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WEIGHTED ESTIMATES FOR FRACTIONAL POWERS
OF PARTIAL DIFFERENTIAL OPERATORS
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RAYMOND JOHNSON

ABSTRACT. It is shown that fractional powers defined by the wave polynomial
PE) =2+ - +&—£2, — - - - —¢2, defined in terms of Fourier transforms
by T* = |P(®)]f, are in the Bernstein subalgebra of functions with integrable
Fourier transforms for A > (n — 1)/2, provided f € C* with m large enough. The
proof uses embedding theorems for Besov spaces and Stein’s theorem on interpola-
tion of analytic families of operators.

In recent papers [3], [4] studying the Plancherel formula for parabolic subgroups
of real rank one simple Lie groups, Keene, Lipsman and Wolf have needed
mapping properties of the operator defined by

T(x) = 2m) " [ 0| PR)fE) dt.

They were particularly interested in the question of when T maps the space of
I-times continuously differentiable functions with compact support into the space
of integrable functions. When P is the elliptic polynomial P(§) = £2 + - - - +£2,
they proved that T has the desired property for any A > 0. We first give a sharper
version of this result by showing that |¢*f actually belongs to the Bernstein
subalgebra of the Fourier algebra of functions with integrable Fourier transforms
and indicate the relations between these results and weighted estimates for the
Riesz potential. We then use a weighted estimate for the Fourier transform to
prove an embedding theorem for a homogeneous isotropic unweighted Besov space
with a weighted L? space. We combine this with Stein’s theorem on interpolation of
analytic families of operators to prove that if A >n/2 — 1/2, |P(§)|"f is in the
Bernstein algebra, where P(§) = §7 + - - - +£2 — £2, — - - - —£2 This result is
not quite the result conjectured (i.e., that this should be true for A > n/2 — 1), but
it does capture the case A = n/2 needed in [4].

The weighted estimates used could be replaced by simple direct estimates.
During the course of preparing this manuscript, the author has benefited from
conversations with L. Carleson, C. Herz and N. Lohoué.

0. Notation. Our notation will be standard. We will mainly work on L? spaces on
R" where

LP(R") = {fmeasurable |f|j]’ dx < +oo}, 1 <p<oo,

= { f measurable |ess sup|f] < + 0}, p = o0.
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512 RAYMOND JOHNSON

Our convention for the Fourier transform is

f®) = [ exp(=iCx, )Mf(x) dx,  f € L'(R).

The homogeneous Besov spaces are closely connected with the Riesz potentials. Let
7, denote the translation operator and A, the first difference operator, defined
respectively by

™wf(x) = fx = h),  Bf(x) = (1_, = I)f.

If0<a<l1, 1<pqg<oo,f€B:if [(IASII,/|h*)?h]""dh < + oo (with
the obvious interpretation if p or ¢ = o). For an arbitrary real number «, the
homogeneous Besov spaces are defined by the Riesz potentials. The Riesz potential
of order B is the closure of the operator defined on a dense subset of &’, the dual
space of the Schwartz space of rapidly decreasing functions, by

NS —B8;
RPf(%) =|¢7S(%),
and the definition of B2 for a arbitrary is accomplished by R#Bz = B2*A.

The Fourier transform images of the Besov spaces are related to the spaces K,
where

K bl | § ( ( )”dx)m
= measurable X < 400},
" / — j;"<|x|<2"*'lf |

and f € Ky, if and only if f(x)|x|* € K.

For an arbitrary space X, we denote X = { f|f € X}, and another notation for
FL'is A,
A(R") = SL'(R") = {f|f € L\(R")}.
We also use the Lorentz spaces, L”9(R"), defined as the set of measurable f for
which

[Ty L

0 t

where f* is the decreasing rearrangement of f, the function with the property that
[{e1f*(0) > A} =[{x| f(x)] > A},

where the measure on the left-hand side is Lebesgue measure on (0, o) and that on

the right-hand side is Lebesgue measure on R".
The operators that we shall consider are

TY(x) = 27) " [ exp(ix, O)PEOLAG & f € S(R),

which are conventionally denoted by A when P(¢) = £,2 + .. +§"2 since for
A = k, T* = A* is the kth iterate of the Laplacian. Recall also that for -n/2 < A
< 0, A* coincides with the Riesz potential operator discussed above, A* = R =2,
and can also be defined by the convolution operator

M(x) = o [(fO)/|x =" ) b, f € CHR™).
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1. Preliminaries. We recall the main results from [2] that we will be using. It is

our intention to prove that |§|"f € BJ{? the Bernstein subalgebra of the algebra of

functions whose Fourier transforms are integrable. For a Besov space with positive
a, by Proposition 5.4 of [2], we know that

B, N L* C Bjf?
if @ > n/2. Since it is routine to decide for which A, [¢f € L2, we will con-
centrate on showing that it belongs to Bj,. We will further use the trace theorems

for Besov spaces to show that it suffices to prove the result for a sequence of
dimensions W, — oo as j — co. The trace theorem used is

THEOREM. If s > 1/2, the map f+> f(x',0), f € Cg°(R") extends to a bounded
linear map of B3,(R") — B3; '/*(R"™").

We have denoted for x = (x;,...,x,) € R", x’ = (x,,...,x,_,). Finally, it is
convenient to use the weighted estimates of Muckenhoupt-Wheeden, especially the
following.

THEOREM. Suppose 0 <y <n,1 <p <n/y,1/q=1/p — y/n. Then
I(RF)V(x)]lg < CIV]»
< V satisfies A,
1 Va1 ., 1/p
sup| — Vx"dx) (— V(x) "dx) <K,
w17/, eilo
where the sup is taken over all cubes with sides parallel to the coordinate axes.

2. Results for |§|"f(§). Our main result for the elliptic case is given in Theorem 2.1.

THEOREM 2.1. If A\ + n/2 > O, then |§|"f € Bz"zfor any y with0 <y <X+ n/2,
as long as f € CI", with m > 2[A/2] + 2.

For negative A, this is a restatement of the Muckenhoupt-Wheeden result cited in

§1.

ProposiTiON 22. If 0 >a > -n/2, f € Li, 1/2=1/p + a/n, then 1¢)% €
B}, -n/2 <y <a+ n/2.

PROOF. Recall that the B}, norm of a function is equivalent to the K}, norm of its
Fourier transform. Let —-b = a, so that 0 < b < n/2 and then note that

BOF — 18157 — 1£19F
R = f=|¢ S,
implying that the norm we wish to estimate is a weighted L? norm of R?,
3y a b 2, 12y 1/2
B1(81%) = ( f1RYC 1 dx)

One computes easily that |x|" € 4,,¢ -n/2 <y <n/p’. For such y, we can
estimate

BL(IE) < N 14 I»
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with 1/2 =1/p — b/n = 1/p + a/n. An easy computation shows that n/p’ = a
+ n/2, and thus we conclude that

BLOE) <l A 1" |l
n o 1_1
2’ 2 p

n

2<y<a+

a
+=.
n

The second step is to observe that it suffices to prove Theorem 2.1 for a sequence
of dimensions N, — oo as / — oo because of the possibility of applying restriction
theorems.

PROPOSITION 2.3. If Theorem 2.1 holds for dimensions that are multiples of four, it
holds for all dimensions.

PROOF. Given a dimension n, choose / so that 4/ < n < 4/ + 4. Let ¢ be a Cy°
function of the (4/ + 4 — n) variables such that y(0) = 1. Given f € C*(R"),
consider F € C/"(R***) defined by

F(§,£") = f(EI(E),
where ¢ are the variables in R” and £” those in R¥*4~" If we have proved the
result for R¥*4 it follows that

72 //2
(&1 +1€1)
for0 <y <a+ 2/ + 2, since

“PRE, &) € BL(RYY)

4l +4-
a+21+2>a+§+(41+4—n)/2>(—23).

The Fourier transform splits and hence
(EF +IE ) A&)W(E") € BR(RY).

In particular, if y > (4/ + 4 — n)/2, we can restrict this function to R" and we
obtain

YO)E M) € By W4 "/X(R").

As y ranges over (4/ +4 — n)/2, a + 2l +2), y — (4] + 4 — n)/2 ranges over
©,a + n/2).

We will thus prove the theorem for n = 4/, / > 1. This restriction is convenient
for the induction argument in the proof of Theorem 2.1, but again is not necessary.

ProOF OF THEOREM 2.1. Note first that the theorem is trivial for A = 2k, with k
an integer and m = A.

The proof will be by induction over the ranges 2k < A < 2k + 2 and we first
consider the case 0 < A < 2. In that case -n/2 <A — 2 < 0, and we can apply
Proposition 2.2 by writing

I

Hence if Af € Ly |§|"“23f S 3272 for 2I<y<A—-2)+2L If fe Cf, this
condition is satisfied.
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On the other hand, since

A(IES) = MA + n = )1 + Mg 2 ’5, +|§|AA(f)
n /\

= AA+ 0= DI NS (x,f) ~ENE @D

we note that if A —2 + 2/ <y <A+ 2/, y— 2 satisfies the conditions of the
previous paragraph and hence if f € C2, (3/3x,)(x,)) € C2, |x|’f € C,, we con-
clude that

A(¢[f) € By (RY),

ie., |¢f € BL(R™). This completes the proof thatif 0 < A < 2, -2/ <y < A + 2/,
|€} € Bh(R*), and we require that f € C}(R¥).

Suppose we have shown that if 2j —2 <A < 2j, f € C¥*, -2l <y <X+ 21,
|€Y € BL(R¥), i.e., that the statement of the theorem is valid for (j — 1). We will
show that it holds for j. Suppose 2j < A < 2j + 2. For A = 2j + 2, there is nothing
to prove. If 2j < A < 2j + 2, then if Af € C¥*, ¢ = —|¢}~2Af € B, if =21 <
y<A-2+2.

Moreover, if A—2+2/<y<A+2l, y—2>0 and using (2.1), A(¢]Y) €
B}, %(R*) which implies [¢f € BL(R¥).

The only requirement is that Af € C¥*', f € C¥*!, (3/3x)xf) € C¥*!,
|xPf € C¥*!, which will be fulfilled if f € C¥*3.

This proves the theorem for n = 4/. An appeal to Proposition 2.2 gives the
general result.

REMARKS. (1) Note that we actually showed that if n =4/, -n/2 <y <A +
n/2, A+ n/2>0, m > max(2(A\/2] + 2), 0), then if f € C”, |¢[f € BL(RY).
The restriction to y > 0 in the final result is only because of the appeal to
Proposition 2.2. Slightly more work would have given the result in this generality. It
is also clear that at the expense of more effort we could have kept track of the
precise weighted L? estimates on A*f required for the theorem.

COROLLARY 2.4. For s >0, if & AE) = [E2A), m>2s+n/2, and if f €
C™(R"), &f € BJ{*R") C FL\(R").

ProOF. For s > 0, |¢%f € L%R") if m > 2s + n/2. By Theorem 2.1, if m > 2[s]
+ 2, lgl’f € B{z(R") forany 0 <y <s + n/2. Since s > 0, we can take an/2 <y
< 2s + n/2, and then by Theorem 2.1, we conclude

1€)*f € Bj/(R") C FL".
This completes the proof.
COROLLARY 2.5. If0 <y <b + n/2 + |a|,b + 2ja] + n/2 > 0,b + 2|a| # 0,

€|°¢f € By,
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Proor. Induction on |a|. The result is certainly true for |a| = 0. Let us also
check it for |a| = 1. Observe that

3. (IE1) = alé]”~*&f + 40, f
=\ + Q)5S = 3, (1¢ %) — (¢ %0 f

= 3 (%) + g 7x7.

Suppose 0 <y <b+n/2+1, b+2+ n/2>0. Then O<y+1<b+2+
n/2= ¢+ € Bt if f€ CMm>2((b+2)/2] +2) and [§°*%x ,f € B}, and
ifb+2+#0, |§|”§,f € B},

Assume the result has been proved for |a| = m. A similar argument to that used
previously proves the result for |a| = m + 1!

COROLLARY 2.6. If s > —|a|, A(D?) € L.

PRrOOF. |¢[*D%f € B}, n L* C Bj/*> c FL\,if
n/2<2s+n/2+|a|, ie,s> -|al.

With a little more care, we can also give a weight.

COROLLARY 2.7. If s > 0, p <5, (1 + |x|*)A%f € L.

ProOOF. We want to show that |x|?*Af € L', or equlvalently, that A"(A ) € FL'.
It suffices to show that ALy ) € Bz( 2 Since Af = |¢%f, we apply Theorem 2.1
and the remark before that A f S 822, for any y < 2s + n/2, and correspondingly
A"(A ’f) € B}, %, which can be taken as BJ/? as long as 2(s — p) + n/2 > n/2, i.e.,
s—p>0.

3. An embedding theorem with applications to the study of Fourier multipliers for
weighted L’ spaces. The estimates of §2 suggest that there is a close relation
between the B}, norm of a function and a weighted L2 norm of a function. Using a
form of Pitt’s theorem due to Flett [1], we will prove a quantitative form of this and
discuss its application to an embedding theorem.

THEOREM 3.1. Suppose —n/2 <y < 0. Then
Ll2x|—27 g Bzyz,
and

52 < A2e-»-
PrOOF. Observe that, by Herz [2],

Wi =Wl = ([1xP VL ax) ™ =] 1507 |

We apply Theorem 4(iv) of Flett [1], with p = ¢ =2 = ¢ and ¢ = § = |x|". Since
we must have 1 < r < 2, if we write y = -4, 0 <a <n/2 (a = 0 is trivial), the
result of Flett

W=, < B



WEIGHTED ESTIMATES 517

can be applied if n(1/r" — 1/2) = —a. For this choice 1/r = 1/2 + a/n, and one
verifies easily that 1 < r < 2, and we obtain the estimate

,U"éb <A”f(lx|n)l/r'—l/2"2<AB"f(|xln)l/r—l/2"2<AB|mx,a"r

THEOREM 3.2. Suppose 0 < y < n/2. We have the embedding
BZYZ e d lexl—h,
and there exists a constant such that

Mleg-» < 4|l 82

This follows from duality applied to Theorem 3.1. This embedding should be
compared with the standard embedding B}, - LP%, 1/p=1/2 — y/n, 0 <y <
n/2. Our next result shows that Theorem 3.2 is a corollary of this result.

THEOREM 3.3. LP? > L} -2, 1/p = 1/2 — a/n, 0 < a <n/2.

Proor. This will be accomplished in three steps. Note first that L7z — L4,
q = n/2a, since if ®(x)|x** € L=,

|®(x)| < M|x| %, ae.,
and then, since |x|2* € L"/?*% we are done. It now follows from duality that
LP' 5 Ly, 1/p=1-2a/n.
Indeed, if g € L?', f € LG -z, || fIl < 1, then

[8Cf(x) dx| < Allglpaln/2000

< AB|gllp.a Al < AB||g]|p.1-
Finally, if f € LP?, |f|* € L?/*' and thus |f]> € L}j-, with 2/p = 1 — 2a/n,
and hence, |f| € L}-2, 1/p = 1/2 — a/n.
REMARK. 1. Given a weight |x[", y > 0, the prior argument shows that L3, C
L"/v* and then by duality

LS L Ur+y/n=1,

8l zs-2 = sup
S

and consequently,
LY - Lf,-», 1/g=1/p — vy/n.
This last follows since f € L9 implies |f|? € LY?' C L}\-»,ifp/q + yp/n = 1.
2. As will be noted in §4, Theorem 3.1 is more convenient for use in the study of
hyperbolic polynomials.
As a preview of the technique to be used in the proof of our main theorem, we
give an alternate proof of Corollary 2.4.

PROPOSITION 3.4. Suppose —n/2 <y < 0,A <y + n/2; then
I 1E1F 35 < A 16777 ]

The L? norm involved in the last integral is finite for any f € C” with m large
enough and A — y > —n/2.
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As the remarks before the proof of Theorem 2.1 show, it is enough to show that
for any A > 0, |¢}f € BJ{?**. An easy computation gives

3(6P7) = cier 7 +2 £ ga,7)ie? + epwi
j=1

and an inductive argument shows that for A’* l(]£|"f) all the terms have powers of ¢
exceeding A — 2/ — 2. By Proposition 2.2, these terms will belong to B, 2 (0 < & <
2)if

A—vy=A—-21-2)—-(e—2)>-2l=-n/2,
ie, if A >e. We also have -n/2 <& —2 < 0 since n > 4. Given A > 0, choose
0 <& < 2,e < A and we obtain

A1) € B2
which implies that
|§| f EB21+2 = an 2+e'

In the study of the hyperbolic P, we shall be forced to use nonintegral powers of
A.

While the main thrust of our paper has been to give sufficient conditions to
guarantee that |P()"f € FL', we can also give sufficient conditions to guarantee
that | P(¢)P'f € BJ/”. At this point we make some remarks on £, To prove that it
belongs to B” it suffices to show that [¢'f € L” N B}/?*. Aslongas A > —n/p,
&P € L~ To prove that |£[}f € BJ/?*, it suffices to prove an embedding theo-
rem.

THEOREM 3.5. L{ v C 1 <p < o.

C B,",

ProoF. By duality, it suffices to prove that

B, C Lfm, 1 <p < oo.
The classical embedding theorem implies that
‘ By, CL*, 1/q=1/p—17/n,
and the remark after Theorem 3.2 shows that
L% C Lfy-m

which gives the result.

We postpone the proof of the result for |¢’f until the tools have been set out in
§4.

4 The wave polynomial. In this section, we consider the case in which P(§) = §,2
+ - +EF— g2 — - - - —¢2 The characteristic set for this function is a conic
in R” called the light cone and denoted here by I'. Many of our integrals will be
split according to their distances from the light cone. Since I' = {£| P(§) = 0}, if we
write a point § € R" as £ = (§,¢§"), where £ =(§,,...,§) & =& - -5 §)

and if we set r = |¢'|, s = |£”|, then it is easily seen that

d(¢T) =inf{|t — q:n €T} =|r — 5|/ V2.
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Once again our strategy will be to show that |P(£)|’jf(£) € Bz",/ 2, for suitable

restrictions on A, and the key step will be in deciding for which A, | P¢)[M(¢) € B},
N L2 The finiteness of a weighted L2 norm of a fractional power will give the
appropriate result. Note that we may assume n > 2 since P is elliptic for n = 1; we
may also assume p > 1, ¢ > 1. (If only the question of integrability of the Fourier
transform were being considered, we could assume n > 3 because a linear change
of variables when n = 2 reduces P(§) to 1,1, and two successive applications of the
one dimensional results show that |P(§)|’f(§) € A(R?) for any A > 0.)

THEOREMA.1. If f € C'\m > 4A\| + v) + n,A > -1/2,y > 0,

[1FOPE@PIER dt < +oo.

PrOOF. Without loss of generality we may assume A < O since |P(§)| < |¢* and
the conditions suffice in the elliptic case. For A < 0,letA = -5,0 < b < 1/2.
Split the integral

a2 22 —
flf(&)l [POI™ de = d¢TI)<1/V2 +jt‘i(&l‘)ﬂ/"f

into a piece near the light cone and a piece away from the light cone. Away from
the light cone,
[P(&)|=|(r + s)(r — )| >|r + 5| >|§,

which allows us to estimate

O/ 1POP)EP" de< 4 [ O 182 dg < +oo,
d¢r)

L(e,r)> 1/\/5( >1/V2

since y — b > -n/2 is valid for n > 2. Near the light cone, we appeal to the
following result.

LEMMA42. IfO<b < 1/2,m > 4b + n,

[ @I +1EP)
d@gT)<1

m/2d£ < +o0.

PRrROOF. Rewrite the integral in polar coordinates
ff]rz - s2|_2b(1 + 124 sB) T2 grga gy,

split this into two pieces which are handled similarly,

ff:f‘l(-)<r—s<\/5+f](;<s-—r<l= Kot Ko

Rewrite K| as an iterated integral

o0 —_
K, =j(; (f”\/ilr2 -5 2b(l + 724 sH) M2 dr)s‘"I ds

s

=[)V§(£:+\/§) +f\;(fsx+x/5) — K, + Ky,
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Let ¥(s) = [*V2|r? — 52721 + r* + s%)~"/%P~1 gr. In the integral involving
K,,sinces <r <s+ V2,

V1+rt+s?
1/\/_2— <—1T<\/_2-’

and we can estimate

(s+Vv2y! s+ V3 dr
¥(s) < _
s fs (

(s +V2)"(25)*

and the integral converges since b < 1/2, yielding the estimate

(s+V2y m!
26

r—s)

b

¥(s) <4
and consequently

1 1
K, <f0 W(s)s9™" ds <Af0 s9"B=1 ds < 400,

sinceq > 1 > 2b.
For K,,, we first change variables r = su and rewrite

K|2<Cf°°(f5+\/2_ sl )s""ds'
V2 \’s (1 + 72+ )™ r + 5)(r — 5)*
_ Cfoo(fl_'_\/i/s s""u""sdu )Sq_ldf
va \/i (1 + (2 + DsD™(1 + w)s2(1 — u)?s?

o P gy
<C 1+V2 /s d sPHa=1-4b=m go
f\/f(j; (l + u)m+2b(l _ u)2b

Since s > V2, the u-integral is bounded by

fZ P~ du
1 (1 + u)2b+M(1 _ u)Zb’
which converges since b < 1/2, and we have the estimate
>}
K, <C| st%-m-lgs,
12 f\/f

which converges since n — 4b — m < 0.
REMARK. The same argument shows that

f 1 d§ < +oo,
a1 <min(€LE") | P(E)2(1 + |¢2)™>

under the same conditions. The inner integral in K, becomes

¥ = [*

(r* = s + 12 + sH™/?

which is estimated as before.
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The end of the proof of Theorem 4.1 then follows easily since if f € C,

@) < C.(1 +1g)"
and since [£§Y < (1 + |¢»)"7/2%

REMARKS. (1) The result was valid in the elliptic case for A > -n/2. The
dimunition of the range of A will lead to corresponding problems in our later
analysis.

(2) The estimates are similar to those used by Fefferman, cited in [4]. What
Fefferman shows is that if A < —1/2, f(0) # 0, |P(£)|"f & L? and that F ~'(|P®)|)
g L'ifA<n/2-1.

(3) The singularity is given by r — s, which allows us to prove that if A > -1,
di¢, D € L if m > 2\ + n.

Now we are in a position to apply the embedding theorem (Theorem 3.1).

m/2

COROLLARY 4.3. Suppose 0 < y <n/2,\ > -1/2; then

|P@)f € By,
if f € C, m large enough.

The key point here is that y may be chosen arbitrarily small and positive.
However, if we try to construct a proof like that given in §3, we run into two
problems. Since our results depend on dimension, it does not suffice to prove the
theorem for dimensions that are multiples of four. Moreover, the natural differen-
tial operator to apply, P(D) = D} + - -+ +D}— D2, — - - - — D}, does not
shift the Besov spaces like the Laplacian, while the Laplacian eats too many powers
of P(§). We first consider the effect of applying the Laplacian once.

COROLLARY 4.4. Suppose 0 < y < n/2,\ > 3/2. Then, if m is large enough
|POIf € BL ™,
for any f € C"(R").

PROOF. An easy computation shows that A(IP(§)|"f) is a sum of terms in L|2x|z,,
since, off the light cone,

A(|PE)[S) = A(PEO @) + 29(1PE)I) - VAE) +|P@)['Af
= 4\ — 2)|P@)| 2187 + N PO ) 1)
+2Mp — q)|PE)| *P)f

+4A( > eé,f(&))lP(g)P 1P(§) +| PO)'A,
j=1
whe{e g /'f'_ij—-l Ry 2 .—;li)rj—p+l ..., n. Notice now that
p&f(¢) = p(D)f(¢) and p(D)f(&) = p(x)f(x)(§) and both are Fourier transforms of
C functions. Every term above contains at least |P(¢)[* 2 hence, if A —2 >
—1/2, all terms are in lelz, and so in By,". This concludes the proof

If one attempts to apply this result to show that |P(¢)[}f € BJ(? in dimensions 3

or 4, we see that it fails in dimension 4 since 2 — y < n/2, and in dimension 3, we
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obtain that if A > 3/2, |P®)f € B3{% What we need is the fractional analogue of
Corollaries 4.4 and 4.5. Corollary 4.4 amounts to a result about A% and 4.5 to a
result about A'. Interpolation gives the next result.

THEOREM 4.5. If A > 2p — 1/2,0 <y <n/2,f € C", m large,
(| PE)Y) € By

PrOOF. It suffices to prove this for 0 < p < 1 since we can always write
p=K+86, 0<0 <1, and a tedious computation shows that the terms in
AX(|P®)Y) all have P(¢) to at least the power A — 2K. To prove it in the range
0 < p < 1, we will use complex interpolation. We therefore postpone the proof to
note the immediate corollary.

THEOREM 4.6. Suppose A > n/2 — 1/2, f € C, m large; then
[P B3/

Proor. Consider p = n/4 + ¢ where ¢’ is small enough that A — 2p > —1/2. By
Theorem 4.6, A°(| P(¢)[Yf) € By,? for any 6 > 0. Hence, |PE)Y € By?*** ¢, and
if we choose & < 2¢/, |P(¢)]Y € Bj, for some s > n/2. Since |P)|f € L? for any
A > —1/2, the result of Herz implies that |P(¢)['f € BJ/>.

There remains only the complex interpolation to conclude the proof of Theorem
46. Fixa A, > -1/2,\, > 3/2,and 0 < y < n/2. We will consider the following
family of operators,

T,f = R(&*(|P@OM" %), O0<Rez< 1

Notice that when Re z = 0,
T.f = RY(&"(| PO PO ™))
will behave like R7(|P(&)]"f) € L? while whenRe z = 1,
Ty.uf = RY(A"(A(IPE)™| PE)| ™))
will behave like R(A(|P(¢)[*)) € L2. If the family depends analytically on z in the
sense of Stein’s theorem, we conclude that 7,f € L% 0 <8 < 1,ie., that
RY(8(|POMVTM)) € L2,
Aa(lp(g)r\.(l—o)"')\zoj) e B.2_27’

and as A, A, range over all possible choices, A;(1 — ) + A,0 ranges over all
numbers subject to

M1 —0)+20 >(-3)1-0)+06(3)=20-1.

The analyticity of z — A%p is well known for 0 < Re z < 1, while that of z —»
| P ~9+2f is obvious. All that remains is to observe that R” and A* commute
and that A”: L? L2, and that the weighted L2 norm of | P(£)|*® ~*%f is the same
as that of f.

We conclude with two general results giving sufficient conditions guaranteeing
that |¢f (resp. | P(®)'f) belongs to B®.
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THEOREM 4.7. For any A > 0,1 <p < oo, |£|"fA(§) (S Bp",/’, if f € C, with m large
enough.

THEOREM 4.8. For A > (n — 1)/p, 1 <p < oo, |P(})IY(§) € B}/?, if f € CI", with
m large enough.

Both results follow from the same types of computations. As we remarked
earlier, |§[}f € L? if A > —n/p. To apply Theorem 3.4, we must also verify that, for
anye > 0, |¢ff € Lf, ., i.e., the finiteness of the integral

Jl g jgr e dg = / )| ds,

and this last integral is finite if Ap + p’e > —n. Applying the appropriate version of
Theorem 4.6, we see that A°(|¢) € B, if A\ — 2p)p + p’e > —n, and if we choose
20 = n/p + 8, we obtain that if \p — p§ + p'e > 0

Ag N —e
HIVASE: L
The appropriate sequence of steps is to choose € > 0, § > 0 both small with
8 >e.ThenforA >8 —¢/(p — 1),
€] € BAr.
In the hyperbolic case, |PE)f € L? if A > —1/p, and [P € Lfpe if A >

-1/p. Making the same choice of p, we obtain Theorem 4.8.

When p = 2, Theorem 4.8 gives the same result as Theorem 4.6. For p < 2 it
gives a sharper result since B)/? C Bj{* then. For p > 2 it gives less but since
(n—1)/p—>0 as p—> oo, for any A >0, we can say that |P()[f has some

smoothness, and even some growth restrictions since
Bpnl/p g Ap" 2 <P,

where

= (1= S ralSuisl, < +=). 1<r<2
2

and
Ay=FL'Cc4, 1<p<2

We conclude with two remarks. First, it is sometimes possible to squeeze powers
of |x| in such a way that |x|’T*f € L.

THEOREM 4.9. Suppose A > (n — 1)/2,0 < 2p < A—~(n — 1)/2. Then
(1 +|x*)T™(x) € L'(R").
The proof is similar to the proof of Corollary 2.7.

Our second remark concerns pseudodifferential operators. The symbol of a
pseudodifferential operator is of class S, if there exist constants C, g such that

|DEDEp(x, §)| < Cop(1 + )™ PI*?1F £ e R7,
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where 0 < § < p < 1. The associated pseudodifferential operator is
p(x, D)f(x) = @m) ™" [ p(x, e ~Pf(¢) dt.

THEOREM 4.10. If f € C/,p € SJ5, 1 > m + n, then
p(x, D)f € L(R,).
PRrROOF. It is enough to prove that
(1 +]x|"")p(x, D)f(x) € L*(R,).

In fact, if 2r is the smallest even integer larger than n, (1 + |x|*)p(x, D)f(x) is
bounded. Observe first that the integral defining pf is absolutely convergent if
[ > m + n. This follows because if f € C/,

L&) < (1 +g)~",
and thus
lp(x, O)f(8)| < C(1 + &)™,

and the right-hand side is integrable if / > m + n.
We also calculate ’

|x["p(x, DIf(x) = 2m) ™" [ (=8) (¥ *0)p(x, OAE) dt,
and we apply Green’s formula repeatedly over a large ball, noting that fe c®and
|DgfE)| < (1 +1gh ™"
The boundary terms are finite sums of terms like
Dfp(x, ) DEA®),
where 8, + B, = 2r. The prior remark and the definition of S,’; show that the term

is like (1 + |¢)y"~*!A1=! so that for / > m + n, this will also contribute a term
tending to zero. This justifies the formula

x[p(x, DIf(x) = 2m) 7" [ <0 (=8) (p(x, DAD)) d,

but again this is a finite sum of terms which are each O(|¢|™""°) at infinity and
consequently

(-=8¢)'(p(x, A®) € L(R,),
which proves that |x|*p(x, D)f(x) € L®(R,).
Taking r larger, we see that we can also show, by assuming more differentiability
on f, that |x|*’D°(x, D)f € L".
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