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BASIC SEQUENCES AND SUBSPACES IN LORENTZ SEQUENCE
SPACES WITHOUT LOCAL CONVEXITY
BY
NICOLAE POPA!

ABSTRACT. After some preliminary results (§1), we give in §2 another proof of the
result of N. J. Kalton [5] concerning the unicity of the unconditional bases of /,,
O<p<l

Using this result we prove in §3 the unicity of certain bounded symmetric block
bases of the subspaces of the Lorentz sequence spaces d(w, p), 0 <p < 1. In §4 we
show that every infinite dimensional subspace of d(w,p) contains a subspace
linearly homeomorphic to /,,0 <p < 1.

Unlike the case p > 1 there are subspaces of d(w, p), 0 < p < 1, which contain
no complemented subspaces of d(w, p) linearly homeomorphic to /,. In fact there
are spaces d(w, p), 0 < p < 1, which contain no complemented subspaces linearly
homeomorphic to /,. We conjecture that this is true for every d(w,p), 0 <p < .
The answer to the previous question seems to be important: for example we can
prove that a positive complemented sublattice E of d(w,p), 0 <p < 1, with a
symmetric basis is linearly homeomorphic either to /, or to d(w, p); consequently, a
positive answer to this question implies that E is linearly homeomorphic to d(w, p).
In §5 we are able to characterise the sublattices of d(w,p), p = k' (however
under a supplementary restriction concerning the sequence (w,)3%;), which are
positive and contractive complemented, as being the order ideals of d(w, p).

Finally, in §6, we characterise the Mackey completion of d(w, p) also in the case
p=k L kEN.

1. Preliminary results. Let X be a real linear space and 0 <p < 1. A function,
denoted by || ||, defined on X with the values in R, is called a p-norm (or briefly a
norm) if the following conditions are verified.

1. ||x]| = 0if and only if x = 0.

2. ||ax|| = |a|?||x|| for x € X and « € R.

3olx +yll < lIx|l + [ly]l for x, y € X.

Then the subsets U, = {x € X: ||x|| < n~'}, for n € N, constitute a fundamen-
tal system of neighbourhoods of zero for a metric linear topology of X. If X is
complete with respect to this topology we say that X is a p- Banach space.

A sequence (x,);., in X is called a basis if for every x € X there is a unique
sequence of scalars (a,);>; such that x = 2, a;x;.

The following lemma is essentially known (see Theorem II1.6.1, Theorem 6.5 of

[10]):

LeEMMA 1.1. Let (x,)2., be a sequence in X. The following assertions are equivalent:

=]

1. The series 237_| x,,, converges for every permutation m of the integers.
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2. The series 2 ;¢ 4 x; converges for every subset A C N.

3. For every € > O there exists an integer n such that ||2;c yx;|| < € for every finite
set of integers H which satisfies min{i € H} > n.

4. For any bounded sequence of real numbers (a,).,, the series £ a;x; con-
verges, when X2 | x; converges.

The proof will be omitted.

A basis (x,)7-, in X is said to be unconditional if for every X 3 x = 22, a;x,,
the sequence (a,x,)>., verifies one of the equivalent assertions of Lemma 1.1.

If 0 < inf, [|x,|| < sup,||x,|] <+ oo, we say that the basis (x, is bounded.

The following corollary is also known.

n-l

COROLLARY 1.2. Let (x;){2, be an unconditional bounded basis of X. Then

=1

|||x”| sup a,b,x, < + 0. (1.1)
|6 <1
We have also
LEMMA 1.3. The space X with the p-norm ||| ||| is a p-Banach space.

PROOF. Let (x*)2°_, be a Cauchy sequence in (X, ||| [||) and let ¢ > 0. Then there
exists the sequence of integers (n);~, so that ||x" — x™||| <& for n > n; and
llx™ — x™+1||| <e/2* for every k € N. Since (X, || ||) is a p-Banach space and
[Ix]] < |llx|ll, there exists x = Z%_ (x™*' — x™) + x™ € X and ||x — x"||| < 2¢
forn>n,. O

COROLLARY 1.4. There exists a constant 0 < M < + oo such that

oo

2 a;b;x;

i=1

0
a,x,|| sup |b,.|p (1.2)
ieN

i=1

where (x,){2., is an unconditional bounded basis of X and x = X2, a;x; € X.

i=1

ProOF. It follows by Lemma 1.3 and by the open mapping theorem. []

Two bases (x,);%, and (y,):°., of X are equivalent and we write (x,) ~ (y,), if
for every sequence of scalars (a,)3.,, 2%, a,x, converges if and only if 277, a,y,
converges. A basis (x,);, of X is called symmetric if every permutation (X,),=,
of (x,)o°., is a basis of X equivalent to (x,);% ;.

Let w=W)2,Ecy\Il,, where 1 =w, 2w, > -+ >w, > --- >0. For a
fixed p with 0 < p < 1, let

o0
d(w, p) = [a = (a);2, € co: ||allpw = sup 21 @i - w; < +oo}
i=

where 7 is an arbitrary permutation of the integers.

Then X = (d(w, p), || |,,) is 2 p-Banach space and the canonical basis (x,),~, i
a symmetric basis of X (see [4]). If p > 1 we can define analogously d(w, p), whlch
is a Banach space under the norm

=

1/p
ol = 550 S ool ) @ = (@), € donp)

i=1
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A sequence (y,)2%., in a p-Banach space with a basis (x,);., is called a block
basic sequence of (x,)5-,, if there is an increasing sequence of integers (p,)5., such
that y, = Z) |, a.x; with (a,);7., scalars.

It is known that (7)., is a basis of Sp{y,: n € N} (see I1.5.6 of [10]).

If £ and F are two Banach spaces and 0 < r < + 00, we say that the linear
bounded operator T: E — F is r-absolutely summing if, for any finite set of
elements (x;);_, of E, there is ¢ > 0 such that

n l/’ n l/r
(21 ||Tx,.||’) <c- sup{( 2 |x(x)| ) :x' € E', ||x|| < 1}. (1.3)

i=1
Denote the set of all r-absolutely summing operators from E to F by P,(E, F).
If T € P(FE, F)and r > 1 then 7,(T) = inf{c > 0: c verifies (1.3)} is a norm on
P (E, F), which is a Banach space with respect to this norm.
We recall here two more theorems which we need:
If A4 is an infinite matrix of real numbers (a;);;-, and 0 <p < 1, then we denote

by
p\1/p

THEOREM 1.5 (SEE THEOREM 2 OF [2]). Let 0 < p < 1. For every matrix A such
that |A||,, < oo, we have the inequality

inf{ | dllp/1-p) || Blloo: 4 = (diag d) ° B} < K||4]|wo,p (1.4)

Ya

k

[[4lleop = sup (2

Ixllo <1\ Jj

where ||x||,, = sup; enlXl-

where

(-p)/p

=(d,)n=1 € Lya-py llp/c-p = (2 |d,-|”/(l_”)) ,

diag d is the matrix which has on the diagonal the numbers d,, and K is a positive
constant depending only on p.

THEOREM 1.6 (SEE THEOREM 94 OF [9]). Let (X, p) be a measure space and H a
Hilbert space. Then any linear bounded operator from L'(X, ) on H is p-absolutely
summing for all 0 < p < oo.

(In fact Maurey proved a stronger version of Theorem 1.6.)

2. The unicity of the unconditional bases of /,, 0 < p < 1. In this section we give a
new proof of Kalton’s result [S] concerning the unicity of unconditional bases of /,
0 <p < 1. The proof follows the idea of Lindenstrauss and Peltzynski’s proof
concerning the unicity of unconditional bases of /, [7].

THEOREM 2.1. Any two unconditional bounded bases of Ip, 0 <p < 1, are equiva-
lent.

ProoF. If (e,);, is the canonical basis of [, 0 <p < 1, let (x,);.,, where

x; = 272, bje; such that 372 ,|b;|P =1 for every i €N, another unconditional
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(assumed normalized) basis and let y = 37, g,x; an element of /,, 0 <p < 1. For

any x € [, we denote by ||x||, = |22, ¢ll, = Z{Z,|«[”, the norm of /, for
0<p< 1
Let A: ¢y — [, be the operator defined by the infinite matrix 4 = (4;5,)5.,- By
(1.2) it follows that 4 is a continuous linear operator, and moreover
1/p ) 1/p
4]l = I:}lp 2 Aa;x; L <M 21 a,.x,.lp . (2.1)
i i=

Theorem 1.5 shows us that for every ¢ > O there are K = K(p) > 0, the diagonal
matrix D = (d;9; where d = (d);2, € [,,4_,, and the matrix C = (¢;)7;

1 l./*l’ iyj=1
such that
A=D-C,
[Ches = 530 | (2 Ag)of <+ 22)
|A,|<] j-l i=1 1

l4llp/-p) [ Cllco,t < K| A|eo,p + &

Theorem 2.b.7 of [8] says that each linear bounded operator T: ¢, — /, is 2-abso-
lutely summing, consequently

7 (C) < Kg||Clloo,1 2.3)

where C is the operator defined by the matrix C and K is a universal constant.
Note now that by Holder’s inequality we have

1/p
2= sop (2 1abf) " <ldlpsa-r )

llelh <1
where D: I, — [, is defined by the matrix D and b = (b);Z, € /;. Hence

(2 'a"'z)m - (i. lla.x, ||2/,,)'/2
= (by (2.2)) = (g} IDC(e)| /p)l/z
< 1/2
) "D"( ,.% " ce,.”2) < (by (2.3) and (2.4))

0 1/2
<l sa-p Kol Clas-_sup_ (S jaf’) " < by 22)
i

IRalal<1
< Ks(K||A||p + €) < (by (2.1))
) 1/p
> a,.x,-L + eKg.

i=1
Since ¢ is arbitrarily small it follows that, for every y = 257, a;x; € [,

) 1/2 1/p
( > lai|2) < MKK; L . (2.5)

i=1

< KK M

o0

2 a;X;

i=]
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I, — I, defined by U(x) =¢, i=1,2,..., is

Consequently the operator U: |/,

continuous and verifies
U2 = 0|

Denoting by S, the unit ball of /,, 0 < ¢ < o, and by I")(S,) the closure for the
topolo_gy of /; of the convex and balanced hull of S,, it is easy to see that
S, € TY(S,). Then, by (2.6), it follows that
U(l, n s,) c U(TV(S,) N L)
C (KKgM)™'TXS,) € (KoKM)™'S,,
and this relation implies that U can be extended to an operator V: /; — /, such that
we have

o0
S ae

i=1

ta= 2 x; |la|l, < 1} < KKgM. (2:6)

IV < KoKM. 2.7)

But Theorem 2.b.6 of [8] says that each linear bounded operator V: [/, >/, is a
1-absolutely summing operator and 7,;(V) < K;|| V]| < KéKM
Applying Theorem 1.6 it follows that V' € P,(/,, 1), hence there is a positive
constant M, depending only on p such that

7,(V) < KZKMM, = K,. (2.8)
(2.8) implies that
© 1/p © » 1/p
(Z1ar) " = (S 1vanr)
© 1/p
<K, sup(Zla 2 by ) . 2.9
NIST \i=1

On the other hand, denoting by C’ the adjoint of the operator C, we have

o w 1/p
sup (2 laf’| 2 Aby ) = (by (2.2))
A< \i=1 Jj=1

- SUP(ZIdI

NI<T\ i=1

o0

El \;iCij

1/p
) < (by Holder’s inequality)

< sup (2 2 Aicy ) 4l /-5
NI<TNi=1]j=1
=|dllo/a-p[C"lws < (bY (22)) < K||A4||0p + €
0 1/p
L + e (2.10)

2 a;x;
(2.9) and (2.10) imply that, for everyy = 22, a;x; € I,

i=1
1/p ) 1/p
L <K,KM(2|a,.|") .
i=]

< (by (2.1)) < KM

00

2 a;x;

i=1

( § |a,.|”)‘/p < K,KM

i=1

Thus (x), ~ (), O
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3. Symmetric basic sequences in d(w, p), 0 < p < 1. In this section we prove the
analogues of Theorem 3 and Lemma 1 [1] for 0 < p < 1. We show moreover the
unicity of the symmetric bases in d(w, p) in the case that this space is not included
in /,. Finally we state some open problems concerning the symmetric basic
sequences in d(w, p), 0 <p < 1.

In the proofs of the following two results the techniques of Altshuler, Cassaza
and Lin [1] work almost unchanged.

LeMMA 3.1. Let (x,);-, be the canonical basis in d(w,p), 0 <p < 1. Ify, =
S vax, n=12,..., is a bounded block basic sequence of (x,);-, such that
lim, a, = 0, then there is a subsequence of (y,)>., which is equivalent to the

canonical basis of 1,.

PrOOF. Since every change of signs and every permutation of the integers
induces an isometry in d(w, p) we may assume, by switching to a subsequence if
necessary, that (¢;);2, is a nonincreasing sequence of positive numbers. Moreover
we may assume that ||y, = 1 forn € N.

Now let 0 < & < 2227 — 1)!/P(2P*! — 1)~!/P, Using the facts that lim, a, = 0
and || y,ll,, = 1 for every n € N, it is easy to construct by induction two increas-
ing sequences of integers (n;); | and (r;);Z, such that

Py <15 <Pysrs
Q =0,
J
< Qj=k§l(p"k+l—p"k)<’-‘i+l_p’y+|’ J= 192,"°’ (3'1)

r 1/p
( 2 (a)- wi—p,.j) <e/Y*

i=p,y+l

For the sequence of scalars (A;)72, we have

) 0 [ 7 Prj+1
> >\jyry =X A ( > aixi) +( 2 aixi)
Jj=1 p.w Jj=1 | \i=p,+1 i=r+l pow
o0 p'y-'-l e} ':,
> 2 )\J 2 aixi) - 2 >‘1( 2 aixi)
Jj=1 i=r+1 pw J=1 i=p,+1 pow
o Pry+1 ) U]
P
1503 as)) -Zwr] 2 e
j=1 i=r 41 o =1 impy+1 -
> (since {(re=pn + 1, .. Pps1—Pn}
N {rj—p,y+ Loy Pya —p,y} = @ and

{n+ L. om0 {r+1,...,p,.) =Bfork +))
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\%
.
iMs
)

ply-rl 0
xj( ) (a,->"~w._._,,+..)—2<e/zf+'>"|x,|"
j i=r+1 j=1
Pnj+l
W[ B @) Lo - 07 sy
= J

>3 V[T = er27P0+D — gp2p(2¢ — 1)7"]
=1

>1- 2220 | Sy

2%(2F — J=1

On the other hand we have

2 ?\,Y,,,

Jj=1

it P d P
< 2 MWl = 2 M-
j=1 j=1

We shall use forward a special block basic sequence. Let (x,)>%., be a symmetric
basis in the p-Banach space X. If 0 #a = 2., a,x, € X and if (p)2, is an
increasing sequence of integers, let y® = 3%, a;_, x,, n € N. Then (y{)3., is
a bounded block basic sequence of (x,)>°.;, and we shall call it a block of type 1 of

(xn):o- 1

THEOREM 3.2. Every bounded block basic sequence of (x,)nw, in d(w, p), 0 <p <
1, has a subsequence equivalent either to the unit vector basis of I, or to a block basic

sequence of type 1 of (x,)7. ;-

PROOF. Let y, = Efgp'”ﬂ ax;, n=12,.... We may assume that ||y,|,, =1
and thatag, ., > - -+ >aq, > Ofor every n € N. If sup,(p,,, — p,) <+ oo, then
it is clear that Y ~ (x, ),,, hence (V). is equivalent to a block basic sequence
of type I of (x,);-,. Assume now that sup,(p,., — p,) = o. Let b, = sup,|a, . |
fori € N. It is easy to prove that lim; b, = 0.

Case 1. Assume that for every e > O there exists m such that | 2% , , g x|, <
¢ for every n so thatp,,, — p, > m. Since sup,(p,,, — P,) = + 00, we may assume
that p,,, = Posy 2 Pasy — P, for every n € N. Define now z, = 2" q,, , x,,
n € N. Then ||z,||,,, = ||¥.ll,., =1 for n € N. By hypothesis and using the fact
that there is a subsequence (n,);>, such that the sequences (g, Gsp, )i~ converge
simultaneously for i < m, we can find a Cauchy subsequence of (z ),,_,. Hence we
may assume that lim, z, = z = T2, ¢;x; € d(w, p). Itis clear that z # 0.

Since (y,);-; is a bounded block basw sequence of (x,)5., it is well known that
K = sup,||P,|| <+ o0, where P,(272, ay;,) = 27, ay; (see 111.2.11 of [10]). Conse-
quently we can find a subsequence (z,);Z, such that 72|z, — z|,, < 1/2K.

Define now

Prj+1

= Cep X E=12....
k=p, +1
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Then ()72, is a block basic sequence of type I of (x,);_, and Z72,||y, — %, <
Ziillzg — 2ll,w < 1/2K, hence by the Krein-Milman-Rutman Theorem (see The-
orem II1.2.13 of [10]) it follows that (y,);=; ~ (#);=.
Case 11. There exists an € > 0 such that for every m € N there exists n(m) such
that p,,, — p, > m and || 2%z, ., a;x]l,, > ¢ Then there exists an increasing

sequence of integers (n;);2, such that
Pry+1

2 ax

J=pn+i

>¢ forsomei € N.

P,W

Pn+1 — P, >i and

Since lim; ; = 0 we may assume that (g;);2, is a decreasing sequence. Let

"d
z, = 2 ax; fori €N.
J=pn+1

Then € < ||z]l,, < [|yll,., =1 for i €N, also (z,)Z, is a bounded block basic
sequence of (x,):°., and the coefficients of z; converge to zero. By Lemma 3.1 it
follows that there exists a subsequence ()2, of (z;)i2, which is equivalent to the
canonical basis (e);Z, of /. Since (y,)Z, dominates (£)7Z, (i.e. [IZ7Z, by, |l,w
< +o00 implies that ||2,_l iLillpw < 00 for every sequence (b)2,) then
I1Z7%1 dy,ll,w < oo implies that 332 ,|d|P < co for every sequence of scalars
(d)iZ,. On the other hand, since ||y,|l,, =1 for every i EN, Z,|d|F <
implies that |22, dy, . < o, hence (y,); ~ (&), O

In the remainder of this section we study the unicity of the symmetric bases of
the subspaces of d(w, p), 0 < p < 1. We shall often use the following notion. Let X
be a p-Banach space with a separating dual X (this is the case whenever X has a
basis). We consider on X the finest locally convex topology weaker than the
original one i.e. the Mackey topology on X. It is easy to see that the Mackey
topology on X is generated by the neighbourhoods ((1 /n)co(S)T.,, where S =
{x € X: ||x|| < 1}. Then the completlon of X in the Mackey topology, X, is a
Banach space. It is interesting that d(w, p), 0 <p <1, may be exactly /. The
routine proof of the following proposition will be omitted.

PROPOSITION 3.3. A bounded set A C d(w,p), 0 <p < o, is precompact if and
only if for every € > O there is n € N such that

sup 2 | @y’ - Wi <e (3.2)

i=n
uniformly for a = (a)2, € A. (The supremum is taken over all permutations of
integers.)

PROPOSITION 3.4. Let 0 <p < 1. Then d(w, p) = I, if and only if d(w, p) C I,.
Moreover if d(w, p) ¢ I, then d(w, p) % I, (i.e. d(w, p) is not linearly homeomorphic
to l)).

Proofr. If d(w,p) ¢ /), let a = (a)2, € dw,p)\ I}, A= {x;: i EN} and f €
d(w, p)’. We shall show that

lim f(x;) = 0. (3.3)
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Indeed if (3.3) is not true, there exist the sequence (i;);., of integers and a« > 0
such that | f(x; )| > « for every k € N. We consider b = (b,);2,, where
K signf(x,}), i=i,j€EN,

o i#i,j €N
It is clear that b € d(w, p)\ /;. But 00 = a. 22 |a)| < |22, f(x)b;| < oo, which is
contradictory. Then (3.3) is true and A4 is weakly relatively compact. On the other
hand (3.2) is not verified for 4 and p = 1, hence A4 is not a relatively compact
subset of d(w, 1). Since the canonical mapping i: d(w,p) > d(w, 1), 0 <p < 1, is
clearly continuous, it is obvious that on d(w, p) the topology induced by d(w, p) is
stronger than that induced by d(w, 1), consequently 4 is not a relatively compact
subset of d(w, p).

If m =~ [}, then, 4 being weakly relatively compact in d(w, p) (since clearly
d(w, p) = d(w, p)) it is also relatively compact in d(w, p), which is a contradiction.
Thus j(T;;) = l,. Conversely, if d(w, p) C /,, we denote by I: d(w, p) — [, the
canonical mapping. We shall show that 7 is continuous, that is there exists K > 0
such that, for every a € d(w, p), we have

e
2 lal < Kal;5- (34)

It is clear that it suffices to prove (3.4) only for positive decreasing sequences
(a)2, € d(w, p). If (3.4) is not true, then for every n € N there is the positive
decreasing sequence a™ = (a)2, € d(w, p), such that

- <]
2)a®K < 3 af. (3.5)
i=1
Denote by 6™ = 27"||a®| 1/?a®™. Then |Z3., b7|,, < Z2.,167,, <
¥*_,1/2" < oo, consequently it follows that b = Z%_, b™ € /,. But (3.5) implies
that 1 < 32, b™ for every n € N, hence |2 ,b™||, = 22, =%, b™ =+ oo,
which is a contradiction. Hence I is continuous. On the other hand the canonical
mapping J: [, > d(w, p) is continuous and consequently the extensions I: 1
d(w, p) and J d(w, p) — [, are continuous. Since clearly l =l for0<p <1, and
Jol= id, , it follows that d(w, p) = /,. (O
We shall give an example of space d(w, p), 0 < p < 1, for which d(w, p) C /,. (It
is known [4] that d(w, p) ¢ /, forp > 1))
EXAMPLE 3.5. Let w, = (1 + |log n|)~' for n > 1 and 0 < p < 1. Then d(w, p) C
1.
PRrROOF. Our proof is indirect. We denote by
tP
M(t)=11+|log¢t|’
0, t=0.

Then M(t) is a continuous nondecreasing function on [0, 1], with
Sup, e, M(21)/ M(#) < oo, that is an Orlicz function (see [S]). We consider now

t€(0, 1],



440 NICOLAE POPA

the locally convex Orlicz sequence space I, = {a = (a,)2,: ||all» = 272, M(|a}])
< + a}. We shall show that

Ly = d(w, p). (3.6)
It is clear that /,, = IM’, and that d(w, 1) = /,, implies that d(w, p) = IM’ , where
’q ©1]
— t e
q b b b
M(1) = 1 + |log ¢
0<g<+o0.
0, t=0,

Consequently it is sufficient to show that

© e |ai|
d(w, 1)_IM|_ {a—(a,. i1 ,§, m("'w].
Theorem 4.e.2 of [8] says that d(w, 1) = /,, if and only if there exists y > 0 such

that

> 1 /Wl (yw,) <+ 3.7
n=1
where W(x) = (1 + log x)" ! for x > 1.

In our case W ~!(yw,) = €'/~ Dn!/7 hence, for every 0 < y < 1, (3.7) and also
(3.6) are true. But Theorem 3.3 of [5] shows us that d(w, p) = ly;, where M is the
largest Orlicz convex function on [0, 1] such that A?(x) < M(x), x € [0, 1]. Since
K(p)t < /(1 + |log t]) < ¢? for ¢t € (0, 1], where K(p) > O depends only on p, it
follows that M is equivalent to the function N(¢) = ¢, hence

dw,p) =l =1, (3.8)

By Proposition 3.4 it follows that d(w, p) C /,. O

REMARK 3.6.1. Since M(¢) is not equivalent to N(¢) = ¢” (i.e. there are not the
relations 0 < inf, ¢ o ;M (#)/N(#) < sup, ¢, ;M(#)/N(f) < + 00) the previous space
d(w, p) is a p-Banach space, other than /,, whose dual is /.

2. This space is moreover an example of a p-Banach space X with a unique
unconditional basis, other than Ip, for which X has a unique unconditional basis.
Indeed lim, ,, M(x)/x =+ o0, hence by Theorem 7.6 of [S], d(w, p) = I,, has a
unique unconditional basis. []

There are spaces d(w, p), 0 < p < 1, for which d(w, p) ¢ /,.

PROPOSITION 3.7. Let (W), € ¢, \ I, be a decreasing sequence of positive numbers
such that there exist an increasing sequence of integers (n;);%.,, the scalars b > 0 and
0<y<p/(1 - p)(where0 < p < 1) such that

Mgy = W S My — Mgy, JEN. (39
ney—n <b', jEN (3.10)
w, <1/j ifn>n,j€EN. (3.11)

Then d(w, p) ¢ I,.
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PROOF. Let
1 ifi <n,,
4= i-pe -1/p
J (i — m) if n, <i <nmy,
where
0<B<p-(1-p). (3.12)
By (3.9) it follows that (4;){2, is decreasing to zero and (3.11) implies that
/+I Wi
Iallpw—E S S S —
i=1 J=1 i=n+1 J (nj+l nj)
ny )
i=1 ! Jj=
On the other hand
+1
% 1
a 2 1+ 2 >
" "l o Rt j /p(n _ ’y)l/p

_”1"'2 1

= Py = )P

- 1
> (by 3.10)) > n; + '™ 1/" 2 Bp . Y(I/P D
j=1] *J

> (by (3.12)) > n, + b'~1/P 2 —. = oo,
j=1

thusa = (a)2, € /. O

The space d(w, p), 0 <p < 1, with w, = 1/n for n > 1, satisfies the conditions
of Proposition 3.7. In Theorem 4 of [1] it is proved that every two symmetric
bounded bases of a subspace of d(w, p), p > 1, are equivalent. Similarly we can
state the following still open problem.

Problem 1. Let X C d(w, p), 0 <p < 1, be a subspace and (y,):%., and (z,).,
two symmetric bounded bases of X. Are (y,)s., and (z,);%, equivalent?

We are unable to give an answer to Problem 1, however the following theorem is
true:

THEOREM 3.8. Let d(w, p), 0 < p < 1, such that d(w, p) ¢ I,. Then d(w, p) has a
unique bounded symmetric basis.

PRrOOF. Let (y,);-, be a bounded symmetnc basis of /, other than (x,);~,. By
Proposition 3.4 the hypothesis implies that a(w, p) % 1, hence

ll'Ln x(¥,) =0 foreveryn €N, (3.13)

where ()«:,’,),°,°_l is the biorthogonal sequence in d(w, p)’ associated to (x,);., (i.e.

x,(x,,) = 9, for every m, n € N). Indeed if (3.13) is not true for n, € N, there
exist the subscquence (Um)iz1 of (¥,)p=1 and a > 0 such that & < |x, (¥,,)| for
every i € N. Then for every scalar (a;)].,, there are g, =*1,i=1,2,...,n and
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0 < M < o0, such that

a2|a|<x (2 aieiym‘)<

i=1

n

2 aieiym,

i=1

Yy A4
n
< 3 lal Pl < 43 o),
i= i=

where ||x||7, is the norm of the element x € d(w, p). This inequality shows us that
d(w, p) ~ I,, which is a contradiction. (3.13) implies by Proposition 3.1 of [5] that
there exists a subsequence (y,){Z; of (»,);-, which is equivalent to a block basic
sequence of (x, )n-l

The basis (y,);-, is a symmetric basis, then (y,);Z, ~ (»,).=, and consequently
we may assume that y,, = Zfz%! | b;x;, m € N. Moreover by Lemma 3.1 it follows
that lim sup,,|b,| # 0. (If not then (y,), ~ (e,),-)

Since (x,);>.,; is symmetric, we may also assume that there is ¢ > 0 such that for
every m € N there is p,, + 1 <k, < p,,,, sothat |b | >e. If Z7_, a,p, converges
in d(w, p), then for every n € N,

r 1
2 a; Xy, ")

i=1

n

2 ay;

i=1

1
<3

’

P,W

n
2 bkia,.xki

P,W PW

hence 2., a,x, converges in d(w, p). If we interchange the roles of (x,
e we deduce the equivalence of these two bases. []

We can state a weaker version of Problem 1.

Problem la. Let d(w,p) C I}, 0 <p < 1. Is the canonical basis of d(w, p) the
unique bounded symmetric basis of d(w, p)? Finally we have

n)n- 1 and

THEOREM 3.9. Let X C d(w,p), 0 <p < 1, be a subspace which has a bounded
symmetric basis (y,)5-, verifying the equality (3.13). Then any other basis (z,)5-, of
X, which has the same properties as (y,)y ., is equivalent to this.

PrROOF. If X ~ /,, 0 <p < 1, then by Theorem 2.1 it follows that (y,), ~ (2,),-
Otherwise, Proposition 3.1 of [5] implies that (y,)2°., is equivalent to a block basic
sequence (u,);%, of (x,); .1, 4, = 2%t Ljax;,n=1,2,..., and (z,),2, is equiva-
lent to a block basic sequence v,, = 27z} . by, m=1,2,..., of (y,)7. More-
over we may assume that lim sup,_, . b, # O (otherwise Lemma 3.1 implies that
(z,), ~ (e,), which contradicts our assumption). Reasoning as in Theorem 3.8 we
obtain that (z,);°., domainates (y,);-,. By interchanging the roles of (y,);., and
(z,)., we deduce the conclusion. []

Let us mention the following problem.

Problem 2. Is tllere a subspace X C d(w, p), 0 <p < 1, different from /, and
d(w, p), such that X = [;?

Remark that a negative answer to Problem 2 and a positive one to Problem 1la
imply that Theorem 3.9 is true without any restriction concerning the basis (y,)

n=1]*
4. Complemented subspaces and sublattices of d(w, p), 0 < p < 1. We prove now

the version for 0 < p < 1 of Theorem 1 of [1]. By (x,);%., we mean forward the
canonical basis of d(w, p).
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LEMMA 4.1. For every bounded block basic sequence (y,) -, of (x,)ne there is a
block basic sequence of (y,);=, which is equivalent to the canonical basis of 1,.

PrOOF. Let y, = 2%} .1 ax, n=12,.... Let us remark that, since
inf, || y,ll,» > 0, {2, a;x; does not converge in d(w, p). On the other hand, if
sup,lIZ7-y a;x;ll,, < oo, then X, a;x; converges in d(w, p). Hence

supk(m”zt-k yz”p,w + 0.
Let (p,)5-, be an increasing sequence of integers such that

Pn+i

2)’:‘

i=p,+1

sup
n

= 00.

p,w

_I/p Pn+1
. ( > y,.), n €N.
W i=p,+1

Then the block basic sequence (z,)5-, of (¥,)s-, satisfies the conditions of Lemma
3.1 and, consequently, there is a subsequence (z )j=1 of (z,);,, which is equivalent
to (e O

Using Lemma 4.1 we can prove

Also let

Pn+1

P

i=p,+1

z, =

THEOREM 4.2. Let X C d(w,p), 0 <p < 1, be a (closed) subspace of infinite
dimension. Then there is a closed subspace Y C X such that Y ~ I,

PrOOF. By Proposition I11.2.15 of [10] it follows that X contains a bounded basic
sequence (y,)>., which is equivalent to a block basic sequence (z,)>%., of (x,)2,.
Then Lemma 4.1 gives us a subspace of Sp{z,: n € N} which is linearly homeo-
morphic to /,. Consequently X contains a subspace Y ~ [,. [

REMARK 4.3. In Corollary 17 of [3] it is shown that every (closed) subspace of
infinite dimension X of d(w, p), 1 < p < oo, contains a subspace Y complemented
in d(w, p) and linearly homeomorphic to J,.

This assertion is not true in the case 0 < p < 1. Indeed in [12] it is shown that
the subspace of [, 0 <p <1, Y =Sp{u,: n € N} ~ l,, where u, =
no /P e € n=12,..., does not contain any infinite dimensional
subspace which is complemented in /,. Consequently, let X be a subspace of d(w, p)
linearly homeomorphic to /, and let (z,);2, be a bounded basis of X. We consider
the block basic sequence u, =n~'/PZ70 D2z, n=12.... Then Y
=Sp{u,: n €N} ~ [, does not contain any complemented infinite dimensional
subspace of d(w, p). [

Remark 4.3 shows us that there are subspaces linearly homeomorphic to /, (in
fact isometric to /,) which are not complemented in d(w, p) for 0 <p < 1. We can
prove moreover that there are examples of spaces d(w, p), 0 <p < 1, without any
complemented subspace linearly homeomorphic to /,.

ExAMPLE 4.4. Let w, = (1 + |log n|)~! for every n € N and let 0 <p < 1. Then
any complemented subspace of d(w, p) with an unconditional basis is linearly
homeomorphic to d(w, p) % 1,.
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ProoF. By Example 3.5 and Remark 3.6 it follows that d(w, p)/), % I,, where

t .
M(t) — Tﬂog? if ¢ G(O, l],

0 ift=0.

Moreover, the canonical basis of d(w, p) is the unique unconditional bounded basis
of d(w, p). But a theorem of Kalton (see Theorem 7.2 of [5]) shows us that if /. is a
nonlocally convex Orlicz sequence space, then any two unconditional bounded
bases of /. are equivalent if and only if any complemented subspace with an
unconditional basis is isomorphic to /. We conclude applying this result. []

Example 4.4 motivates the following question:

Problem 3. Let d(w, p), 0 < p < 1. It is true that there does not exist a comple-
mented subspace of d(w, p) which is linearly homeomorphic to /,?

First we give some results which seem to indicate an affirmative answer to
Problem 3. First we study the positive complemented sublattices of d(w, p),
0 < p < 1, which have a symmetric basis. Let X be a p-Banach space, 0 <p < 1,
which is simultaneously a vector lattice verifying the condition

|a| <|b| implies ||a|| <||b|| for every a, b € X. (4.1)

We call such a space X a p-Banach lattice. (Analogously it is defined a Banach
lattice.) It is clear that, extending the order relation to X (whenever the last space
exists), X is a sublattice of X. Let X be a vector lattice and Y C X a sublattice of X
(i.e. x € Y implies that |x| € Y) which has the property that x € X, y € Y and
|x] < |y| imply that x € Y. Then we call Y to be an order ideal of X.1f A C X is a
subset of X, then we denote by Iy(4) = {x € X: Ja € 4 and 0 < A €R, such
that |x| < Ala|}, the order ideal generated by A.

It is clear now that d(w, p), 0 < p < 1, with the canonical order relation is a
p-Banach lattice and, moreover, an order ideal of the space w of all sequences of
real numbers. Now we can extend (under certain conditions) Lemma 2.a.11 of [8]
to the p-Banach lattices.

LEMMA 4.5. Let X be a p-Banach lattice which is an order ideal of w, (v,)n=; € ¢
a sequence of positive real numbers, 0 < y, = Z,e, x;, and 0 <z, =2, Bx;,
n € N, two bounded basic sequences of X (where x, = (3,,)2, for n € N) such that
0, N Y, = D for every n, m € N. If there exists a positive and continuous projection
P from X onto Sp{v,y, + z,: n € N}, then the sequence (z,), dominates (v,y,),.

PrOOF. Let P(y) =32, c(yy; + z) and P(z) = Z2,dP(wy, + z), i =
1,2,..., wherec®” > 0and d® > 0. Since the basis (x,);>., is clearly an uncondi-
tional basis of X, there is a positive and continuous projection Q such that
Q(x,) = x, for n € g;, where i €N, and Q(x,) = 0 otherwise. Then QP(z;) =

721 4%y, i €N, and QP may be considered as an operator from Sp{z;: i €N}
to Sp{y,: n € N} defined by the infinite matrix with positive entries (d%)5._.
Then the diagonal matrix defines an operator

D: Sp(z;:i € N} - I(Sp{y;: i € N}) = I,(Sp{y;: i €N}).
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D is obviously positive and 0 < D(x) < QP(x) for every 0 < x € 5{ yii i €N}
Since X is a p-Banach lattice we have

| Dx|| < |@Px|| < M||x|| forevery0 < x € _S—p{y,.: i €N},

consequently D is a continuous operator.

Assume now that 3%_, a,z, converges in Sp{z;: i € N}. Then D(E*_, a,z,) =
3, a,d™y,y, converges in I,(Sp{y,: i € N}). Since 0 < c"(v,y, + z,) < P(y,)
for every n € N, then |c{®| < M, for n € N. On the other hand »,c” + d® = 1,
n=12,..., hencelim, d"™ = 1 and, consequently, 2., a,»,y, converges. []

We can now prove

THEOREM 4.6. Let X be an order ideal of w, which is a p- Banach lattice and assume
that its canonical basis (x,);.., is symmetric. If (y,)n., is a positive block of type 1 of
(%), then (3,), ~ (x,), if and only if E =Sp{y,: n € N} is a positive comple-
mented sublattice of X (i.e. there exists a positive and continuous projection P from X
onto F).

ProOOF. Let 27, a,x, € X, a, # 0 and y, = 22 |, a;_, x; for every n €N,
where a; > 0. We may assume that all g; < 1. Since (x,);%.; is a symmetric basis of
X, there exists M > 1 such that

)
2 b’l xll

n=1]

l ]
ﬁ " 2 bnxp,‘+l < < M 2 bnxp,,+l
n n=1

for every X, b,x, € X. Suppose now that (y,), ~(x,),- Let K > 0 such that
IZ5-1 byl < K| Z5-, b,x,|| for every X, b,x, € X. Define PCEZ., b,x,) =
Zoi(b, +1/a)y, for 2, b,x, € X. Since (y,), ~ (x,),, P is well defined, 0 < P
and || P|| < Ka;”.

Conversely, let P: K — E be a positive and continuous projection. If x =
3, b,x, € X and ||x|| < 1, we choose the sequence of integers 1 = n;, <n, < .
such that |22, bx|| < 1/2,i=1,2,....Form, <m<n,,i=12..., we
put

i
. - 2 ax, . ifp,+i<p,..,

m Jj=1

ym lfpm + ’ >pm+l’

and

v = | Om = 20/ 1Ym = 2l Y # 2

m 0 ify,, = z,.

Let v, = |y, — z,|| for n € N. Then »,,, w,, z, are positive, y,, = »,w,, + 2, for

me€N, ()0~ € ¢, and inf(z,,w,) =0 for m,n €EN. Since 0<q; < 1, i =
1,2,..., it follows that
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© niy—1

)

n=1 i=1 m=n;
o Myl Pm+17Pm
2 2 bm 2 xp,,,+j
i=1 m=n j=1

o Myl

2 2 bmxp +1

i=1 m=n;

< (since (x;)7, is a symmetric basis) < M

© © o
3|3 bn|<wS]S b
i=1|j=n i=1{|j=n;

<M? 2 l < + 0.
i=12
Consequently 5., b,z, converges and, applying Lemma 4.5, %_, b,»,w, con-
verges, therefore ]|2,,_1 by, < . Conversely if X7, b,y, converges, then
21 ab,x, ,, converges. Since (x,);, is a symmetric basis, then a,(27., b,x,)

converges. Consequently (y,), ~ (x,),. O

PROPOSITION 4.7. Let X be a separable p-Banach lattice with the property that
every order interval [0, x], where X D x > 0, is compact. Then there is in X a
normalized sequence (x,),°-, of positive pairwise disjoint (i.e. inf(x;, x;) = x; /\ x;

0, i #j) elements such that (x,);., is a basis simultaneously of X and of X.
Particularly (x,)°., is an unconditional basis of X. Moreover X is an order ideal of X.

PrOOF. We prove first the second assertion. Let y € X and z € X such that
0<z<y.If0<z, € X and lim = z in X, then, since X is a p-Banach lattice,
lim,z, Ay=zAy=1: in X. Onthe other hand z, A y €[0,y] C X and, by
hypothesis, there is a subsequence (z, A y)i-, which converges in X (and conse-
quently in X )- Hence lim,, z, A y = z € X and X is an order ideal in X.

Remark now that the hypothe51s implies that [0, y] is compact in X for 0 < y €
X. But a Walsh’s result (see [13]) asserts that a Banach lattice X such that every
order interval [0, x] is compact, has a normalized basis of positive pairwise disjoint
elements. Consequently there exists a subsequence (x,);., of X of positive pairwise
disjoint elements, with 0 < inf,||x,||~ < sup,||x,||™ < oo (Where ||x||™ is the norm
of the element x € X), such that we have a unique expansion x = 2., a,x, with
0 < a,, forevery0 < x € X.

Since X is an order ideal of X, there is a subset A C N such that x; € X for
every i € A. Let 0 < x € X. Since [0, x] is compact in X, it follows that x =
3.e4 @,%, the convergence being with respect to the topology of X. Hence
(x,),c4 is a basis of X. It is easy to see that (x,),c, is a bounded basis (see also
Proposition 3.2 of [5]). Consequently we may assume that ||x,|| = 1 for every
n € A. Since X is dense in X and x; A x; = 0 for i #, it follows that 4 = N. The
remaining assertion is a consequence of Lemma 1.1. [J

Remark now that in view of Proposition 3.3 it follows that [0, x] is a compact set
of d(w, p), 0 < p < 1, for every 0 < x € d(w, p). Consequently, by Proposition 4.7,
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every sublattice of d(w, p) has a basis of positive pairwise disjoint elements.
We can now state the analogue of Corollary 14 of [3].

THEOREM 4.8. Let E be a positive complemented sublattice of d(w, p), 0 <p < 1,
which has a symmetric basis. Then E is linearly homeomorphic either to d(w, p) or to
l

-

PROOF. Let (y,)., be the symmetric basis of E whose elements are all positive
and pairwise disjoint. If y, = 22, #,,x; for n € N, then lim,, ¢, = O for everyi € N
and, by Proposition 3.1 of [S], there is a subsequence (y, )=, of (y,);-, which is
equivalent to a bounded block basic sequence (z,);°., of (x,);.,. Moreover
repeating the proof of Proposition 1.a.9 of [8], it follows that we can choose z, > 0
for n € N such that Sp{z,: n € N} is a positive complemented sublattice of
d(w, p). (¥,)., being a symmetric basis it follows that (y,), ~ (z,),- Then we can
apply Theorem 3.2, consequently if E »¢ [, there exists a positive block of type I
(), of (x,)°., such that (y,), ~ (u,),. Using again the proof of Proposition
1.a.9 of [8], we may assume moreover that ST){ u,: n € N} is a positive comple-
mented sublattice of d(w, p). By Theorem 4.6, we obtain now that (x,);°.,, also and
(V)1 1s equivalent to (x,)o,. O

In connection with Theorem 4.8 we can state a weaker version of Problem 3.

Problem 3a. Let d(w, p), 0 < p < 1. Is there a positive complemented sublattice
E C d(w, p) linearly homeomorphic to /,?

If we have a negative answer to Problem 3a, then Theorem 4.8 shows us that the
positive complemented sublattices with a symmetric basis of d(w, p), 0 < p < 1, are
linearly homeomorphic to d(w, p). We gave only a partially (negative) answer to
Problem 3a, when we assume, supplementarily, that the positive projection P:

d(w, p) > E is a contraction, i.e. |P|| < 1.

5. Positive and contractive complemented sublattices of d(w, 1/k), k € N. In this
section we shall characterise, under certain conditions, the positive and contractive
complemented sublattices of d(w, 1/k), k € N. We prove first an inequality:

LEMMA 5.1. Let k €N, (W), € ¢y \ !, such that w, > w, 3> - - - > 0 and «,
= =D, 20,2 2a, >0 for some | <m. Then denoting by
Sp = 2’;-1 Wis by

c(l) = ( 1 )(a )'/k(al—l/k _ al—l/k)w gk=1
P ARES ) 141 1415
and by

1 forn>1+1,

9,(n) = {0 forn <l +1,

we have the following inequality
n—1

A, = 3 st — o) + s5a, + 3(n)C())

n
i=1

n k
< (2 a,.’/"-w,.) = B, forevery n < m. (5.1)

i=1
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ProOOF. We use the induction for n. If n </ it is nothing to prove. Now let
n =1+ 1. Then

Ay = a5t + (s — sf )y + (,l() e CTa A el IR

k 2\ 2 k-2 k 1Y 1/k 1-1/x k—
as; + “/+|((k)wl+|31 + - +W1+|) + (k)aH/-lal 7% WS
< (sinceay,, <api=1,...,1)

k LY 1k 1-1/k k—1
< s+ (k)au{lal % WSt

2 2/ kg 1-2/k -2 k
+((k) { Wi T4 s e Wl

141 k
= ( 2 ail/k’ Wi) = B,

i=1
Thus (5.1) is proved in this case.
Assume now that (5.1) is true forn — 1 > / + 1. We have

An = An-l + (S: - s:—l)an

1 - 2\ k-
=A, ,+ ((k)s,f‘_,'-w,, + (k)s,f‘_l2 w4 .- +w:‘)a,,

< (since o; > o, fori < n)

(1 )(2 of )k_la,:/"-w,,+--~ +a,,w,f]

<A, +

i=1

< (by induction hypothesis)

< ('E: a‘.l/k.w‘_)k ( )( "il " )k-la':/k,wn e ta wl/k}

i=1]
n k
=(2 "‘il/k'wi) =B,. O

i=1

LEMMA 5.2. With the notations of Lemma 5.1, if (B,).., are positive numbers such
that

> B, <sk foreveryn <m, (5:2)

i=]

then

n n k
> aB + 9(n)C(l) < ( > alk. w,.) forn < m. (5.3)
i=1 i=1
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Proor. If n < m, we have

n n n—1
2 aiBi + al(n)c(l) = an( 2 Bx) + (an—l - an)( 2 Bl)

i=] i=1 i=1
+ o 4 (o = ay))B + 3(n)C())
< (by (52))
a8+ (@) — @)y + 00+ (o = ag)sf + 3(n)C(/)

< (by (5.1)) < ( i ai'/"-w,-)k. O

i=]

Using Lemma 5.2 we can prove now

ProposITION 5.3. If p=1/k, 1 <k EN, and E is a positive and contractive
complemented sublattice of d(w, p), then there is a sequence of finite pairwise disjoint
subsets (0,)7-, of N such that u, = (E% ,w) “(Z,c, x) for n €N, constitute a
normalized basis of E, o, being the cardinal number of a,,.

PrOOF. By Proposition 4.7, E has a normalised basis (u,);>; of positive pairwise
disjoint elements of E. Letu, = 2,¢, a;,X;, where (,),7., is a sequence of pairwise
disjoint subsets of N and «;,, > O fori € ¢,, n € N.

If 6, = + o, then we write 6, = {i;: j € N}, and, since (1,),., is normalised, it
follows that (aij 2)j=1 € d(w, p). Consequently there exists a permutation of integers
m, such that 7,(g,) = 0,, (a, ))j=1 15 2 decreasing sequence, and =, (i) = i for
every i & o,. If 6, < oo, such a permutation =, exists obviously. Since the norm
Il Il,, is invariant under permutations of integers, we can find an isometry
T: d(w, p) — d(w, p) such that T(u,) = t,, where 1, = 277, %, Gym for every
m € N. Then Q = TPT ~': d(w, p) »Sp{(t,,: m € N} is a positive and contractive
projection whenever P is a positive and contractive projection onto E. Conse-
quently, we may assume that the coefficients (a;,);e,, ©Of u, are decreasingly
ordered for every m € N. Since P is a positive projection, we have

P(x;) = B,,u, where B, > Oforeveryi € o,,n €N, (5.4)
and moreover
© k
> a,B,=1= ( > (ag,,)l/"-wj) for every n € N. (5.5)
i€o, Jj=1

By (5.4) and using the fact that || P|| < 1 we have

§ ( > viB;,.)u,.

n=1\i€Eo,

o0
< sup > |y,,(,.)|'/k-w, (5.6)

i=1

p,W

for every element (v,);Z, € d(w, p). Consequently, taking Yi, =Y, = """
1 and Y, = Oforj #i,,...,i,, where m < ¢,, we obtain

I
<
>

I

> Bin <5 form< a,,n €N. (5.7
=1
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If 5 = oo, then, since lim; o, = 0, there is an integer / € N such that Xy >,
anda =a, forj<1—1
By (5 3) we have

m k
2 B, + C) < (2 a'/" wj) foreverym > I + 1.
Jj=1 Jj=1

Now, by passing to the limit over m — oo in the previous inequality, we obtain, in
view of (5.5).

0 k
1=32 “gnﬂgn+c(l)<(2 LA ) =1

j=1 Jj=1

Since C(/) > 0, this is a contradiction, hence

5,, < oo foreveryn €N. (5.8)

Then, reasoning as above, we get that o;, = a;, for every i,j € o, n € N, conse-
quently a,, = (S%., w,) “foreveryi €Ea,,n EN. O

We study now the existence of positive and contractive projections onto a one
dimensional sublattice of d(w, p), p = 1/k.

PROPOSITION 5.4.(a) Let p=1/k, 1 <k EN, and u = X, o;x;, where ||u]|,,
=1 and a; > 0 for every i € 6. Then there exists a positive and contractive
projection P: d(w, p) — Sp{u} if and only if the following conditions are satisfied:

o=n a =---=qa =2/ w;) "k, and there exist the positive numbers f,
> - -+ > 0such that
ﬁl B < (§1 w,.)k = sk form <n, (5.9
and
é B, = sk. (5.10)

i=1
Then P(El-l i‘xi) (2160 aﬂ)ufor every Ex-l ixi € d(W,p).
) If u=s"53S"_,x) and t, = (1/n)sf < t, for every 1 < m < n, then the

operator defined by
> n n
P( 2 "‘.'xi) = l( 2 0‘:’)( 2 xi)
i=1 n\i=1 i=1

is a positive and contractive projection onto Sp{u}.
(c) If wk < t, for every n > 1 and u is as at the point (a), then there is a positive
and contractive projection P: d(w, p) — Sp{u} if and only if 6 = 1.

PRrOOF. (a) If P: d(w, p) > Sp{u} is a positive and contractive projection then, by
Proposition 53,6 =n<ow and s = - -+ =@ = s, . Denote now by ( B)i=1

the coefficients of (P(xA) )1 decreasingly ordered. Then

m k k
$a-l(3 )l ez o) <]z o -
Jj=1 Jj=1 W JEH ! p,w JEH ! p,w
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k
n k

Zx.;,

Jj=1

where H C o with H = m < n. If m = n, then
= sk,

Jj=1 Jj=1 p,w

Consequently all the conditions are satisfied and obviously P22, a;x;) =
(Zieo a;B)u for every 22| a;x; € d(w, p).

Conversely, by (5.3), =7_, a,8, < C"_, a}/* - w) foreverya, > a, > - - - > 0,
and, consequently, [27_, o,8,| < sup,(Z7., || *w)* for all scalars (a,)!.,. Thus
the operator defined by P(2{2, a;x;) = (Z,e, o;8;)u is well defined, ||P|| < 1 and
P > 0. Since P(u) = s, *(Z"_, B)u = u (by (5.10)), it follows moreover that P is a
projection.

() If ¢, < ¢, for every m < n, then, putting B, = - - - = B, = t,, the relations
(5.9) and (5.10) are verified, consequently P(Z{2, a;x;) = (1/n)Z7., a )7, x,) is
a positive and contractive projection.

_ (c) If there exists P: d(w, p) — Sp{u} a positive and contractive projection and if
¢ > 1, then by (a) it follows that (1/n)s* = (1/n)27_, B; < B, < wk for n > 1,
which is a contradiction. []

We can now state the main result of this section:

p’w

THEOREM 5.5. If p = 1/k, 1 < k € N, and wf < (1/n)Z"-, w))* for every n > 1,
then the positive and contractive complemented sublattices E of d(w, p) coincide with
the (closed) order ideals of d(w,p). In particular any positive and contractive
complemented sublattice of d(w, p) cannot be linearly homeomorphic to I,.

PrOOF. If FE is a closed order ideal of d(w, p), then E =§;;{x,.: i€ A CN}
hence there is a positive and contractive projection P: d(w, p) — E. Conversely, if
E is a positive and contractive complemented sublattice of d(w, p), by Proposition
5.3, it follows that E =Sp{u,: n € N}, where u, = $,, a,x; > 0 for n € N and
(a,)2=, is a sequence of finite pairwise disjoint subsets of N.

By Proposition 5.4(c) it follows that 6, = 1 for every n € N. Consequently E is a
closed ideal of d(w, p).

The second assertion is an obvious corollary of the first. []

The conditions of Theorem 5.5 are verified for example by the spaces d(w, p),
p=1/k 1<k eN,withw, =1/i* 0 < a <3. Indeed,

n
El w, >fln+| % =ﬁ[(l +n)' 7= 1] >n'* foreveryn > I
d(w, 1/k), where 1 <k ENandw, =1/n"forl >a>1—-1/kand n €N, are
examples for spaces d(w, p) for which there is a one dimensional positive and
contractive complemented sublattice which is not an order ideal of d(w, p).

More precisely, for a fixed m € N, there are n > m and a positive and contrac-
tive projection onto Sp{u}, where u = (27, w)"'(Z7., x,). Indeed, using the
notations of Lemma 5.4(b) we have

1( n dx )" n*(-® 1
t, < — — | = < for every n € N.
n fO x (I1—a)-n  (1—a)f pl-kre
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Consequently, for 0 < & <3 min, ;,, !, there is a lowest n > m with 1, < ¢, hence
t, <t for every 1 < j < n. We conclude applying Proposition 5.4(b). [J

Theorem 5.5 suggests the following version of Problem 3.

PROBLEM 3b. Let d(w, p), 0 < p < 1. Is there a positive and contractive comple-
mented sublattice of d(w, p) linearly homeomorphic to /,?

6. The representation of d(w, 1/k) for 1 <k € N. In this section we give a
representation of the dual of d(w, 1/k), 1 <k € N, and also a representation of
the Mackey completion of this space. These representations seem to be useful in
the study of the d(w, p)’s structure. Remark first that the dual of d(w, p), 0 <p <
1,is

oo
d(w,p) = {(b,.)fi,: > |a| |baeiy| < oo for every permutation
i=1

i=1

of the integers and for every a + (g,)7., € d(w, p)}. (6.1

Then we have

PROPOSITION 6.1. Let d(w, p), wherep = 1/k, k > 1. Then

A, pY 0 €0 = ¢ N {(bi)::.: swp( S o)/ (2 w) < oo] -k

i=1 i=1

. =sup( £ o7}y (2 ) 62

i=1

where b = (b)2., € ¢, and b* = (b*)2, is a decreasingly rearrangement of b.

=]
PrOOF. Let b € d(w, p)’ N ¢y, t, = 2., b* and s, = 37, w,. Suppose first that

t
sup — =+ 0. (6.3)

n s’.

Since lim,, s, = + 00, it follows that lim, 7, = + c0.
Let ny = 0 and s, = 0.1f m € N is fixed, then (6.3) implies that

t —t
sup =5 = + co. (6.4)
" (sn - Sm)
Choosing n, arbitrarily we can find n, € N, n, > n, such that
Spy, = Sp, Z Sy, T Sp (sinoe li,r.n s, = oo),

t, —

) m

> 24715, = 5,) (by (64)).

By induction we get an increasing sequence of integers (1), such that

s,,m - s,y > s,y - s,,_I (6.5)
forj=1,2,....
. 2k—1 k
oy~ 2 U+ 1) (s, — 5,) (6.6)
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Nowletn,_, <i<nandy, = j 2"(3 =5, )" k Theny = (y,)2, is a decreasing
sequence (by (6.5)) and moreover

n;

o - © 7 w,
Sotwm=3 ¥ =3 <,
i=1 j=1 i=n;,_ |+l](s ,9 l) Jj=1

that is y € d(w, p). On the other hand

© t, t 1
Swr=3% 3 ,—kﬁ—>(by(66»> $ 5 i
i=1 Jj=1 i=n_;+1 J (s - ,5 Jj=1 i=n_,+1
which contradicts the fact that b € d(w, p)’. Consequently (6.3) is not true and
then

t
A = sup — < +oo. 6.7)
n

Sn

Hence d(w, p)’ N ¢, € E.
Now let b € E. If the decreasing sequence y = (y,)i2, € d(w, p), then

n—1

2 yibt = 2 (i = Yie) L,

i=1 i=1
n—1

< (by (6.7) < }‘k[ > sik(yi —Yirs) + Sb’n]

i=1

n k
< (by (5.1)) < M( 21 yHe- Wi) .

Hence | 5], = |6*|l;,, < sup, t,/sX and b € d(w, p) N ¢, On the other hand,
for every ¢ > 0, there is n € N with ¢, /5% > A, — e. Let
y, = {s,,’" %fi <n,
0 ifi > n.
Then |||, = 1 and |||, = [|b*|},, > Zio,»:b; = /5 > N, — €. € being ar-
bitrarily small, it follows that ||b||;,, = sup, #,/ sk, consequently the equalities (6.2)
are satisfied. [

COROLLARY 6.2. Letp = 1/k, k > 1.
(@) If d(w, p) ¢ I, then

d(w, p) = [(bi)f.. € ¢y sgp( i b,-‘)/ (é W.-)k < 00]

i=1 1

n n k

{(b).-,- swp( S o)y (3 ) < oo].
i=1 =1

(b) If d(w,p) C I, then d(w, p)y = [.

ProOF. The case (b) is clear by Proposition 3.4.

(@) Let b € d(w, p). If b & c,, then there are ¢ > 0 and (;);2, such that |b | > ¢
for every j € N. Reasoning as in the proof of (3.3) we get a contradiction. Hence
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d(w, p)’ C ¢, consequently, by (6.2), it follows the first equality. By the last part of
the proof of Proposition 6.1 it follows the second equality. [
We state now the main result of this section:

THEOREM 6.3. Let p = 1/k < 1 and d(w, p) ¢ I,. If there is a positive decreasing
sequence (v,)vn, € ¢o such that

n n k
> o~ ( > wi) Jor every n € N (6.8)

i=1 i=1

(i.e. there are constants A, B > 0 such that A(Z7_,v) < C7., w)* < BC"_, v)
Jfor every n € N), then

d(w, p) ~ d(v, 1). (6.9)

ProoF. Theorem 11 of [4] says that d(v, 1) = {(b,)2: sup,(Z7i-, b*)/ (., v)

< o0}. Then by the hypothesis and by Corollary 6.2(a) it follows that

d(w, p) = d(v, 1). (6.10)
It is easy to see that the canonical basis (x,);>, of d(w, p) is a symmetric basis of
m too. Then, denoting by d(w, p)* the Kothe dual of d(w, p), that is the space
{(B)2: 22 ,la;b;| < +o0o for every a = (a)){2, € d(w, p)}, it follows that m"
= d(w, p)* = d(w, p)’ = d(w, p)’. Consequently d(w, p)™* = d(w, p)’* = (by (6.10))
= d(v, 1)’* = (by Corollary of Theorem 10 of [4]) = d(v, 1)**. We shall show that
d(v, 1) = d(v, 1).

A Kothe result (see §30, p. 5 of [6]) says that for a Banach sequence space E,
E* = E if and only if E is weakly sequentially complete. Hence, it suffices to
show that d(w, 1) is weakly sequentially complete. By Theorem 1.c.10 of [8] it
follows that we must show that ¢, ¢ d(v, 1). If ¢, C d(v, 1), Corollary 17 of [3]
implies that ¢, contains a complemented subspace linearly homeomorphic to /,,
which is a contradiction. Hence d(w, p)™ = d(v, 1Y = d(v, 1), consequently
m C d(v, 1) C d(w, p)™™. By Proposition 3.3 it follows that every order inter-
val [0, x] C d(w, p) is compact. On the other hand Theorem II. 5.10 of [11] shows
us that in a Banach lattice E the following assertions are equivalent:

(1) The norm of E is order continuous (i.e. if (¥,), <4 is @ downward directed set
in E with inf_ y, = 0, then lim_|| y,|| = 0).

(2) Every order interval [0, x] C E is o(E, E’)-compact.

(3) E is an order ideal in E”.

Finally, a theorem of Ando (see Proposition IV.11.1 of [11]) says that a Banach
lattice E has an order continuous norm if and only if every closed order ideal of E
is the range of a positive projection from E.

Consequently W,p) is a complemented subspace, with a symmetric basis (y,),,,
of the space d(w, p)” = d(w, p)™ = d(v, 1). Since d(w, p) % [, by the Corollary 14
of [3] it follows that d(w, p) =~ d(v, 1). O

REMARK 6.4. (1) d(w, 1/k) with k > 1 and w, = 1/n®, where (k — 1)/k < a <
1, are examples of the spaces d(w, 1/k) which verify the conditions of Theorem
6.3. Indeed, if a = 1, we take in Proposition 3.7, y = 0, b = 1 and n; = j for every
J € N. Hence d(w, 1/k) ¢ /,.
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If (k—1/k<a<l,let 0<y<1/(k~—1),n =;"* for every j €N, and
b = sup[(j + 1)'/* — j'/*]/j¥ < + 0. Then, by Proposition 3.7, it follows that
d(w, 1/k) ¢ I,. Suppose now again that a = 1 and put

1 ifi <[e* '] +1,
R K1 R
i

where [e* '] is the entire part of e*~!. Then

n n

n k—1 k
> ~f (IL;C)-— dx ~ (log n)* ~( > w,.) for every n.
3

i=1 i=]

Moreover lim,, v, = 0 and v, > v,,, for every n € N.

If (k — 1)/k < a < 1, then we put v, = 1/n?, where 8 = k(a — (k — 1)/k) <
1 for every n € N. Clearly lim, v, =0 and (v,)°., is a decreasing sequence.
Moreover

n

K
S o~ _~n'—ﬁ~nk('*“)~(2 w.) for every n € N.

i
i=1

(2) We do not know if the condition (6.8) is superfluous.
Let us mention the following problem:
Problem 4. Let p = q/k, 1 < q < k. Is there a positive decreasing sequence

()2, € ¢\ I, such that d(w, p) ~ d(v, q)?

More generally:

Problem 4a. Let 0 <p < 1,p # 1/k for any k € N. Is d(w, p) reflexive?

Remark that a positive answer to Problem 4a implies a positive answer to
Problem 3 for p # 1/k.
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