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ALGEBRAIC DETERMINATION OF FIBERWISE PL INVOLUTIONS
BY
HAYON KIM, JEHPILL KIM AND KYUNG WHAN KWUN'

ABSTRACT. Some fiberwise PL involutions on fibered 3-manifolds induce the
obvious automorphism of the fundamental group. It is shown that this expected
behavior of the fundamental group in turn characterizes such fiberwise involutions.

1. Introduction. Much information about a PL involution # of a compact
3-manifold X can be obtained from analysing the isomorphism hy: 7(X) — 7,(X).
See, for example, [13], [5]. For particularly striking results in case 7, X is centerless,
see [13]. This paper characterizes certain PL involutions by A,.

A fibering of a group G (over Z) consists of a finitely generated normal subgroup
K, the fiber, and an infinite cyclic subgroup H, a cross-section, such that G = KH
and K N H = 1. Itis denoted by { K, H}. By a transversal element of the fibering,
we mean an element not in the fiber. An involution ¢ of G is fiberwise if for some
fibering { K, H}, 0(K) = K and o fixes a transversal element. An involution o of G
is fiberwise with invariant cross-section if for some {K, H}, o(K) = K and ¢|H =
1.

A PL involution 4 of a compact 3-manifold X is said to be fiberwise (or fiberwise
with invariant cross-section) if there is a fibering g: X — S! such that each fiber is
invariant under h (or each fiber is invariant under 4 and a subset of the fixed point
set is mapped homeomorphically onto S' under g). Fibers are assumed to be
connected.

THEOREM. Let h be a PL involution with fixed point set F # & of a closed
P2 irreducible 3-manifold X. Then

(a) h is fiberwise if and only if hy: w (X, xo) = m,(X, X,) is a fiberwise involution
Jor some fixed point x,

(b) h is a fiberwise involution with invariant cross-section if and only if hy is a
fiberwise involution with invariant cross-section of m,(X, x,) for some fixed point x, of
h.

COROLLARY. Let M be an orientable closed surface not homeomorphic to S*. Let h
be a PL involution of M X S" with one-dimensional fixed point set F. Then h is
equivalent to a X 11 for some involution a of M if and only if under some product
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structure of M X S' and (my, so) € F, the automorphism hy of m(X, (my, s)) =
7 (M, mg) X 7,(S", 5,) satisfies conditions

hy(m(M, mg)) = (M, my)
and hy|m\(S", so) is the identity.

The “only if”” parts of the theorem for (a) and (b) are obvious. Proofs for the “if”
parts of (a) and (b) are virtually the same. From here on we will exclusively discuss
part (b). After the proof of part (b), we will indicate how to prove part (a) and the
Corollary. Henceforth, we assume A, is fiberwise with invariant cross-section and
will prove that k is fiberwise with invariant cross-section. Let X, F, h, x, be as in
the theorem(b).

2. The covering involution 4. Let {K,H} be a~fibering of (X, xo) making h,
fiberwise with invariant cross-section. Let g: (X, X)) = (x, x,) be the covering
projection corresponding to the subgroup K. It can be shown that K == Z, under
our assumption. The fibering theorem [10] of Stallings then implies that X is
homeomorphic to M X R' for some closed surface M with 7,M ~ K.

By [3, Theorem 6.1, p. 245], the component F;, of F containing x, contains a loop
representing a generator ¢ of H. Since KH/K~ H/(K n H), K N H = 1, H may
be viewed as the group of covering transformations of q. Hence f’o = q Y (Fy) is
connected. Let T generate the group of covering transformations of g.

LEMMA 2.1. Let h be the involution of ()? , Xo) such that qi; = hq. Then hT = Th.

PROOF. Such A exists as hy(K) = K. Also h fixes F"0 pointwise. Clearly T(f'o) =
Fy. hT(%,) = T(%,) = Th(xy). Also since ghT = hqT = hq = gh = qTh, it follows
that AT = Th.

LEMMA 2.2. Let F be the fixed point set of h. Then F= q \(F).

PrOOF. Certainly F C ¢~ '(F). Let %, € ¢~ '(F) and x, = ¢(%,). Let y be a path
from x, to x,. With respect to the new base point x,, the covering projection g
corresponds to K’ C m(X, x,) obtained from K and y. It can be checked that
hy(K") = K. (In general, it does not follow that hy|H" is the~ identiEy, where H' is
obtained from H and y.) Hence there exists an involution A’ of (X, X,) such that
gh’ = hq. Then hh’ is a covering transformation. If ki’ = T' for some integer i,
R = AT and 1; = I’k = T%. Hence i = 0 and k" = h. Hence k fixes %,.

LEMMA 2.3. Regarding X as M X R, h is equivalent to q X 1gi, where a is an
involution of M.

PROOF. According to the extension theorem [6], 4 is equivalent to the restriction
to the interior of a PL involution of M X [0, 1]. The conclusion now follows from
the product theorem [4] of Kim and Tollefson and the fact that F is not compact.

REMARK. Since F is a disjoint union of lines and open annuli, F is a disjoint
union of simple closed curves, tori and Klein bottles. There is no 0-dimensional
component of F. Also notice that even though ¢~ '(F,) is connected, we did not
show that the same is true for other components of F. Simple examples show that
this is not the case in general.
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Let f: X > ¥ and fo: X > Y be orbit maps of Z, actions generated by 4 and h,
respectively. Let 8: M — N be the orbit map of the Z, action generated by a.

LEMMA 2.4. ¥ is homeomorphic to N X R' and there is a commutative diagram

(X,%) > (¥,5%)
lq 1q
Jo

(X’ xo) - (Y9y0)

where q' is a covering projection whose group of covering transformations is generated
by T', T’ being induced by T.

ProoF¥. Everything is either obvious or follows from the commutativity Th = hT.
3. The orbit space Y of A.

LEMMA 3.1. Y is fibered over S' with fiber S homeomorphic to N and m,(S) =
‘I;;'”l( Y).

ProoF. First observe that Y contains no fake 3-cell as its universal covering
space embeds in R3,

Case 1. N % S? and N % P2 In this case, Y is irreducible as N is aspherical.
Hence the result follows from Stallings [10].

Case 2. N ~ S* or N ~ P2 Since Y = @ and n(Y) ~ Z or Z + Z, is not a free
product, Y must be prime. If Y is orientable, since 7,(Y) =~ Z, the sphere theorem
[9] implies that Y cannot be irreducible. Hence Y ~ S2 X S! by [8]. If Y is not
orientable, let Y’ be the orientable double covering space of Y. Since Y’ must be
covered by the universal covering space S X R!, no fake 3-cell exists in Y’. Hence
the argument in the orientable case shows that ¥’ = §2 X S'. Therefore, by [12],
either Y is the nonorientable S%bundle over S' or ¥ ~ P2 x S! according as
N =~ S?or N ~ P2 Observe that S is in fact homemorphic to N as

NXR'~Y~S xR\
A curve and a surface in general position will be said to have the intersection
number =1 if the curve crosses the surface once algebraically. We will denote

Jo(Fy) by Fy

LEMMA 3.2. The fibering of Lemma 3.1 may be chosen so that the fiber S containing
Yo and F' is in general position. If Fg is 1-dimensional, the intersection number of Fg
and S is *1 and if Fy is 2-dimensional Fy N S is a simple closed curve whose
complement in F§ is an open annulus.

ProOOF. The first part is straightforward. For the second part, consider the
commutative diagram with exact rows
~ s
1 » #(X,%) - 7n(X,x) - Z —> 0

Vs 1o, I

~ 9
1 » 72(Y,5) - =(Y,y9) - Z —> 0
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where Z’s are generated by T and T'. Since the composite 7,(Fy, xg) = 7 (X, xo) —
Z is epimorphic, the lemma will follow if we can identify the bottom row with the
exact homotopy sequence of the fibering.

1 - 7(S, yo) > (Y, y0) > W,S' - 0.

If N 2 S?or P? this follows from the way Stallings proves the fibering theorem. If
N ~ S? or P2, this is automatic since the kernel of any epimorphism 7,(Y, yo) = Z
is unique.

LeMMA 3.3. In Lemma 3.2, it may be further assumed that S — F' C Y — F'
induces a monomorphism of . '

PrOOF. If the conclusion does not hold already, by the loop theorem [11], there
exists a disk D C Y — F’ such that D N (S — F’) = D, the boundary of D, is not
deformable to a point in S — F”.

Case 1. S % S2. Since S is incompressible D bounds a disk D’ in S. Clearly
D’ n F’ # <. Since Y is irreducible D and D’ together bound a 3-cell and there is
an isotopy of S to S’ = (S — D’) U D. Now S’ may be considered as the new
fiber. S’ intersects F’ at fewer points. Repeat this process. This process must end as
S intersects F” at a finite number of points.

Case 2. S ~ S%. D separates S into two disks D, and D,. D, N F' # 3 # D, N
F’. Using mod 2 homology, since S does not bound anything, exactly one of
D, u D and D, U D bounds a 3-cell. If D, U D bounds a 3-cell, let S’ = (S —
D)) U D. The rest of the argument is the same as before.

4. The orbit space Y of A. Choose a component N, of ¢’ ~'(S), where S is as in
Lemma 3.3. Let N, = T"(N,), where i =0, +1, =2, .... Each N, maps homeo-
morphically onto S under ¢’. Let W, be the compact 3-manifold bounded by N;
and N, ,.

LEMMA 4.1. For each i, N, — F' c W, — F' and N,,, — F' c W, — F induce
isomorphisms of w,, where F' = f(F).

PrROOF. Both induce monomorphisms by Lemma 3.3. If either fails to induce an
epimorphism, it follows that o,( Y- F ') is not finitely generated. But Y — F'is the
same homotopy type as N — B (fixed point set of a), where B: M — N is the orbit
map of a. (See the part preceding Lemma 2.4.)

LEMMA 4.2. The interior 1\7,. of each N, intersects each 1-dimensional component of

~

F’ exactly at a single point.

PROOEF. Let B be the finite subset of N corresponding to isolated fixed points of
a: M — M under the orbit map 8. Then Y- Fis homeomorphic to (1\7 — B) X
R'. Now by Lemma 4.1, n,(N — By~ n (Y — F’)~ = (N, — F’). Hence the
cardinality of N, N F’ is exactly the number of 1-dimensional components of F.
Since each component of £ intersects N;, the lemma follows.
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5. The covering space X.
LEMMA 5.1. Let f~'(N,) = M,. Then M, separates X and M, ~ M.

PrOOF. The first part is obvious. For the second part, observe that N, C . This
together with Lemma 4.2 implies M and M, have the same Euler characteristic.
Furthermore M, is a closed surface. The both are two sided in X ; their orientabili-
ties coincide.? The lemma now follows.

LEMMA 5.2.3 Let K be a closed surface and let K’ ~ K, K’ C K X (0, 1). Suppose
K’ separates K X 0 from K X 1. Then K’ ¢ K X [0, 1] is a homotopy equivalence.

ProoF. This must be well known. Here is a proof. First suppose K is orientable.
K X 0 and K’ together bound an orientable compact 3-manifold. Hence they are
homologous. Hence i,: Hy(K') ~ H,(K X [0, 1]) over Z, where i: K’ C K X [0, 1].
Let p: K X [0, 1] - K be the projection. Then pi: K’ — K is of degree * 1. Hence
(pi)y: m(K’) —» m(K) is an epimorphism. Since 7(K") ~ w,(K) is hopfian, (pi)y,
therefore iy also, is an isomorphism. If K is not orientable, let K be the orientable

double covering space. Let K X [0, 1]—>K X [0, 1] be the double covering and
K =p~ l(K ). K’ is connected as K’ is 2-sided and nonorientable. Since K’
separates K x [0, 1], K c K x [0, 1] is a homotopy equivalence. Then it follows
that if 7,(K') - 7 (K X [0, 1]) is not an epimorphism; the kernel is Z,. This is
possible only if K ~ P,. But if this happened for K ~ P2, one would be able to
embed P2 in S? X [0, 1]. This is impossible.

6. Proof of Theorem and Corollary. Let f ~'(W,) = U,, where W, are as in §4. By
Lemma 5.2 and the finite generation of wlf , My C Uyand M, C U, can be seen to
be homotopy equivalences. Since there is no fake 3-cell in X~M xR, (U My)
is homeomorphic to M X ({0, 1], {0}) by [2]. Clearly M, = T(M,) and I;( Uy = U,
By the product theorem of Kim and Tollefson, h|U, is equivalent to a’ X 1 of
M X [0, 1] where o is an involution of M. Since h and X are obtained from | U,
and U, by identifying My, and M, by the equivariant homeomorphism T, & is
fiberwise. An invariant cross-section can be easily found in F;. Such cross-section
represents an element xt, where x € K and ¢ generates H. This follows from
Lemma 3.2 and is crucial in the proof of the Corollary.

To prove part (a), we first prove Lemma 2.1 in this case as follows. Because A,
fixes a transversal element, q"(Fo) is the disjoint union of noncompact compo-
nents. Choose %, € ¢~ '(xp) N Fo, F0 being the component of g~ '(F) contalmng X
and X, # X,. There exists a nonzero integer / such that T* (%) = %,. Since F0 is
pointwise fixed under k, T’ commutes with A. Since ATh is a covering transforma-
tion, ATh = T’ for somej. Then T# = AT'h = T/, Since i # 0, =

Lemma 3.2 is not true but it is not needed. The “monomorphism” part of
Lemma 3.3 is still true and all that is needed. The rest of the argument is the same.

2 Added in proof. True but not completely obvious.
3 Added in proof. Lemmas 5.1 and 5.2 are not needed. Use [2, Theorem 7.2, p. 504]). We regret the
duplication.
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We prove the Corollary in one direction only. Let K = 7,(M, my) and H =
7,(S", s5). We recall that X and h are obtained from a’ X 1 and M X [0, 1] by an
equivariant homeomorphism ¢ of M > M X 0> M X 1 —> M. By the above
remark about the invariant cross-section and the fact H is now central, it follows
that ¢ is isotopic to the identity. The Corollary now follows from [1] if M ¢ S' X
SLIf M~ S'x S, we simply check against [7].

7. Remarks. The proof of the Theorem actually implies that the fiberwise
involution one finally obtains has a fiber corresponding to the K one starts with.

In the following, we give an elementary construction which shows that the
Corollary is false for any orientable closed surface of genus > 1 if we simply
assume that hy|m (S, sp) = identity. Let M be the orientable surface of genus 2
and ¢ be the involution of M with exactly 6 fixed points. M is pictured in Figure 1.

FIGURE 1

We define a map Mi S! as follows. The upper half (the part one sees in the
picture) is pictured in Figure 2 and values at various points are shown. Here
S! = {all unit complex numbers}.

FIGURE 2
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For y in the lower half (the side we do not see) define Y(y) = (¥(p(y)))~". The
circle in the bottom of the picture goes around S' once. Define h: M X S' > M
X S!by

h(x, 1) = (9(x), Y(x)1).
Then 4 is an involution equivalent to a PL involution. The fixed point set is equal
to

{(x, )]ep(x) = x, Y(x) = 1, t arbitrary}.
Therefore, it is the union of two disjoint simple closed curves each of which
represents a generator of 7,(S'). However, & is not equivalent to the product
involution, because 7,(S") is the center of #;(M X S') and there is no involution
of M with two fixed points. The same construction works if genus > 2.
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