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HYPERSINGULAR INTEGRALS AND PARABOLIC POTENTIALS

BY

SAGUN CHANILLO

Abstract. In this paper we characterize the potential spaces associated with the

heat equation in terms of singular integrals of mixed homogeneity.

Introduction. Our aim will be to study hypersingular integrals associated with the

heat equation. Bagby [1] obtained a characterization for the potential spaces

££(R"+1) of the heat equation in the range 0 <a < 1. This characterization is

related to that obtained by Strichartz [7] in the case of the usual Riesz potentials.

Our characterization is in the range 0 < a < 2. In view of Lemma 1 this range is

enough to prove localization for all a > 0, which is in fact Theorem 2. Our method

of proof also generalizes to more general kernels than what has been treated here.

The investigation of hypersingular integrals in the case of usual Riesz potentials has

been carried out by Stein [5] and Wheeden [8], [9]. We wish to thank the referee for

his comments and for his stylistic improvements in the paper.

We wish to recall some notation before stating our main results. All constants

appearing depend only on a,p, n.

R"+1 denotes Euclidean space with n > 1.

R"++i = {(x,t)\x GR",/> 0}.

Ae = {(x, t)\x E R"., \x\ < e, 0 < t < e2},

ße = {(x, 01 |*| < £, M < £2}-
fij denotes the complement of ñe in R"+1. Ace denotes the complement of Ae in

R++1. A — B denotes set-theoretic difference.

The Bessel kernel Ga(x, t) is defined as

G(x ñ-\ (4^rn/2r(a/2)-V«-«-2>/2e-<-W7*      , > 0,

Á,)    lo, í<0.
The Riesz kernel is defined as

/ (x t) - í (4^""/2r(a/2)-,í("-n-2)/2e-W2/4',     t > 0,

1 0, / < 0.
Also, Ga(gXx, t)=Ga* g{x, t) and /„(¿0(*, t) = Ia* g(x, t), ££(Rn+1) = {/:/ =

Ga(g), g G Z/(R"+1)} and \\f\\p/t = \\f\\p + ||s||,. Our main results involve the

operator Te, where

TJ(x, s) = Jf[f(x -y,s-t)- f(x, s)]*-<«+"+2>/2e-l'rV* # du
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The following properties of Ga(x, t) and Ia(x, t) may be found in [3] and [4].

(a) G0(|, t) = (1 + III2 + UTa/2,

(b)Ga(x, 0GL'(R"+I)ifo >0,
(c) /„(£, i) = (HI2 + ity/2 if0<a<« + 2.

There exist finite measures t>,, ju,, ¡i^ such that

(d) (/ + m2 + iif'1 = ô, + (III2 + /0a/2/î„

(e) (HI2 + /i)a/2 = m + \tf + «re-
using an argument as in [5, p. 126] we have

Lemma 1./ G ££(Rn+1) if and only iff G ££_,(Rn+1) am/ 3//3x,. G ££_,(Rn+1),

/ = 1, ...,«, and df/dt E ££_2(Rn+1) w/iere \ <p < oo and a > 2. Also the norms

Ml*. «"* IWI*.-i+2 ̂       + f     a
are equivalent.

The following constitute the main results of this paper.

Theorem 1. /// = Ia(g)(x, t) where g G Z/(Rn+1), 0 < a < 2, then:

(&)\\TJ\\p <CafJg\\pifl <p< oo.
(b) //> = 1 iAen m{*: |T£/| > X) < (C/X)||g||,.

(c) If g G Z/, 1 </? < oo, 0<a<2, i/?en ^/¿s convergent in Lp norm as e —» 0.

(d) //" 1 < /? < oo, 0<a<2 a«¿/ Tef(x, s) is convergent in Lp norm, then

f = Ia( g), where g = Lte_>0 TJ, where the limit is in the V sense.

Using the properties of the Riesz and Bessel potentials, we have

Corollary 1./g£;(R"+i), 1 <p < oo, 0 < a < 2, if and only if TJ(x, s) is

convergent in Lp norm and f G L'(R" + 1). Moreover, \\TJ\\p < Caj)J\f\\p¡a.

Proof. Since / G ££(R"+1), / = GJg). But we know that Ga(g) = /„(/^ * g),

where /Xj is a finite measure. Hence GJg) = IJh), h G Lp(Rn + l). Using (c) of

Theorem 1 we are done. Conversely let TJ(x, s) be convergent in Lp norm. By

Theorem 1(d) / = /„(g). By property (d) we have / = Ga(vx *f+ ft, * g), hence

the result.

We also note that (c) of Theorem 1 follows from (a) by a standard argument

using the density of C0°°(R" + 1) in Lp(Rn + l).

Theorem 2. Let r¡ G C0°°(Rn+1). /// G ££(R"+1), a > 0, 1 <p < oo, then rrf G

££(R"+1); moreover,

Hi/Ik«   <  CaJ,Jf\\p,a.

Our aim in § 1 will be to prove part (a) with p = 2. This will follow by the

observation that if / = 4(g) then TJ = Ke * g, where

K£x, s)= [ f r-<-+"+*>'2e-M,/n/«(* -**"')- /«(*. *)] ♦ <*•
^  •'Ai

Hence to obtain L2 results it is enough to estimate the Fourier transform of

Ke(x, s). In §2 we will prove a Hörmander condition holds on Ke(x, s). This will
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give part (b), using Lemma 2 of [2]. The idea will be to introduce odd kernels which

will assist in the cancellation near the origin. §3 is a proof of part (d) of Theorem 1

and Theorem 2 is proved in §4.

Proposition 1. Let

■ ,-(«+»+2)/2c-br7tf     (x, t) g Ae,
K{x, t) = ,

1 0, {x, t) G A£,

where c > 0, a > 0; then

f f \Ke(x, t)\ dx dt = Ce'".

Proof. Setting x = ex', t = eV we readily get

f f\K\ dxdt = lf f f-fr+n+H/Zg-W« m dÀ . £-„
J J V J(x\f)eAl I

Now we wish to show that

f t,-(a + n + 2)/2e-\xf/cf te dt' =   C.
■'(.*',«') «A,

The integral defining C is broken up as follows

f +   f tr-(a + n + 2y2e-\Xf/cf te dt' =  C, +  C2.

Jt>l      J\x'\>\VI
Now

C¡ = C fX'/'-(« + » + 2)/2/«/2 dt> = c

and setting \x'\2/ct' = u, in the integral defining C2 we get

V|>1^0   \|*f / cm2

= c(       |x'ra_ní¿c'f00«(<'+''>/2-1e-"a«
-VI > 1 •'0

= cr((a + n)/2).

We owe the above simplification of our original proof to the referee.

Proposition 2. Let us consider

0M =
n        g/

y-i   dxj

where (z, u) G tid, ( v, r) E Arf/2.

(a) 7/i > 16a"2, |jc|-< Ad, then

A < C(\y\2 + ty-"-V/2 + dts(a-"-^2 + ¿W"-"-6)/2).



534 SAGUN CHANILLO

(b) If s > \6d2, \x\ > Ad, then

A < C((\y\2 + ty—'-We-tf/<»

+ </to(«-»-5)/2e-WI/a + d2t2S(a~n~6)/2e~M2/cs).

(c)If\s\ < I6d2, \x\ > Ad, then

A < C((\y\2 + t)\x\a-"-4 + dt\x\a-"-5 + d2t2\x\a-"-6).

Proof. Applying the mean value theorem to A we have

32/„
A < \yft   1 dXjdxj

r-(x - z -is u)

(2)

+ |í|2(32/„/aí2)(x-z-|,s-T-M)

32/„

+ 2 W \'\í-i 3x3/
f-(x -z-|, s - t - u)

+ \t\   \(dljdt)(x -  Z  - & S - T -  U)\

where ||| < |.y|, |t| < t.

Since (y, t) G Ad/2, \y\ < d/2, t < d2/A, A can be majorized by

C((|v|2 + t)(s - t - u)<«-»-4>/Vl*-*-«l2/5(*'-*-«)

+ dt(s  - T -   M)(«-"-5)/2e-|--^-£lV5(-r-u)
(3)

+ d2t2(s - t - u)(a-"-6)/2e-^-^-^^-T-u)).

To prove (a) note that as s > \6d2, and since |t| < t < d2/A, and as |u| < d2,

\(s — t — u)\ > Cs, estimating the exponential by 1, we arrive at the result.

To prove (b) note that | jc — y — ||>C|x| and, since s — t — u > Cs, we easily

get (b) from (3). To prove (c) we observe we can easily have

(s - t - „/"-"-^/Vl^-fiV^-T-u) < C\x -y - ||"-"->   for y = 4, 5, 6.

Since |x| > Ad, \y\ < a"2/4, ||| <</we easily get (c) from (3).

We note that similar estimates can be made for

"      3/
ia(x - y,s - t) - ijx, s) + 2 yj-dr(x>s)

7=1     axJ

Proposition 3.

(4) f  Í \Ia(x, t)\ dx dt <Cea.

Proof. In fe0 /„„ /C« - « -25/2^ - IjcIV^í dx ¿t^ set X,/2V7 = x'¡; an easy integration

yields (4).

1. The L2 estimates. Taking the Fourier transform we obtain

TJ(t, t) = /(|, t) [ £(|, t) - Ke(0, 0) ],        (|, t) * (0, 0).
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We now try to estimate the term in brackets.

(5)     Ke(i t) - Kt(0, 0) = f     ((e-<^e-iH - i)t-t'*»+Me-\rf/« ^ dt

where 0 < a < 2.

Making a change of variable in (5) by setting

/,=|l€|2+H-1/2v;,        i=||||2+/r|-V,

(5) can be estimated by

\Ke(lr)-Ke(0,0)\

(6)

<C-||||2+/r|a/2 f     r(e-'«>'>e-"v - 1)
•'A? J

xr(« + - + 2)/2e-|/P/4,^,^

where e' > 0.

If e' > 1  we simply estimate the integrand by f-(«+»+2>/2£?-l/V4«';  u^g

Proposition 1, (6) is majorized by C| |||2 + ir\a/2.

If e' < I then we break up (6) as follows:

f    [(c-'^e-'" - i)/'-(«+«+2)/2e-l>''l2/4'' dy' dt'
'A?

= // +//-I + II.
J JAl-A,.      J •'Af

By the argument used to majorize (6) we can take care of II and, hence, |II| < C.

To estimate I we introduce odd kernels whose integrals over A, — Ae- are zero.

We have

(7) II   = ff (<?-'«>'><>-'"   -   1    -    2 yß\    í'-(« + » + 2)/2e-|^2/V  dy' M.

Observing that g = |,/|(|||2 + it)]1/2, t' = t/| |||2 + ir\, we have ||'| < 1, |t'| < 1.

Using the mean value theorem we estimate the integrand of (7) by

C- (|vf +  t')- t'-^^2)/2e-\yf/4f  <  C

But

C f ( tK2-a-n-2)/2e-\yf/5f  < Q

J  A,-At.

by Proposition 3.

Hence, collecting all these estimates we have that

(8) \TJ(e, t)| < C|/(|, r)| I HI2 + *V|a/2,        (|, t) * (0, 0).

Since/=/„(g), g G L2,

/(|,T) = (|||2+ír)-a/2g(|,r).



536 SAGUN CHANILLO

Hence, from (8) we have

|TJ(!,T)|<C|g(!,T)|.

Using the Parseval formula we get Theorem 1 for/) = 2.

To prove Theorem 1 for other p's we use Lemma 2 of [2]. It will follow from this

lemma that

(9) m{(x, t): \TJ(x, t)\ > X) < (C/X)||g||„      0 < a < 2,   where/ = Ia(g).

In order to use the lemma we are required to show that

(10) jf\Ke(x - z,s - w) - Ke(x, s)\ dxds < C,      (x, s) G 0£, (z, u) E ßrf.

Theorem 1 will follow from (9) and the previously established case p = 2, by

observing as before that TJ{x, t) = K^* g{x, t), g E Lp. Using the Marcinkiewicz

interpolation theorem we easily get Theorem 1 for 1 < p < 2 and the rest follows

by duality.

2.

Lemma 2. Let 0 < a < 2; then

f f |A;(jc - z,s - u) - Ke(x, s)\dxds < C.

Proof.

K¿x, s)= f f i-(«+»+2)/2e-bi2/4«r/a(x _ yy s - t) - /a(jt, j)] ^ dr;
^  ■'Af

hence,

^(x - z, s — u) — Kt(x, s)

= ( (  t~(-a+n+2)/2e~Ml/4t

J •'AC

(11) x[/a(x- v -z,i- /- u)- Ia{x-y,s- t)

- Ijx - z,s - u) + Ia{x, s)] ay dt

J   •'A .„-A J   •'Ai,,,
Arf/2 - Ae A^/2

We shall now consider I. We shall introduce odd kernels in the integrand of I so

that the integrals converge if 1 < a < 2. It is not necessary to introduce these
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kernels if 0 < a < 1. Hence,

J JAdn-K

¡Âx - y - z,s - t - u)- Ijx - y,s - t)

-Ijx - z,s - u) + Ia(x,s)

"      dl "      dl
+ 2 .v/äfC* - z,s - u)- 2 yj-*r(x>s)

7 = 1      dxJ j-l  dxJ
dy dt.

Let us now consider

/j[6lK**)|**-/j[[i + /4-^ + ̂
2, = Q£, n {(x, s)\ \s\ > I6d2},

s2 = «Ln {(*,*)! M <\6d2}.

Let us consider 2,. If s < -I6d2 then clearly I(x, s) = 0. Hence we consider only

s > I6d2. We shall further decomposed, = Au + Ai2.

An = //_ \l(x, s)\ dx ds,   Au = f [_ \l(x, s)\ dx ds,

where

2, = 2, n {O, s)\ \x\ <Ad;s> \6d2},

22 = 2, n {{x, s)\ \x\ >Ad;s> I6d2}.

We use Proposition 2(a) to estimate the integrand of A,, and Proposition 2(b) to

estimate the integrand of A n. Hence,

An<([ ((    \l(x,s)\dxds

s>\6d2

As (y, t) E Arf/2, using Proposition 2(a) we have

J Js>l6d2 J JAdn
\x\<4d

V/2

+ dt(2-a-n-2)/2e-\y\2/cts(.a-n-5)/2

+ d3s(a-n-6)/2i(2-a-n-2)/2e-\yf/c,] ¿y d( fa ^

Using Proposition 3 we immediately see that Au < C. Using Propositions 1, 3 and

2(b) we can clearly see that Al2 < C.
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We next consider A2. To estimate A2 we note that in this range \x\ > Ad;

consequently I(x, s) can be estimated by Proposition 2(c).

A2<   ( [     ( f      ,(2-«-»-2)/V
J J-z, J Ja.»

„ -bl2/4«

V/2

X [|x|a-"-4 + d\x\a-"-5 + d3\x\a'"-6] dydtdxds.

Using Proposition 3 and the fact |x| > Ad, \s\ < I6d2 we can easily show A2 < C.

So we are left to make estimates on

f f   \ll(x, s)\dxds= [ [ \ll(x, s)\dxds + [ f |II(jc, s)\dxds = Bx + B2,

and 2, and 22 are as before. We shall consider B2 first. To estimate B2 we estimate

term by term; we only consider one such term as all are similar in spirit. We

consider

(12) Í    f       t-(<* + n + 2)/2e-\yf/4tIa(x - y  - z, s -  t -  u) dy dt dx ds
Wtf/2

where |z| < d, \u\ < d2, \s\ < 16c?2, |x| > Ad.

We observe that s — t — u > 0 or else Ia vanishes; consequently we have

t <s - u. Now / > 0 so t < 17c/2, hence 0 < s - t - u < 34c/2. We shall use

Proposition 3 after a change of variable. Setting s — t — u = w in (12) after

extending the range of integration in x to all R", (12) is majorized by

(13) r^w^-'dwf     /-(« + -+2)/2e-WV4/ dy dt.
J0 JAS/2

Using Proposition 1, (13) can be estimated by Cda ■ d~a = C. So we are left with

crucial estimate for 5,.

We first note that if s < -16c/2 then

( f |II(x, i)| dx ds = 0
J  JSSdn{(x,s)\s<-\6d1}

as the integrand vanishes.

So we only consider

B, = f [ |II(x, s)\ dx ds.
J  JSlî,n{(x,s)\s>\6d2}

We effect a decomposition of Bx < Bn + Bu, where

Bn= í ( |II,(x, j)| dx ds,
J •/n£,n{(x,í)|i>i6í/2}

¿?12 = f f \ll2(x, s)\ dx ds.
J  JSiSdn{(x,s)\s>i6d2}

lll(x,s)-f[ ,-(« + « + 2)/2e-M74<
J J^/in{t<s/2}

(14) x[Ia(x - y - z,s - t - u) - IJx - y,s - t)

- IJx - z,s - u) + Ia(x, s)]dydt
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and

II(x, s) = llx(x, s) + II2(x, s).

We shall first estimate

[ ( |H,(jc, 5)| dx ds.
J Ja¿,n{s>i6d2}

From (14) we easily have that

|II,(jC, i)| <   f f t-(a + n + 2)/2e-\y\2/4,
J JA^/2n{t<s/2)

X 7«(* -y-z,s-t-u)- IJx - y,s - t)

9/-
+ 2 zj-£(x-y,s-t)

7-1      0Xj

3/„
Ia(x - z,s - u) - Ia(x, s) + 2 Zj-5Z-(X> s)

J-l    axJ

+ 2 M
7-1

9/a/ A 94/ x
í^áí.

We shall only make estimates on the first term since the remaining terms are

handled similarly.

Let us call this integral II, j ; the other two will be H12 and II13.

H,, =   [  f ,-<« + n + 2)/2e-M2/4<

J  JAÇ/2ntt<s/2}

(15) X

\$/2n{t<s/2}

Ja(x - y - z,s - t - u) - IJx - y,s - t)

9/.
+ I,zj-ïr(x-y,s-t)

dx.
dy dt.

We need to show that

[ f |n„(x, s)\ dxds < C.
J -/n£n{i>i6rf2}

We make a few more decompositions and, in fact, show that

(16)

(17)

(18)

J J^n{

ffJ Jaidn{

s>l6d2}c{\x\<5d}

|II„(x, j)| dxds <C,

s>\6d2)n{\x\>5d)

ffJ •'n£/nfi>n£,n{j>i6</2}n{|^|>5</}

|IIlla(x, s)\ dxds < C,

|IIllb(x, s)\ dx ds <C,
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where

J  JAS/2n{t<s/2)n{\x\<i2\y\)n{\x\>5d}

II"b = ffr
J •/Ai/2n{/<V2}n{W>2H}n{W>5</}

where the integrand is the same as in (15).

We shall now estimate (16). We can use Proposition 2(a) interchanging z for v

and / for u.

Hence, the integrand in (16) can be estimated as

(19)

C(c/¥a-"-4)/2 + d¥"-"-^2 + dY"-"-6^2) f f       r(«+»+2)/2e-b|V4l dy dt.

Integrating (19) and using Proposition 1 (19) can easily be estimated by a

constant. To estimate (17) we need to analyze (3). Noting the fact that to apply (3)

to the integrand of (15) we simply reverse the roles of y and z and, since t < s/2,

we easily estimate

nUa(x,i)< //
J JAS/2n(t<s/2)ni\x\<:SS/in{t<s/2}n{\x\<2\y\)

X[dVa-"-4)/2 + c/¥a-"-5)/2 +C/V"-"-6)/2]

X ,-(«+»+2>/2e-|,|74l ¿y a

where we estimated the exponentials occurring in (3) by 1. Hence by interchanging

the order of integration:

ff \lln¡l(x, s)\ dx ds < f f \lluJx, s)\ dx ds
J  Js>l6d2,\x\>5d J  Js>l6d2

<fí        r(a + n + 2)/2e-\y\2/4, i™

J J^/2 ht

(20) x f       rc/¥a-"-4>/2 + dY"-"-5"2 + ¿y«---«)/2] dx ds
•Vi<2W

^   f        /-(« + n + 2)/2e-M2/4/

X [^(«-»-2)72 + d3t(a-n-3)/2 + ¿A^a-n-*)/!^ ¿y d(

Noting that \y\ne-^/â" / tn/2 < e~M2/cl, (20) can be majorized by

(21) f     e-^'A ^dJ-2t-(n+^2\dydt.
M/2 \y=4 /

Using Proposition 1, (21) is majorized by a constant.

We now estimate (18). Here |jc| > 5c/and |x| > 2| v|. Consequently the integrand

of (15) is majorized after an application of (3) by

6

C 2 di~2s(a~n~J')/2e~^/cs.

J-*
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Hence (18) is majorized by

(22) 2    f ¿J-3J.*-»-J>/*e-W/* f        t-(« + n + 2)/2e-\y\2/4, ty ¿^
j = 4Js>\6d2 JAcd/2

A repeated application of Proposition 1 shows (22) is bounded by a constant.

We now consider

Bn= f f |H2(x, 5)| dx ds,
J •/A£,n{i>l6rf2}

where

II2(X, S)=   [ [ r(a + n + 2)/2e-M2/4t

•>  J(t>s/2)nA^/2

x[fa(x - y - Z, S - t - u)

- Ia(x - y,s - t) - Ia(x - z,s - u) + Ia(x, s)] dy dt.

We decompose II2 = II21 + II22, where

H21  „   f f t-(a + n + 2)/2e-\y\2/4l

J ■>{t>s/2}nAS/2

x[Ia(x - y - z,s - t - u) - Ia(x - y,s - t)] dy dt.

It is easier to dispose of

f [ |II22(x, 5)| dx ds <  [ f III^JC, 5)1 dx ds
J JQcdr\{s>l6d2} J •/ß£,n{i>l6</2}n{|*|<5</}

(23) + ( f IHjjOc, j)| dx ds
J Jai,n{s>\bd2)n{\x\>5d)

= //|"22a| + //|"22b|-

Applying the mean value theorem to

\IJx - z,s-u)- IJx, 5)| < c[d(s - T)<«---*>/Vl"-«l,/«t,-T>

(24) +d2(s - T)(a-s-4)/2e-l*-«lV4(*-')],

estimating the exponential by 1 and, since |t| < |w| < d2 < 5/I6, we majorize

(25) In22.| < ffc [ A(a"""3)/2 + </y«-»-4)/2]i-(«+''+2>/2<?-W74' dy dt.
A-d/2

Using Proposition 1, (24) is majorized by

|«22a| < C(dX-aS(a-"-V/2 + c/2-a5(a-"-4)/2);

hence,

f f IH22.I dxds < C.
\x\<5d
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To estimate II22b we choose 9 such that 9 < a and 0 < 9 < 1. Using (24) as

\x\ > 5d,

|II22b| <Cf f r^(«-n-3)/2e-W2/c, + d2¿«-n-4)/2e-\x\2/csl

J  JA^/2n{t>s/2}

xt-(a + n + 2)/2e-M2/4ldydi

Since t > s/2,

l"22b| <C( [
i/2n{t>s/2)

X [(ds(9-"-3'>/2e-M2/cs)t-<-e+''+2)/2e-W2/4'

+ c/25(a""-4)/2e-W7«-]i-(a + n + 2)/2e-b|V4» ^ ^

Since 9 < 1, by a repeated application of Proposition 1, J/|H22b| dx ds < C.

We now consider II21. We effect a decomposition of II21 = II21a + H21b, where

II2Ia =   [ f t-(« + n + 2)/2e-\y\2/4<
J •/A5/2n{i>V2}n{|i-i|>4d2}

x[7a(* - y - z, s - t - u) - I{x - y, s - t)] dy dt.

Note now if s — t < -Ad2 then the integrand vanishes. Hence we consider only

the case (s — t) > Ad2. We first consider II21b:

|II21b| <   f f ,-(« + n + 2)/2e-b|2/4,
(26) JAS/2n{t>s/2}n{\s-t\<4d2}

x[\Ia(x-y - z,s- t - u) + Ia(x-y,s- t)\] dy dt.

Observing that 0 < s — t — u < 5d2 we have

//       2|II21b| dx ds < Cfrf7   //     ,-<■— 2>/2
J  Js>i6d2 J0        JR" J  JAS/2

Xe-WVV«-»-2)/2e-l^ dydtdxdw,

where we make the change of variable w = s — t — u,

x¡ = (jc, - y i - z,.)/2V(í -t-u)

and an analogous one for the second term of (26).

Use of Propositions 1 and 3 yields that

if 2ln2.b|dx ds < C.

We now consider II21a:

if \ll2lii\ dx ds = [ f |II21a| dx ds + f f \ll2l!l\ dx ds.
J  Js>\6d2 J  Js>\6d2 J  Js>l6d2

\x\<5d \x\>5d
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The first term is handled like (16). The second term is decomposed as follows:

ff       , IH21.I dx ds
J    Jr^ \f,j2's>\6d2

\x\>5d

<   f  f if (-(a + n + 2)/2e-\y\2/4t

J  Js>\6d2   J ->A<ï/2r\{\x-y\<3d}n{(s-l)>4d2}
(27) lxl>5d

x[la(x -y - z,s- t - u)- Ia(x-y,s - t)] ay dt v dx ds

+ f f ff dydt
•>  Js>l6d2   J  •/AS/2n{|^->'|>3</}n{(J-/)>4</2}

dx ds.

\x\>5d

Using (24) the first term in (27) can be estimated as follows by setting x — y for

x and 5 — t for s and estimating the exponential by 1.

•í)>4rf2n{|x-,|<3í/}

(-(a + n+2)/2e-\y\2/4,< cff    Si
(28) W>5rf

X [d(s - 0(a-"-3)/2 + d\s - tÍa-"-^2} dy dt dx ds.

Interchanging the order of integration and changing variables by setting 5 — t = w,

t = t, (28) is majorized by

Cff        (-(<*+*+2)/2e-\y\2/4, f  f
J   •'Aj/j J  J(w>4d2)n{\x-y\<. 3d)

X [¿h>(0,-',-3>/2 + dV-"-4)/2] dwdxdy dt.

Using Proposition 1 we have

< Cd"d~a f^idw^-"-3^2 + c/Va-"-4>/2)
J d2

dw

< Cd"d-a[da-"] < C.

To handle the last term in (27) we note that since |jc — _y| > 3d and ||| < d, and

since s - t > Ad2, s - t - t > (5 - t)/2 as |t| < d2, the mean value theorem

gives

|4(* - y - z, s - t - u) - IJx - y,s - t)\

< C[d(s - ,)<"-"-3>/2e -1*-'l2/^-') + d2(s - ,)C«-"-4>/2e-|^-^lVc^-o].

Using the 9 previously chosen and since / > 5/2, |(5 - t)/t\ < 3, the second

term in (27) can be estimated as

(29)

Cff ff        í-(« + n + 2)/2e-W74í
J  J$>\(,d2 J JAcd/2

(s-t)>4d2

x[d(s - if—We-**-*'*-*

+ d\s - /)t«—fl/»,-l-/P/«U-0] dydtdxds.
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Setting (x¡ - y¡)/c^/(s - t) = x\, y¡ = yf, and s - t = w, t = t, (29) can be

majorized as

.00

>A%2 ->4d2^

as 0 < 9 < 1.

The proof of Lemma 1 is now complete.

< CSSc   t-(9+n + 2)/2e-M2/4' f^dw9'2-*'2 + Ä"/2"2] dwdydt< cd-9de < c

3. We now assume the convergence in Lp norm of TJ(x, s) as e -* 0. We shall

compute the Fourier transform of the associated convolution kernel as e —* 0. Let

/ E S (R"+l), the space of rapidly decreasing functions. Then

TJ(ir)=M,r)[KM,r)-Kt(0,0)].

We will assume that | =£ 0 to avoid difficulties later on. We will show that as

e -> 0 if | *= 0,

Ke(i t) - KE(0, 0) -* c(a)(|||2 + h)a/2   if 0 < a < 2,

where c(a) = (2(477)n/2/a)r(l - a/2). We also choose the value of (|||2 + ít)"/2

such that -it < arg(|||2 + h)a/2 < <n.

We note now that this proves Theorem 1(d), since now /= Ia(g), where

g = Lte_0 TJ, a fact readily verifiable by checking on the Fourier transform side,

the limit being taken in the Lp sense. Now

iE(|, t) - ie(0, 0) = j f ct-<a+n+2)/2e-M2/4'[e-*Me-"r - 1] dy dt - I + II,

I =  ( f       r(«+»+2)/2e-|,|74/re-<<i,,)e-ftr _  j] ^ ¿^

II = f f        r(«+»+2)/2e-|,|74/re-/(Êy)e-/»r _ n 4, ¿,.
•/    •'0<(<E2 L J

b|>£

We show that |II| ->0 as e -*0. To show this we introduce odd kernels again.

Consequently,

-2)/2e-b|2/4»H=   ff ,-<« + » +
J  •,0<t<e2

\y\>t

Estimating II, we have by the mean value theorem.

/ = i
dy dt.

|II| <cf£2  f      i-<a+B+
•'o    -V >c

(30)

2)/2e-b|2/4»

J-|>«

X (i|r| + IIIVI2 + r2|r|2 + \è\\r\\y\t)dydt,

2
|ii|<cf   f    e-w2/«r|T|/-(a+"»/2 + |i|2i-(«+")/2

•'0    J\y\>e

+ |T|2,(2-«-n)/2 + m  |T|,(3-«-n-2)/2] ^ ¿,

As 0 < a < 2, use of Proposition 3 shows that as e —» 0, (30) tends to zero.
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We now compute I :

1=   C   (   r(«+»+2)/2e-|,|74»(e-i(fo')e-*r _  \)dydt.
•V     •'R"

Doing the ^-integration first yields

= (47r)n/2 r°Y«/2-i(e-'(líl2 + ÍT) - 1) dt
•'e2

= (47r)"/2( J2°°f-«/2-ie-,(|i|2+.T) dt _ le-A

Integrating by parts we have

'(e-*W+.>) _ i)e-« - (HI2 + iT)f™t-a/2e-'M2+i7)dt= ^(A^2
a

Since 0 < a < 2, as e -h> 0, £-"(e_e2(lil2+'T) - 1)^0. Hence we are left to calculate

_ 2
£-►0
Lt - -(4tt)',/2(|||2 + IT) f00/-/^-'«^-)^.

By a contour integration one can readily show that since 0 < a < 2 and | =£ 0,

(III2 + iT)j"t-«/2e-<M2+Vdt-*(\e + ir)a/2T{l - |).

Hence we have proved our claim.

4. We now give a proof of Theorem 2.

Since ££(R"+I) = Lp(R"+i) if a = 0 the result is obvious if a = 0. By Lemma 1

we see it is enough to prove Theorem 2 for 0 < a < 2.

We shall need two results, however.

Proposition A.Ifß<a then ££(Rn+1) £ %(R"+l) and \\f\\Ptß < C^JfW,*-

Proof. Obvious from the definition and the fact that Gs E Ll(Rn+l) if S > 0.

Lemma 3. \\Gß(x - y, s - t) - Gß(x, s)||, < CßtJ\ y\2 + \t\)^2 if0<ß<l.

Proof. This can be found in [3].

We note in passing that Lemma 3 can be extended to 2 > ß > 1. To be precise,

"     9G
Gß{x -y, s - t) - Gß(x, s) + 2 y¡^f(x, s)

( = 1        axi
< cß,n{\y\2 + I'D

ß/2

We do not give a proof and it is not needed to give Theorem 2.

Corollary 2. /// G ££(Rn + 1), 0 < ¿8 < 1, 1</><oo, then

\\f(x -y,s-t)- f(x, 5)1, < CpAn(\y\2 + \t\)ß/2\\f\\P.ß-

This is a direct consequence of Lemma 3.

Let us now proceed to pick ß. We choose ß such that ß + 1 > a, and 0 < ß <

a. We can, moreover, find such a ß in (0, 1). This is possible since 0 < a < 2.
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Our aim is to show that given/ E ££(R"+I) and if

Tt(r¡f)(x, s) = j f   rt}(jc - v, 5 - t)f(x - y,s - t) - t){x, s)f(x, s)]

Xi-(«+"+2)/2e-W2/4' dy dt,

then Te(-qf) is convergent in Lp norm, 1</><oo, 0<a<2. We show Te(-qf) is

Cauchy in Lp norm. Let e, > e2.

Te¡(nf) - Te2(nf) = f f
î)tï

T/(X -  V, 5 -  t) - T)(X, 5) + 2.y,-g^r(*. S)

X/(* -  V, 5 -  í){-(« + « + 2)/2e-b|2/4í ¿y ¿,

+ l(x,s)[( [f(x ~y,s - t) -f(x,s)]

xt-(a + n + 2)/2e-\y\2/4, ¿y d{

+ .¿//      *!*-<*.*)[■**-**-0-A*,*)]
I — 1 Ae j     A,2 i

= I + II + III.

Since/ G tp(Rn+ ') and |i}(jc, j)| < M, from Corollary 1, PH, -» 0 as e -^ 0.

To estimate III, we use the Minkowski integral inequality, Proposition 4 and

Corollary 2 to get

||III||„ <cf f \y\(\y\2 + ^/2i-(- + "+2)/2e-^2/4'||/||^ dy dt.
J   J A    — A

Hence

|III||, <cf f (|^r+1 + t^2\y\)t-^"+2^2e-M2/41 ay dt\\f\\pß

/tf-«-»-»/*e-WA*|||/||. i ' \\p,ß-

Since /? + 1 > a, using Proposition 3 we observe that this integral goes to zero as

e,, e2—* 0.

To estimate I, we use the mean value theorem and it easily follows that ||I|| -» 0

as e -> 0. Using Corollary 1 we conclude our result. To extend the result to higher a

we use Lemma 1 and Proposition 4.

It can be seen from the technique of proof of Theorem 2, that for individual 'a'

the conditions on tj(x, s) can be weakened. For example in the range 1 < a < 2, if

■q(x, s) is chosen to have compact support and is Lipschitz of order y (y > a/2) in

5, and C '+s (1 + 5 > a) in x, then we still have

IMU < caj,jf\\aj,,n.

A more direct proof of Theorem 2, which we outline below, has been communi-

cated to the referee by R. J. Bagby.
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(a) Theorem 2 is valid for 0 < a < 1 (by using the characterization of [1]).

(b) Theorem 2 is easily proved valid for a = 2, 4, 6, 8, . . .   by taking partial

derivatives.

(c) Consequently by the interpolation results of [1] the theorem is valid for every

a > 0.

(d) Hence the theorem is valid for -oo < a < oo by duality.
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