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ABSTRACT. A Galois correspondence for finitely generated field extensions k/h is
presented in the case characteristic A = p 5= 0. A field extension k /A is Galois if it
is modular and h is separably algebraically closed in k. Galois groups are the direct
limit of groups of higher derivations having rank a power of p. Galois groups are
characterized in terms of abelian iterative generating sets in a manner which
reflects the similarity between the finite rank and infinite rank theories of Heerema
and Deveney [9] and gives rise to a theory which encompasses both. Certain
intermediate field theorems obtained by Deveney in the finite rank case are
extended to the general theory.

I. Introduction. In this paper we bring together two higher derivation Galois
theories for fields of characteristic p # 0 [9]. A higher derivation d of rank n
(0 <n < o0) on a field k is a set {d;|0 <i <n + 1} of additive maps on k which
satisfy the Leibniz rule d(ab) = Z{d,(a)d;,_,(b)|i =0, ...,/j} and d, is the identity
map. An element a in k is a d constant if d(a) = 0 for i > 0. The set of all rank n
higher derivations on k is a group with respect to the composition d ° e = f where
f=2{de_Jli=0,...,j)}.

Let k be finitely generated over the subfield ko H *(k/ky) and H"(k/k,) are
respectively the group of infinite rank and the group of rank » higher derivations
on K with constant field containing k,. The field of constants of H ®(k/kg) is the
unique minimal intermediate field 4 such that k/h is separable and h is algebrai-
cally closed in k, that is, such that k/h is regular. We refer to 4 as the regular
coclosure of k, in k. The field of constants of H"(k/ k) is the modular coclosure of
ko(k?") in k where p!"! is the least power of p larger than n. k/h is modular if k?”
and h are linearly disjoint over A N k?" for all n > 0. This definition is due to
Sweedler [13].

In the theories cited previously [9] the authors, following Gerstenhaber and
Zaromp [6], characterize H*(k/k,) and H"(k/kgy) in terms of abelian sets of
generators, the characterizations being similar modulo technicalities. In this paper
we, in effect, combine the prior groups by using a direct limit f{_(k / ko) of the
groups H?'(k/ky), n > 0. Only higher derivations having rank a power of p are
used in order to simplify the details. The resulting Galois correspondence is given
in Theorem 5.1. See Gerstenhaber [5, pp. 11, 12] for an application of essentially
the same direct limit to deformation theory of rings.

The field of constants h of H(k/k,) is the constant field of the set of all higher
derivations d on k, of arbitrary rank, such that &, is in the constant field of d. & is
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the unique minimal intermediate field over which k is modular and which is
separably algebraically closed in k. Thus 4 is the separable algebraic closure in k of
the modular coclosure ¢ of k, in k. Heerema and Tucker [10, Theorem 6] have
shown that if 4 = U,,(h’_" N k) then k = h ®, r (that is, h and r are linearly
disjoint over h and k = hr) where h/h is finite, purely inseparable, modular and
r/h is regular. Tucker [14] and Deveney and Mordeson [3] have shown how these
fields fit in a certain almost canonical lattice of intermediate fields as follows

t = modular coclosure of k, in k

]“\rl = N {{|k DI > kg k/I modular}.
A \ s = separable coclosure of k, in k.
——h _
| | h = regular coclosure of k; in k
S— 1 = algebraic closure of each of s, A, and ¢ in k.

\ ko/ r = any distinguished subfield of k over A.
For details regarding distinguished subfields see
Dieudonné [4].

1. k/r, h /h, and s/t are finite, purely inseparable, modular. [k : r] =[h : h] =
[s: 1]

2.h/tand h/s are finite and [A : s] = [k : 1].

3. 5/kg is reliable. See Mordeson and Vinograde [12] for definition and basic
properties of reliable extensions.

They also show that, as measured by transcendency degree over k,, h (and hence
h, s, and 1) can lie anywhere between kg and k. Of the fields in the prior lattice only
r is not uniquely determined by k and k,,.

The last section (VI) is concerned with the extension to the present setting of two
theorems on intermediate fields due to Deveney [1, Theorems 3.1 and 3.2]. These
results are contained in Theorems 6.3 and 6.6.

II. Structure of Galois subfields. Throughout this paper k will be a field of
characteristic p # 0. Sweedler [13, Theorem 1] has shown that k is modular over
the constant field A of a set of higher derivations and it is well known that A is
separably algebraically closed in k [9, p. 265). If k/h is finitely generated the
converse is also true.

2.1. PROPOSITION. If k / h is finitely generated the following are equivalent.
(1) h is the constant field of a set of higher derivations on k.
(ii) k is modular over h and h is separably algebraically closed in k.

The fact that (ii) implies (i) remains to be shown. By the theorem of Heerema
and Tucker [10, Theorem 6] if k/h is modular and separably algebraically closed
then k = h ®, r where h/h is finite, purely inseparable, modular and r/h is
finitely generated regular. The field A is the constant field of a set C of higher
derivations on 4 [13, Theorem 1] and a set D on r [9, Theorem 4.3). If d = {d,} is in
C then d’ = {d; ® I}, where [ is the identity map on r, is a higher derivation on k
and C’ = {d'|d € C} is readily seen to have r as constant field. Defining D’
similarly the set D’ U C’ of higher derivations on k has h as constant field.
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Henceforth, all field extensions are assumed to be finitely generated. Subfields
satisfying the condition of Proposition 2.1 will be called Galois subfields.

As in the theory of Gerstenhaber and Zaromp [6] and of Heerema and Deveney
[9] Galois groups will be characterized in terms of abelian generating sets. For this
purpose the following theorems on the structure of Galois extensions are needed.
The next result is related to Theorem 7.4 of [9].

2.2. THEOREM. If h is separably algebraically closed in k then k /h is modular if and
only if k/h(kP") is modular for all n.

Proor. We note first that h = N, h(k?") [9, Theorem 7.2]. Tucker has observed
that if k/h, is modular for a collection of subfields {h,} then k/ N, A, is modular
[14, Corollary 4.2.2). Hence, k/h(k?") modular for all n implies k/h modular.
Conversely, if k/h is modular and ¢ < n are integers then by transitivity of the
linear disjoint property [11, p. 162, Lemma] and the fact that k?" and h are linearly
disjoint over k' N h we conclude from the following diagram that kP" and h(kP")
are linearly disjoint over k?" N h(k”"). It follows that k is a modular extension of
h(kP").

1

kP
|
(k) N kP~ h(kP")
| |
h kP - h.
A set {x,, ..., X,} C k will be called a tensor basis for k/h if k = h(k?)(x,)

® - - - ®h(kP')(x,) for all ¢+ > 1, tensor product being over h(k?"). Note that if
k/h is purely inseparable with finite exponent, a tensor basis for k/h is a subbasis
for k/h and conversely [15, p. 435]. As before let & be the algebraic closure of 4 in
k.

2.3. THEOREM. If h is separably algebraically closed in k then h is a Galois subfield
if and only if k/h has a tensor basis. The tensor bases of k /h are the sets S U T
where S is a tensor basis (subbasis) for h/h and T is a separating transcendency basis

for k/h.

PROOF. If k/h has a tensor basis then k /h(k”") is modular for all n by Sweedler
[13, Theorem 1]. Hence by Theorem 2.2 h is Galois. Conversely, assume k/h
Galois. Then, k/ h is separable [10, Lemma 4]. Let T be a separating transcendency
basis for k/ h and let r be the separable algebraic closure of A(T) in k. It is well
known that T satisfies the definition of tensor basis for r/h. Since 4/h is finite,
purely inseparable, modular, h has a tensor basis S over A [13, Theorem 1]. Since
k = r ®, h[10, Theorem 6] it follows that S U T is a tensor basis for k/h.

It remains to prove that every tensor basis has the prior form. Let X be a tensor
basis. Since h(k?)(X) = k, X contains a p-basis T for k/h and since k/h is
separable T is a separating transendency basis and hence a tensor basis for k/ h.
Let r be the separable algebraic closure of A(T) in k. Then, as before, k = r ®,, h.
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24. LEMMA. If x is in X — T then x is purely inseparable algebraic over h and x
has the same degree over h as over r.

ProoF. For m large k?” = (h)?"(r)?" C r and hence r = h(r*"X(T) C h(k?"\(T)
C r. Thus for m large h(k?")(T) = r. Since X is a tensor basis x in X — T has the
same degree over h(k?™) as over h(kP™)(T). So for m large, x has the same degree
over h(kP™) as over h(k?™"") for all i. It follows that the coefficients of the minimal
polynomial of x over h(k”") are in h(k""“) for all i and hence are in N ; h(k? ™
= h [9, Theorem 7.2). Clearly x is purely inseparable over h so the lemma is
proved.

It remains to prove that S = X — T is a tensor basis for & over A. Since X is a
tensor basis and for m large, h(k?")(T) = r, we have

k=r(S)=Q, r(x).
xXES
Since k = r ®, h, [k : r] = [h : h). It follows by degree argument, using Lemma
2.4, that s is a tensor basis for 4/ h.

For later use we observe the following. Let X = S U T be a tensor basis for k/h
as before. If §={x,,...,x,} and x; has degree p“ over h then S’ =
{xP", ..., x2™} is a p-independent subset of h [13, Theorem 1]. Let P = B U S’
be a p-basis for A (BN S’ =(J). Then BU X is a p-basis for k. A higher
derivation d on k is completely determined by the action of its maps d, on B U X
and that action is free [8, Theorem 9]. Also, d will be trivial on 4 if and only if
d(x) =0fori > 0and x in S’ U B. Thus if 4 is an infinite higher derivation d will
be constant on 4 if and only if d(x) = 0 for all i > 0 and all x in B U S. If rank
d = p” then d will be constant on A if and only if d(x) = 0 for x in B andj > 0
and d(x;) =0 for j < p"~%and i =1,..., m. The last condition follows from
(2.5). See [15, p. 436).

Py = (A ! :
{dp,,.(x) (d(x)Y’" foralliands > O. 25

d(x?) =0 ifp}j.

II1. The group H(k / k). Our objective is to construct a group which is, in effect,
generated by {H?"(k/kg)},50 and H*(k/kg). This is done by the direct limit
construction using the maps v,,,: H?'(k/ky) — H?"(k/ky) where m >n and
Opn(d) = f; fym-n =d, for 1 <i< p", and f; =0 for 1 <j<p” and j{ p™ "
The following facts are easily verified.

L. O p(f8) = Opu (IO &)-

2.v,,, is injective.

3.0,y 0pp = Oppe
Thus, in particular, { H?"(k/ ko), 0, ,|n > 0, m > 1} is a directed set of groups. Let
H(k/ky) be the direct limit of this system. Let d be the element of H(k/ky)
containing d. We call d the pencil of d. A d in HP"(k/k,) is noncontractible if d
does not have the form v, ,(f) for some n and f. Note that every f contains one and
only one noncontractible 4. If this 4 has rank p" we say f has rank p”. Clearly
f=d={v,,d|lm>n).
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A higher derivation 4 of rank n is the nth section of f if rank f > n and d, = f,
fori=1,...,n Wesaydis a section of f if each d in d is a section of some f” in f.
This is equivalent to the condition 4 is a section of f given that d and f are
noncontractible. We define the extended rank of 4 to be sup{rank f|d is a section
of f}. Let H*(k/kg) = {d € H(k/kg)| extended rank d = co}.

_3.1. THEOREM. If H(k/ ko) is not the trivial group then H>®(k/kg) is the subgroup
H(k/h) of H(k/ky) where h is the regular coclosure of k in k.

PROOF. Let e = {1, 0} be the rank 1 identity higher derivation. If H(k / ko) #*
{€) there is a nonzero derivation & on k/k,. Then d where d, =0, 1 <i < p" — 2,
aild d,n_, = d,» = § is a rank p" pencil h_a_ving e as a section if n > 2. So, € is in
H*(k/kg). Let h be the constant field of H(k/ky). Let S U T be a tensor basis for
k/h as in the discussion following the proof of Theorem 2.3. It follows from (2.5)
that if d in H?'(k/h) is a section of f € H?"(k/h) for arbitrary m > n then
d(x) = 0 for any x purely inseparable over A and any i > 0. Then d must act
trivially on S, d € H?"(k/h) and H*(k/ky) C H(k/h). Conversely, k/h being
separable is thereby a p independence preserving extension. Also, the action of a
higher derivation on k is free on a p-basis for k [8, Theorem 9]. It follows that for
every 0 < n < m every d in H”"(k/};) is the section of an f in H’"(k/l;) and f can
be assumed noncontractible. From these remarks it follows that H ®(k/kg) =
H(k/h).

IV. Characterization of H(k /h). We use the definitions and conventions of
Heerema and Deveney [9] with certain modifications. Thus, a set D of higher
derivations on k is independent if the set of first nonzero maps (with positive
index) of 4 in D are linearly independent over k. D is abelian if for d, fin D, d # f,
df; = fd, for all i and j. Iterative higher derivations are assumed to have index 1 or
to be normal, which is to say d; # 0. A higher derivation d on k with constant field
h is one dimensional if k has a tensor basis over 4 consisting of a single element, or,
equivalently, if [k: A(k?)] = p. Thus every finite iterative higher derivation d is one
dimensional [15, p. 438] but if 4 is infinite it need not have dimension one [16,
Theorem 3].

4.1. PROPOSITION. Let d be an iterative higher derivation on k with constant field h.
The following are equivalent.

(1) d is one dimensional.

(ii) The constant field of the p"th section of d is h(k? "“) Joralln > 0.

(iii) The constant field of the p"th section of d is h(k”"') for some n > 0.

PROOF. If d has rank r and p” < r < p"*! then k = h(x) and x has degree p"*!
over h [15, p. 438]. Hence (i), (ii) and (iii) hold. Assume d infinite. If (i) holds and A,
is the constant field of the p"th section of 4 then [k : h,] = p"*'and h, D h(k""“).
But k is by assumption a simple extension of h(k” "'). Hence h, = h(k?"""). Thus
(ii) and hence (iii) holds. If (iii) holds then [k: h(k?"")] = p"*! since [k : h,] =
p"*'. Since k/h is separably generated [k: h(k?"" )] = p™*D" where r is the

transcendency degree of k/h. Thus (i) holds.
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A set {x,...,x,} of elements in k is a dual basis A* of a set 4 =
{d®, ..., d™Y of finite rank higher derivations on k having constant field A if (i)
k = h(A*) and (i) for all i and j, d(x)) = 8, ; and d(x)) = 0if ¢ > 1[9, p. 271].

Let A be a finite set of normal (d; # 0) one dimensional higher derivations and
let A, = {d|d is in A and rank d < p‘ or d is the p‘th section of f in 4}. We note
that A is abelian, iterative, or independent if and only if 4, is respectively, abelian,
iterative or independent for all # > 0. The following is essentially a restatement of
Theorem 6.3 of [9, p. 27] in a form which has no restrictions on the ranks of the
elements of A4.

4.2. THEOREM. Let A be a finite set of one dimensional higher derivations on k. The
Jfollowing are equivalent.

(1) 4 is an abelian independent set of iterative higher derivations.

(ii) A, has a dual basis A} for all t > 0.

If A satisfies (i) or (ii) then A¥ is a tensor basis for k over the constant field h, of
A IfA, = {dV,...,d™} and A¥ = {x,, ..., x,,) then the degree of x; over h, is
p'*! where rank d© = p'. Also, k = h(x,) ®, - - - ®, h(x,,).

Two observations are called for. The higher derivations in A4, will in general have
different ranks in contrast to the set F of the referenced theorem, however the
proof of the original theorems does not require the equal rank condition. Since
d, # 0 for each d in A the quantity p(d?) of the original theorem is p“*1.

We call a finite set of higher derivations satisfying the conditions of Theorem 4.2
a standard set of generators.

The following is concerned with the relationship between dual bases and tensor
bases. The next example illustrates the fact that a tensor basis X is a dual basis 4*
for all ¢+ and a suitable standard set of generators 4. Let X = S U T be a tensor
basis for k over a Galois subfield h. Let S = {x,, ..., x,} and assume x; to have
degree pi*' over h for i=1,...,n. All elements of T ={x,,,,...,x,} are
transcendental over A. As in the discussion following the proof of Theorem 2.3 let
P =B U S U T be a p-basis for k. We construct 4 = {dV, ..., d"} as follows.

(i) 4 is infinite for i > n and rank d®” = p‘fori < n.

(ii) d(x) = 0forj > 0,1 < i <mand x € B.

(i) d(x) = §, ; for 1 <i,j < m.

(iv) dP(x) =O0fort > land 1 <i,j <m.

By (2.5) ¢1j(’"(x,P"”) = 0, for i < n, sincej < p/. It follows that 4 acts trivially on
a p-basis B U S’ for h. Then the field of constants of A contains A, and A, the
constant field of 4, contains A(k? . It follows that X = A* for all .

4.3. PROPOSITION. The constant field of A, is h(k?""") and the constant field of A is
h.

Proor. For future reference we note that the following argument uses the fact
that A* is a tensor basis. It does not require that 4* = A for all + and m. Let
A, = {fO, ..., f')}. Noting that for i < n rank f® = p* where s, is the minimum
of ¢, and ¢ and that rank f) = p’ otherwise, the result will follow from Theorem 4.2
by a degree argument once it is shown that x; has degree p%t! over k(h”'“) for
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i < n and has degree p'*! otherwise. To that end let r be the separable algebraic
closure in k of A(x,,,, . . ., X,). Then as in the proof of Theorem 2.3 k = r ®, h.
Also by Theorem 2.3, {x,,...,x,} is a tensor basis for i;/h. Since h = h(x,)
®, - - - ®, h(x,) x; has degree p* over h(hy’ for i < n. Since h(k?') C r ®, h(h?"),
x; also has degree p* over h(k”"). The case i > n is immediate.

Since h = N, h(k? '[9, Theorem 7.2] the first clause of Proposition 4.3 leads to
the conclusion that the constant field of 4 is A.

Henceforth 4 will always designate a standard generating set. We will show that
generally, for a given A, there will not be a tensor basis X such that X = 4 for all
t. Let A = {d",...,d"} with rank d” = p* for i < n and rank d® = oo for
i>n. Also, Ay = {dV,...,d™} and 4, = {d"*D, ..., d™M).

4.4. THEOREM. If h is the constant field of A = Ag U A,, then
(i) A is the constant field of A I

(ii) tr deg(k/h) = |A4,|, and

(iii) Ag|; is a standard set of generators having constant field h.

PROOF. Let i’ be the constant field of A,. Then k/h’ is regular and tr deg(k/h’")
= |A4,| [9, Theorem 3.2, p. 265]. Since A is abelian A’ is invariant under 4, and A is
the constant field of the set of higher derivations Ag, on A If p'=
max{rank d®|,|i = 1,..., m} then (W' C h by (2.5). Since k /4’ is regular and
h’/ h is algebraic it follows that h* = h. This proves (i) and (ii).

To verify (iii) it is only necessary to show that B = (d{"|;, ..., d®™|;} is an
independent set of derivations. If A} = {x, ..., x,,} then by a familiar result the
set {X,, ..., X,} being dual to the set of derivations constant on # is p-indepen-
dent over h. By (ii) and the fact that k / h is separable it follows that
{Xp41> - - - » X} is @ p-basis for k/h. Since dP(x) =0for 1 <i <nandn <j <
m it is clear that a linear dependence among d{"|;, . . ., d{™|; also holds if d{?|; is
replaced by d for all i. Thus B is independent. By Theorem 4.2 a p-basis for h/h

has |A.| elements.

4.5. COROLLARY. Let h be the constant field of a standard set of generators A. For
allt > 0, h(k”'“) is the constant field of A,. A dual basis A} is a p-basis for k/h.

Proof. For ¢t > max{t,, ..., t,}(4g|;), = (AF|p) and so by Theorem 4.2 any
(Ag|7)? is a tensor basis for A/h. Thus a dual basis 4* = {x,, ..., »] can be
chosen so that {x,, ..., x,} is a tensor basis for 4/h. Necessarily {x,,,, - - -, X,,}
is a p-basis for k/h, A? is a tensor basis for k/h and the first claim of the corollary
follows from the proof of Proposition 4.3. Since 4, in (ii) of Theorem 4.2 is h(k"“)
it follows that any A} is a p-basis for k/ h.

Let 9 be the collection of all tensor bases of k/h and for a given A with
constant field & let %D, be the set of all 4*.

4.6. THEOREM. For allt > 0, D, N  # . If every d in A has finite rank D, c J
for all t. In general N, ), = &. Each d in A has finite rank if and only if one of the
Sfollowing holds:

(i) for t sufficiently large D, = 9D, , or

(i) for t sufficiently large D, C 9 and there is a d in A of finite rank.
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PRrROOF. We observed that for ¢ large 4* can be chosen to be a tensor basis. Since
9, C D, for s <t it follows that D, N T # & for all ¢. If 4 = A, then k/h is
regular and for all ¢, 4* is a separating transcendency basis for k/h and hence a
tensor basis, so 9, C 9 for all # > 0. If 4 = A, then, as observed in the proof of
Corollary 4.5, for ¢ large, A, = A4,,,, and A* C 9. Thus (i) and (ii) hold. On the
other hand if d“ has infinite rank then for a given A4* = {x,,..., x,,},
(X1 -+ s X, + x2"'} is also a dual basis for 4, However, one of the above must
fail to be a dual basis 4%, since either d7(x,) # 0 or d(x,, + x£'") =
[d™(x,)PP"" = 1by (2.5). Thus D, & 9, ,. Assume in addition that 4™ has finite
rank. Then {x, + x2"',x,, ..., x,} is again a dual basis 4, but A* z ¥ since
x, + x,’,’,'“ is transcendental over A. Thus (i) and (ii) both imply 4 = A4,.

It remains to show that in general N, D, = &J. We use a construction due to F.
K. Schmidt [7, Satz 13, p. 237]. Let k = h(x), x an indeterminate, and let 4 be
the rank p’ iterative higher derivation on k/h defined by d{?(x + x?') = 1,
d%x + x?)=0for 1 <i < p'. Let 4 = {d} where d is the infinite iterative one
dimensional higher derivation on k/h defined by d, = d{” forj < p*. If N, D, #
& there is a tensor basis {z} which is a dual basis A for all ¢. But then
z — x — xP"is in the field of constants h(x”"') of the p‘th section of d for all ¢ (see
Proposition 4.1). Clearly, there is no rational function z in x over 4 with the above
property.

V. The Galois correspondence. Obtaining a set of generators of a Galois group
from a standard set of generators requires the following constructions and defini-
tions. If 4 has rank 7 and ¢ > 0 is an integer then v (d) = f where rank f = qt,
fi=4dandf =0if g }j.Ifp™ < gt then d(, m is the p™th section of v (d). Given a
in k and a higher derivation d, then ad = {a'd,} is a higher derivation. Given a set
D of higher derivations on k, let (kD),, be the group of rank p™ higher derivations
generated by the set of all (ad),,, for @ € k, d € D and any allowable q. (kD)
represents the group of pencils generated by {d|d € (kD),, for some m > 0}.

5.1. THEOREM. Let k/k, be finitely generated. A subgroup H of H(k / ko) has the
form H(k/h) if and only if H = (kA) where A is a standard set of generators
constant on ky. Let F = {(hlk D h D ky with k/h Galois} and § = {(kA)|A a
standard set of generators on k with constant field k, O ko). The map o: § — G
where o(h) = H(k/h) and 1: § — F where 7((kA)) = k, are inverse bijections.

ProoF. Given a Galois subfield A by Proposition 4.3 there is a standard
generating set A for which k, = h. It remains to show that if 4 is a standard set of
generators then (kA) = H(k/k,). Assuming d in H(k/k,) to have rank equal to
rank(d) = p‘ we proceed by induction on p’ — j + 1 where 4, is the first nonzero

map of d having positive index. Let 4 = {(d,...,d™} and A4}, =
{x, ..., x,). Assume that d(x,) = - - - = d(x,) = 0 and d(x,, ) = —c for some
g <m. Then f = (cd“*Y),, has rank p’ and f(x,) = - - - = f(x,) = O whereas

f{(x441) = ¢, f; being the first nonzero map of f. The first nonzero map of g = f o d
has index > j and gi(x,) = - - - = g;(x,,,;) = 0. Repeating this process m — ¢ — 1
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times if necessary we obtain f in (kD), such that rank (f o d) — (index of first
nonzero map) < p‘ — j. Invoking the induction hypothesis we have d € (kA4), and
since ¢ was arbitrary it follows that (kA) > H(k/k .)- Since the reverse inclusion is
obvious we have (k4) = H(k/k,). The theorem follows.

V1. Intermediate fields. In this section we extend to the present setting the
following two theorems due to Deveney.

6.1. THEOREM [1, THEOREM 3.1]. Let k/h be Galois with [k : h] < c0. An
intermediate field | is invariant under all higher derivations on k/h if and only if
I = h(k?") for some t.

6.2. THEOREM [1, THEOREM 3.2). Let k/h be as above and let | be an intermediate
field with 1/ h modular. Every higher derivation on 1/ h extends to a higher derivation
on k/h if and only if there is an intermediate field r modular over h such that
k=1®,r.

6.3. THEOREM. Let k/h be Galois. An intermediate field | is invariant under
H(k/h) the set of all higher derivations of k/h if and only if | = h(kP") for some
n>0.

ProOOF. It follows from relation (2.5) that A(k?") is invariant under H(k/h) for
all m > 0. Assume, conversely, that the intermediate field / is invariant under
H(k/h). For any m > 0, k/h(k?") is finite Galois by Theorem 2.2 and by relation
(2.5) I(k*™) is invariant under all higher derivations of k/h(k?"). By Theorem 6.1
I(kP™) = h(k?™) for some t, <m. If {4,},-, is bounded then for some n,
h(k?") = N, I(k?™) = I* where I* is the separable algebraic closure of / in k [9,
Theorem 7.2]. If not, I* = N, (k") = N,, (k™) = h [9, Theorem 7.2] or / = h.
With the following lemma the proof will be complete.

6.4. LEMMA. Assume that k/h is not algebraic. If h(k?") D> I and h(kP") is
separable algebraic over I then | is invariant under H(k/h) if and only if | = h(k”").

PROOF. Let T be a tensor basis for k/h. Then T?" contains a p-basis T{" for
h(kP")/h. We need the following,

6.5. LEMMA. A derivation 8§ on h(kP")/h such that 8(TF") C kP" has the form
yn| yxrry where d = {d;} is in H(k/h) and has rank p".

ProOF. We construct d as follows [6, Theorem 9). For t € T, let d,(t) =
[8(P")PP" and let d(r) = 0 for 1 <i < p”. Then d.(¢*") = [d(D}" = §(*") and
hence d,.| ) = 8.

Returning to the proof of Lemma 6.4 assume now that 77" = {x,, ..., x,}. We
can also assume that x, is transcendental over h. If S = {5, ..., s,} is a p-basis for
1/ h, then since h(k?")/1 is separable algebraic S is a p-basis for h(k?")/h. Thus for
some i, 5, = g(x,,...,x), g € h(k?"")[X,,...,X)], and 3g/dx, # 0. We can
construct a derivation 8 on h(k?")/h such that 8§(T?") C k*" by choosing 8(x,) to
be anything in k”" and requiring 8(x,) = - - - = 8(x,) = 0. But &(s;) =
(9g/3x,)8(x,) which is in / by Lemma 6.5. It follows that k" C / or I = h(k”".
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The following result is similar to Theorem 6.2, however, the hypotheses on / are
stronger.

6.6. THEOREM. Given k/I and |/h Galois, every higher derivation on 1/h into k
extends to a higher derivation on k if and only if there is a finite purely inseparable
modular extension t of h in k such that I(t) = 1 ®, t and k/I(?) is regular.

PROOF. Assume / has the above form and let d = {d;} be a higher derivation
defined on / into k. Then d ® I = {d; ® I}, where I denotes the identity map on ¢
and is a higher derivation on /() into k. Since k /I(¢) is p-independence preserving
and a higher derivation is determined by its (free) action on a p-basis [6, Theorem
9] it follows that every higher derivation on / into k extends to k.

In proving the converse we observe first that by assumption k = h® Wb l= (/7
NI1)®,r, and k = [ ®, r* where r/h, r,/h, and r* /I are regular extensions and
the other tensor factors are finite purely inseparable and modular.

6.7. LEMMA. The fields r, r_*, afd r, can be chosen so that r, C r, with r/r,
separable, and r* = I(r). Also, | = h ®, r,.

PROOF. Since every derivation on / over & N I extends to k a p-basis T for r, over
h is p-independent in k. Since r,/h is separable T”" is a p-basis for A(rf’) over h for
all ¢. It follows that T is a p-independent subset of k/ h, h being purely inseparable
over h. Hence, T C T,, where T} is a p-basis and hence a separating transcendency
basis for k/ h, and as observed earlier r can be chosen to be the separable algebraic
closure of A(T,) in k. For this choice of r, r, C r and r/r, is separable.

Since A(/) = h ®,, r, and r/r, is separably generated it follows that k = 4 ®, r is
separably generated over A(/). Thus [ = h(l) = };®,, r,and k = h(Dr() = k(1) @
r(l).

6.8. LEMMA. Let ! and r be as above with r* C r. Every higher derivation on Ir/r
extends to k.

ProOF. We observe first that if 4 and d” are higher derivations of equal rank on &
such that d|, = d’|, for some subfield k; of k then k, is in the constant field of
d'od'. To verify this let k[X]= k[X]/X'*'k[X] where X = X + X'*'%[X].
Each d € H'(k) determines an automorphism a, on k[X] given by ay(a) =
> d,(a)(/\_’ ) and ar,,(/\7 ) = X. The map d > a, is an isomorphism. Thus if a/a) =
ay(a) fora € k, thena = a,.  4(a) for a € k|, that is k, is in the constant field of
d'ed.

Let d be any higher derivation on /r/r into k and let d’ = d|,. By assumption d’
extends to a higher derivation d” on k. Let d* = d”|, and let d** be the extension
of d* which is trivial on 4 as in the proof of Theorem 6.6. Then d**~' o d” is trivial
on r by the above remarks and, by construction of d**, agrees with 4”, and hence
with d, on /. Thus d**~! > d” extends d to k.

Returning to the proof of Theorem 6.6, consider the fields k > (A N [)®, r D r.
We note that k/r, k/(hN1)®,r, and (AN [)®,r/r are all finite purely
inseparable modular. By Lemma 6.8 and Theorem 6.2 there is an extension q of r
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which is purely inseparable modular and having the property k = (h N [) ®, r)
®, g. By associativity of tensor product k = (hnl)®,qandh=((hnIX)=(h
N 1) ®, t where ¢ is the algebraic closure of 4 in g. In [2, Theorem 4 and its proof]
it is shown that in this situation ¢ can be chosen to be modular over . We have
[=h®,rn=01Q,hn®,rn=t®,[(hn!l)®,r]=1t®,!and k/I is regu-
lar.

It follows from Theorems 6.3 and 6.6 that there is no proper intermediate field /
such that k /I and I/ h are Galois; every higher derivation on //h extends to k and
/ is invariant under H(k/h).
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