now ¥ is one-one since L is a domain; thus
dim L; = dim L;,; implies ¥ is an isomorphism. Thus f,; is onto. But as above,
dim L;,; = dim S;,, and hence [, = {0}. O

G+i J

PROPOSITION (A.2). If L is a graded integral domain over an algebraically closed
field k and x,y € L, are linearly independent, then for all r > 1, x", x"" Y, ..., y"
are linearly independent in L.

PROOF. Suppose apx” + a;x"~' + - - - +ay” = 0. Let ¢ be an indeterminate
and let f(¢) = 2 _, a;¢'. Then f(¢) factors into linear factors over k,

70 = T (at ~ B).

But then I/ (ay — Bix) = 7_oa;x" "%’ = 0 and hence o,y — B;x = 0 for some
i. This implies o; = B; = 0 and hence g; = 0, for all i. []
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