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ABSTRACT. Let 4 be a continuous trace C*-algebra with paracompact spectrum 7,
and let C(T') be the algebra of bounded continuous functions on T, so that C(T)
acts on A in a natural way. An A-A4 bimodule X is an A-¢4 imprimitivity
bimodule if it is an 4-4 imprimitivity bimodule in the sense of Rieffel and the
induced actions of C(T') on the left and right of X agree. We denote by Picer, 4
the group of isomorphism classes of A-¢4 imprimitivity bimodules under ® ,.
Our main theorem asserts that Picc ) A4 = Picggy Co(T). This result is well known
to algebraists if 4 is an n-homogeneous C*-algebra with identity, and if 4 is
separable it can be deduced from two recent descriptions of the automorphism
group Autcr) 4 due to Brown, Green and Rieffel on the one hand and Phillips
and Raeburn on the other. Our main motivation was to provide a direct link
between these two characterisations of Autgry 4.

The Picard group of a C*-algebra has recently been introduced and studied by
Brown, Green and Rieffel [3]. In the purely algebraic case of an algebra 4 with
identity over a commutative ring R, the Picard group Picg, A of 4 consists of the
invertible 4-,4 bimodules under @ ,. The C*-algebra version uses instead the
imprimitivity bimodules of Rieffel [11]; although he was primarily interested in
applications to group representation theory, these bimodules appear to be the
correct C*-analogue of invertible bimodules. The Picard group PicA of a
C*-algebra A consists of the 4-4 imprimitivity bimodules under the operation @ ,.

Rosenberg and Zelinsky showed that the Picard group Picg 4 of an algebra is
related to the group Aut, 4 of R-automorphisms of 4 via an exact sequence

0—-Inn A4 — Autg 4 — Picyg A4,

where as usual Inn 4 is the group of inner automorphisms (cf. [2, Proposition 5.2]).
Brown, Green and Rieffel show that for a C*-algebra 4 with countable approxi-
mate identity there is also an exact sequence

e
0—Inn A > Aut A > Pic 4,

where now Inn 4 is the group of automorphisms implemented by multipliers of 4;
in addition they proved that { is surjective when A is stable. This result bears a
striking resemblance to the main theorem of [9], which asserts that for a separable
continuous trace C*-algebra 4 with spectrum T there is an exact sequence

0 Inn 4 - Autg ) A — HY(T, Z),
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where C(T) is the algebra of bounded continuous functions on 7, and that 7 is
surjective if 4 is stable. There is a natural action of C(T) on a C*-algebra 4 with
spectrum 7, and if we denote by Picir) 4 the subgroup of Pic 4 consisting of
imprimitivity bimodules X such that
(af)xb = ax(fb) (a,be A, fEC(T),x €X),

then it follows from these two results that for a stable continuous trace C*-algebra
with spectrum 7, Picgy 4 = H YT, Z). In case T is compact, the Picard group
Pic C(T) = Picy(ry C(T) can be naturally identified with H X(T, Z), and we there-
fore have Piciry 4 = Pic C(T); in fact, since Pic is a stable isomorphism invariant
it is possible to deduce this result for all separable continuous trace C*-algebras. In
the case where 4 is an n-homogeneous C*-algebra—known to algebraists either as
an Azumaya algebra over C(T) or as a central separable C(T)-algebra—this result
can be proved directly (cf., for example, [1, Corollary 4.5, p. 108]). In [9, §2.20] we
suggested that it should be possible to prove the general result directly, and the
object of this paper is to show how this can be done.

Our proof involves a construction rather like that of building vector bundles
from transition functions; since imprimitivity bimodules carry a lot of structure the
process is a bit more complicated, and we require quite a few technical properties
of imprimitivity bimodules which as far as we know have not been made explicit in
the literature. We therefore devote our first section to a discussion of imprimitivity
bimodules over arbitrary and continuous trace C*-algebras. The second section
contains our main theorem, which asserts that for any continuous trace C*-algebra
with paracompact spectrum 7T there is an isomorphism

Picery A = Picgry Co(T).

We have included a short appendix which contains some elementary facts about
imprimitivity bimodules; these are mostly concerned with relating imprimitivity
bimodules to the purely algebraic invertible bimodules. In particular, Proposition
A3 and our main theorem show that Theorem 2.1 of [9] is a special case of
Corollary 3.5 of [3]; although this clearly sliould be true we know of no easier way
to do it, and one of our main motivations for the present work was to make the
relationship between [3] and [9] explicit. Conversely, of course, when A is separable
our main result follows from [3] and [9], but we do not know how to adapt this
argument to give our theorem in its full generality.

1. Imprimitivity bimodules. Let 4 and B be C*-algebras, and let X be an 4-B

bimodule; by this we mean that X is a left A- and a right B-module satisfying
(ax)b = a(xb), alxb = axAb (aeAd,beB xeX,AeC).

Suppose there are two pre-inner products on X, one A-valued, conjugate-linear in
the second variable, and denoted < - ,- ), and the other B-valued, conjugate-linear
in the first variable, and denoted {-,-)>z. We call X an A4-B imprimitivity
bimodule if the following axioms are satisfied for all x,y € X,a € 4,b € B:

(H<x, x>, >0inA,<{x,x>s > 0in B;

(2) <x’y>,: = <ya x>A’ <x,y>§ = <y’ x>B;
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B)<{x,¥bPp = x,y>pb,ax,y> 4 = alx,y)4;

(4) the ranges of (- ,->, and { -,-)>, generate dense subalgebras of 4 and B

respectively;

)X, y042 = x{y, 2)p;

(6) <ax,y>p = <{x,a*y>p, {x,yb), = {xb*, y),.

If there is an 4-B imprimitivity bimodule 4 and B are said to be strongly Morita
equivalent.

REMARK. Our definition of imprimitivity bimodule is not quite the same as
Rieffel’s [11, Definition 6.10]; however the two are equivalent provided we restrict
attention to modules over (complete) C*-algebras (cf. [11, Lemma 6.12] and the
second part of the proof of [11, Lemma 4.27)).

An A-B imprimitivity bimodule X carries two natural seminorms defined by

lxllg = <%, xDpll"2 llxllg = 110 x40

by [12, Proposition 3.1] these agree. The elements of length zero form a closed 4-B
submodule of X, so we can mod them out to obtain another A-B imprimitivity
bimodule X, which carries a natural norm; the completion of X, in this norm is yet
another 4-B imprimitivity bimodule which we call the completion of X. By a
complete A-B imprimitivity bimodule we shall mean one which has no vectors of
length zero and is complete in the natural norm. If X and Y are complete 4-B
imprimitivity bimodules, then an isomorphism a: X — Y is a module isomorphism
of X onto Y which preserves the inner products.

A fundamental result which we shall often use is the following version of the
Cauchy-Schwarz inequality: if X is an A-B imprimitivity bimodule and x, y € X
then [[<x, y >g* < [I<x, x>l Iy, sll [11, Proposition 2.9]. A simple corollary of
this is that if X is complete {x, z)g = {y, z) for all z € X implies that x = y.

A simple nontrivial example of an imprimitivity bimodule can be constructed as
follows. Let H be a Hilbert space, with inner product (-| - ) conjugate linear in the
first variable. With the inner products <k, k>g = h ® k, <h, k>c = (hlk), H
becomes a complete K(H)-C imprimitivity bimodule, where K(H) is the algebra of
compact operators on H and h ® k is the rank one operator sending g to (k| g)h.
Equivalently, if 4 is an elementary C*-algebra and p € A4 is a rank one projection,
then Ap is a complete 4-C imprimitivity bimodule with the inner products

{ap,bp>, = apb*,  {ap, bp)c = tr(pa*bp).

Of interest to us later will be the following generalisation of this example: here if 4
is a C*-algebra with primitive ideal space T and a € A4, then we denote by A(¢) the
quotient of 4 by the ideal ¢+ € T, and by a(¢) the image of a in A(?).

PROPOSITION 1.1. Suppose that A is the C*-algebra defined by a continuous field I
of Hilbert spaces over a locally compact space T (cf. [1, 10.9.2]). Then the space
X = T'((3C) of continuous vector fields (sections) of IC which vanish at infinity is a
complete A-Cy(T) imprimitivity bimodule with the inner products

Choky () = R() ® k(1) , <k k(1) = (h(1)|k(2)),
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and the module actions
(a-h)(1) = a()(h(2)),  (h-f)®) = k(A1) (a €A, fE CYT)).

ProoF. First we note that the actions of 4 and Cy(T) do preserve X by 10.7.3
and 10.1.9 of [7], and all we have to do is verify the six axioms. Axiom (1) follows
from the observation that a € A is positive if and only if a(z) > O foreveryt € T
(Corollary 10.3.4 of [7]), and similarly axioms (2), (3), (5) and (6) reduce to
pointwise statements about rank one operators which are easy to check. That (4)
holds for < -,-)c z) follows from the Stone-Weierstrass theorem, and it only
remains to show that the algebra B generated by the range of < - ,- >, is dense in A4.
Since B is clearly a Cy(T') submodule of 4, it is enough to show that B(r) is dense
in A(¢) for each t € T. But B(¢) is the set of finite rank operators on (), and so
is dense in A(¢r) = K(IC(0)). O

COROLLARY 1.2. Let A be a continuous trace C*-algebra with spectrum T, and
suppose that p is an element of A such that p(t) is a rank one projection for every
t € T. Then Ap is a complete A-C(T) imprimitivity bimodule with the inner products

ap, bp), = apb*,  <ap, bp)cr)(1) = tr(p(1)a(e)*b(1)p(1)).
Further, if q is another such element of A and v € A satisfies
o(o()* = p(1),  o(O)*o(t) = q(1) fort €T,
then right multiplication by v defines an isomorphism r, of Ap onto Aq.

PROOF. In this case 4 is the C*-algebra defined by the continuous field 4(#)p(r)
of Hilbert spaces (cf. [7, 10.7.6]), and the space of sections of A(#)p(¢) which vanish
at infinity is Ap. That ap — apv preserves inner products is a straightforward
calculation, and it is an isomorphism since ag — aquv* is an inverse. []

If X and Y are, respectively, A-B and B-C imprimitivity bimodules, then their
algebraic tensor product X®, Y is an A-C bimodule, and we can define two inner
products on X©, Y by

(x®y, x| B y1oc = x5 X>B,V,J’1>c, (x®y, x; Oyia= {x, x|<)’|,)’>s>A-

In this way X©p Y becomes an 4-C imprimitivity bimodule: the axioms all follow
from [11, Theorem 5.9], except for (5) which is a simple calculation. We shall
denote by X ®; Y the completion of XOp Y. If Z is a C-D imprimitivity
bimodule then the map (x ® y) ® z > x ® (y ® z) induces an inner product
preserving bijection of (XO4 Y)O, Z onto XO 5 (YO Z); we identify both with
the triple tensor product XOpz YO, Z and let X ®, Y ® Z denote its comple-
tion. It is quite easy to check that this is isomorphic to (X ®5 Y)®. Z and
X ®y (Y Q. 2).

We are interested in imprimitivity bimodules because they are a suitable ana-
logue for C*-algebras of invertible bimodules. The trivial B- B imprimitivity bimod-
ule is B itself, equipped with the obvious module actions and the (left and right)
inner products {b,, b,>5 = b,b¥, {b,, b,y = b}b,. If X is an A-B imprimitivity
bimodule, then its inverse is the dual module X, which as a linear space is just X,
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has the same inner products as X, and has the following module actions: bx =
(xb*)", Xa = (a*x)". The map ¥ ® y — {x, y ) defines an inner-product preserving
map of XO, X into B with dense range, and so extends to an isomorphism of
X ®, X onto B; similarly X ® ; X is isomorphic to 4. For example, the dual of
the imprimitivity bimodule Ap of Corollary 1.2 is isomorphic to p4 under the map
(ap)— pa*. An isomorphism a: X, — X, of imprimitivity bimodules induces an
isomorphism a: X = X , via a(x) = a(x)7; if we identify (4p)” with p4 and (Aq)”
with gA, then the dual of the isomorphism 7, of Corollary 1.2 is given by left
multiplication by v*.

The set of isomorphism classes of complete 4-A4 imprimitivity bimodules forms a
group under @ ,, which is called the Picard group of 4 and denoted by Pic A4 (this
differs slightly from the definition given in §3 of [3], but the two are easily seen to
agree). If Z is an A-B imprimitivity bimodule, then the map X — Z ® 4 X®,Z
induces an isomorphism of Pic 4 onto Pic B, and it follows immediately from [3,
Theorem 1.2] that Pic is a stable isomorphism invariant.

If X is a complete A-B imprimitivity bimodule and m € M(A4), the multiplier
algebra of A4, then m acts naturally on AX = {ax: a € A, x € X} via the formula
m(ax) = (ma)x; this action is well defined since if a;x, = a,x, and z € X, then

{(ma))x, — (may)x,, 234 = (ma){x,, 2y, — (Ma)\xy, 2,
= mla;x, — ayx,,zy, = 0.
A similar calculation shows that ||m(ax)||} = ||m{ax, ax),m*|| < ||m|]?||ax|? so
that the action is continuous. Since AX is dense in X (Lemma 6.13 of [11]) it
follows that M(A) acts on all of X, and we have {(mx, y>, = m{x,y>,, a(mx) =
(am)x, {mx,y>p =<x,m*y>p for all x, y € X, m € M(A) and a € A. The
Dauns-Hofmann theorem identifies the algebra C(Prim 4) of bounded continuous
functions on the primitive ideal space of 4 with the centre of M(A), and so there is
in particular an action of C(Prim 4) on X with the same properties. If X is a
complete A-4 imprimitivity bimodule then C(Prim 4) acts on both the left and
right of X; if
fx = xf forallf € C(Prim 4), x € X,

then we call X an A-gppim 4y4 imprimitivity bimodule. The collection of (classes of)
such bimodules forms a subgroup of Pic 4 which we denote by PiCcpim 4y 4 OF
Piczp4y A-

Rieffel [12, §3] has shown that an 4-B imprimitivity bimodule X determines
lattice isomorphisms between the (closed two-sided) ideals of A, the closed 4-B
submodules of X and the ideals of B: if I is an ideal in 4 then the submodule of X
corresponding to [ is

X={xeEX:{x,x),€l}={xEX:{x,y), EIforally € X},
and the ideal of B corresponding to the submodule Y of X is
W= §{<x,y>3: xXEX,yEY}

If I is an ideal in 4 we shall write a, (/) for the ideal in B which X associates to 1.
Rieffel has also shown that a, maps primitive ideals to primitive ideals, and that
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ay: Prim A — Prim B is a homeomorphism [12, Corollary 3.8]. For example, if 4 is
as in Corollary 1.2 and we identify Prim 4 and Prim Cy(T) with T in the usual
way, then a,, is the identity map: T — T.

LeMMA 1.3. If X is an A-B imprimitivity bimodule and Y is a B-C imprimitivity

bimodule, then

Qxg,y = Qy ° Ox.
PROOF. Let I be an ideal in 4: we have to show that
I(X ®p Y) = (X ®p Y)ay(ax(l))'

First we claim that (X ®j Y) is the closure of (XO®, Y) in the 4-norm on
X ®p Y. [Since X ® Y is the completion of (XOp Y),, not XOp Y, what we
mean by this is the closure of the image of (X®Op Y) in (XOg Y),.] To see this we
observe that since ,(XO Y) is a closed A-C submodule of X ® 5 Y, by Rieffel’s
theorem ,(XOp Y) =,(X ®; Y) for some ideal J in 4. Since the inner products
are continuous we have (XOpY) C(X ®5 Y), so that J Cc I. However, if
z € (XOy Y) then z is a finite tensor in ,(X ® 5z Y) and so belongs to (X Oy Y);
thus I C J and we have verified the claim.

By [12, Lemma 3.3], (XOgZ Y) is the closure in XO4,Y of (XOyzY) =
(IX)®O, Y; a simple approximation argument shows that I—)?=Xax(1 ), and so we
have (XOp Y) = [Xay(I)O g Y] where the closure is in X ©5 Y. But elements of
B pull across the tensor, and so a similar argument shows

[Xay (1)Op Y] =[XOp Yay(ay(I))]"

Unravelling this and using the right-handed version of our claim gives the result.

O
Let X be an A-B imprimitivity bimodule, let / be an ideal in 4 and let

J = ay(I). We shall write p;: X > X/,X, 0, A—>A/I, 7, B— B/J for the
various quotient maps. The submodule ;X of X is an J-J imprimitivity bimodule in
the obvious way; further, the quotient X /,X is an 4 /I-B/J imprimitivity bimod-
ule if we define
pr(x), 00(¥)>ayr = 0/, ¥04),  o,(a)- p)(x) = py(ax),

and so on-it is straightforward to verify that these actions and inner products are
well defined (again this was first noticed by Rieffel in [12, §3]). We can identify
Prim I with {K € PrimA: K DI} via KN I< K, and Prim 4 /1 with {K €
PrimA4: K D I} via K/I - K.

LEMMA 1.4. The homeomorphisms induced by ;X and X /X are given by

ay(K N I)=ay(K) N ay(l); aX/,X(K/I) = ay(K)/ax(I).
PROOF. Suppose K € Prim 4 and K D I. Then
kn1(X) =kaiX = Xk ny

since ay is a lattice isomorphism, ay(K N I) = ay(K) N ay(I), and

Knl(lX) = (Xux(l))ax(l()nax(l) = (IX)ax(K)nax(l)'
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If now K € Prim 4 and K D I, then it is easy to check that X/, X = (X /,X),
and so

K/I(X/IX) = Xax(K)/Xax(I) = (X/ax(l)X)ax(K)/ax(I)’

which is enough to prove the lemma. []

PROPOSITION 1.5. Let X be a complete A-B imprimitivity bimodule, and let I, J be
ideals in B with I N J = {0}. Then the quotient map p;: X — X /X, induces a
bijection of X, onto (X/X)1+s/1-

ProOF. We first observe that (X/X,);4s)/r = X;+,/ X, and that, since I — X,
is a lattice isomorphism, we have X,,, = (X, + X,)". These two observations
imply that (X; + X,)/X, is dense in (X/X,) ;4 in the (I + J)/I norm. Now
the mapping p,;: X, = (X; + X,)/X, is surjective, and if 7, is the quotient map:
B — B/I then for x € X,

%113 = 1<%, %11 = N17(<x XD pe D = Nos(Erw 531

since J is isometrically isomorphic to (I + J)/I. Thus p, is isometric with dense
range, and since X, is complete we conclude that p, is surjective as claimed. [J

If A and B are two C*-algebras whose primitive ideal spaces have both been
identified with the same topological space T, then an A-,B imprimitivity bimodule
X is one for which the induced homeomorphism ay is the identity. To each closed
subset K of T correspond closed ideals Ay in A and By in B, and since ay is the
identity these correspond to the same submodule X, of X. We can identify both
Prim Ay and Prim By with T\ K, and Lemma 1.4 then implies that ay is the
identity, so that X is an Ag-y xBx imprimitivity bimodule. Similarly we can
identify the primitive ideal spaces of the quotients AX = 4 /A4, and BX = B/ B,
with K, and XX = X /X, is an 4%-;B¥ imprimitivity bimodule. If x € X then we
shall write x* for its image in X%, and similarly for elements of 4 and B. In this
notation, the imprimitivity bimodule structure is defined as follows:

akxK = (ax); K yED = (K yd )5

beK = (Xb)K; <xK7yK>B" = (<x!y>B)K’
and Proposition 1.5 takes the following form:

COROLLARY 1.6. Let A, B be C*-algebras with the same primitive ideal space T,
and let X be a complete A-;B imprimitivity bimodule. If K is a closed subset of T and
U is an open subset of K, then the quotient map p*: X — XX induces a bijection of
Xp\y onto (X5) gy

We shall now specialise to the case of imprimitivity bimodules over continuous
trace C*-algebras. If 4 is a continuous trace C*-algebra with spectrum (and
primitive ideal space) T, we denote by A(f) the quotient of 4 by the ideal A4,
corresponding to ¢ € T. The field @ = {A(?)} is a continuous field of elementary
C*-algebras over the locally compact space T, and 4 can be regarded as the
algebra I'(&) of continuous sections of @ which vanish at infinity. The ideal 4,
corresponding to the closed set K C T is then the space of sections in I'y(@) which
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vanish on K, and the quotient 4 X is canonically isomorphic to the space I'(&| ) of
sections of @ over K. If X is an 4-;.4 imprimitivity bimodule, then identifying 4 ¥
with 4|, we see that the inner products on XX are defined by (y%, z%X) « =
{y,2) 4, In particular, if r € K C T, then

52 um = s 204(0) = K 25 4x(0);
we shall frequently use this observation without comment.

PropPosITION 1.7. Let A, B be continuous trace C*-algebras with paracompact
spectrum T, let X be an A-;B imprimitivity bimodule and let K C T be closed. Then
the quotient norm of X X inherited from the B-norm on X coincides with the BX-norm.

ProoF. The BX-norm and the quotient norms are given respectively by
Iy X15x = 1Ky, ¥ g,
2 .
b Mlrne = Jnf 11K, 058 + <2905 + <25 205 + <2 24l
K

If z € Xg, then {y, z)g, {2,y p and {z, z)g are all in By, so that
”)’Kuf\'/xx > inf "(<y,)’>3 + - )lx" =”<y,.)’>3l1("-
zE X

To see the converse, let € > 0, choose a neighbourhood U of K such that
1<y, y 25Dl < Ky, ¥Dplkll + € fort € U,

and let p: T— [0, 1] be a continuous function such that p = O on K and p =1 off
U (which exists since T is paracompact and hence normal). Then z = —yp € X,,
and expanding out the left-hand side shows that

IKy = 2,9 = 25Dl = (1 = p())*IIKy, ¥ >5(DII.

Since this is zero off U, the result follows. [

COROLLARY 1.8. Under the same hypotheses as the proposition, XX is a complete
A%~ BX imprimitivity bimodule.

PROOF. Since Xy is a closed submodule of X, X|X, is complete in the quotient
norm. []

REMARK. We have been unable to decide whether Proposition 1.7 is true for
imprimitivity bimodules over arbitrary C*-algebras. It does, however, hold for
imprimitivity bimodules over a C*-algebra 4 which is a maximal full algebra of
operator fields (see the remark following Corollary 2.7).

In §3 we shall frequently localise by passing to quotient imprimitivity bimodules;
the following observations show that this operation commutes with other proce-
dures, such as tensoring. The first lemma is an easy consequence of the definition
of the quotient structure:

LEMMA 1.9. Suppose that X; (i = 1, 2, 3) are complete A-;B imprimitivity bimod-
ules and that a: X, — X, is an isomorphism. If K is a closed subset of T then
aX(xX) = a(x)X defines an isomorphism a*: XK — XK. If B: X, > X, is another

isomorphism, then (B ° o)X = BX o aX,
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Let A, B, C be continuous trace C*-algebras with spectrum 7, and let X, Y
respectively be complete 4-;B, B-,C imprimitivity bimodules. Then Lemma 1.3
shows that X ®; Y is an 4-,C imprimitivity bimodule, so that we can form the
quotients (X ®, Y)X; it is natural to ask whether these are the same as we would
have got by taking quotients first and then tensoring:

LemMMA 1.10. Let K be a closed subset of T. Then the map ¢ defined on elementary
tensors by ¢(x ® y) = x* ® yX induces an isomorphism o* of (X ®, Y)X onto
XX ®px YX. Further, if a: X, —> X, and B: Y, — Y, are isomorphisms then the
following diagram commutes:

OK
X, 8, V) >  XK®u YK
(a®p)*] la¥ ® g¥

K
(X, 9, V)5 5 XK@Yk
PROOF. A simple computation shows that
(XK QyK, wKk® 2Ky k= ((x @y, w ® 2))5,

so that ker ¢ = X, and the induced map o* preserves inner products. Every finite
tensor is in the range of %, so that o* has dense range and extends to an
isomorphism of the complete space (X ®, Y)* onto the completed tensor product.
That the diagram commutes is a routine calculation. []

This lemma implies that identifying the isomorphisms (a ® 8)X and a* ® X
will not cause any problems. In the same way if a: X;¥ > XX and B: Y¥ — YX are
isomorphisms we can define an isomorphism a ® 8: (X, ® Y )X - (X, ® Y,)X by

a ® B(x¥ ® y¥) = (w ® z)* where w, z satisfy wX = a(xX), 25 = B(y %),
and similar arguments show that confusing this with the composition

(o) ca® B o (of)
will not cause any problems either. We shall later do this without comment.

If A and B are any two C*-algebras with the same primitive ideal space T and X
is a complete A-,B imprimitivity bimodule then there are actions of C(T) on the
left and right of X induced by the actions of C(Prim 4) and C(Prim B). In fact,
these two actions are the same—in other words, fx = xf for x € X and f € C(T).
To see this, note that the action of C(T') on A4 is defined by fa — f(t)a € A, for all
t € T (cf. for example, [6]), from which it follows that

fx—f(t)x €, X forallt e T.

Similarly we have
xf(t) — xf € X, forallt;

since ,X = X, and Ax = xA for A € C, we deduce that fx — xf € X, for each
t € T. This implies that || fx — xf||3 = 0, and we conclude that fx = xf as claimed.
If A and B are continuous trace C*-algebras, we have the following converse:
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ProPOSITION 1.11. Let A and B be continuous trace C*-algebras, and let X be a
complete A-B imprimitivity bimodule. Suppose that h: Prim A — Prim B is a homeo-
morphism, and define an action of C(Prim A) on the right of X by x - f = x(f ¢ h™").
If fx = x - ffor all x € X and f € C(Prim A), then a, = h.

LEMMA 1.12. Let A be a continuous trace C*-algebra, t € Prim A and a € A,.
Then there is a continuous function f € C(Prim A) and ¢ € A such that f(t) = 0 and
a = fc.

PROOF. Define f € C(Prim A) by f(#) = ||a(?)||'/* and ¢ € 4 by

(i) = { a())/la(l> it lla(0)] 0,
0 if la() =0. O
PrOOF OF ProrosITION 1.11. Since the space AXB = {axb: a € 4, x € X,
b € B} is dense in X, [12, Lemma 3.3] implies that

ax(A,) = sp {{x, aybD>p: x,y € X,a € 4,,b € B}.
By Lemma 1.12 this is the same as
sp {<{x, ¢fbYg: x,y € X,c € A, b € B, f € C(Prim A), f(¢) = 0}

=sp {<x, y[(fo h)b])g:
x,y € X,c € A,b € B, f € C(Prim 4), f(1) = 0}.

Using Lemma 1.12 again shows that this is just B, and the result is proved. []

REMARK. Proposition 1.11 is false without some restriction on the C*-algebras 4,
B. For example, take A = {f € C([0, 1], Mx(C)): f,,(0) = f,(0) =0}, X = {f €
C([0, 1], M5(C)): £1(0) = f,,(0) = 0} where of course f;(¢) denotes the (i, j)th entry
in the matrix f(f). Then X is an A-4 imprimitivity bimodule with the actions of
pointwise matrix multiplication and the inner products {f, g>,(¢) = f()*g(?),
(S, 8D4(1) = f(H)g(£)*. The primitive ideal space of 4 is |0, 1]U {0,, 0,}, topologised
so that sequences converging to 0 in ]0, 1] converge to both 0, and 0, in Prim 4,
where for ¢t € 10, 1], 4, is the ideal of functions vanishing at ¢ and for i = 1, 2,
0, = {f € A4: f,(0) = 0}. Then C(Prim 4) = C([0, 1]), and so the natural actions of
C(Prim A) on the right and left of X agree. However, the homeomorphism a, is
not the identity: it interchanges 0, and 0,.

2. The Picard group of a continuous trace C*algebra. We are now ready to prove
our main theorem.

THEOREM 2.1. Let A be a continuous trace C*-algebra with paracompact spectrum
T. Then

Picory A = Picgry Co(T).

If 4 is defined by a continuous field of Hilbert spaces then there is an 4-,.Cy(T)
imprimitivity bimodule X (cf. Proposition 1.1) and Y — X® 4 Y ®, X gives the
required isomorphism. Since a continuous trace C*-algebra 4 is locally given by a
field of Hilbert spaces, we can find a cover {N,} of T and 4 M-,;,;C(A—/i) imprimitivity
bimodules X, and to each A-;4 imprimitivity bimodule Y we can associate a
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family {/\7,. ® x5 Y% e 4% X} of C(IV,.)-,ZC(IV,-) imprimitivity bimodules. Our prob-
lem is to prove that we can construct imprimitivity bimodules from this sort of
local data, and, of course, that our construction does give an isomorphism of
Picard groups. Throughout this section 4 will be a continuous trace C*-algebra
with paracompact spectrum 7.

We denote by L, the collection of all triples {N,, Y,, ¢;: i, j € I} consisting of
an open cover {N,} of T, complete A™-74™ imprimitivity bimodules Y,, and
isomorphisms ¢,: Y» — Y% satisfying

¢i1.viﬂ‘ ° ¢/27yk = ¢’.§llk,
(Here IV,J =N n IVj, and so on.) We shall call the ¢;’s transition isomorphisms.
We define an equivalence relation ~ on L, as follows
{Ni’ Zi’ ¢U: i,j (S 1} ~ {Mk’ Yk’ \l/kli k,l (S K}
if and only if there is an open cover {L,: A € A} of T with maps r: A— 1, s:
A — K such that L, C N,,, N M,,,, and imprimitivity bimodule isomorphisms p,:
ZR) — Y. such that for each A, p € A the following diagram commutes:

L. % yh
Z,Ciy - Y
Ly L
o orm L ¥s®semy

— L _
z Y vk

That this is in fact an equivalence relation follows at once from elementary
properties of the quotient isomorphisms (cf. Lemma 1.9). Notice that if Z is a
complete A-;A4 imprimitivity bimodule then Z € L, in the sense _that {T, Z,id} €
L,, and that if {N,} is any open cover of T, then each Z™ is complete by
Proposition 1.7 and Z ~ {N,, Z", id;: i, j € I} where id;;: ZNo 5 ZN is the
identity for each i, j. In the same way we can always replace {N,} by a refinement
without changing the class of {N,, Y, ¢;}.

We now describe our basic construction of imprimitivity bimodules from local
data. Let (N, Y,, ¢,;} € L,. Since each ¢; preserves the inner products, for every
Y = {¥i}ies € ll,, Y, satisfying ¢,(y") = y,Y and every ¢ € T, the formula

D yu() =y yidyr(t) (ift € N)
gives a well-defined element of A(7). We set

Y={{)"i}e II Y;

iel

%ﬁ"( yjﬁv) = y,.ﬁu foralli,j €1, and}
t— Ky, ¥4 (?)]| vanishes at infinity
If y, z € Y we define
$¥> 294() =y 2045(1) fort € Ny
the same argument as above shows that (y, z)’, is well defined and the Cauchy-

Schwarz inequality implies that ||{y, z)/,(?)|| vanishes at infinity. Since {y, z )~
=y z;)4y#n = a|y, for some a € A4, and since 4 is closed under local uniform
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approximation, we conclude that {y, z)/, is in fact an element of 4. Similarly, we
set

{ys Z>f4(t) =y zi>f4ﬁi(t) ift €N,

The equality of the left and right norms in the A4(#)-A(#) imprimitivity bimodule Y’
implies that ||y, z)/,(¢)|| vanishes at infinity, and as before we see that {y, z)/,
A. We define module actions of 4 on Y by a-{y} = {algy;}, (¥} -a=
{¥i(al5)}; since the ¢; are 4 Ni_bimodule homomorphisms and

||<a|ﬁ,.y," aiﬁ,.y,'>4'71(t)” < ||a(’)|| IKyi yiam (DI,
these actions do map Y back into itself. With these actions Y becomes an 4-4
bimodule, which we shall denote by ®{N,, Y,, ¢;}. We shall show that in fact it is
an imprimitivity bimodule, but first we need a lemma.

LEMMA 2.2. Let i € I be fixed and suppose that U is an open subset of N; and

Yi € (Y))n\u- Then for each j # i we can choose y; € (Yj)ﬁ,\u such that
@k(y,ﬁv_f") = yﬁ;" forallj, k € I.

PROOF. We define z; € Y% by z; = ¢,(y™) (j #i); note that z, € (¥; ”)Nu\v
since ¢;; = 4’0 preserves the inner products By Corollary 1.6 for each J ¥ i we can
find y, € (Y)N, \v such that yj"v = z;, and the condition in the lemma is trivially
satisfied if one of j, k is i. So suppose that neither of j, k is i. It is enough to show
that if w € Y™ then

(06 (0%) ) 4 ® = (3% %) 150 M
forallt € Nj.If t € N, then t & U so that (y;, y;>45(1) = 0 = {3, », > 47(t) and
the Cauchy-Schwarz inequality implies that both sides of (1) are zero. If t € N,,
then

(4(75). ) 5 (7 v*) W) au(0)
B0 (57%) %), )
o ~v~) whe) (1)
= (o W) D)

which is equal to the right-hand side of (1), and the lemma is proved. []

= (o(
= (g
= (&

ProposITION 2.3. If {N, Y, ¢;} € L,, then Y = ®{N,, Y, ¢;} is a complete
A-1A imprimitivity bimodule.

PRrROOF. We first verify the six axioms. The first follows from the observation that
a € A is positive if and only if a(?) > 0 for all ¢+ € T (cf. Corollary 10.3.4 of [7]).
Routine calculations show that axioms (2), (3), (5) and (6) are satisfied, and it
remains to check (4). We observe that there is an action of C(T') on the right of Y
given by {y;} - f = {¥:(f|5)}, which satisfies

SEAREATPACU LRSS REIPAVI O
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this follows from the corresponding property of the action of C(]Vi) on Y;. Hence
the span B of the range of < - ,- )/, is a C(T)-submodule of 4, and to prove that B
is dense in A4 it is enough to show that B(?) is dense in A(t) foreach: € T.
If a € A and ¢, € N, then we can approxxmate a™ by an element of the form
" vk 2k gme Multlplymg each y* and z* by a continuous function p: T —
[0 1] such that suppp C N, and p(f) =1 does not change the value of
a1, 2} 47(1y); hence we can assume that y*, z* € (YDw\n, By Lemma 2.2
these extend to { ¥/}, {2} € Y. then

% vk 2l ) am = % <{yjk}’ {zjk}>,4 _

i

€EB

b

W,

so that we have approximated a at 7, by an element of B. We conclude that Y is an
A-A imprimitivity bimodule.
To see that a, is the identity on T note that if # € N, then

= {{3) € Y: Gy as(t) = 0),

which is {{y;} € Y: {y,, ¥, u(t) = 0} = 4,Y since ay is the identity on N,. It only
remains to check that Y is complete. But if { y"}%_, is a Cauchy sequence in Y and

= {y"}, then, for each i, {y/}>., is a Cauchy sequence in Y; and hence
converges to some element y; € Y. It is not hard to see that { y;,} € Y and that
y" = {y;}, which completes the proof. []

ProposiTiON 2.4. If {N,, Y, ¢;: i €I} € L, then ®(N,, Y,, ,;} ~ (N, Y,, ;)

PrROOF. Again we write Y = ®{N,, Y, ¢;}. Since T is paracompact we can
suppose that { N, } is locally finite, and we can choose an open cover {M;: i € I} of
T such that M, C N,. For each i we define §;: Y — Y™ by §({y,}) = y,”' We note
that the kernel of §; is Y, 8O that §; induces a map, also denoted by §,, of Y™ into
YM Since the inner products on the quotients are the restrictions of the usual inner
products, each §; preserves the inner products, and to show §; is an isomorphism it
will be enough to show that it has dense range. Because (N \N)N M, =, we
have (4% YW, + (4 N, Vi = A ¥ which by Theorem 3.2 of [12] implies that

Y, = (Y)mw, + (V)i

and

YM =Y,/ (V)i = Vrw, + Vi / (V)i

Thus we can approximate any y € Y,.ﬁ" by an element z,.‘7" such that z;, € QAN NE
By Lemma 2.2 we can extend this to an element {z;} € Yr,,; applying §, to this
gives us z™, so that the range of §, is dense. Since both Y™ and (Y)™ are
complete, §; is therefore an isomorphism of Y onto (Y, ). To show that the §’s
define an equivalence we have to show that the following diagram commutes:
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o(N, Y, /
> by \

However, this is a routine calculation using the definition of the quotient isomor-
phisms (Lemma 1.9), and the proof is complete. []

We have now shown that each equivalence class in L,/~ contains an A4-,4
imprimitivity bimodule and our next goal is to prove that each class contains
exactly one up to isomorphism. Now it is clear that if Z = Y then Z ~ Y; our task
is to prove the converse. The following lemma will help:

LemMA 2.5. If {N,} is an open covering of T and Y is an A-pA imprimitivity
bimodule, then Y = ®{N,, Y™ id,;}, where id;: YY s Y™ is the identity isomor-
phism.

PrOOF. Define y: Y — ®(N,, Y"v, 1dy} by v(y) ={ y’-v_'}; then y preserves the
inner products and all we have to do is show that the range of y is dense. Let
{y;} € ®(N, Y™, id;}. Without loss of generality we may assume that
IEEARSAPAO] S O off some compact set K, for if not we can multiply by a
continuous function of compact support which is identically one except where
I<y;, y;>(?)|| is small. We choose N,,..., N, such that K Cc U /., N, and a
partition of unity {p,} for K subordinate to {N;}. By Corollary 1.6 we can find
2; € Yy, such that N = py, We sety = 3% _, z,; we shall prove that y(y) =
{r:}

We first note that if ¢+ & K, then {z,, z;)’,(¢) = O for all i; this is trivial if ¢t & N,
and if + € N, then

Czp 2t = (2% 27 a(1) = POy, Yardt) =

The Cauchy-Schwarz inequality implies that (y,y), vanishes off K. We shall
show that y™ = y, for j € I by proving thatif w € 4™ and ¢ € N, then

Cp wran() = (3% w) 150 = 2 (a5 w) 150 )
Now if # € N,, then
<sz—/', w>Aﬁj(t) = <sz_f*, w’vﬂt>Aﬁjk(t)
= ()2 WY 0, (1) = (1)< D 05()

since y M = yjﬁf*, and if t & N, then
(2, w45 (1) = 0 = p()<y;, wHam ().
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Thus forr € K N N;
% (28 W) 45(1) = 2 o) w45 (1) = {3y WD 45(2).
k

We have already seen that both sides of (2) are zero if ¢+ & K, so we have now
shown yY = ¥;» or, in other words, that y(y) = {y;}, as claimed. [J

PROPOSITION 2.6. If Y and Z are A-,A imprimitivity bimodules and Y ~ Z as
elements of L,, then Y is isomorphic to Z.

PRrOOF. Since Y ~ Z there are an open cover {N,;} and isomorphisms §;:
ZM > Y% such that ™ = 8™ for all i,j € I. If {z,} € ®(N,, Z™, id,;} then it is
easy to check that {§,7,} € ®(N, Y™, id;} and that &: {z,} - {8z} is an inner-
product preserving map. Since § has an obvious inverse, we conclude that é:
®{N,, Z", id;} - ®(N,, Y, id;} is an isomorphism, and the result follows from
the lemma. []

COROLLARY 2.7. L, /~ is in one-to-one correspondence with Piccry A.

REMARK. The referee has suggested to us that the argument used to establish
Corollary 2.7 should work equally well in the case where 4 is a maximal full
algebra of operator fields over a locally compact and paracompact Hausdorff space
T (or, equivalently, when there is a continuous open map of Prim 4 onto a
paracompact Hausdorff space T [8, Theorem 4]). This is indeed the case, provided
that when K is a closed subset of T we interpret an AX-, 4% imprimitivity
bimodule as one such that

(af)xb = ax(fb) fora,b € 4K, f € C(K), x € XX

(cf. Proposition 1.11 and the subsequent example). The proof of 2.7 goes through as
we have given it.

Our plan is to build a map from Picy 7, 4 to Picqr) Co(T) by defining a map
from L, to L s, and showing that it respects ~. The construction uses the
“local” imprimitivity bimodules we described at the beginning of the section; more
precisely, we require:

PROPOSITION 2.8. There is an open cover {N;: i € I} of T by relatively compact
sets such that there are complete A W, "ﬁ,.C(ﬁi) imprimitivity bimodules X; and isomor-
phisms a;: Xs — X satisfying: _

(1) If L is a closed subset of Ny, Z, (m=1,2,3) are AL, AL imprimitivity
bimodules and ¢: Z, — Z,, y: Z, — Z, are isomorphisms, then

(d,f‘@\l/@d,.}‘)o (a",.!'.“®¢®ajf; =dr ® (Yo o) ® ak.
(2) If L is a closed subset of ]Vij , Y, (m=1,2,3) are C(L)-, C(L) imprimitivity
bimodules and ¢: Y, — Y,, {: Y, — Y, are isomorphisms, then
(0 ® ¥ @ af) o (af ® ¢ ® &) = o ® (¥ ° ¢) ® G-

(Here & is the dual of the isomorphism ay; cf. §1, following Corollary 1.2.)

»
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PrROOF. Since 4 is a continuous trace C*-algebra, for each 1 € T there is a
neighbourhood N of ¢ and an element p € A4 such that p(s) is a rank one projection
foreachs € N [7, Proposition 4.5.3], and Corollary 1.2 tells us that 4 ﬁpﬁ = (Ap)|¥
is a complete 4" -ﬁC(IV ) imprimitivity bimodule. If p, ¢ are two such elements of
A, then the first part of the proof of Lemma 2.5 of [10] shows that there is a smaller
neighbourhood M of ¢ and a € A such that a(s)a(s)* = p(s), a(s)*a(s) = q(s) for
s € M. The argument of Lemma 10.7.11 of [7] with the preceding remarks
replacing Proposition 10.7.7 and Lemma 10.7.9 of [7] shows that there are a
covering {N;: i € I} of T by relatively compact open sets, for each i € I an
element p; € A such that p,(¢) is a rank one projection for ¢t € 1\‘4, and for each pair
i,j € I an element a; € A4 such that

a(Na,()* = p(t),  a(D*a,(r) = p(t) fort € N
We take for X; the imprimitivity bimodules (4p,)| #, and for our isomorphisms a;;
the maps

ay(alz,plz,) = (alzplz,)al 5,

so that the dual modules 1\7, can be identified with (p,4)| ~, and the dual isomor-
phisms &; with left multiplication by a;.

We must now check (1) and (2); clearly they are similar so we shall only verify
(1). We first note that if L is a compact subset of IV:.I. , then the ideal (X)), is
{(ap)|w: a(®)p(t) = 0 for t € L}, and we can identify (X))t with (4p,)|,; under
this identification ;" becomes right multiplication by a;|,. Now let

w=(plal) ® z® (bl € XkLQA" ZO . Xy

be an elementary tensor. Then

(&;,l~~ Y ® a,.}“) ° (‘;‘,f ®¢e® ajf)(w) = (ai’;a};cpka)h ® Yo ¢(z) ® (bpkajkaij)lL'
For each ¢ € L, a;(#)ay(?) is a partial isometry sending p,(?) to p,(¢), and so must
differ from a, (¢) by a constant of modulus 1; hence there is a continuous function
f: L > S such that (33| = f(ay|p)- It follows at once that (afa})|, = fag]L)-
A simple approximation argument shows that continuous functions pull across
tensors, and since all our imprimitivity bimodules induce the identity homeomor-

phism on L they also pull across elements of /\7/.", Z and Xj" (cf. the argument
before Proposition 1.12). Hence

(@,” Yy ® aif‘) ° (ajf ¢ ® "‘,ﬁ)(”’) = jf(“ﬁPka)lL ® ¢ ° ¢(z) B (bpray)|.
= (G ® (¥ ° ¢) ® ez )(w)
since | f(¢)] = 1 for all 7. This implies that (1) is satisfied, and the result is proved.
O

We now fix {N,;}, X; and «; as in Proposition 2.8 and define a map y:
L, — L¢r, as follows:

Given {M,, Y,, ¢,,: n,m € N} € L,, we choose a common refinement {L,:
p € P} of {M,} and {N,}, together with restriction maps p: P — N, 6: P — I such
that L, ¢ M, L, C N,,,. Theny{M,, Y,, ¢,,} will be
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L
{L,: X, X7 ® 45 Yl?’p) 15 Xoloy Gulraca) ®¢p<p)p(q) ® a (p)o(q)}

where the transition isomorphisms make sense by Lemma 1.10.
That y{M,, Y,, $,,,} is actually an element of L, is a consequence of Lemma
1.10 and Proposition 2.8(1).

LeMMA 2.9. If {M,, Y,, ¢,,} € L, then the equivalence class of Y(M,, Y,, },,} in
L¢ 0(77/ ~ is independent of any choice made and depends only on the class of

{ n’ nm} in LA/~

PrOOF. Suppose we had chosen a different refinement {K;}sca of {M,} and
{N;}; since we can always take a common refinement of {K;} and {L,} we may as
well assume that { K;} is a refinement of { L,}, so that there is a map 7: A —» P with
K; C L,y By Lemma 1.10 the quotient maps induce isomorphisms

L
&: (X, (w(s»® ntsy ® X, a(ar((’s») - X% ® Yp(w(s)>® Xa(w(s))

and these implement an equivalence in L¢ 7, The same argument shows that we
can replace {M,} by a finer cover, and to prove y respects ~ it remains to show
that if {M,,Z,y,,,} € L, and there are isomorphisms 6,: Z, — Y, satisfying
Y © Offom = QMom o ¢ then y{M,, Z,, Yo} ~ Y{M,, Y,, &,,}. But a standard
calculation on elementary tensors shows that

(aa<p)o<q) ® lPp(p)p(q) ®a (p)o(q)) (id ® 9p<q) ® 1d)
=(d® 9:(7) ®id) © (E¢%ecq) ® ¢,,(,,),,(q) ® ao(P)O(q))

which is enough to prove the lemma. []

In exactly the same way, we define a map : Lc(T)—> Ly:

If {M,, Y, ¢,,m} E Leyry and {L,},cp is a refinement of {M,} and {N,} as
before, then 8{M,, Y, ¢,,m} €L, is

{L, Xo(p) ® Y0 ® Xty a0 ® S5t ® Eoldpetr)-
Proposition 2.8(2) shows that this is indeed an element of L,, and exactly as before
we can see that B is well defined and respects the equivalence relation ~ . Thus 8
and y define maps

B: PicC(T) CO(T) = LCO(T)/~-—) LA/~= PlcC(T) A,
¥: Picceryd = L,/ ~— Lc.,(r)/~= Piccry Co(T);
our next result (and its obvious analogue) shows that § is an inverse for Y.
LeMMA 2.10. If Y is an A-1A imprimitivity bimodule, then B > y(Y) ~ Y in L,.
PROOF. Again using the notation of Proposition 2.8, y(Y) is given by
(N, X ® 45 YV ® 45 X, & ®id; ® o)
and so B ° y(Y) is given by
{Np X; ®c(1\7,) ’\7;' ® 47 ® Y™ ® 7 X; ® c(~) )?i’ o ® a; ® id; ® a; ® &ii}'
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We define bimodule homomorphisms 7,: X,0X,® Y"—"'OXiO)Z - YN by

(X ® % By ® x;® %) =(x,, X Vlg i y<X3s X4y R
Routine (but messy) calculations using the module properties of the inner products
show that the 7; preserve the inner products and have dense range, so we obtain

isomorphisms 7,: X; ® oy X; ® 45 YV ® 45 X, ® o5y X, —> Y™, To show that
B ° y(Y) ~ Y we have to check that

_ N,
(x,®x0r¥exex)’ > Y4

a; ® &; ®id ® a; ® &yl lid

. _ N =

(X, ®X®Y"®X,®X)" > YW
commutes, where the columns are defined by Lemma 1.10. This is another
straightforward calculation using the fact that each o; is an inner-product preserv-

ing isomorphism, and the lemma is proved. []

We have now proved that y: Picgy 4 — Picgry Co(T) is a bijection, and to
complete the proof of the theorem all we need to do is show that ¥ is a group
homomorphism. We shall do this in Proposition 2.12, but first we need a lemma:

LemMMA 2.11. Let Z, Y be A-;A imprimitivity bimodules, and suppose that Z ~
{N;, Z,, ¢} and Y ~ (N, Y, y;} in L,. If {M,} is an open cover of X such that
M, C N, then

Z®,Y~{M,Z"® u Y™, o}t ® y M)
(where, as usual, qb,-j i @ \[/,j v is interpreted in the sense of Lemma 1.10).

Proor. First we note that since, by Proposition 24, (N, Z, ¢;} ~ (N, Z, ¢;},
Proposition 2.6 implies that Z = ®{N,, Z, ¢;}. In the proof of Proposmon 2 4 we
saw that there are isomorphisms §;: <I>{N,, z, ¢U}M' — ZM which commute with
the ¢,j, composing with the 1somorphlsm Z = ®{N, Z, ¢;} gives us isomorphisms
& ZM 5 ZM satisfying ;" v_o £Mv = My, Slmllarly, there are isomorphisms ;:
Y™ yM satisfying Y o qM = 7M. We define o,: (Z ® YY" > ZM @ YM by

o((z ® »)™) = £(=™) ® n(» ™).

The usual sort of computations show that

(2@ v7)™

(Z ® V)™ oM @ y My

(ZM YM)MU

commutes, and the lemma follows. []
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PROPOSITION 2.12. If Y, Z are A-;A imprimitivity bimodules, then
WY®,Z)=9(Y)® Co(T) ¥(2).

ProoOF. By Lemma 2.11 the imprimitivity bimodule ¥(Y) ® ¥(Z) is represented
by

(M, X" ® Y@ xMe e z"e xH,
M ®id® af® aM ®id ® o4}, (3)
We define 7,: XMO YO XMOXMO ZMO XM  XMO Y MO ZMO XM by
(% ®y ®x, ® x5 ®z® x,) =% Qy ®<x, x3>fu7i2 ® x,.

Then each 7, has dense range and a messy calculation shows that the r; preserve the
inner products—and so extend to isomorphisms on the completions. More work
reveals that the 7; intertwine the transition isomorphisms of (3) and those of

WY ®2Z)={M,£"® (Y ® 2" ® X¥, 3/t ®id ® oV},

and so define an equivalence between ¥(Y) ® ¥(Z) and y(Y ® Z), which is what
we wanted. []
This completes the proof of Theorem 2.1.

Appendix. (A) Imprimitivity bimodules over a commutative C*-algebra. In this
section we shall show that an imprimitivity bimodule over a commutative C*-alge-
bra can always be regarded as the space of sections of a complex line bundle over
the spectrum of the algebra.

First we consider the case where T is compact. It is then a well-known
consequence of the equivalence between the categories of vector bundles over T
and finitely generated projective C(7T)-modules that every invertible C(T)-module
is isomorphic to one of the form I'(L) for some complex line bundle L over T.
Since every line bundle can be given a Hermitian structure, we might as well
assume that L is a Hermitian line bundle, or in other words that there is a
continuous choice of inner products (- | - ), on the fibres L, (which we take to be
conjugate linear in the first variable). With the inner products

Sy 8ery(t) = (f(1)] g(2)s S g>lc(r)(t) = (g()| A1),

(L) becomes a C(T)-rC(T) imprimitivity bimodule—the axioms can all be easily
verified, except perhaps for (4), which follows since the range of < - ,- > is an
ideal of C(T) which is contained in no maximal ideal. Conversely, if X is a
C(T)-+C(T) imprimitivity bimodule, then the range of the map ¢: x®@y —
<%, ¥ ey Xe® ca X = C(T) is a dense ideal in C(T') and hence all of C(T), and
it follows that ¢ is an isomorphism. For if (2, 6, ® w)) =0 and ¢(2 X, ® y,) = |,
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then

258w
J

(= 58 w)(= xmar)
Jj U
=2 6 ® W, x Dy
iyj
=3 (¢ wem)” ®;
ij

= 2 <0j, Wj>'c(r))z,~ ®y, =0.
i

Thus X is an invertible C(T)-module in the algebraic sense, and we have shown
that the C(T)-,C(T) imprimitivity bimodules are in one-to-one correspondence
with the invertible C(T)-modules. The next proposition now follows easily:

PROPOSITION Al. The Picard group Picgqr, C(T) of the C*-algebra C(T) is
isomorphic to the usual algebraic Picard group Pic C(T).

We now suppose that 7 is a locally compact space. If L is a Hermitian line
bundle over T, then as before the space I'y(L) of sections which vanish at infinity is
a Cy(T)-rCo(T) imprimitivity bimodule; it is still true that they all arise this way
but we can no longer prove it by appealing to an algebraic analogue. Let X be a
fixed Cy(T)-1Co(T) imprimitivity bimodule.

LEMMA AE Each point t € T has a relatively compact neighbourhood N such that
X" and C(N) are isomorphic as imprimitivity bimodules.

ProOF. If K is any compact neighbourhood of ¢, then X¥ is a C(K)-xC(K)
imprimitivity bimodule, and hence by our previous analysis has the form I'(L) for
some Hermitian line bundle L over K. The result follows since L is locally trivial.
O

Let {N,} be an open cover of T by relatively compact sets such that there are
isomorphisms ¢;: X" — C(_]V,.). Then for each pair i, j we define isomorphisms A,;:
C(N;) — C(Ny) by N; = ¢ o (¢)™. It is not hard to  see that the A, must take
the form of multiplication by continuous maps s;: N; — S!, and Lemma 1.9
implies that AN o AJx = A2, so that the s, form a 1-cocycle with coefficients in
the sheaf S of germs of continuous S'-valued functions. These are the transition
functions of a Hermitian line bundle L, and the space I'o(L) of sections can be

regarded as

[ enam, 0=somiem) |
! t = (f(D|£(2)) vanishes at oo

It is routine to check that the isomorphism class of L does not depend on any of
the choices we have made. For x € X we set ¢(x) = {¢,.(xﬁ‘)} € II, C(N);
straightforward calculations show that ¢ defines an inner-product preserving iso-
morphism of X onto a closed C(T)-submodule of I'((L). Since these all consist of
the sections which vanish on some compact set K C T, it is easy to see that ¢ must
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be onto. We have proved most of the following result:

PROPOSITION A3. Let T be a locally compact space. Then every Co(T)-rCo(T)
imprimitivity bimodule has the form T'o(L) for some complex line bundle L over T,
and there is an isomorphism Piccry Co(T) = H (T, S). If in addition T is paracom-
pact, then

Picary C(T) = HX(T, Z).

ProOF. The group H'(T, $) is isomorphic to the group of Hermitian line
bundles over T under & 7, and the first assertion will follow if we check that
L — T'(L) is multiplicative: this is an easy calculation. The last statement follows
from the exact sequence of sheaf cohomology associated to the covering map
t - exp 2mit: R > S (cf., for example, [9, §1.16]); note that we need to assume T
paracompact to ensure that the sheaf of R-valued functions on T is fine. []

(B) Imprimitivity bimodules over an n-homogeneous C*-algebra. If A is a unital
n-homogeneous C*-algebra with (compact) spectrum 7, then Proposition Al,
Theorem 2.1 and the algebraic result Picy) 4 = Pic C(T) imply that the C*-alge-
braic Picard group Pic¢ 7, 4 is the same as the usual algebraic one. In this case,
however, more should be true: imprimitivity bimodules and invertible bimodules
both make sense for such an algebra and they should be the same thing. In this
section we show that this is true: we begin with a simple lemma.

LEMMA Bl. Let A be a C*-algebra whose primitive ideal space T is compact
Hausdorff, and let X be a C(T)-yC(T) imprimitivity bimodule. Then AO X is an
A-7A imprimitivity bimodule with the module actions and inner products defined on
elementary tensors by

a(b ® x) = (ab) ® x, (a ® x)b = (ab) ® x,
<a ® X, b ®y>,{4 = ab‘<x9y>lc(T)’ <a ® X, b ®y>; = a*b<x’y>2'(1')'

ProOF. The purely algebraic axioms (2), (3), (5) and (6) are easily verified. The
range of ( - ,- >’C(T): X ® X - X is all of C(T), so that the algebra generated by
the range of { - ,- ), contains the ideal 42 of 4 consisting of all elements of the
form ab. Now A? is dense in A-since otherwise 4 /(4% would be a C*-algebra
with zero multiplication—and so axiom (4) is satisfied; it only remains to check (1).
Let 27,4, ® x, € AOX. Then foreacht € T, (- ,- >’C(T)(t) is a complex-valued
pre-inner product on X, and so the n X n matrix with (i, j)th entry {x;, xj>’c(7-)(1) is
positive semidefinite. It follows that the element ({x;, xj}IC‘(T)) of the C*-algebra
M,(C(T)) is positive, and so has the form TT* for some T = (1;) € M, (C(T)). If
we now set b, = X, a;t,, then

2a®x,2a0 xi>f( = 2 a<x; xj>1C(T)aj*
iy
= %(2 aitik)(z ’kjaf) = % b by,
i J

which is a sum of positive elements and hence positive in 4. This completes the
proof. [
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Let A be an n-homogeneous C*-algebra with compact spectrum T and let M be
an invertible 4-¢,4 bimodule. Then by [4, Corollary II. 3.6] and [1, Corollary
2.6}, M is isomorphic to AO,M“, where M* is the invertible C(T)-module
{m € M: ma = am Va}. Since M* carries an imprimitivity bimodule structure,
Lemma B1 shows how to give M = 4O ,M* the structure of an 4-74 imprimi-
tivity bimodule; further, if M, = M, as A-A bimodules, then the corresponding
invertible C(T)-modules are isomorphic and so this structure depends only on the
isomorphism class of M. If X is an 4-;4 imprimitivity bimodule, then the map
a ® x — ax induces an 4-A4 bimodule isomorphism 4 O X 4 = X [4, Corollary
I1.3.6] and since Z(A4) = C(T) the A-valued inner products on X drop to
C(T)-valued inner products on X“. It is routine to check that X4 is a C(T)-,C(T)
imprimitivity bimodule—the only nonobvious fact is that axiom (4) is satisfied, and
this follows from the fact that every x € X has the form ¥ g,x, for some x;, € X4,
so that if {x, x),(¢) # O there are i, j such that {x;, x;>¢(#) # 0. In particular,
X4 is an invertible C(T)-module so that X is an invertible A-cyA bimodule;
further, the map a ® x — ax carries the inner products of Lemma B1 into the
usual ones for X. We have therefore proved:

PrROPOSITION B2. Let A be an n-homogeneous C*-algebra with spectrum T. Then
the invertible A-c,A bimodules are the A-pA imprimitivity bimodules, in the sense
that each invertible bimodule can be given the structure of an imprimitivity bimodule
and that each imprimitivity bimodule arises this way.

(C) C*-algebras which are strongly Morita equivalent to a commutative C*-alge-
bra. We have already seen in Proposition 1.1 that the C*-algebra defined by a
continuous field of Hilbert spaces over a locally compact space T is strongly
Morita equivalent to Cy(T); our goal here is to show that these are the only
C*-algebras with this property. We understand this result is known to Philip
Green,! but we have already done most of the work so we include a short proof.

PrROPOSITION C1. Let A be a C*-algebra and T a locally compact space. If A is
strongly Morita equivalent to Co(T) then A is the C*-algebra defined by a continuous
field of Hilbert spaces over T.

Proor. First of all we note that if Y is a complete 4-C imprimitivity bimodule
then Y with the C-inner product is a Hilbert space, and if x, y € Y then
z > <{x,y) 4z is by axiom (5) the rank one operator x ® y. The elements of 4 act
as bounded operators on Y (cf. condition (3) of [11, Definition 6.10] which is
equivalent to ours) and if we define a *-representation 7: 4 — B(Y) by w(a)y =
ay, then 7 is norm decreasing. Thus #(4) contains the finite rank operators as a
dense subset, and since 7(A4) is closed it must be all of K(Y); further, it is easy to
see that # is an isomorphism.

Now suppose that X is a complete 4-Cy(T) imprimitivity bimodule; we prove
first that 4 is a continuous trace C*-algebra. We identify the spectra of 4 and

IThis is part of his work on “Morita equivalence of C*-algebras” which we understand will be written
up soon.
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Co(T) via X [11, Corollary 6.27], so that in particular A is Hausdorff and X
becomes an A-;Cy(T) bimodule. For t € T, X* is a complete 4‘-Cy(T)' imprimi-
tivity bimodule, so that X* is a Hilbert space and A* acts as the compact operators
on X'. If x € X satisfies ||x*|| ;- > 0, then let N be a neighbourhood of ¢ such that

2

(151 =|<x*, x*Deyry|l” = <% xDeyry(s) >0 fors €N,

and choose p: T — [0, 1] such that p = 1 near ¢ and p = 0 outside N. We define
J € C(T) by

f(S) — {p(s)/“xs”,q’ ifs e N,
0 if s & N;
then xf € X and, for each s near ¢, {(xf)’, (xf)' ). is a rank one projection. It now
follows from [7, 4.5.4] that A4 is a continuous trace C*-algebra.

By (the easy direction of) the main theorem of [3], 4 ® K(H) is isomorphic to
Cy(T, K(H)). Since Cy(T, K(H)) is the C*-algebra defined by the trivial field
T X H, the Dixmier-Douady class 8(C(T, K(H))) in H*(T, Z) is zero; hence
6(A ® K(H)) = 0 also. It follows from [S, Théoréme 1] and [9, Lemma 1.11] that
6(4) = 0, and so by [7, 10.9.3] 4 is the C*-algebra defined by a field of Hilbert

spaces. []
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