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VORTEX RINGS: EXISTENCE AND ASYMPTOTIC ESTIMATES
BY
AVNER FRIEDMAN' AND BRUCE TURKINGTON

ABSTRACT. The existence of a family of steady vortex rings is established by a
variational principle. Further, the asymptotic behavior of the solutions is obtained
for limiting values of an appropriate parameter A; as A — oo the vortex ring tends
to a torus whose cross-section is an infinitesimal disc.

0. Introduction. The study of steady vortex rings in an ideal fluid has been the
subject of many investigations (see, for example, [3], [19] and the references given
there). The classical examples are Helmholtz’s rings of small cross-section [17] and
Hill’s spherical vortex [18].

A general existence theorem for vortex rings was first established by Fraenkel
and Berger [13] (see also the very recent work [S], [20] with a similar approach); this
paper also contains an excellent survey of the subject. The approach in [13] is
based on a variational principle for the stream function.

More recently Benjamin [4] developed a new approach based on a variational
principle for the vorticity. This approach is more natural since (i) the vorticity has
compact support (whereas the stream function does not) and (ii) the quantities
involved in the variational principle have direct physical significance.

In this paper we establish the existence of vortex rings by a new method. As in
[4] we formulate the problem in a variational form for the kinetic energy as a
functional of the vorticity. We take the admissible functions to vary in the set @, of
functions {(x) satisfying:

$(x) =¢(r,z) = {(r, —2z) wherex = (r, 0, z),

%frzg‘(x)dx=l, fg(x)dx<1, 0<¢(x) <A

i.e., an axisymmetric flow with prescribed impulse (= 1), circulation (< 1) and
vortex strength (< A); in [4] { is taken to vary over all rearrangements of a given
function {(r, z). Our approach seems technically simpler; it has the further
advantage that it leads to vortex rings with, essentially, any given vorticity func-
tion, such as

(0.2) ) =clysoy (¢ >0),

0.3) ) =ct*)® (c>0,8>0).
The method of solving our variational problem is in some sense an adaptation of
the method of Auchmuty [1] and Auchmuty and Beals [2] (see also [14]-[16]) who
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2 AVNER FRIEDMAN AND BRUCE TURKINGTON

dealt with a variational problem for self-gravitating rotating fluids. There are,
however, several differences, the most serious one being the nature of the con-
straints in (0.1).

Another object of this paper is to derive asymptotic estimates on the solution,
which we shall denote by { = {,, as A — co. Denoting the support of {,(r, z) by B,,
we prove

(0.4) E(%) = (1/8V2 a?)log A + O(1) (E(%,) = kinetic energy),
(0.5) c¢/VA < diameter(B,) < C/VA  (0<c <C < )

as A - oo, and

(0.6) B, is asymptotically a disc about (V2 , 0) with radius 1/ (7V2X ).

In §1 we give the physical background of the problem. In §2 we state the
existence theorems in variational form for the vorticity, in cases (0.2), (0.3). We also
give an account of the relevant existence theorems in the literature. The existence
of a vortex ring for the vorticity function (0.3) is obtained in §4. It is preceded by
various estimates and some crucial energy identities which are derived in §3.

In §5 we establish the existence of a vortex ring with the vorticity function (0.2)
by considering it as a limit case of (0.3) with 8 — 0; we were unable to treat the
case (0.2) more directly because of the nature of the constraints in (0.1).

In §§6-8 asymptotic estimates are derived for A — oo; we specialize here, for
simplicity, to the case (0.2). In §6 crude estimates are obtained on both E({,) and
on the support of {,. The precise estimates (0.4), (0.5) are established in §7, using a
capacity method recently developed by Caffarelli and Friedman [10]. Finally, (0.6)
is proved in §8.

Capacity methods have been recently introduced also by Berger and Fraenkel
[6], [7]. Results of the form (0.4)—(0.6) have been proved by Fraenkel [11], [12] for
vortex ring solutions defined by solving an integral equation with parameter A. It is
not known whether our solution, which is obtained by a variational principle,
coincides with the solution of Fraenkel. In any case, the methods of Fraenkel and
ours are entirely different.

1. Physical background. In this section we describe the equations governing the
motion of a steady vortex ring in an ideal fluid and express the physical quantities
involved in the form needed for the variational principle of the subsequent section.

Throughout the sequel we shall use the following notations: x = (r, 8, z) denotes
the cylindrical coordinates of x € R3; {i,, iy, i,} represents the associated standard
orthonormal frame; dx = r dr df dz denotes the volume element. Also, we shall
write dx for the measure 2#r dr dz on the half-plane

H={(rz);0<r<oo,-0<z<ow}

The vortex ring is assumed to be steady, symmetric about the z-axis, and
propagating with constant speed W in the positive z-direction. With respect to axes
fixed in the ring, the velocity field v(x), x € R?, has the form

(1.1 v(x) = v’(r, 2)i, + 0(r, 2)i,,
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(1.2) v(x) > -Wi, as|x| = (P + )" > .
The vorticity field w(x) =V Xv, x € R?, then takes the form
(1.3) w(x) = w(r, 2)ig,  w(r,z) = -vf + v].

The flow is governed by the (steady) Euler’s equations for an ideal fluid of unit
density; namely,

(14) V.v=0,
(1.5) v-Vv=-Vp
where the pressure p(x) is also to be determined.
The conservation of mass equation (l.{) (together with axisymmetry) is equiva-
lent to the existence of a stream function y(r, z) satisfying

(1.6) of =, /r, 0F=qy,/r
If we define

(1.7) Y=y +3W7

then condition (1.2) becomes

(1.8) |VY|/r = o(1) as|x|—> oo;

that is, {(r, z) is the stream function for the associated flow which is at rest at
infinity. Recalling (1.3) we now have

(19) w==(L§)/r=-(Ly)/r
where
a(19d 09?2
The conservation of momentum equation (1.5) holds for some p provided
(1.11) VX (v:Vv)=0.

The well-known identity
VU =1V + XV
yields
UX(V-VW) =X (0XV)=v-Vo—0a-VWy,
since also V-v =V .w = 0. Furthermore,
v:-Vo=(v:- V)i, - Vv=0w(v"/r)i,.

Therefore, if we let

(1.12) $(r,z) =w(r,2)/r,
then (1.11) reduces to simply
(1.13) v-V¢{=0.

Recalling (1.6) we see that (1.13) can be written as
(1.14) (¥, £)/3(r, 2) = 0.



4 AVNER FRIEDMAN AND BRUCE TURKINGTON

Equation (1.14) is, in turn, equivalent to the existence of a functional dependence ®
(V® 5 0) such that

o(4, §) = 0.
In particular, we shall seek solutions for which
(1.15) ¢ =¥ -v)

for some (flux) constant y; the so-called vorticity function f(¢) is assumed to be a
nondecreasing function on (— oo, 00) with f(f) = Ofor¢ < 0, f(f) > Ofor¢ > 0.

In summary, a solution of the problem (1.1), (1.2), (1.4) and (1.5) is obtained
whenever (1.15) holds for  satisfying condition (1.8) and the equation

(1.16) —(Ly)/r*=¢.

Introducing the (adjusted) stream function

(1.17) u(r,z) =y — 3 Wrt — v,

equations (1.15) and (1.16) combine to give the semilinear elliptic equation
(1.18) Lu + r’f(u) = 0.

Also, the support of { (the vortex core) is characterized by

(1.19) supp¢ =8, Q= {x € R*u(x)>0}.

For the solutions we shall find Q is always compact.

In order to pose the problem exclusively in terms of { we require the inverse of
the operator — L/r?

LemMA 1.1. Let
(1.20) K(x, x") = rr’ cos(§ — 8")/4x|x — x|
where x = (r,0,2), x’ = (r,0',z). For {(r,z) = §{(x) any bounded, measurable
function with compact support in R® let

(121) W(r, 2) = $(x) = fR K(x, X)¥(x') dx'.

Then

(1.16) - (W) /r*=¢ ae,

(1.22) y/r=0(x"2), |Vy|/r=0(x"%), as|x|-> co.
PROOF. Let w(x) = r{(r, z)iy. Then

(1.23) B(x) = Zl? fR 3 Ix——lTI oo(x') dx’

satisfies

(1.24) -AB=w ae

By direct calculation,

[ {f" cos(8 = 9) da’}io.

e L x - x]
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Thus,
B) = {30 [ =D e o) ax i,
and hence, by virtue of (1.20) and (1.21),
(1.25) rB(x) = Y(r, z)i,.
Now we compute
(1.26) VXB = (=¥,/ni, + (¥,/..

Also, since V-B = 0, we have

— AB =V X (VXB) = - (L§)/ ris.
Combining this with (1.24) yields the desired result (1.16).
To establish the estimates (1.22) we first note that
1 1 | a(x, x) 1 1 | A(x, x)
Te 1= Ta > x T Vet
Ix =1 x| = |xpP |x — x| Ixl |«

for certain functions a, A = O(1) as |x| - 00, x’ € supp §. Now using the cancella-
tion property

f P, 2)ip dx’ =0
R3
we find that

B() = 112 a(x, ¥)a(x) dx’

V XB(x) = $|x|‘3 fR A(x, ¥) X ax') d.

Recalling (1.25) and (1.26), the estimates (1.22) now follow.
The Green’s function for the operator — L/r? on the half-plane H with measure
r dr dz is clearly given by

G(r, z, 7, z) = f_"" K(x, x)d8’ (8 =0)

(1.27) =if" cos 8" db’
dr)_q [(z — 2V 4+ 2+ r? = 2rr cos 0']1/2 ’
since then (1.21) takes the form
(1.28) W(r,z) = f f G(r,z, 7, 2)4(r, 2)r dr dz'.
H

Using Lemma 1.1 we have the following expressions for the total kinetic energy
of the flow:

1 lop, 1
E—ZL,r2|V¢|a—2L,¢§a

1.29
(1.29) =%fm fRa K(x, X')¢(x)¢(x’) dx dx’,

where the second equality follows from integration by parts.
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The total impulse required to generate the flow from rest is defined by (see [3])
1
(1.30) P—ELJXXw(x) dx.
This takes the form
— : —_ 1 2
(1.31) P=Pi, P= zfmrg(x) dx
provided that

(1.32) [ _rz(x) dx = 0.

In the sequel we shall assume that {(r, z) = {(r, —z) holds; hence, (1.32) is
assured.

In posing the steady vortex ring problem variationally we shall maximize the
energy E({) over a certain class of functions { subject to the constraint that the
impulse P be prescribed.

2. Existence theorems. Let ¢, denote the class of measurable functions { > 0 a.e.
on R? satisfying the following conditions:

2.1) $(x) = §(r, 2) = §(r, —2),

(2.2) % fR () dx =1,

(23) fR Sdx <,

24) esssup {(x) <A, O0<A<o0.
xER?3

Let @, denote the (larger) class for which condition (2.4) is removed.
The energy functional E({) is defined on the class &, (0 < A < o0) by

1 ’ ’ ’
(2.5) E@®) = ifRfR K(x, x')¢(x)¢(x") dx dx’,
where K(x, x’) is given by (1.20). We consider the variational problem to determine
{ € &, such that
(26) E(¢) = max E().

{€éy

A solution of this problem is provided by the following theorem whose proof is
given in §5.

THEOREM 2.1. There exists § € @, such that (2.6) holds. Furthermore, there exist
constants W > 0,y > 0 such that

(2.7 $=Ag ae.

where

(2.8) Q={xeR% u(x) =y(x) — 3 Wrr — y > 0}
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with  defined by (1.21); & is a bounded, open subset of R, and
Q= {x=(r,0,2);|z| <Z(r)}
Jfor some function Z(r) > 0.

For each value of the free parameter A the solution obtained represents a steady
vortex ring corresponding to the vorticity function

(2.9) A1) =M (50)
The normalizations taken in (2.2)—(2.4) can always be achieved by a similarity

transformation. Let @, denote the class of { > O satisfying (2.1) and the
constraints

(2.10) ). ) dxc = P (total impulse),
2 R3
(2.11) f _{(x)dx <T (total circulation) X 2,
R
(2.12) esssup {(x) < A (vortex strength)
x€ER?3

for prescribed positive constants P, I, A. We consider the general problem to
determine { € @, such that
(2.13) E(¢) = max E(£).

$ECpra
Making the change of variables x = a%, ¢ = b{, and choosing a = P/ ~'/2,
b = P ~3/2T/2, the constraints (2.10) and (2.11) become, respectively,

§L3r2§(x)dx=l, fmg(x)dxm.

Thus problem (2.13) is transformed into problem (2.6) with A = P3/2I'~5/2A_ Other
quantities involved transform as

E = Pl/zrs/zpj’ W = P—l/2l-\3/2pf/’ y = P‘/zl"/zy.

In the remainder of the paper we shall deal with the normalized problem (2.1)-
(2.6), since all results immediately transform to the general problem.

We note that unlike (2.4)-which becomes equality for any solution-the con-
straint (2.3) may be a strict inequality for some solutions. In the variational
conditions of Theorem 2.1 the constants W and vy arise as Lagrange multipliers for
the constraints (2.2) and (2.3), respectively. Thus, if y > O (as is the case for
sufficiently large A) then equality holds in (2.3), while if y = 0 (as is the case for
Hill’s spherical vortex) then inequality may hold; for more details, see Remark 2 at
the end of §5.

A related family of variational problems is derived from the penalized energy
functional

(2.14) £(5) = @) - o[, [S2] ™ ae
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defined on the class

(2.15) Qup = & N L'"A(R)  (0<B < ).
We consider the (penalized) problem to determine { € &, 4 such that
(2.16) Eg($) = max Eg(§).

$ eaoo.ﬂ

THEOREM 2.2. There exists §{ € &, 5 such that (2.16) holds for any prescribed
0 < A < o0, provided 0 < B < 5. Furthermore, there exist constants W >0,y > 0
such that

(2.17) C=Mut/( + B)P ae.
where
(2.18) u(x) =(x) —3Wrt —y

with  defined by (1.21); ¢ has compact support in R3, and {(r, z) is nonincreasing as
a function of z for z > 0.

Clearly, these solutions of the vortex ring problem correspond to a vorticity
function of the form

(2.19) f(r) = {?\(t/(l +B), >0
0, t<0.

It is evident that the variational equation (2.17) tends, as 8 — 0, to (2.7). In fact,
Theorem 2.1 is proved by first obtaining the solutions asserted by Theorem 2.2 and
then taking the limit of these solutions over some sequence §3; — 0; the sequence of
solutions converges weakly in L?(R?>) for every 1 <p < co. Theorem 2.2 itself is
proved in §4.

REMARK 1. There is a striking analogy between the steady vortex ring problem
and the problem to determine the axisymmetric equilibrium figures of a rotating,
self-gravitating fluid mass. Problem (2.6) is analogous to the case of an incom-
pressible fluid, as studied by Auchmuty [1], while problem (2.16) is analogous to
the corresponding compressible case, as studied by Auchmuty and Beals 2] and
Friedman and Turkington [16]. The variational approach developed for these
problems motivates the formulation of problems (2.6) and (2.16) given above. The
energy functional for the rotating fluid mass problem-although it involves an
additional term to the analog of E({)-is, however, maximized over a class of
functions with fewer (and simpler) constraints. The presence of (2.4), in particular,
among the constraints for problem (2.6), causes technical difficulties; we overcome
the difficulties by obtaining the solution as limits of solutions of the penalized
problem (2.16), for which the variational conditions can be derived using standard
methods.

REMARK 2. In the variational principle used by Benjamin [4] the energy E({) is
maximized subject to the constraints (2.1) and (2.2) but with (2.3) and (2.4)
replaced by the condition that { be a rearrangement of a given function {,. By
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prescribing the distribution function of ¢ in this manner the vorticity function
f(#)-a priori unknown-is determined along with the solution (and the Lagrange
multiplier W).

REMARK 3. The approach of Fraenkel and Berger [13] is to pose a variational
problem for the function u defined in (1.17); the propagation speed W, the flux
constant y, and the vorticity function f(¢) (suitably normalized) are prescribed in
this approach. The method is more complicated technically than a variational
principle based on { mainly due to the fact that ¥ does not have compact support.
The approach of Fraenkel and Berger is used also in more recent works by
Berestycki [5] and Ni [20].

REMARK 4. Using an analysis based on (1.18), Caffarelli and Friedman [9] have
proved that the number of components of € is finite, and that the free boundary Q2
(as given by z = Z(r)) is real analytic. Benjamin [13] asserts that there is just one
component, arguing that a positive second variation for E({) is obtained for
(infinitesimal) relative displacements of two distinct components.

3. Preliminary identities and estimates. We shall often use the integration by parts
formula

@3.1) fH %(u,v, + u,v,) dz = —fH % ulLv dx
for functions u(r, z), v(r, z) either of compact support or vanishing sufficiently fast
as r2 + z2 - oo; recall that L is defined in (1.10). In particular, the calculation
(1.29) expressing E in terms of { is justified using (3.1) and the estimates for the
corresponding y given in Lemma 1.1, provided { has compact support.

We now give another formula for E.

LeMMA 3.1. Let ¢ be any bounded, measurable function on H for which

(32) EQ) =5 [ 0+ ) dx <o
Then
(33) EQ) = [ (4, + 24)§ dx.

PROOF. Set 6 =3(r* + z%),n =1(y? + Y?). Since Lo = 1, we have

G4 EQ) = [ Sulods=-[ —(om +on)dx=-[ S(m +m,)dx

where (3.1) has been used (the justification will be given below). Expanding the
integrand we find that

m, + 2, = (0, + 28,), + (N, + 2g,), — (W + ).
Putting this into (3.4) we get

EQ) = - [ S0+ 2), + 0y, + 24),] dx + 25(5),
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SO
EQ) = [ 10, + 20,), + 4y, + 24,),] dx
(3.5) B 1
= S, + )Ly ax,
H r
which yields (3.3).

We must, however, rigorously justify the use of formula (3.1) in the derivations
(3.4) and (3.5) above. If the integration by parts is carried out instead on the finite
domain

(3.6) D,={(r,z) € H;0<r<a,lz| <a},

then it is easily seen that the boundary integrals arising (in both cases) tend to zero
as a— oo provided [, r~'m ds = o(1/a) as a — oo. The latter condition is as-
sured for some sequence a = a, — oo by the hypothesis (3.2), since it means that

=) o ]
[ —ndrdz< oo
0 -0 T
This completes the proof.

REMARK. An equivalent form of (3.3) is discussed in Batchelor [3, p. 520].

We now relate the energy E({) to a functional introduced by Fraenkel and
Berger [13].

For a given vorticity function f{(¢) let

(3.7) : F(1) = fo “fr) ar
then
~ {m when (2.9) holds,
(0= At/ (1 + B)'*#  when (2.19) holds.
Let
(3.8) J(u) = fH F(u) dx;

recall that u(r, z) is defined in (1.17). Several other expressions for J(#) can be
given; namely,

(39 1+ B)(w =fH ul dx = —fH %uLu dx =];2 -rl—z(u,2 + u?) dx,

where @ = {x € R3; u(x) > 0}. Thus, ;(1 + B)J(u) represents the kinetic energy
of the steady flow (with stream function ) confined to the vortex core .
We note that when (2.9) holds the above formulas are valid if formally we set

B=0.

LeEMMA 3.2. Let { be a solution of either (2.6) or (2.16) with compact support. Then
(3.10) E(}) =-3J(u) +2W =3[(1 + B)J(u) + W + 1]

The first identity is briefly mentioned in Fraenkel and Berger [13, p. 42].
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ProOF. The assertion that E({) equals the right-hand side of (3.10) is immediate
from
w
dx — dx — — | r®dx— dx =2E — W — v.
fHuK x fH¢§ 2fH S Yfﬂf Y
The first identity in (3.10) follows from (3.3); noting that u, = y, — Wr, u, = , we

have

(3.11) EQ®) = fH(m, + zu)¢ dx + fH r(Wr)¢ dx.

Integrating by parts we find

f ru,§ dx =f rF(u), dx = 2ﬂffr2F(u), dr dz
H H .

= —4wffrF(u) drdz = —2f F(u) dx;
H H

and, similarly,

f zu,$ dx = — | F(u) dx.

H H
Thus, (3.11) becomes
E(}) = -3f Flu) dx + Wf rX dx = -3J(u) + 2W.
H H
REMARK. It is important for later application that we observe that (3.10) remains

valid for solutions of (2.16) without the assumption of compact support. Indeed, if
the integration by parts in the proof of Lemma 3.2 is carried out on the finite

domain D, (defined in (3.6)) then the boundary integrals which arise are of the
form .

f B r’F(u) dz, f rzF(u) dr.

r=a Z=+gq
Noting that F(x) = A[{(x)/A]'*'/2 we see that there is a sequence a = a, — oo for
which these integrals tend to zero since the condition

[[ 8 aras < w
H
implies that
fw rR1+1/B gz, fw rz{ "+ V8 dr = o(1)
— o0 0
forr = a,, |z| = a,, respectively.

We now turn our attention to certain “potential-type” estimates for v, as given
by (1.28).

LEMMA 3.3. Let s = [(r — r')* + (z — 2)}]"/2 There holds
Crlog(r/s), s<r/2,
crr?/st, s> r/2,

where C is a (sufficiently large) absolute positive constant.

(3.12) G(r,z,r,2') < {
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PRrOOF. Recall that G is defined by (1.27). Letting
2=[z-2V+(—-r)]/ar (E>0)
we first show that
(3.13) G(r,z, 7, 2’) < C(rr)* log(C/8) ifE<1,
(3.14) G(r,z,r,2) < C(r)/%¢73  ifE> 1.
Estimate (3.13) is derived from the formula
(3.15) G(r,z,1,2) =[(rr’)'/2/27r]{(2/k — k)K(k) — (2/k)E(k)},

where K and E are the complete elliptic integrals of the first and second kind [8,
formulas 291.00 and 291.01] and

4rr 2 (z— z’)2 + (r— r’)2
(z - z’)2 +(r+ r’)2 ’ - GC=2V+(@F+r) ’
Since ¢ < 1 implies that k"> < ; we apply the asymptotic formulas
(3.17) K(k) = log(4/k’) + o(1), E(k)=1+ o(l) (ask’ —0)
to (3.15); then (3.13) follows directly. Estimate (3.14) follows from the expansion
[(z — 2V 4 2+ r* = 2r' cos 0’]_'/2 = (4rr’)_'/2{§ 1+ B(§ 60t 73

where [B(§, 8)] < C for £ > 1, —7 <8’ < 7. Applying this to (1.27) and noting
the cancellation of the term involving £ ', (3.14) follows. The required estimate
(3.12) follows from (3.13) and (3.14) in an entirely straightforward manner.

In the following lemmas we assume that { € @, 4, and we let N = N({) denote
the norm

(3.16) k= K24 k% =1.

B/(1+8)
} (0 < B < ).

(3.18) N = U §1+1/B gx
H

LEMMA 3.4. Assume that {(r, z) is a nonincreasing function of z for z > 0. Then for
0 < B < B* there holds

(319)  Y(r,z) <Y(r,0) < C(N + Dmin{r, r~'**}  (0<e<1);
the constant C depends only on B*, ¢.

PrOOF. It is clear that y(r, 0) = max, Y(r, z). We write y(r, 0) = ¢,(r, 0) +
Y,(r, 0) where

(0 = [ G, 0.7, )5, ) dr' &'

(3.20) s<r/2

< Cr ff log L{(r’, ) dr' dz,
s<r/2 s

Y,(r, 0) = ff G(r,0,r,2)¢(r, 2)r dr dz’

s>r/2
(3.21) ”
< Cr? ff r_3 $(r, 2)r dr dz'.

s>r/2 S
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Estimation of y,(r, 0): we note that

r?/s* < C/r whenevers >r/2.
Thus, recalling (2.3),

Wro)y<c? [ —g(r Z) dr &’ < Cr.

s>r/2

Also, recalling (2.2),

¥,(r, 0) < Cr? ff

$(r, ) dr dz’ < Cr L.

s>r/2 (r/ )3
Hence,
(3.22) ¥y(r, 0) < Cmin{r, r~'}.
Estimation of y,(r, 0): for any 0 < a < oo we have, by Hélder’s inequality,
1+a 1/(1+a)
[ log Z8(r, ) @ dz' < [ /] (o8 %) r'dr’dz’}
s<r/2 s<r/2
a/(1+a)
. { ff {l-l-l/a’.l dar dz/} .
s<r/2
But clearly
ryl+ea Vs a r/2 : 1+a _
s{fj/.z(log;) r dr dz <Cr]; (log s) s ds Caré.
Thus,
(323) ‘Pl(r’ 0) < Carl+8”§“L'*"/'(:<r/2) (8 = 3/ (l + a)) :
We now apply the standard interpolation inequality
(3.29) SN Lrve < NSNS IT1ve (B < a < )

13

where a = (1 + B)/(1 + a) (0 < a < 1); each L? norm is taken with respect to the

measure r dr dz on the set {(r, z) € H; s < r/2}. Since, by (2.2) and (2.3),
I8 Wl e <ryzy < € min{1, r=2},
we conclude from (3.24) that
IS Il Lrevvags<r/zy < CN® min{1, r=20-9},
Thus,
¥ (r, 0) < C,N'"*% min{1, r~21-9},
For r < 1 we take simply a = B, so that
()< Cu(N+1)r (0<B<B*).
For r > 1 we take a sufficiently large (depending on B8*, ¢) so that
(7, 0) S Cgo (N + 1)r~'*e (0 < B < B*);
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specifically we choose a so that (5 + 38*)/(1 + a) <e. Together these estimates
yield

(3.25) ¥(r, 0) < Cge (N + Dmin{r, r='*e}.
Now combining (3.22) and (3.25) we obtain the statement of the lemma.

LEMMA 3.5. Assume that {(r, z) is a nonincreasing function of z for z > 0. Then for
0 < B < B* there holds

(3.26) Wr,z) < C(N + DA~ min{r, r~'**} + Cr¥(4/z)’
provided r/2 < z/A and A > 1; the constant C depends only on B*, ¢.

ProOF. The monotonicity of {(r, z) in z implies that, forany 4 > 1,

ff $(r, 2)rdr dz < % ff (', 2)r dr dz,

|22 —z|<z/A zZ’>0
ff rx(r, 2y dr dz’ < 1 ff rR(r, ') dr dz'.
|2/ —z|<z/A4 A >0

Using these facts we can modify the proof of the previous lemma for large z. As in
the preceding proof we write Y(r, z) = y,(r, z) + Y,(r, z). Estimation of {(r, z):

\I’z("’ z) = '4/2(!‘, z) + \Pi’(l‘, Z)’
72
¥y(r,z) < Cr? ff r—3§(r', ) dr dz < < min{r, r~'}.
s>r/2 s A

2 r? A4V
3(r,z) < Cr ff :;f(r,z)r dr' dz <Cr(7).
|z=2'|>z/A
Thus,
Yy(r, z) < (C/A)min{r, r~'} + Cr¥(4/z)>.
Estimation of y,(r, z): we follow the reasoning of the previous proof except that
now (noting that s < r/2 implies |z — 2’| < z/A) we have
"§”L‘(s<r/2) < (C/A)mln{l’ r—Z}.
Thus, as before,
¥(r, 2) < C,N°A~ 1 +3min(1, r 2=},
withd =3/(01 + a),a=(1+ B)/(1 + ), B < a < c0.
Now the proof is completed just as in the preceding proof.

4. Proof of Theorem 2.2. Let @, , denote the class of nonnegative functions
¢ € L'*V/B(R3) satisfying (2.1), (2.3) and (rather than (2.2))

1 2 .
4.1) EJ;N r(x)dx < 1;
clearly, @, 5 C @, g- Consider the problem:

(2.16) Eg($) = max Ey(§).
$E€EQL,
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In order to solve problem (2.16) we first obtain a solution of (2.16"); this is
necessary because the possible solutions are not known to have bounded support a
priori.

LEMMA 4.1. There exists § € @, such that (2.16') holds for any prescribed
0 < A < o0; {(r, 2) is a nonincreasing function of z for z > 0.

PRrROOF. In what follows we shall assume that 0 < 8 < B* for some fixed 8* (and
the dependence of any constants upon B* will not be specified). For any { € @, 4,
estimate (3.19) implies that

4.2) sup Y(x) < C[N({) +1],
xER3

and hence

43) EQ) =5 [, ¥ dx < C[NE) + 1,

here we use the fact that the hypothesis of Lemma 3.4 is satisfied by {*(r, z), the
symmetrical rearrangement of {(r, z) in the z variable, and E({*) > E({) while
N({*) = N({). Furthermore,

§
LI*1/B(RY) <G+ eﬁj;p( A
this follows from the elementary inequality
(4.5) X<C +efX"VE  (e>0),

valid for 0 < X < oo. Applying (4.4) to estimate the energy in (4.3) we get, fixing ¢
sufficiently small,

dx (e > 0);

(4.4) @ _ “§ )1+|/ﬂ

(4.6) E@) < G, + %A_Ls ({)HW dx

We now conclude (recall definition (2.14))
4.7) Eg(§) <G\ forall{ € @, .
Let §; € @ 5 be a maximizing sequence for Eg; that is, Eg({;) < Ep(§;,.,) and
jl_l_)n:o Eg($) = sup Ep(f ).

$e auo.ﬂ

It is easy to see that (4.4) and (4.6) imply

(4.8) N($) < G + |Eg($)l =0
Thus we may assume, by extracting a subsequence (and reindexing), that
(4.9) §— ¢ weaklyin L'*'/A(R?).

The limit { is then an element of @ ; (although not necessarily &, z). Also by
replacing each {i(r,z) by its symmetrical rearrangement in z (which cannot
decrease Eg({;)) we may assume that each {(r, z), and hence also {(r, z), is a
nonincreasing function of z for z > 0.
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We shall establish the claim
(4.10) Jim E(5) = E(9).
From this, combined with the fact that
N($) < lim N(g‘j),
J—©
we conclude that
Ep(f) = Ssup Ep(f)’
§ eew.ﬂ

as required.
To prove the claim (4.10) we first note that for arbitrary R > 1,4 > 1,

(4.11) '/;>R¢§ dx < C[N(§) + l]f’ rol*e dx < C[N({) + I]R—3+e’

>R

1 —l+e -3 2
j;<r<R4/§dx<C[N(§)+ 14 fRafdx+CR fRsrfdx

(412) |z|>AR
SC[NE)+1]471** + CR ™,

for 0 < e < 1 fixed; (4.11) follows by Lemma 3.4 while (4.12) follows by Lemma
3.5. Clearly, estimates analogous to (4.11) and (4.12) hold with { replaced by §.
Thus, as R and A may be taken arbitrarily large, it suffices to show that

f Y8 dx > Y dx asj— oo;
0<r<R 0<r<R
|z| <AR |z]| <AR

y; being defined as usual corresponding to ;. Also, recalling Lemma 3.3, for
0<r<R,|z| <AR,

ff G(r,z, v, 2)¢(r, 2)r dr dz” < CR ™%,
s>R
and hence
ff ff G(r, z,r, 2)¢(r, 2)8(r', 2')r dr dz ¥ dr' d2’ < CR ™3

0<r<R s>R
|z| <AR

also the analogous estimate holds for §;. In view of this it suffices to show that

fo j;)f G(r, z, ', 2')§(r, 2)§(r', 2')r dr dz 1’ dr’ dz’
> [f [[ G(r,z,7, 2)8(r, 2)8(F, 2)r dr dz ¥ dF dz’
D D

where D = {(r,z) € H; 0 < r < 2R, |z] < (4 + DR} is a bounded domain. But
now the result follows by standard arguments since G € L'*#(D X D) and
§(r, 2)$(r', 2) = §(r, 2)§(r', 2') weakly in L'*'/A(D X D) (in the product measure
r dr dz v’ dr’ dz’). This completes the proof of the claim and also the lemma.

The positivity of Eg(¢) is crucial for several of the subsequent steps.
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LeMMA 42.(I) If 0 < B <58 (0 < & < 1), then for all 0 < A < oo there holds
(4.13) Eg(§) > c(A, 8) > 0.

(1) For arbitrary 0 < B < oo there exists Ag >0 such that if A > Ng then
Eg($) > c¢'(B) > 0.

The constant c(), §) of part (I) degenerates as § — 1 and as A — 0; we note that
(4.13) is uniformly valid as 8 — 0. Part (II) is added here for completeness—we shall
need only part (I) in the sequel.

PROOF. (I) Let §1(x) = M}, o) With a determined so that 3/ r%(x) dx = 1.
Consider the scaled functions

L(x) =0%,(ox) (0<a<1).
Then

j;3§°dx=02L3§ldx’ %L,rzfodx=%j‘;3’2§1dxs

and hence for sufficiently small ¢ (depending only on A) we have §, € @, 4. An
easy calculation yields

1+1/8
Es6) =BG - o[ ()7 ax

= o’E(§) — o“s/ﬂﬂf $, dx.
R3

Thus, Eg(§,) > c(A, §) for 0 < B < 58 provided o is fixed small enough. Since
Eg($) > Eg(§,), result (I) follows.
(D) Fix §, € @, 5. Then

Ey($o) = E(fo) — BV [ §3*V/P dx > ¢(B) > 0
R3
if A > A, (taken large enough).
We now compute the variational conditions for the solution ¢.

LEMMA 4.3. The solution asserted by Lemma 4.1 satisfies (2.17) and (2.18) for some
constants W > 0, y > O (uniquely determined by {).

PROOF. The positivity of Eg({) given by Lemma 4.2 implies that meas supp { >
0; therefore, we can find &, > 0 such that meas{{ > 8,} > 0. We choose bounded,
measurable functions A, h, such that

supp hy, supp h, C {§ > &},
- 1 - o Y[ . 01
fﬁhldx—l, szrzh,dx—O, fﬂhzdx—o, 2erh2dx—1,

of course, h,, h, can be assumed to be of the form (2.1). Let h be an arbitrary
bounded, measurable function (of the form (2.1)) subject to the restriction that
h > 0ae.on {{ <&)forsomed > 0.Then{ + en € @, 4 for

=h— (f,," dx)h, - (% [, 7 dx)hz,
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provided & > 0 is sufficiently small. Thus, by the maximality of § over @, z we
have

0> (d/de)Eg(§ + en)lc—o = Eg(§)n

- B({)h—(fhdx)Eﬂ(f)hl ( f 2hdx)Ep(§)h2

with the Fréchet differential

Ej($)h =fH vhdx — (1 + B)fﬂ(%)'/ﬂh dx.
Now by the arbitrariness of & (and §) we obtain the variational conditions
(1+BE/NYP =y -y 3w if{ >0,
O>4J—y—5Wr if{ =0,
with the Lagrange multipliers
y = Eg($)h, W= Eg(§)h,.

These conditions are equivalent to (2.17) and (2.18).

Finally we show that y, W > 0. Clearly there is a sequence of points (r,, z,) € H
such that r, -0, z, —» o0 and {(r,, z,) > 0. Then the variational conditions imply
that

lim sup {4/(r,,, z,) — Y —%er} <0.
n—oo

Since ¢ > 0 everywhere we conclude that y > 0. Now take a sequence such that
r, —> o, z,—0 and {(r,, z,) - 0. Then since y(7,, z,) >0 we conclude, analo-
gously, that W > 0.

To prove uniqueness of the Lagrange multipliers y, W suppose y*, W* is another
such pair, i.e., (2.17) and (2.18) hold for y*, W*. This is equivalent to

Ej($)h — y*(fH h dx) - W“(%fﬂ r?h dx) <0

for any h subject to the restriction 2 > 0 a.e. on {{ <&} for some § > 0. In
particular, we can take h = * h,, *h, (recalling that supp h, C {{ > 6,}) and
conclude that y* = E'h;,, W* = E’h,.

LEMMA 4.4. For the solution { there holds

1 1
(4.14) EQ) =5 [, 5 +¥) dx < .

This lemma is necessary because { is not yet known to have compact support.
PROOF. Recall that E(¢) = —f,,r~ 3Ly dx. Integrating by parts on the domain

D,={(r,z) E H;0<r<a,lz| <a}
we obtain

[ pepard=[f L@+ dra - [ g

r ov
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(v is the outer unit normal on dD,, and ds is arc length). Therefore, to prove (4.14)
it suffices to show that the boundary integral tends to zero as a — oo.
We claim that for some ¢, > O,

(4.15) ) V1 |Vy| ds = O(a=) asa— co.
ap,
We know by Lemma 3.4 that
(4.16) Yx)KCA+r)'" (0<e<).

Also, by the calculations of Lemma 1.1 (specifically, combining the curl of (1.23)
with (1.26)), we have

1 1 '$(x’) dx’
(4.17) V()| < 4o fR srTi_(i_)x'F'

We write, for0 < § < 1,
1 r§{(x’) dx’ 1 r'§{(x’) dx’
Vix) = — LA A S Vy(x) = — —_—
,( ) 4 '/|‘x-x'l<a’ |x — -’C'l2 2( ) 4m j|.x-x'|>“’ Ix - xllz

we estimate these separately.
Using the fact that
1/2

1/2
f r{(x)dx’ < {f (x')dx’} {f rx(x’) dx’} <V2,
R3 R3 R3
it is clear that ¥,(x) < Ca~?%. Thus,

f

r=a
|z|<a

W, dz < C(1 + a)“*‘a—”f“ dz < Ca~2+¢,

f YV, dr < Ca'”fa 1+ r)~""dr < Ca= 2+,
z=*q 0

0<r<a

Hence, fixing ¢ < 28, we conclude
f YV, ds = O(a™*).
ap,

We now estimate the corresponding expressions in V. It follows from the
axisymmetry of {(x) combined with the fact that {(r, z) is a nonincreasing function
of z for z > 0 that

-1 | -1
4.18 v 'dx'<c(1+L) (1+lz—)
“.18) '/|‘x—x'l<a‘ =) ¢ a® a’
for all (r, z) € H. Indeed, since for r > 2a?,
meas{x’ € R?; |x — x| <a®}

< (Ca®/r)meas{x’ € R%; |r — P| < @’ |z — 2’| <a®},
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we find (using {(x") = {(~, z’)) that

Ca®
r{(x") dx’ < — r§{(x’)dx’;
j|1t—x'|<a“ ( ) r '(r-r’|<a’ g( )
|z—z'|<a®
in turn, for z > 2a? (using {(7/, z')| as z'}, 2/ > 0)
8
f r{(x)dx < Ca’ ré(x") dx’.
|r—r)<a® Z Jr-r|<a®
|z—z'|<a®
Thus, (4.18) follows.
Also, since { = C(u*)? < Cy?, we have
(4.19) sup r{(x) < Ca'™* ifx € 0D,
|x — x| <a®
where 0 < p < 1 (depends on B). For r = a, |z| <a, consider the problem to
maximize V,(x) as a functional of r'{(x’) subject to (4.18) and (4.19). Clearly, the
maximum occurs when r'{(x’) = C,a' "I (Ix—x|<p) Where p is determined so that
equality holds in (4.18). Computing ¥,(x) in this case we obtain

V,(x) < Ca'3~2/3%8/3(1 4 ||/a®)" "/
Thus,

a
[ wid<c+ o) et

r=a -a
|z|<a

1 +|—z|-)_l/3dz

a&

< Ca—2u/3+28/3+e'

Similarly, forz = * a,0 <r < a, we find
Vi(x) < Ca'/3~2/3+8/3(1 4 r/a’)_'/3,
and thus
f YV, dr < Ca—2/3+58/3+(1—8)e_
0<r<a

Fixing ¢ and § sufficiently small we find
f YV, ds = O(a™*).
aD,

This proves the claim and, hence, the lemma.

LEMMA 4.5. In the notation of Lemma 4.2(1), there holds
(4.20) W >3c(A, 8) > 0;
as a consequence, { € @w,ﬁ.

In the sequel we shall assume that 0 < 8 < 58 (0 < < 1) and no longer specify
the dependence of any constants on § (fixed).
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ProOF. By Lemma 4.4 (which assures the hypothesis of Lemma 3.1) and the
remark following Lemma 3.2, we may apply the identity (3.10) to the solution { and
obtain

(4.21) W >1E($)
since J(u) > 0. The assertion (4.20) now follows immediately from (4.13), using
Eg($) < E().

Since W, the Lagrange multiplier for the constraint (4.1), must equal zero if strict
inequality holds in (4.1) we now conclude that the equality (2.2) always holds on a
solution; thatis, { € @, 4.

To complete the proof of Theorem 2.2 it remains to show that the solution
obtained has compact support.

LemMMA 4.6. If (r, z) € supp § then
(4.22) 317z| < E(¢)/nW?
PRrOOF. Suppose z > 0; then for all 0 < z’ < z, since (r, z’) € supp {, we have
Y(r,2)) > 3 Wi + y > W,
Then, since (0, z’) = 0,
—";—'2 < fo WA, ) dr.

Integrating in z’ we get

"’2'22 <f0' fo (', 2) dr d

< {for j: v ar dz,}l/z{j(;rj: %;\b,%(r’, z’) dr'dz’}l/z
< (P2/2)(EQ) /™)'

so (4.22) follows.
LeMMA 4.7. There is r*(\) < oo such that

(4.23) r <r*(\) forall (r,z) € supp §.

PrOOF. By (4.20) we have
(4.29) Wr,z) >3Wrr+y>ar o >0.

Combining this with the estimate (3.19) (recall that N({) < C,) we find
arr <yY(r,z) <G r 't (0<e<).

Now fixing e we have r>~¢ < C,, as required.
In order to prove the analogous result in z we require a further lemma which is
stated in Fraenkel and Berger [13, p. 39]; for convenience we shall give the proof.
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LemMMA 4.8. For 0 < r < p there holds
(4.25) ff G(r,z, 7, 2')r dr d’ < Crip?

0<r<p
—00<z'< 00

C is an absolute positive constant.
PROOF. Writing s = [(r — r')> + (z — z)?]'/? we consider separately the contrib-
utions for s < r/2 and s > r/2 as in the estimates of §3. According to Lemma 3.3,
ff G(r,z,r,2)r dr dz’ < Cr? ff logi dr dz’ = Cr* < Cr¥p>.
s<r/2 s<r/2 s
’3
ff G(r,z,r,z')r drdz’ < cr? ff % dar' dz’.

s>r/2 s>r/2 S

0<r<p 0<r'<p
It is easily verified that for s > r/2 there holds

/s <Cri/[(z = 2V + (r + r)]2

Hence, it now suffices to estimate
/3 /3

4 Sdrd =2 —— ar < Cp?
0<r <p [(z -2+ (r+ r')z] / 0 (r+7r)

LEMMA 4.9. There is z*(\) < oo such that
(4.26) |z] < z*(A) forall (r,z) € supp §.

PrROOF. By Lemma 4.6 we have r’z < C, (we take z > 0); thus, to prove (4.26)
we may assume that r < z, say. Let p be defined by p%2/2 = C,. Then

¥(r, z) = ff G(r,z,r, 2)8(r, 2)r dr' dz’

H
< sup §(r,2) ff G(r,z,r, 2')r dr dz’
0<r'<p 0<r<p

+ ff G(r,z,r,z)¢(r, 2)r dr' dz'.

r>p
Now (2.17), (2.18) and the fact that sup, ¢ < C, imply sup, { < C,. If ¥ > p
then, since

rz'| < C\ =p%2/2 <r%z/2,
we find that |z’| < z/2 whenever (7', z’) € supp §. Thus, in the notation of Lemma

3.3, there holds s >z/2 >r/2 for all (v, z’) €Esupp{ with r > p. Applying
estimate (3.12) in this case yields

ff G(r, z, ', 2)¢(r, )1 dr' dz’

r>p

< Cr? ff r—j{(r’, 2y drdz < -Q; ff rR(r, ') dr dz'.
Z H

r>p
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Returning to the estimation of y(r, z) we now have, using Lemma 4.8,
4.27) W(r, z2) < Gript + Crr /23 < C\r*/z + Cr? /25
The required result follows upon combining (4.24) and (4.27).
ReMARK. The method of the above proof is adopted from [13].
5. Proof of Theorem 2.1. We shall give the proof in the form of two lemmas.

LEMMA 5.1. There exists { € @, such that (2.6) holds, { has compact support, and
$(r, z) is a nonincreasing function of z for z > 0.

PROOF. Let {z denote the solution obtained in Theorem 2.2 for the penalized
problem with a prescribed A (and 0 < 8 < 1, say). We know from Lemmas 4.7 and
4.9 that

(5.1) supp §s € D = {(r,2) € H; 0 <r <r*(A), |z| <z*(N)},
independent of B.
Applying (4.6) to {z and recalling that Eg({g) > 0 we find that
{ﬂ 1+1/8
(5.2) B fH (7) dx < C,.

Using the notation introduced in (3.18) this becomes
N(8p)/N < (Cr/BYP/*P,

which in turn implies that v
(5.3) N($g) <A+ 0(1) asB—0.

Now if 8 < a, for any fixed 0 < a < 1, then we can estimate

1560l revve <USellis Wallzors (@ =1+ B)/ (1 + a))
(5.4)
<[A+o(1)]" asB—0.

Therefore, there exists a sequence f; — 0 (constructed by the usual diagonal
process) such that

(5.5) $g — & weakly in L'*'/*(D) for every 0 < a < 1.
Furthermore, by (5.4),

§zseve < lim inf[Gg].,,e < AVES;
now taking a — 0 we conclude

(5.6) esssup { = llglo SN Lrerre < A

Also, by virtue of (5.1), it follows easily that

1
5.7 dx < 1, = | rRdx=1.
(57) /. 2 )%

Thus, { € &,, supp { C D, and {(r, z) is a nonincreasing function of z for z > 0 (a
property inherited from the {, solutions).
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Finally, we must show that (2.6) holds. In light of (5.1) it is immediate from
standard arguments that

}EEO E(g,g) = E($).
For any { € @, we have
E(S) =j1_ifg) E(8g) > jl_lg}o Eg(8g) > 11_1)12’ Eg($) = E(S);

the last equality follows since

lim, BA[( )'H/B = 0.

This establishes (2.6) and completes the proof.
We now take the “limit” as 8 — O of the variational conditions for {, to obtain
the analogous conditions for {:

LEMMA 5.2. There exist constants W > 0, y > 0 such that (2.7) and (2.8) hold.

PROOF. Let W), v;, §;, u; denote the quantities in the statement of Theorem 2.2
associated with Kﬂ Since W y; 2 0, and as a consequence of (3.10), W, + y; <
2E(§ ) < C,, we may assume (by taking a subsequence) that W, - W and Y, =7
Then vy > 0 and, by (420), W > ¢, > 0.

In view of (5.1) and (5.5),

W) = [ KGx x)5p(x) d
converges pointwise on R > to
W(x) = [ K(x, x)$(x) dx'.
R3
Hence, 4(x) — u(x) pointwise on R 3, Also, according to the variational condition

Bj
$5(x) = A (0)/ (1 + B},
we have
) A ifu(x) >0,
1 =
Jim $5(x) {0 if u(x) < 0.
Furthermore, since u, = y, < 0 for z > 0 (note that u(r, z) € C \(H)) we see that
meas{x € R?; u(x) = 0} = 0. Thus, the function AJ (u(x>0) 18 @ pointwise limit of
{B(x) for a.a. x € R3; hence (by a straightforward application of the bounded
convergence theorem), the function Ao, coincides with the weak limit {(x).
This completes the proof.
REMARK 1. We shall later need the fact that

(5.8) if y > 0 then f ¢(x) dx = 1.
R3
To prove it suppose [ gs §(x) dx < 1. Then also

f , $g(x) dx < 1 for sufficiently large.
R J
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But then we can take in the derivation of the variational condition, as given in the
proof of Lemma 4.3,

1
n=h- (Efﬂr’h dx)hz;

this leads to the (unique) choice of y; = 0. Hence also y = lim y; = 0.
REMARK 2. We shall now show that

(5.9) f ¢dx <1 if \is sufficiently small;

consequently y = 0 if A is small enough. Let {((r, z) = Alg where £, is a disc with
center (2R, 0) and radius R, R = ¢/A'/3, Then for a suitable choice of ¢ (indepen-
dent of A), §, € @, and one can compute (cf. [14]) that

(5.10) E(%) » CN/5 (€ > 0).
Next, by Lemma 4.6 and the inequality W > 3 E({),
r|z| < ¢/E($) < ¢/A%3 (where (5.10) is used)
provided (r, z) € supp . Thus
(5.11) |z] < (C/A3%)(1/r?) if (r, z) € supp ¢.

If we utilize the inequality { < A in the proof of Lemma 4.9, we obtain the
inequality (4.27)

¥(r, 2) < (N*3/|z] + C/|2P)r.

Since, on the other hand,

¥(r, z) > Wr?/2 if (r, z) € supp §,
we get

AY3/\z| + 1/|zP > ¢W > A’ if (r, z) € supp ¢,

that is, setting

Z, =2 +sup{|z|; (r,z) Esupp §},
there holds
(5.12) Z, < C/A'5,

We now compute, using (5.11),

rdr

o vi
fr<v§§dx-—2ﬂ}\ rdrdz<c>\fe UiE

r<\/5
$>0

where e2A%° = C/Z,. Hence

= cA?/5 log %

(5.13) f PR A5 log %

Suppose now that (5.9) is not true, that is, f { dx = 1. Since also 3/ r¥ dx = 1, we
must have [, 5 § dx < [,;5 § dxso that, by (5.13), [ { dx < 1, a contradiction.
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6. Asymptotic results; preliminary estimates. The rest of the paper is devoted to
obtaining asymptotic estimates on the solution when A — co. We shall denote the
solution constructed in Theorem 1.1 by { = {, and set

B = B, = {(r,2); &;y(r, 2) = A}
The constraint (2.2) gives
(6.1) |B,| < 1/27A

where |A| denotes the measure of a set 4.

From a general theorem of Caffarelli and Friedman [9] it follows that B, consists
of a finite number of components and the boundary z = * Z(r) of each compo-
nent is analytic. As asserted by Benjamin [4],

(6.2) B, is connected.

In fact, otherwise we can write B, = A, U A, where each A; consists of a finite
number of components, 4, N A, = &, and 4, lies to the left of 4,. By moving 4,
and A, toward each other (preserving the constraints (2.2), (2.3)) one obtains a
function { such that E(f ) > E($,), a contradiction.

LemMMA 6.1. For all A sufficiently large,
(6.3) E = E(%,) > (log\)/ (8V2 %) - C,
where C is a constant independent of A.

ProOOF. We shall use formulas (3.15)—(3.17). Let

$olrs 2) = Mp(v3 ,0)
where D,(V2 , 0) is the disc (r — V2 ) + z2 < ¢ Then
f G(x)de =1 if20V2 e\ =1,

ie., if
(6.4) eA=1/(2V2 #?).
We shall compute E({,). For this purpose take first, in G(r, z, r, 2'), (¥, 2') =
(V2,0) and introduce new coordinates about (V2,0): r=V2 +ss, z=get,

£=Vs?>+ 2. Then 0 < £ < 1 if (r, z) € supp &, In terms of the new variables,
we find (recall (3.15)-(3.17))

e2? + e%? _ 8252 {1+ 0(e)),
e2? + (2V2 + &)’
k2=1+ 0(e), 4/k =(8V2 /e£){1 + O(¢)}.

k? =

Hence
(2/k — k)K(k) — 2E(k)/k =1og(8V2 /et) — 2 + Ofeloge™").
Using (r7)"/2 = V2 + O(e), we get
G(r,z, V2,0) = (V2 /277)[log(8\/f /€€) — 2] + O(eloge™")
= (V2 /27)log(1/€f) + O(1) ase—0.
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Let ¢{° = delta function on the circle r =V2,z =0, —7 <0 < =, and
Yo(r, 2) = ff G(r,z,7, ), 2')r dr d’ = 2m)~'G(r, z, V2, 0).
Since G(r, z, 7, z') = G(r, z, V2, 0) + O(1) on supp §,, we find that
Yo(r, 2) = ff G(r, z, 7, 2)8o(r, )P dr dz’ = y%(r, 2) + O(e).
Hence

EQo) = [ [ 4%, z)go(r, 2)r dr dz + 0(1)

1
—wffz 27’ ge—gl'(r,z)rdrdz+0(l)

=32 [ [ 108 % 5 yrar e + 001,

Since r = V2 + O(e), dr dz = 2me’t dit, we get

E(%,) = -\g—\/i 2752)\[0’ £log 212 dt + 0(1)

—ea[Leriog L+ 7 4 0qy
B PR il A

1, 1 _ 1
—zsAlog e+0(1)—

log i o(1)

1
4V2 72
by (6.4). Since

[fdx=1, [ ry=1+0),

there is an O(e)-perturbation §, of {, which belongs to @,. Hence

E(§) > E(§)) = E(§) + 0(1),
and (6.3) follows.

LEMMA 6.2. There is a positive constant C independent of A such that
(6.5) Y(r,0) < Cr[1 +1log(1 +AM?)]  (0<r <)
Sor any X > 0, where y is the stream function corresponding to § = §,.
PrOOF. Write y(r, 0) = y,(r, 0) + (7, 0) where
(o) = [ K(x, X)§(x)dx'  (x = (r,0,0)),

|x—x'|<r/2
WrO=f Kxx)K)dr.

To estimate y, notice that
K(x,x)<rr'/|x — x| <3r if|x —x'| >r/2
Thus y(r, 0) < 3r.
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To estimate ¢, notice that
K(x,x) < Cr*/|x = x| if|x — x| <r/2
and hence
Y,(r,0) < Cr? ff fzﬂ rd dr dz'.
° [

Ir=7|<r/2 22+ r* + r* — 2rr'cos 0]'/2
2’| <r/2

By [14] we have
fzw r' do Cr
o [

< Clog
2?24+ + r? = 2rr'cos 0]1/2 [2'2 +(r - r’)z]l/2

and then, as in [14],
¢,(r, 0) < Crr~'log Ar* provided A* > ¢
for some positive constant c. On the other hand, if Ar* < ¢ then we simply use

dx’
lx—x'|<r/2 Ix - x,l

¥,(r, 0) < CraA < CMA

The assertion (6.5) follows by putting together the estimates on y,, ;.
Define

R, = inf{r; (r,0) € supp {}, R, = sup{r;(r,0) Esupp{}.
Note that (2.3) implies trivially

(6.6) R2/2 <1< R}/2
LEMMA 6.3. There holds
(6.7) R, <C

where C is a constant independent of A\, A > 1.
PROOF. Since u = 0 on 9B,,
WR2/2 + v = Y(R,, 0).
Recalling that y > 0 and using Lemma 6.2, we get

(6.8) WRZ/2 < CR|log(2 + AR}).
From Lemmas 3.2 and 6.1 we have
(6.9) 2W=E+3J(u) > E > ClogA

if A is sufficiently large. Substituting this estimate into (6.8) we get
R, log A < C log(AR?)
if A is sufficiently large (say A > A;), and (6.7) follows. The proof for 1 <A < Ay is
similar, since E({,) > ¢ > 0, ¢ independent of A.
LEMMA 6.4. There holds
(6.10) Ju) < C

where J = J(u) is defined by (3.8) with F(t) = \t* and C is a constant independent of
A
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PROOF. By (3.9) (with 8 = 0),
J(u) =27r)\f8furdrdz - 27;&[%(“3 +ud) dr dz.
Since R, < C we get
(6.11) Q< CJ where Q =ff (w? + u?) dr dz.
B

We recall the Poincaré inequality
2 |_Bl 2 2 1 =
j;fudrdz<2ﬂ£f(u,+u,)drdz if ], = 0.

We use it to derive

57%<c£f udrdz<C|B|'”(£f uzdrdz)l/z

1/2
< C|B|( (2 + u2) dr dz)
{f
= C|B|Q"/? < C|B|J'?, by (6.11).

Recalling (6.1), assertion (6.10) now follows.
From Lemmas 3.2, 6.1 and 6.4 we deduce

THEOREM 6.5. As A —> o0,
(6.12) W= E/2 + 0(1),
(6.13) y=3E/2 + 0(1).

From (6.12) and Lemma 6.1 it follows that y > 0 if A is sufficiently large. Hence,
by Remark 1 at the end of §5:

COROLLARY 6.6. If A is sufficiently large then
(6.14) |B,| =1/ (27A).

LemMMA 6.7. If A is sufficiently large then
(6.15) Ry >c
where c is a positive constant independent of A.

ProoF. We have

y <y + WR}/2 = $(Ry, 0) < cRy(1 + log(1 + ARg))
where Lemma 6.2 was used. Since by (6.13) and (6.3),
(6.16) Yy 2cologh  (cg>0)
where A is sufficiently large and ¢, is independent of A, and since RZ < 2, we
obtain
colog A < cRy[ 1 + log(1 + 2*/2\)];

this gives (6.15).
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7. Precise estimates for A large. We shall denote various positive constants
independent of A by C.

LemMA 7.1. If A is sufficiently large then

(7.1) d(B,) < C/log A;
in particular,
(7.2) R, — Ry < C/log A.

Recalling (6.6) we conclude
COROLLARY 7.2. As A — o0,

(7.3) R,—>V2, R,—»>V2.

PrOOF OF LEMMA 7.1. Consider the family of straight lines /, R, < r < R, each
forming an angle 27 /3 with the r-axis; /, cuts the z-axis at z = r. By (6.2)
intersect B at the point (, 0). Denote by (r*, z*) the first point of intersection of IA
with B, i.e., the segment I* from (0, r) to (r*, z*) lies outside B and (r*, z*) € 9B.
Then

d
_ * x) — —
(7.4) WO, = w2 = [ e d
and
YO0, r) =0, Y(r*, z%) = y + I W(r*)’ > 1 w(r*) > CW,
where Lemma 6.7 was used (r* > R, > C). Integrating (7.4) with respect to r,
Ry, <r <R,, we get

CW(R, — R,) < fRR' I %’}3 di dr < C(R, — RY"( [ [ 19yl ar dz)""*

1/2
< C(R, - Ro)'/z( If %|V\,b|2 dr dz)
since R, < C. Since the last integral is < CE /2 we get
W(R, — Ry)'/* < CE'/2.
Using finally (6.12) and (6.3), assertion (7.2) follows. Next we have to show that
(7.5) Z < C/log X where Z = sup{z; (r, z) € B,}.
This follows by the same method of proof of (7.2), writing

¥0.2) —9(7.2) = [ 2 sy ar

where the segment {(r, z); 0 <r <7} lies outside B and (7,2) €9B, 0 <z < Z.
Integrating with respect to z we can now proceed as before to derive (7.5).

LEMMA 7.3. Denote by D the disc (r — V2 )* + z2 < 1. Then for all \ sufficiently

large
2
(71.6) inf [ VoL 4 g < LEX OO
v pig T T (y+ W)
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where v varies over the class of all functions in H'(D \ B) satisfying
(1.7) v=1 ondB, ov=0 onoD.
Proor. Using R? > 2 and Lemmas 6.2 and 6.3, we have
2W < WR} < ClogA,
so that
(7.8) W < ClogA.

By Lemma 7.1, B is contained in a rectangle R, <r <R, |z| < Z, where
R, — Ry + Z < Cy/(log ). It follows that on 9B,

(7.9) v=y+ Wrl/2=vy+ W+ g(r)
where | g(r)| < C, |g'(r)| < C log A; we have used here (7.8). Set
Ry= R, — C,/log\, R, =R, + C,/logA
and extend g(r) into R, < r < Ryand into R, < r < R, in such a way that

(7.10) lg(r)]l < C, g(Ry) =g(R)) =0, |g'(r)] <Clogh.
Let A(z) be a function satisfying
h(z) =1 if|z] < Cy/logA,
h(z) =0 if|z] > 2Cy/log A,
|h(2)| < 1, |n'(z)] < ClogA.
C_onsider ql_e function g(r, z) = g(r)h(z) in the set Dy \ B where D, is the rectangle
Ry, <r <R, |z| < 2Cy/log A. We easily verify that

(7.11) ) %wﬁw¢<a
Do\B

0

further, g = 0 on 9D, and

(7.12) y=y+ W+ g ondB.

Next, in view of Lemma 7.1,

Wr,z)~rV2 /lx = x%  (x°=(r"0,2%,r°=V12,:°=0),
VY ~V(rV2 /|x = x7)

as A - . Consequently we can extend the function g(r, z) from Dy \ B into D \ B
in such a way that the extended function g satisfies: g = ¢ on aD,

(7.13)

r

1
(7.14) Lw—www¢<c
(/]
Now,
1., E
and, consequently,

1 E
7.15 —|VyPdrdz < =.
( ) '/;.)\B "I ‘H T
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By the Dirichlet principle we then deduce that

i 1

v Jp\ I
for allw € H'(D \ B) satisfying w = y on 3B and on 3D. Writingw = g + w and
using (7.11), (7.12) and (7.14), we find that

|Vw|? dr dz < %

inf [ 1|\vapdra <

w “D\B T
for any w € H'(D \ B) satisfyingw = y + W on 0B, w = 0 on 3D. Setting finally
v = w/(y + W), the assertion of the lemma follows.

Denote the right-hand side of (7.6) by I'. Inequality (7.6) means that

(7.16) Cap, BT

where the left-hand side stands for the capacity of the set B with respect to D; the
capacity is taken with respect to the operator L (rather than the Laplacian).

We shall use the following result recently proved by Caffarelli and Friedman
[10): If D, is a fixed disc with center in B and if d(B) < C/log A, then for all A
sufficiently large,

E + 0(1)

1 29
[V2 + O(1/log \)] log[27/d(B)]
From Theorem 6.5 we deduce that
(7.18) T'=1/7(4E + 0(1))
so that, by Lemma 6.1,

(7'17) < CapDO B.

['<2V2a/[logA + O(1)].
Using this in (7.17) (recall (7.16)) we obtain

(7.19) log(1/d(B)) > log CA'2.
Thus:

LEMMA 7.4. There holds
(7.20) d(B) < C/A!/?

Jor all \ sufficiently large.

Since 27| B| = 1/A, we then also have:

COROLLARY 7.5. There holds
(7.21) d(B) > c/AY? (¢ >0)
Jor all X sufficiently large.

If we use (7.18) in (7.17) (recalling (7.16)), we obtain

2 log(27/d(B)) » 8V2 #E + O(1).

Comparing with (7.21), we find that
(7.22) E < (1/8V2 n?)log A + C,
which complements (6.3).
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We summarize:

THEOREM 7.6. For all \ sufficiently large,

(7.23) c <d(B)/A\'? < C,

(7.29) E = (1/8V2 7?)log A + O(1)
where c, C are positive constants; further,

(7.25) W=E/2+0(l), vy=3E/2+ 0(1).

8. Asymptotic limit of { as A — o0. For a solution { of (2.6), write
(8.1) §(r,z) = eX(V2 + er,ez) wheree =1/VAX.
Similarly we write
(8.2) §(r,2) = eX(V2 + er, &2)
for any function { satisfying (2.1)—(2.4). Recall that
(83) E(}) > E(§).

We shall now express E({) in terms of f, We begin with
(V2 + &)(V2 + &) (7 cos@

G(r,z,r,2') =

db,

47 e JV2
where
(84) r=V2 +¢, z=¢z, r=V2e, z =¢z
and
J =&z -7V + (V2 + &) + (V2 + &) = 2AV2 + &)(VZ + eF)cos 0
=a— bcosb,

a=4+2V2e(f +7) + eX(z -7) + P + 7?),
b=44+2V2e(F +7) + 2e%F

Now
” cos 8 27 a (7 df
f_,, a—bcosl da__T-'-Ef_,,a—bcosa
= 2x/b + 2an(a® — b*)~*/b
and

(az _ bZ)—I/Z =[(l + O(e))/ (2\/5 8)][(2_ —Z-')2 + (F —;")2]-1/2,
a=4+ 0(), b=4+ O(e).

It follows that

f" cos @ b = 7(1 + O(e))

—sa—bcosd \/-2—6[(2_ _2-1)2 + ('-, _;;)2]'/2.

Setting
(8.5) G*(r,z,r,z') = AVM) [(, _ r’)2 +(z - z;)2]-l/2
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we conclude that

(8.6) G(r,z,r,2) = e 'G*(7, z, 7, Z)(1 + O(¢))

uniformly when (7, Z) and (7, z’) vary in any disc Dg: 7 + z2 < R In the sequel
we choose R so that

(8.7) supp { C (Re)-neighborhood of (V2 , 0);

notice that R can be taken to be independent of A (by Theorem 7.6).
From (8.4) we have

rdrdz =V2 e drdzi(l1 + O()),
rdrdz =V2edidz(1 + O(e)).
Using this and (8.6), we get the following expression for E({):

(8.8) €E(S) = 277[ f G*(r, z, 7, 2)§(r, 2)§,(r, 2') dr' dz’ dr dz + O(e).
Dy /Dy
Further, by (2.2)-(2.4),
(8.9) f ¢.(r,2) drdz <1+ O(e),
Dr

(8.10) 0<$(r,z) <1, §(r,z)=¢§(r, —2).
We introduce the functional

(8.11)  E*(n) =27 fD fD G*(r, z, 7', 2')n(r, 2)n(r, ') d¥ dz’ dr dz
R R

and the class B of functions n(r, z) satisfying

(8.12) 0<n(r,2z) <1,

(8.13) supp 1 C Dg,

(8.14) n(r, z) = n(r, —2),

(8.15) 277[ n(r,z) drdz < 1.
Dy

Let n € ®. By adding an O(e) function to n, we can write it as f, + Q(e) where
¢, has the form (8.2) (with supp { in Re-neighborhood of (V2,0)), and { is in &,.
Using (8.3) we deduce from (8.8) and the corresponding result for ¢,

(8.16) E*($) > E*(n) + O(e).

Now take any limit n* of {, (¢ = ¢ — 0) in the weak star topology of L®. Then
we find, taking ¢ = ¢’ — 0 in (8.16), that E*(n*) > E*(n). From (8.9) and (8.10) it
follows that n* € % . Thus n* is the solution of the variational problem

(8.17) n*eRP, E*(m*) = max E*(q).
nED
Recalling (8.5), it is clear that the only solution of (8.17) is
(7, 2) = Ip,
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where D, is the disc Dy: 7 + 72 < 1/2a*. We have thus proved
THEOREM 8.1. As A — oo the sets
(8.18) Bt = {(V2 + A\, A\V%); (r, 2) € B, }

converge to the disc D, with center at the origin and radius 1 /(7V2); the conver-
gence is in the sense that

(8.19) Ige — I, in the L*™ weak star topology.

The convergence in (8.19) does not yet show that 9By is approximately the disc
D,

THEOREM 8.2. If we use polar coordinates (p, ¢) about the center of D,, then 3B}
can be represented in the form p = R,(¢) (0 < ¢ < 27) and, as A —> o,

(820)  (d'/de*)(Ry(¢) — 1/ (7V2)) > Ouniformly ing (i =0, 1).

ProOF. Introduce

u(r,z) = u(\/i + er, az).

Then
(821) Bu, —[e/ (V2 +eN](w), = - (VZ + )4, 2),
(822) u=0 ondBf, u4,>0 inBf, u <0 inR?\B}
We claim that if r? + z2 < A/ C, (for a suitable C, > 0) then
(8.23) lu,(r, 2)] < C(F* + 23/ + A" 'Clog A(P* + 22)'/* + C.
To prove it we write

u,(r, z) = u,(r, z) — u,(¥,z) for some (7, z) € 9B},
so that

u(r,z) =[W(V2 + er,ez) — Y(V2 + &, )
+[;W(\/5 + ) —1W(V2 + ef)z]
=1+ L,
From Lemma 2.3 or Lemma 3.3 in [15] (with obvious changes) we get
VY| < CAV2=C/e

where the argument of y varies in the interval connecting (V2 + ef, ) to
(V2 + er, e2). Hence

11| < C(* + z5/* + C.
Next,
|L| < ClogA-er + C =A"Y2Clog \r + C;
thus (8.23) follows.
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Let U(R) (R = (r? + z?)'/?) be the radial solution of
AU = -21,, U=0 onadD,

U= -Alog(R/Ry) ifR >Ry, Ry=1/(nV2);
A is uniquely determined by requiring that U be C' at R = R,; notice that 4 > 0.
In view of (8.23) and (8.21), the standard elliptic theory shows that every
sequence &/ |0 has a subsequence ¢0 such that u, — W uniformly in compact sets,
together with the first derivatives, and, by Theorem 8.1,

(8.25) AW = 21,
Also, by (8.23),
(8.26) |W(r, 2)] < C(r* + 22)'* + C.

From Theorem 8.1 we also deduce that

Jo L= LW (5=
N o

for any characteristic function /,. Since U, > 01in B}, we deduce that

(8.24)

(8.27) W >0 inD,
Similarly
(8.28) W <0 inR>\D,

Near infinity W is harmonic and thus has an expansion (we use here the estimate
(8.26))
W =aRcos(§ —8)) + blogR+ ....
In view of (8.28) it follows that a = 0, b < 0. Thus
(8.29) W=blogR+ ... nearR = oo.

The properties (8.25) and (8.27)—(8.29) determine W uniquely. Indeed, if E is
another function satisfying all these properties then the function Z = W — W is
harmonic and its first derivatives are bounded harmonic functions in R?. Hence,
by Liouville’s theorem, Z = const., i.e.,, W = W + c. But the properties (8.27) and
(8.28) for W then give ¢ = 0, so that W = W.

The function W is clearly the same as the function U defined above in (8.24).
Thus we have proved that

u,(r, z) - U(r, z), Vu,(r, z) >VU(r, z)
uniformly in compact sets, where U(r, z) = U(R). Since 3U(r, z)/dR # 0 on
R = R,, it follows that
¢ < |Vu,(r,z)] < C ondBy.
Further, if we represent 3D, locally in the form, say, r = k(z), k’(z) # 0, then we
can represent 9B} locally in the form r = k,(z) where

du, /0z oU/dz

B 3ue§8r e auéar — k()

(8.30) ky(2) =
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(Vu, VU are computed at the points r = k,(z), r = k(z), respectively). The
assertion of the theorem now readily follows. We have, incidentally, also proved:

COROLLARY 8.3. As A — o0, u(V2 + er, ez) > U(r, z) with the first derivatives
uniformly in compact subsets of R?, where U(r, z) = U(R) is the radial function given
in (8.24).

REMARK. The asymptotic estimates of §§6—8 can be extended also to the solution
$g = $p of Theorem 2.2 when f is fixed and A - o0.
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