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ON THE ¢-ANALOGUES OF SOME TRANSFORMATIONS
OF NEARLY-POISED HYPERGEOMETRIC SERIES'
BY
B. NASSRALLAH AND MIZAN RAHMAN

ABSTRACT. A number of transformation formulas for very well-poised basic hyper-
geometric series have been obtained which, in the limit ¢ — 1—, approach the
known transformation formulas for nearly-poised ordinary hypergeometric series.

1. Introduction. In recent years we have seen a great surge of activity in basic
hypergeometric series, largely due to the realization in the 1960’s that they have
important applications in many areas of pure and applied mathematics. One of the
pioneers in this revival of interest in basic series is G. E. Andrews who, along with
R. Askey, has probably done more than anyone else to initiate many a mathemati-
cian to the world of g. See [2]-[7]. One can almost feel an atmosphere of urgency in
the field of special functions to extend all the important results to their g-ana-
logues. One of us (M.R.) made his own recent entry into the g-world [12] by
extending his linearization formula for Jacobi polynomials [11] to its basic ana-
logue. In the course of his proof he needed a particular g-analogue of the
transformation formula for a balanced and nearly-poised ,F; series. The discovery
of that analogue opened up other possibilities, and that is the principal motivation
of the present work.

The important point in generalizing any given function or formula is to realize
that there is no obvious or routine procedure for such generalizations. Two
different generalizations may produce the same result in the limit but may have
entirely different properties. For example, the basic series
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has the same limit

a,...,a, by, ..., b
F

r+str+s—1 > Z
ClyevesCyy dy...,d;

_ o (@), (@)(b)e -+ - (b)), "
ZoF ) Gy, @y, Y

(a),=a(a+1) - --(a+k-1), (a)=1, (1.9)
as does the bi-basic series

al,az,...,a:

r+sPres—1 > 45 qJ’ z

ChevesCys  dy...,d

_ D (@ @)~ (a3 Dby e~ (b3 )i & (1.5)
k=0 (& Diles; @i (o D@ @)y - (45 9), '
in the limit ¢, ¢ — 1-, provided we identify a typical parameter a in (1.1) or (1.5)
to imply ¢ if the base is ¢ and to mean (g’)? if the base is ¢’. So (1.1) and (1.5) are
both analogues of (1.3), as are many such series that one can think of.
For the problem on hand we first look at Whipple’s important transformation
formula for a nearly-poised hypergeometric series of the second kind [15, equation

(6.5)):

a, b, ¢, -m
4F; H |
l+a-b l+4+a-c, w
l+a—w, la, il+a), 1+a—-b—c,-m
=(W_a)m F :1
sk HE W

(W)m

l+a—-b, l4+a-¢ (l+a-w-m), l1+i(a—w-—m)

(1.6)

This quadratic transformation formula can presumably be generalized in a
number of ways. One possibility is to use Carlitz’s formula [10}*:

a, b, c
. aqx
3P2 5 4, “be
aq/b, aq/c
(ax; q)oo al/2’ _al/z’ (aq)l/z’ - (aq)l/zy aq/bc
=) seqf (LT

aq/b’ aq/c’ ax, q/x

Another quadratic transformation for ,q,(a? b? a’¢®/b?; g% x?) has recently
been worked out by Verma [14] in terms of a ,p; with base ¢g. Presumably this may

2 We are grateful to the referee for pointing out this possibility to us.
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also be used to generate analogues of formulas similar to (1.6). However, the
extension of (1.6) that we are interested in is embodied in the following theorem.

THEOREM 1. Let a, b, ¢, w be arbitrary parameters, real or complex. Let m be a
nonnegative integer and let p = q*. Then

pa’ _pl+a/2’ pb’ pc . _ql+a—w’ q—m

6%s XY

_pa/z’ pl+a—b’ pl-o-a-c: qw’ _ql+a+m

=(2""% Dm(=2°*"; Dm/ (" D~ Dm
pl+a—w’ pa/z’ p(a+l)/2’ pl+a-b—c’ pm
“5Ps ;pp |, (1.8)
pl+a—b’ pH-a—c’ p(l+a—w—m)/2, pl+(a—w-m)/2
where
R=a—-2b—-2c+w+m+2 (1.9)

It is quite easy to check that (1.7) goes to (1.6) in the limit ¢ — 1. Note that the
series on the left is a bi-basic series. One could, however, write it as a ,opy With a
single base g by virtue of the identity

(% P = (6™ @) = (a7 @)el-9"; @i (1.10)
[13, (I1.16), p. 242], but the bi-basic notation [1] is quite unambiguous and saves a
lot of space in writing.
As immediate consequences of (1.8) we obtain the following corollaries.

COROLLARY 1 (g-analogue of [8, (1.1), p. 30)).

qa’ ql+a/2, _qw—a/2—l, q—m
493 4,4
qa/2’ qw’ _ql+a/2—m
_ (_qa/Z; q)m(qw—a; q)m(qw—a—l—m; qZ)m(q2+a—w-m; q2)m ' (1 11)
(_q—a/2; q)m(qw; q)m(ql+a—w—m; qZ)m(qw—a—m; qZ)m
COROLLARY 2 (g-analogue of [8, (1.2), p. 30)).
qa, qb, _qb+l—m, q—m
493 549, 4
ql+a—b, q26+l—m, __qb—m
_ 0+ a0+ g e a1
(1+ g™ *)(1 + q**7°)(@"* ™% @)(@°*7% D77 D
COROLLARY 3 (g-analogue of [8, (1.3), p. 30)).
pa, pl+a/2’ _pl+a/2’ pb . _qa—2b+m’ q—m
G(PS ;P, q9 q
pa/Z, _pa/z’ pl+a—b: q2b+l—m, _ql+a+m
(=4°""; Dm(@”"%; QP P m
= 1+a-b. q- (1'13)

(-q; Q)m(q_Zb; q)m(p ’p)m
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COROLLARY 4 (g-analogue of [8, (1.4), p. 30)).

pa, pl+a/2’ _p1+a/2, pb . _qa—2b+m——l, q—m
6Ps P, q,p
pa/Z’ _pa/Z, pl+a—b: q2+2b—m’ _ql+a+m
_ (_qa+l; q)m(qa—Zb—l; q)m(Pa/Z—b+l/2; p)m(p—b—l;p)m qm. (114)
4 D@75 QP2 7272 D) (P75 P)m

In §2 of this paper we shall prove Theorem 1 along with the four corollaries. In
§3 we prove two general theorems:

THEOREM 2. Let m be a nonnegative integer and a, b, c, a,, . .., a, by, ..., b, .|,
Q be arbitrary parameters. Then an analogue of [8, (1), p. 24] is the transformation

pa’ _pl+a/2’ Pb, pc . qa|’ e qa,’ q

s+5Ps+a ;P4 Q
_pa/2, pl+a—b’

= S @S (P2 p) (P p) (4 D) - - (9% DA @),
r=0 (p; P)(=p°/% p)(P'*° % p)(P'*7¢ P) (g% @), - - - (¢%+4 q),
. (_Q)’qr(2b+2c—2a—l—r)

—m

pl+a-c: qbn’ e, q”', qb:u

pa+2r, _pl+a/2+r: qa.+r’ RN qa,+r’ qr—m
T s+3Ps+2 3P q,s Qq26+2c—24—2’_2 )
_pn/2+r: qb.+r . qb,n+r
(1.15)
— 42
where p = q°.

THEOREM 3. Let m be a nonnegative integer and K = 1 + 2a — b — ¢ — d. Then
an analogue of [8, (6), p. 26] is

pa’ _pl+a/2, pb’ pc’ pd . qa|, R qa,’ q-m

s+6Ps+5 s P qs Q
_pa/Z’ pl+a—b’ pl+a—t’ pl+a—d: q”', R qA,’ qb,,.
_ S (5 pal=p"* % p)P % PP X% )P ¥/% p)s
=0 (p; P)(-P% p)(pX*"; p)2k P /% P)(-P*/% p):
(pFre e )R )RR p) (475 @i - (9% @) AeTT q),(@,,_x)/
(P78 p)(p' e PP p) (¢%; @)+ - - (g% q)
pa+21’ _pl+a/2+l’

Pa—K . qa|+1’ cee qa,-H’ ql—m

s+4Ps43 ipag| (116)

_pa/2+1, pKHVHU gbirl bl gl

Using these theorems and the corollaries to Theorem 1 we shall then derive the
g-analogues of the transformation formulas of nearly-poised series listed on pp.
30-33 in [8]. This will be done in §§4 and 5.
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2, Proofs of Theorem 1 and corollaries. The proof of Theorem 1 depends on two
summation theorems. The first is the g-analogue of the Pfaff-Saalschutz theorem
[13, (3.3.2.2), p. 97]:

_(c/a; Dm(c/b; Dm .
(¢; Qml(c/ab; q), ’ @1)

392 » 4,9
¢, abg'™"m/c

and the second is the analogue of the sum of a very well-poised sF,(1) [12, (3.3.1.4),
p- 96]:
a, q\/z s —q\/E ) b’ ¢, q_m
6<p5 > 49, aql+m/ bC

1+m

Va, -Va, aq/b, aq/c, aq

_ (99; @)m(aq/bC; m (22)
(aq/b; @)m(aq/c; Q)m
For a nonnegative integer k, (2.1) gives

-k a+k 1+a—b—c
s s P —_b—
P , _ 5P R ) 23)
3P2 P> P (" p)(p 5 p)i :
pl+a—b pl+a—c p s P\ P H P)k
Since for an arbitrary parameter a,
(ag™; Q)i = (-a)'q™***D7%(q/a; q), 249

[13, (IL.5), p. 241), (2.3) implies
(2% PP P/ (P78 PP 7% P)

= p(b+c—a—l)k & (p_k; p)r(pa+k; p)r(pl+a_b_c; p)rpr. (25)
r=0 (p3P)(P'" 7% p) (P "% D),
Hence the Lh.s. of (1.8) can be written as a double series
s =35 (7 g™ QiP5 p) (P P)ra (P P),

l1+a+m. 14+a-b. l+a—c.

7 % (P P)i(g”; il s )P )P ;p)(p ;p),
. {(1 +pa/2+k)/(l +pa/2)} . qu_pr+(b+c—a—l)k.

For the nonvanishing of the sum it is obvious that we require m > k > r. We
now make a variable change k — r + k, use the identity

(@777 9), = (-1)q " D%(q; Qerr/ (85 Do (2.6)
and simplify. Thus we get

P P2 (2% p) (P28~ p) (-4 % @) (a™; @)

S,, = - - (-¢“)
" r=0 (p; P)(-P?% p) (P85 p) (P )Y D=4 9),
_qa+2r, q\/_qa+2r’ _q\/_qa+2r’ qa+2r’ _ql+a—w+r, qr—m
*6Ps ;i q qw—a+m—2r
\/_qa+2r, _\/_qa+2r, -q, qw+r, _ql+a+m+r

(2.7)
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where
u=R+2b+2c—2a-(r+l)=w—a+m+1-—r
The (s series in (2.7) is exactly summable by (2.2) and has the sum

-4**"* Y Do Dimer/ (@ D= @™ Q-
Using the identities
(aq’; 9); = (aq; @)i+,/ (a; 9)s, (2.8)
(a; 9)i+j = (a5 @)/(aq’; 9),, (29)
(@ Pv—i = (-1)(a; @ ¢"*V*" M/ (¢'"/a; q); @’ (2.10)

[13, (IL9), p. 241], and

_ (a5 9)n(q/a; @)i(=1)'g#Gi+v/2-2Ni
(¢'~"/a; q)y; a’

[13, (I1.12), p. 241], this sum simplifies to

(aq7™; @)n -, (2.11)

(-¢°" D)@ % D (¢S D (0" D@ ) (-a7™™; q),
(-4 Dm(d”; D (-¢°*" @)y (g™ q),,

. (_1)"q13+(l+a—w—m)r'

However, the use of yet another identity,

(a; @) = (a; §°)(ag; 4*),, (2.12)
[13, (I1.17), p. 242] enables us to further simplify the terms. Thus

(P4 )2 -2' /% p),

(-¢°*"; 9),(-p*/% p),

= (q% @2 = (p/% p)(P**% P),s

and
(ql+a—w—m; q)2r = (p(a+1—w—m)/2; p)’(pl+(a—w—m)/2; p)’

Using these expressions in (2.7) we finally obtain
Sm=(-4""" Dm(@”™% Dm/ (@ Dm(d”; Dm
. m (pa/2;p)r(pl/2+a/2; P),(Pl+a—b-c;p),
s (p; p)’(pl+a-—b; p)r(Pl+a—c;p)’(p(l+a—w—m)/2; p)’

A{(p™; ),/ (P =™/ p), ) p". (2.13)

Hence the proof of (1.8).

Note that the 5@, series on the r.h.s. of (1.8) is balanced, that is, the product of
the denominator parameters is p times that of the numerator parameters. Since the
sum of the ,p, series in (2.1) depends on this property we should be able to pick
special values of the parameters in (1.8) so that the s, becomes a 3, and, hence,
summable. These special values yield the four corollaries in §1.
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PRrROOF OF COROLLARY 1. Let us choose b = 1 + a/2, ¢ = 1/2 + a/2. Then the
s@4 series in (1.8) reduces to

P—m’ p—l/2, pl-l-a—w

3Pz 2y 4
p(l+a—w—m)/2, pl+(a—w—m)/2

-(1+a—w+m)/2. 1+(a—w—m)/2.

_( ; P)m(P i P)m 2.14)
(ptaw=m/2 p), (p@a=w+mi2 p) '

Thus we have

1+a/2 1+a/2. 1+a—w -m
b . b

p% - p -q q
5¢P4 ;P, q’ q

a/2 a/2 . w 1+a+m

P p q, -9

w—a—1+m

a+l, -(1+a—w+m)/2. 1+(a—w—m)/2,

_ @7 @m(=9"""; @)mlp 5 P)m(P S P)m @.15)
(0" Dm(-a; Dm(p+77 ™72 p),(p~ @12 p),
If we take the limit ¢ — 1 and simplify then we get (1.1) of [8, p. 30]. However,

we need a transformation to show that (2.15) is indeed the same as (1.11). We note
that the Lh.s. of (2.15) may be written as

-¢% qv-9° -qV-49° 4% qV4° -qVeS, -¢'**v, gq™
8P7 ;q’qw-a-H-m .
v-¢4 -V-4% -4 -V4* V45 q%, —q'tarm
(2.16)

But this series has the right form for transformation to a balanced ,p; by
Watson’s theorem, namely,

a, q\/; s —q\/; ) b, c, d, e, q™
. 0212"""
897 49 bede
Va, -Va, aq/b, aq/c, aq/d, agq/e, ag™* '
/ be, d, e, q™
_ (aq; @)m(aq/de; @)m “ .
@4/ Dl aa/; D seql (217)

deq™/a, aq/b, aq/c,

See, for example, [3, (3.1), p. 198; watch for an obvious misprint]. Thus the gp; in
(2.16) transforms to
(-4°*Y; Dm(-0""% D/ (a5 Dm(-4""%; @) m

a 14+a/2 w—a/2—1
s ’

q, q -q
‘493 4,4 |
qa/2 w a/2+1-m

q, —-q
This immediately leads to (1.11).
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PROOF OF COROLLARY 2. We choose ¢ = w = @ — 2b + m. Then the Lhs. of
(1.8) becomes

_qa, q\/_qa, _q\/_qa) qa’ qb’ _qb’ _qa—2b+m, q—m
897 » 9 qz
\/_qa, _\/_qa’ -q, _ql+a—b’ ql+a—b’ q2b+l—m’ _ql+a+m
a b _gb+l-m -m
4" Dm(-9""% Dm A 7 1 )
= R 14+a—b. 493 34,9 |,
(_q’ q)m(_q ) q)m q'*"'”, q2b+|_m, _ql,_,,,
by (2.17), while the r.h.s. gives
(g™ %; q).(-¢'*% q) pe?,  plarh, p
s m > m
_ 3P 2y 4
(qa 2b+m; q)m(_q; q)m p|+a-b p|/2+b_m
_ (@™ @)m(=4""% @228 p) (227 D)
(@72 Q)-8 D2 7% 0) (" *7% D),
Thus
qa’ qb’ _qb+]—m, q—m
493 4,4
ql+a—b, q2b+l—m’ _qb—m

_ (_ql+a—b; q)m(qm—Zb; q)m(qa+l—2b; q2)m(q2+a—2b; q2)m
(_ql—b; q)m(qa—2b+m; q)m(q2+2a—2b; qZ)m(ql—Zb; qz)m :
The r.h.s. of (2.18) can be reduced to that of (1.12) by using the identities (1.10),
(2.8) and (2.12).
PROOF OF COROLLARY 3. We choose ¢ = 1 + a/2, w = 1 + 2b — m. There is no

cancellation among the top and bottom parameters on the Lh.s. of (1.8) but the ¢,
on the right reduces to

(2.18)

p—m, pa-—2b+m’ pl/2+a/2
plta=t pl/a+a/2=b
_ P (e s P (P75 PIn i by (24)
(p1+a—b;p)m(p|/2+b—a/2—m;p)m (pl+a—b;p)m
(2.19)
Also

(@ % D/ (@ D= ("7 9),./ (@2 D)

= {(¢°7* D/ (@ Dm}a™. (2.20)

These two relations reduce (1.8) to (1.13).
PROOF OF COROLLARY 4. ¢ =1+ a/2, w =2+ 2b — m. This case is only
slightly different from the previous case and we obtain (1.14) in a similar manner.
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3. Proofs of Theorems 2 and 3. Note that the parameters with base p on the Lh.s.
of (1.15) are exactly the same as those on the Lh.s. of (1.8). So we proceed in
exactly the same way as in the proof of Theorem 1. Theorem 2 follows im-
mediately. In fact, Theorem 1 can be seen as a special case of Theorem 2 if we set
s=1,q%=-q"*""" g% = gq*, g% = —g'***™ and Q = q*, R being defined by
(1.8).

However, the proof of Theorem 3 depends on the use of Jackson’s summation
theorem [13, (IV.8), p. 247] which, in the form required for our proof, reads

K, p1+x/z, _p1+x/2’ pk+b-a pK+c—a’ pK-O-d—a’ pa+1, p"
8P7 sP,P
px/zy _px/z, pl+a—b’ pl+a—c, pl+a—d, pl(+l—a—l, pK+I+I
_ (pKH;p)I(sza—b—c—K; p)l(pl+2a—c—d—l(; p)l(pl-'-za—d—b-l(; P)I (3 l)

(pl+a—b;p)l(pl+a—c; p)l(pl-o-a—d; p)l(pl-o-:%a—b—c—d—zx; P)l ’
where K is some given parameter and / is a nonnegative integer. The special feature
of this 4¢, series is that it is 2-balanced, that is, the product of the denominator
parameters is p? times that of the numerator parameters.
If we now set
K=14+2a-b—-c—d, 3.2)
then (3.1) reads

Lo(p%;p),(1 = p**H)(p**e p)(p** % p) (¥4 p),
i=o (s p)(1 = p®)p'* 8 p)(p e p) (P "% p),

(p™;2)(p°*; p),

1+K+1. 1+K—a-1.

(P p) e )

(p**'5 P)dP% P)P°; P)AP% P), . (33)

(P % p)(P"* % p)(P" 75 P) P % p),

Denoting the series on the Lh.s. of (1.16) by 7,,,, we then have

pi

m

=3 (¢ 9dq°; @i~ - - (9% q)
1=0 (qbl; q)l ......... (qb:-ﬂ; q)l
(1 +p2 (P p)A 2% P) AP P)APY ) ‘
(1 + p*2)(p; P)(P"* % P)AP" 7 PP ),

m 4

-3 @™ Dlg™; @)~ - - (9% )
1=0 i=0 (qbl; q)l ......... (qb.n-l; q)l
(1 +p (P55 p), o'
p(1 +p*?)(p**Y p),
(25 p)(1 = p** ) (X4 p)i(p X% p) (P X% p);
(p; p)i(1 = pX) "% p)(P' 5 p) (P % p);

(p7; P)A(P% P)isi ;

. " p.
(p; )X "5 p)(pEH 77 p),

T,

m

(3.4)



220 "B. NASSRALLAH AND MIZAN RAHMAN

Since m > I > i we make a variable transformation / — / + i and observe that

(% p)is ™% p);
K+1—a—-1-i.

(p 5 P)i(Ps P)isi
by (2.4) and (2.10). Thus we obtain

_ & (P p)l + p2H ) (% p) (1 — pKE)(p X% p),;
"0 (p )1+ ) (PR p)a(1 = pF)(P 0 ),

K+c—a. K+d—a.

(p ;)P ;P)i
(pl+a—c;p)i(pl+a—d; p)‘
a. e e e a. R -m; i _ i
(bq ’q)l (q ’q)l(q -~ q) (Q,a K)
(q l; q)' ......... (q :+I; q)l
. m=—i (pa+2i;p)1(1 + pa/2+1+i)
=0 (p; )1 + p/**Y)
S p)e e - (%75 )l q),
(X" p)(@ s @) - - - (g% @) g5 q),

This leads directly to (1.16).

=(p* 5 p) P %D/ (p; P)ss

o

4. Transformations of nearly-poised series of second kind. As in the case of
ordinary hypergeometric series the transformation formulas in Theorems 2 and 3
are pretty useless unless the parameters can be so chosen that the ¢ series on the
right-hand sides can be summed in terms of ratios of products. Let us first consider
the series in Theorem 2. Since there is no known summation theorem for a series
higher than an g, let us set s = 3 in (1.15) and rewrite the theorem:

P4 _pl+a/2’ Pb, pP€ © 97, 9%, q”’, q ™,

897 P q, Q
_pa/Z’ p|+a—b, pl+a—c: qb|’ qb,’ qb,, qb.’

= S (27 PP 2 p) (P10 p) (4 D% D)AG™; O)Aa™; 9), oy
r=0  (p;P) (/% p) AP+ p) (P % p) (% 9), - - - (9% q),

pa+2r, _pl+a/2+r: qa|+r, qa1+r’ qa;-o-r, qr—m

,qr(2b-0-2¢'—2a—l—r)6q75 1P q, Qq2(b+c-a—r—l)

_pa/2+r: qb.+r’ qbz+r’ qb;+r’ qb‘+r

(@.1)

Consider first the simplest case:

9% =q% q%=-q% q¥=-q™

qb, = _ql+a—d’ qbz =gq l+a+m by

g =q , g

l+a—d
’

= _ql+a+m. (42)
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Then (4.1) gives

pa’ _pl+a/2’ pb’ Pc’ pd’ p—m
6Ps ;P @
_pa/z’ pl+a-—b’ pl+a—c’ pl+a—d’ Pl+a+m’
-3 (2% P2 (=p"**% ) ("2 ~°"¢ p)(P% P)(P™™; D), oy
=0 (p; )r(-P*/% P)Ap"** % P) (" = P)(P' =% P) P+ ™ p),
pa+2r’ _pl+a/2+r, pd+r, pr-—m
_pr(r+l)/2+r(b+c—a)4‘p3 i P mb...c_,q_, .
_pa/2+r, pl+a—d+r’ pl+a+r+m

(43)

If we choose Q = p?*(a—25-2c=2d)/2+m then the ,; on the right becomes summa-
ble by an analogue of Dixon’s theorem [13, (IV.5), p. 247] with sum

(pl+a+2r’p)m ’(Pl+a/2 d’p)m ,
(pl+a/2+r’p)m ’(pH-a d+r’P)m ,
_ (pl+a,p)m(pl+a/2 -d. p)m (pl+a/2 P) (pl+a+m’p) (pl+a—d. p)r
(2% p) (P ™% P)m (2'*% p)o (P> p),

. (_l)pr(r+ 1)/2—mr—(1+a/2—d)r

by (2.8)-(2.10). When we substitute this in (4.3) and simplify we get

P P r% P 24 ™
&Ps ;p’pm+2+(3a—2b—2c—2¢)/z
_pa/2, pl+a—b’ pl-o-a—c’ pH-a—d, pl+a+m
I+a—b—c a/2 . d -m
(pl+a P) (pl+a/2 —-d. p)m 14 p P> P . 44
(pl+a/2 p) ( 1+a—d. ) 493 PP |- ( . )
P 3 P)m pl+a b pl+a—c’ pd—a/Z—m

This is a g-analogue of [8, (2), p. 25].

Note that the ,p, series on the right is balanced and hence can be summed
whenever the parameters are such that it reduces to a ,p,. For example, if
b =1+ a/2,(44) leads to (2.2).

One can choose a higher value of s in (1.15) and derive Watson’s formula (2.17)
by making use of (2.2). However, since the result is already known we shall refrain
from this exercise and try to use (4.1) to find a transformation that, in the limit
q — 1, goes to a known formula for a nearly-poised series of the second kind.

In (4.1) let us take

I+a/2 l1+a—w
’

q”=-q q9“=—q
-q% =q%% q»=4q" gq

g =q
b._

= _ql+a+m. (45)
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Then the (@5 on the right of (4.1) reads

a+2r 14+a/2+r 1+a/2+r. l1+a—-w+r
s P , : s

) 4 -P -q q" ",
sPa i Py q, Qg tIeTIen Iy
_pa/2+r’ pa/2+r q

w+r l+a+m+r
’ ’

-9

A,, say.
In terms of the base g this is an g¢;:

PR _qa+2r’ q\/_qa-ﬁ-Zr’ _q\/_qa+2r‘ qa+2r’ ql+n/2+r, _ql+a/2+r’
r =8P V_qa+2r’ _\/_qa+2r, -q, _qa/2+r’ qa/2+r,
_ql+a—w+r, qr—-m’

1q, Qg+ —2a-2-2 |

qw+r l+a+m+r
> »

-q
This has the form of (2.16) provided we choose Q = g™***2~22=2*1 With this
choice of Q (2.17) then gives

P A ) G Dt X )
’ 4 Dm0 D,

a+2r
b

1+a/2+r r-m
b

q q —q*mrl g

"4P3 14,9 |. (4.6)
qa/2+r qw+r _ql+a/2—m+2r
But the ,p, series above is the same as the one appearing in Corollary 1 if we
make the correspondence a — a + 2r, w > w + r, m — m — r. Using (1.10), then,
we get

_ MY D (-0 D (4 D 87 D @ P,
-0 Dm=r(=0**" D (4727 Q=@ D= (@042 @) sy
(ql+a-w—m+2r. q2)m_’

4.7
@ " @)m—s 4.7

r

By using the identities (1.10) and (2.8)—(2.11) this is now simplified and sub-
stituted in (4.1). The end result is the following relation:

pa’ pl+a/2 _pl+a/2’ pb pc

_ql+a—w’ q—m
7Ps P4, qa—2b—2c+w+m+l

pa/Z’ _pa/Z’ pl+a—b’ pl+a—t: qw’ _q|+a+m

_ " D@ D@ T @@ T T 4
-2 Dm(@”; Dm(@" 27" @) m(” ™™, 4D m
14a/2  ,1/2+a/2,

pl+a—b—c’ I+a—-w’

14 P p T
“5Ps spop | (48)
pl+a—b’ pl+a—c, pl+(a—w—m)/2’ p(3+a—w—m)/2
This is a g-analogue of [8, (2), p. 30].
We now turn to the applications of Theorem 3. As it is, (1.16) seems much too
general and rather useless unless the bi-basic series 4@, ; on the right-hand side
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assumes simpler forms that can be summed. The first specialization we shall
consider is s = 1. So we first write down (1.16) for this special value of s.

a

P4 _pl+a/2’ pb, Pc, pd : qa.’ q-m
7P6 i @
_pa/z’ pl+a—b, pH-a—c’ pH-a—d: q”', qbz

-3 (2% P)al(=p"*/%; )P X; P)AP'* /% P)A-P" *5/2 P) P **>=% )P X+~ % p):
=0 (p; P)A-P*% P) (P ™Y p)2(P%/% P)A—PX/% P)(P' 2% P)(P +° ¢ p)i
(X9 p) (g™ e q)l(@a—l()’

@' % p)a”; )a™; 9

a+2! _pl+a/2+! a—-K . a1+l I-m .
- sPa P s P > P - q > 4 s Ps 9, Q , (4.9)
_pa/2+l’ pK+l+2l: q"'”, qbz+l

where, of course, K=1+2a — b — ¢c — d.
At this stage it is convenient to rewrite the s, on the right in terms of the single
base ¢. Denoting it by U,, , we have

pa+21’ _pl+a/2+l’ pa—K : qa,+l, ql-m
Um,l =5q‘)4 ;P, q, Q
—p/2+, pK+I%U b+l gh!
o _qa+21, q\/_qa+2l, _q\/__qa+21’ qa+21’ qa—K,
8¥7 V-q°*?, -V-¢°*%  _g, _gk+1+2
_qa—K qa,+l, ql-m

54, Q|- (4.10)

1+ by+1 by+!
qK+ 21’ q (R q 2

The only time that the series can be summed or even transformed is when it is
very well-poised, which implies that we must take

qbl = _qa+l—a, and ab = _qa+|+m. (4011)

Let us now distinguish the various cases when U, , can be summed.
Case 1. Q = g and the series is 2-balanced which requires

q% = _qZK—a+I+m. (4.12)
Then Jackson’s summation theorem (3.1) gives

U 1 _ (_qa+l+21; q)m_l(__qK+l—a; q)m_l(q2K+l—a+21; q)m_l(qK+l—a; q)m—l
™ (45 Dm--a""*%; @) (@55 q) (@125 ), _,
_ e 9@ @)(p X T P (4T @K 0 g),
(@ Dm(d®**' 725 @) (P D) m (@ %™ -9 %" q),
_amm. 2a—2K—m, K+1,
(-¢™; 9)(q ; ) (Pt p)y (4.13)

(—‘I“l; ‘I)zl(qzx_”l; 4)21(1’ Krlem, P)l .
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In deriving the last line on the right, use has been made of the identities (1.10)
and (2.8)—(2.10). When we substitute (4.13) in (4.9) on using (4.11) and (4.12) we
get, after some simplifications:

pa’ _pl+a/2‘ Pb, pc’ pd _qZK—a+m+l’ q—m
7P6 54,9
_pa/l’ pl+a—b, pl+a—c’ pl+a——d: qla—2l(—m’ _qa+m+l
_ 4t Qm(@ % QP % P
(-4 Dm(@**172; (P X5 PIm
. pK pltK/Z _pl+K/2 pa/2 pl/2+al2, pK+b-a
1099 K/2 _ K2 K-a/2+41  ,K—a/241/2 14+a—b
X2, pX%,  p s P , P \
pK+c—a’ pK+d—a, pZK—a+l+m’ -m ;p’pa—K+l/2 . (4‘14)
pl+a—c’ pl+a—d, pa—K—m’ pK+l+m

This is a g-analogue of [8, (3), p. 31]. Another analogue was obtained by Bailey
[9, equation (1)] that transforms a balanced nearly-poised s, into a very well-
poised balanced ,¢,,.

Next, let us choose

0= _q2K—a+2+m—d|' (4.15)
Then, by (2.17), we get
= (_qa+l+21; q)m_l(_qK—a-f-l; q)m—l
’ @ Dm-A-%"%; @)y
qa+21, qa-K’ qK+l—a,+1, ql—m
493 59,9 |- (4.16)
qK+l+21’ _qa—a.+l+l’ _qa—K—m+l

Case I1. We take ¢ = —q*X=9*™ 50 that Q = ¢° Then

_ (_qa+l+21; q)m-l(_qK_a+l; q)m-l
N
" (-9 q)m—l(_qK+l+21; q)m—l
qa+21 qa—-K _qa—K+l—m+1 ql—m
493 34,9
gk+1+2  gra-2K+l-m+l _ja-K-m+l
_ (_qa+l+21; q)m_l(_qK-a+l; q)m—l (l + qK—a)(l + qK—a/2+m)
-4 Dm- Mg @)y (1 + g% (1 + gKm22Y)
2K—a+2l, 1+K—a/2+1. K—a.
. (q K+l+219 q)m—l(qK_a/2+1 > q)m—lgz_za s q)m—l , (417)
(¢ ) I ) ) I

by Corollary 1.
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Simplifying the products by using the identities (1.10) and (2.8)—(2.10) we can
show that

_ (a**Y @)@ % QP 5% D) (X% P)m
T — _
" (-0 D@7 @) (P* % D) (P**"; P)m
(X o) Py
(pl+K—a/2; p)l(pK+l+m; P)l

T ) C i) G SR )
(P 517" )@ @)al-4°*"; )

We now substitute this in (4.9), simplify, and obtain the desired transformation
formula:

(4.18)

pa’ _pl +a/2’ pb’ Pc, pd: _q2K—a+m’ q—m

7P6 12X 4
_pa/2’ pl+a—b’ pl+a—c’ pl+a—d: q?a-2K+l—m’ _ql+a+m

_ 2 QP K2 p) (5% DI85 D
-2 Dm(P*=% P) (2K PIm(4** 75 Q)

pk’ pI+K/2’ _pH-K/Z, pa/2’ p(a+l)/2, pl{+b-a’ pK+c—a’
109 P2, —pk/2, pK+1=e/2  pK+(-ay/2  pl+a=b  plta—c,
pK+d—a’ pZK—a-I-m’ p—m

;pp? K+ (4.19)

l+a—d’ pa+l—K—m’ pK+I+m

p
This is a g-analogue of [8, (5), p. 31}.

In order to take advantage of the sums in Corollaries 3 and 4 we now set s = 3
in Theorem 3 and take

g = g\t gt = _gl*al2 gbio _gan2

qbz - qa/2, qb, = _qa+l—a,, qb4 = _qa+l+m.
With these values (1.16) now reads
pa’ pl+a/2’ _pl+a/2’ Pb, pc’ pd . qa3’ q-m
8P7 3P 49, Q
pa/z’ _pa/z, pl+a—b, pl+a-c’ pl+a—d: _qa+l—a;, _qa+l+m
-3 (2% Prl(P" /% )" **/% )P X; P)AP'* /% p)A-p"*X/% p),
i=0  (p; P)AP°'% P)A-P*% P)A X+ P)2(P*/% P)A-PX/% P)
P ~ s Pl - > —% ’ 3 1 a-K
( K+b—a. )(plﬁ-c a. p),(pl(-o-d “'p),(q"" q)l(q—m. q) . (@ )l
(pl+a-b; p)l(pl+a—c;p)l(pl+a-d;p),(_qa+l—¢;; q)'(_qa+l+m; q)l
1+a/2+1

a+21’ l+a/2+l’ pa—K : qa,+l’ ql-m

p P P
*6Ps 3P g Q|
pa/2+l’ _pa/2+1’ pl(+l+2I: _ql+a+l-—a3’ _ql+a+m+l

(4.20)
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Case I11. Let ¢® = —¢**~2*™ and Q = q. Then the (@5 series above becomes

+21 1+a/2+ +a/2+1 -K . - -
a , a/2 I’ _pl a/2 | pa . _qZK a+m+l, ql m

P
6Ps 3P 9,9
pa/2+l, _pa/2+l, PK+‘+ZI: q2a—2K—m+l’ _q|+a#m+l

= a7 Q- AP D P PImit -

4 Dm-@* 2 QP D)
_ Y D@ QPTG P (4 DA @)lg e ),
4 Dm(@ 2 Dm(P**Y; PIm (-9°*"; 92067577 @)2{p' %" p)s
e Qlp X Py m 421
(pK+1+m P)I q ( ¢ )

by (1.13) and (2.10).
Substituting (4.21) in (4.20) and simplifying, we obtain

pa’ pl+a/2, _pl+a/2, pb, pc’ pd . _qZK—a-Hn’ q—m
897 P49, 49
pa/2, _pa/z’ pl+a—b, p|+a—c’ pl+a—d: an—ZK-m+I, _qa+l+m
I G ) C ol ) 0 2 ¥ ) "
(@ Dm(@* 7% Q)P ** ' P)m
pK, pl*K/2 _pl*K/2 pa/2+1/2 pa/a*) pK+b-a
1099
k72, Pk, pK=a/2+1/2 pK-a/2  pl+a-b
pK+c—a, pK+d—a’ pZK—a+m’ p—m

ppeR | (422)

1+a— l+a-d 1+a—K—m K+1+
p S pteTe, pte , P m

This is a g-analogue of [8, (4), p. 31].
Case 1IV. Let g% = —g*=9*™=! and Q = ¢? = p. Then the (@5 series in (4.20)

becomes

pa+21’ pl+a/2+l’ _pl+a/2+l, pn—K: _qZK-a+m—l+I’ ql—m
6Ps sP,q, P
pa/2+l’ _pa/2+l’ pK+l+ZI: q2K—a+m+2+l’ _qa+l+m+l
(_qa+|+21; q)m_l(qzx—a-uu; q)m_[(px—a/2+l/2+l;p)m_'(pK—a—l;p)m_lq"_l

(@ Dm-Ka** 2 QY (P /27124 D) (P K4 D)
(=¢°*5 D@47 Qm(PX 242, P) (P * " P m
(% D@ Dm(PE 27V D) (PR D)

(=g Qg 2K (X2 pY PR p)al-a"t s QAGE T q) g+
(=2°*% @)20(a* =27 @2 pX=/2* V2 pY p2H oK p) (P X+ ™5 P

(4.23)

by (1.14) and (2.10).
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When we substitute this in (4.20) and simplify, we get

pa, pl+a/2’ _p]+a/2’ pb’ pc’ pd: _q2l(-a-l+m’ q—m
8P7 5P, 4P
pa/2’ _pa/2’ pl+a—b’ pl+a—c, pl+a—d: q2a—2K+2—m’ _ql+a+m
= a7 (@Y (PR Pl — pEe2 )
(-4; Dm(d%72; Qm(p**"; p)m(1 — pK—2/271/2)
pK pltK/Z _pI+K/2 pa2+1/2 pa/2+1,  pK+b-a  pK+c-a
1099 pK/2 —pK/2 pK-a/241/2 pK-a/2  plta=b  pl+a—c
pK+d—n’ pZK—a—l+m’ P—m
sppe ke (4.29)
pl+a—d, p2+a—K—m’ pl+K+m

This is a g-analogue of [8, (6), p. 32]. This may be compared with Bailey’s
transformation [9, equation (2)] that transforms a very nearly-poised ,¢p4 to a very
well-poised balanced ,,¢,;.

In closing this section we would like to point out that the series on the left-hand
sides of (4.14), (4.19), (4.22) and (4.24) are very well-poised, even though in the
limit ¢ —» 1 — they all approach nearly-poised series of the second kind. It is
conceivable that by starting with other extensions of (1.6) one may obtain transfor-
mations between series that are well-poised rather than very well-poised. We hope
to look into this possibility in a future work.

S. Analogues of transformations of nearly-poised series of the first kind. Let us
first reverse the order of the series in (1.8). We have

2% Pm-i(=P"* "% PIm— 1P P)m— P PIm-(-4"**""; Dm-1d™ Dm-& gm= bR
k=0 (2 P)m-i(PY% P)m-i(P 78 P)m—i(P"* 7% PIm—i(2"; Dm-s(-a"***"™; Q)m—ik

@ D2 D S (P DY k(P D)= (P 22 DYk
@ Dm0 Dm k=0 (2; PIm=s(P"**7% P)m-s(P' 7 P)m-xk

(pl-o-a—b—c; P)m—k(P_m;P)m—k p"'_k- (51)

(P*e="=mM/2 )y (PP ™2 )k

Simplifying the products by using (2.10) we obtain

S (P2 p)i(p ™ P)a(=p /2~ PP ™™ D)2 T ™ (=977 Qi xr
K20 (@ D2 2™ 2P s )P T (P P-4 s )
= 2 Dm(-2% PIm(P * 78 P)m(P' % PIm(9™ Dm(=2"* "™ Dm(@” % D=5 D)m
(2% P)m(=2" /% P)m(P® PIm(PC; PIm(-4" " Dml@™; Dm(@”; D~ Dm
R (217 )% PP 212 p) (170 ) (P P
(2; P)m(P' 75 P)m(P' 27 P)m(POH A= ™/2; p)(p@He—" =™/, p),,
pb—a—m’ peem, p(l—a+w—m)/2’ p(w—a—m)/2’ p

pm

"5Ps PP |-
pw—a-—m’ pl—a/2—m’ pl/2—a/2—m’ Pb+c—a—m
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Simplifying the coefficients, this leads to

q X _q—a—2m: pb—a—m pc—a—m’ __pl—a/Z—m’ p—-m

6¥s 59,0 g
_qw—a—m: pl—b—m pl—c—m’ _p—a/2—m, pl—a—m

_ % Pam(P'* 7 P (=1)pmib+c=a)=-m(m+1)/2
(2% P)m(P® P)m(P; PIm
pb—a—m, peTam, p(w—a—m+l)/2, p(w—a-—m)/Z’ pm

*5Ps 3PP |- (5-2)
pw—a—m’ pl—a/2—m, p|/2—a/2—m, pb+c—a-—m
Let us set
l—a-2m=\, l—-w—-—m=A4, b—a—m=B, c—a—m=C.
(5.3)

The coefficient of s, on the r.h.s. of (5.2) is, then,

A-B-C. 1-A—m,
(P > P)m(P " P)m (-1)" m(B+C+1-A)—m(m+1)/2
B+1-A—m. C+1-A—m. P

(p 5 P)m(P 5 P)m
= (P25 D)2 D)/ (P55 D) (PSP (5.4)

by (2.4). Substituting (5.3) and (5.4) in (5.2) we get

Y gh o pB, S, _p\/2¥N2 pom
Ps 4, P, q3k+2m—A -2B-2C
—g =4 prB, pAC. _pA2 prrIem
(P 57C; p)ml(P; PIm PO pOTATA PP pS P
TP B )P ) el
P)‘_A, p)\/Z’ p|/2+)\/2’ pB+C—A+I—m

(5.5)

This is the analogue of [8, (1), p. 32]. If we now let m — oo, then this approaches
the limit

§ (4% D25 2?5 PIP S PP Pli ko kik—1y- k@B +2C+4)
k=0 (¢ De(=a"~*; Du(P*~5; P)i(P* = PI(-P%; Pk
p(A—A)/z’ p(A—A-H)/z, pB, pC

A, A-B-C. ’
(PP P o p.p

— — 4
(P % P)e(P* ™ P ey PN pl/2eA2

A—-B-C

(5.6)

which is an analogue of [8, (3), p. 33].
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Finally, we reverse the series on both sides of (4.8), simplify by setting A = —-a
—2m,A=1—w—m,B=b—a—m,C=c—a—mandget

_qA’ qA: p|+)\/2’ _pl+)\/2’ pB, PC,
796
_q}\-o»l—A: p)\/z, _px/z’ px+1—n’ pM-l-C’
p—m
4, P q3A+2m-A—2n—2c+2
pk+l+m
A—A)/2 A—A+1)/2 B ,C
A+1. A+1-B-C; 5) pA-A/2, pA-at 2, pB pC, pm
-(P 3 P)m(P sP)m :p,p
TR W Wl N A2 2 secor-m
" p _A+la y 4 / s Po\ ) s P m

(5.7)
This is a g-analogue of [8, (2), p. 32].
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