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ON THE a-ANALOGUES OF SOME TRANSFORMATIONS

OF NEARLY-POISED HYPERGEOMETRIC SERIES1

BY

B. NASSRALLAH AND M3ZAN RAHMAN

Abstract. A number of transformation formulas for very well-poised basic hyper-

geometric series have been obtained which, in the limit 17-» 1-, approach the

known transformation formulas for nearly-poised ordinary hypergeometric series.

1. Introduction. In recent years we have seen a great surge of activity in basic

hypergeometric series, largely due to the realization in the 1960's that they have

important applications in many areas of pure and applied mathematics. One of the

pioneers in this revival of interest in basic series is G. E. Andrews who, along with

R. Askey, has probably done more than anyone else to initiate many a mathemati-

cian to the world of q. See [2]-[7]. One can almost feel an atmosphere of urgency in

the field of special functions to extend all the important results to their a-ana-

logues. One of us (M.R.) made his own recent entry into the a-world [12] by

extending his linearization formula for Jacobi polynomials [11] to its basic ana-

logue. In the course of his proof he needed a particular a-analogue of the

transformation formula for a balanced and nearly-poised 4F3 series. The discovery

of that analogue opened up other possibilities, and that is the principal motivation

of the present work.

The important point in generalizing any given function or formula is to realize

that there is no obvious or routine procedure for such generalizations. Two

different generalizations may produce the same result in the limit but may have

entirely different properties. For example, the basic series

a,, a2, . . . , ar,        bv b2, . . . , bs

r + s<Pr + s-\ >    Q'Z

cv c2, . . . , cr_„     dvd2,...,ds

m y (a,; g)k ■ ■ ■ (ar; g)k(bx; g)k- ■ ■ (bs; g)k        _k

k-o (?; <l)k(cx; g)k • ■ ■ (cr_,; q)k(d{; q)k ■ ■ ■ (ds; q)k

(ar; q)k = (1 - ar)(l - qar) •• • (l - qk~\),        (ar; q)0 = 1,        (1.2)
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has the same limit

a,, . . . , ar,        bx, . . . ,bs

r+s^r+s-X '  Z

c„...,cr_„     dx,...,ds

Z      (".)* • ■ • WMk • • • ib,)k      k ,,.

~*-o*Kc,)*-■•(*,-,)MV"tt)*   '       u;

(ar), = ar(ar + I) ■ ■ ■ (ar + k - I),       (ar)0 = 1, (1.4)

as does the bi-basic series

a,, a2, . . . , ar:     bv . . . , bs

r+,<P,+,_i ;<7, </, z

c,, . . ., cr_,:       a,, . . . , ds

_ S      (oi; ?)*••• to; gM; g')* • • • fo; gQt     _fc       (15)
k-o (?; ?)*(ci; ?)*•• (<v-i; <7)*(<A; ?)* • • • W; ?')*

in the limit a, a' -> 1-, provided we identify a typical parameter a in (1.1) or (1.5)

to imply q" if the base is q and to mean (q')a if the base is q'. So (1.1) and (1.5) are

both analogues of (1.3), as are many such series that one can think of.

For the problem on hand we first look at Whipple's important transformation

formula for a nearly-poised hypergeometric series of the second kind [15, equation

(6.5)]:

a, b, c,     -m

<F3 ; 1
I + a — b,     I + a - c,       w

1 + a - w, \a, i(l + a),     1 + a - b - c, -m
_ O ~ a)m    F .  ,

-(w)- 5  4 '
1 + a - b,     1 + a - c,     i(l + a - w - m),      1 +2(a - w- m)

(1.6)

This quadratic transformation formula can presumably be generalized in a

number of ways. One possibility is to use Carlitz's formula [10]2:

a, b, c
aqx

aq/b,     aq/c

,„.. [a'/2,     ~a"\     (aq),/2,     - (aq)1'2,     aq/bc

-fe^f** ;*«■        (1.7)
aq/b,       aq/c, ax, q/x

Another quadratic transformation for 2<p,(a2, b2; a2q2/b2; q2, x2) has recently

been worked out by Verma [14] in terms of a 4(jp3 with base q. Presumably this may

2 We are grateful to the referee for pointing out this possibility to us.
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also be used to generate analogues of formulas similar to (1.6). However, the

extension of (1.6) that we are interested in is embodied in the following theorem.

Theorem 1. Let a, b, c, w be arbitrary parameters, real or complex. Let m be a

nonnegative integer and let p = q2. Then

p"t     -p1+"/2,     pb, pc -ql+"-w,     q'm

6<P5 ; p, q, qK

-pa/2,        px+"~b,    pl+a~c:     qw, -qi+° + »>

= (qw~a\ q)m(-qa+l; q)J (q"\ q)m(~q\ q)m

p,+°-w,      p"/2, /»C+1)/2; p\+a-b-ct p-m

■5<P4 <P<P    •    (1-8)

_l+o-6        „l+u-c „(l + a-w-/n)/2 1 + (o - w - m)/2

where

R = a-2b-2c + w + m + 2. (1.9)

It is quite easy to check that (1.7) goes to (1.6) in the limit q-*\. Note that the

series on the left is a bi-basic series. One could, however, write it as a ,0<p9 with a

single base g by virtue of the identity

(/;A = ̂ ;d = (^;4(V;4 (uo)
[13, (11.16), p. 242], but the bi-basic notation [1] is quite unambiguous and saves a

lot of space in writing.

As immediate consequences of (1.8) we obtain the following corollaries.

Corollary 1 (q-analogue of[$, (1.1), p. 30]).

' q",      ql+°/\      -q»-*/*-\     q-m

4<p3 ; q> q

q"/2, qw, _q\+a/2~m

{-ga/1; <7Ug-a; g),(r'--; gW*—'-"; g2)m      nm
(-q-a/2-,qUq";q)m(ql+a-w-m;q2Uqw-a-m;q2)m

Corollary 2 (g-analogue of [8, (1.2), p. 30]).

"q",      q", V+1_m,      <?""

493 ; <7> q
\+a-b nlb+\-m _„b-m

H >        H > H

(1 + q-")(l + «•'*-»+"•)(«<-»>; qUq^2-"; q)m(g-b; q)m

(\ + gm-b)(l + g°/2-b)(gi+°-b;gUg°'2-b;g)m(g~2b;g)m'   V'

Corollary 3 (g-analogue o/[8, (\.3),p. 30]).

p",    p,+a/2,     -p1+a/2,    pb        :     -q"-2b+'">     q~m

6^5 >p>q>q

„a/2 —n"/2 nl+a~b-        „2b+\-m 1+a + m
P       i P       > P •       H > H

(-qa+y\q)m{qa-2b\q)m(p-b\p)m „ nvv.

(-q;qUq-2b;q)m(pl+a-b;p)m       ' K'    '
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Corollary 4 (g-analogue of [8, (1.4),/?. 30]).

pa,    pi+a/2,     -p,+a/2,    pb        :    -qa-2b + m-\     q-m

6<f5 ;p>q,p

p«/\        -p°n,        pl+a-»:     q2+2b-m, -qi+°+>»

m Hrtl; ?),(?-*-'; q)m{pa/2-b^/2;PUp-b-^p)mjm     ,, 14,

(-g;gUg-2*-1;gUpfl/2-*-,/2;/»)M(^,+fl-*;i')B, l"

In §2 of this paper we shall prove Theorem 1 along with the four corollaries. In

§3 we prove two general theorems:

Theorem 2. Let m be a nonnegative integer and a, b, c, a,, . . ., a,, bx, . . . , bs+l,

Q be arbitrary parameters. Then an analogue of [8, (I), p. 24] is the transformation

p°y     -pl+"/2,    pb, pc :    q"\...,q";     q-™

,+5^+4 >p> i'Q
-pa/2, p,+a~b,    pi+a~c:     qb'.q\     q*""

m y (p"ip)2r(-pl+a/2;p)r(pl+-''-c;p)r(qat;q)r-- • (<?*;?),(<?""; g),

■ (-QYq^2b + 2c~2a~[-'">

pa + 2r,     -p1+a/2+r:     q"'+r, . . . , qa'+r,       q'~m

■s+3%+2 ;p,q,Qq2b+2c-2°-2'-2   .

_„a/2+r. qb' + r, . . . ,qb-*' + r

(1.15)

where p = a2.

Theorem 3. Let m be a nonnegative integer and K=\+2a— b — c — d. Then

an analogue of [8, (6), p. 26] is

jj", -p,*a/2,     pb, pc, pd        :      qa\...,q°;     q~m

, + 6<Rr + 5 • P,q,Q
-pa/2, Pl+a~b,    p1+a~c,    p1+a~d:     qb\ . . . , q^,     q1**'

m y (P°;p)2,(-P,+°/2;p),(PK;pUPl+K/2,P)t(-Pl+K/2;p)t

i-o    (P; pU-p°/2; p),(pk+1; Ph{pK/2; pU-pk/2\ p),

(pK+l—\p),(pK+c-;p),(pK+d-°;p)i   (qa';q)f-(qa",qUq-m;q)t fc_.-W

(pl+'-";pMpl+e-';p)l<J>l+'-'l.Ph (q"'\q)r--(qb-^q)l

'p'+V,     -/,"+<'/2+'!     p°-K      :     qa'+l, . . . ,qa- + l,     q'-m

■ s+4%-3 ;p,q,Q ■   (116)
_pa/2 + l^ pK+\+21.      q***',..., q**',      qb,+ >+l

Using these theorems and the corollaries to Theorem 1 we shall then derive the

a-analogues of the transformation formulas of nearly-poised series listed on pp.

30-33 in [8]. This will be done in §§4 and 5.
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2. Proofs of Theorem 1 and corollaries. The proof of Theorem 1 depends on two

summation theorems. The first is the a-analogue of the Pfaff-Saalschutz theorem

[13, (3.3.2.2), p. 97]:

g~m,     a,     b

[ c,     abg^/c \       <*«««/«*«>-

and the second is the analogue of the sum of a very well-poised 5F4(1) [12, (3.3.1.4),

p. 96]:

a,     g\Ta ,     -gVa ,        b, c, q~m

6<p5 ;q,aq1+m/bc

Va ,       -Va ,      aq/b,     aq/c,     aq]+m

m (aq; q)m(gq/t>c; g)m ,2 2,

(aq/b; g)m(ag/c; g)m '

For a nonnegative integer k, (2.1) gives

-k „o+* l+a-b-c

* ;*,  ■   (/';rt^--;A   .    (2.3)
(ol+a-b- n) (nc-"-k- d)

pl+a-b        „l+"-c \" >P)k\P >P)k

Since for an arbitrary parameter a,

(ag-k; g)k = (-a)kg-^+^2(g/a; q)k (2-4)

[13, (II.5), p. 241], (2.3) implies

(p"; pUpc; p)k/ (Pi+a-b; pUp1*"'0; p\

_ ib+c-a.1)k$ (p-k;p)r(pa+k;p)r(pl+a-b-c;p)rnr (25)

r=o (p;p)r{P,+a-b;p)Xpi+a-c;p)r

Hence the l.h.s. of (1.8) can be written as a double series

s =yy   (<rm; q)k{-gy+a"w; q)k(p'+a'b^p)r(pa;pUk(p-k;p)r

m     r k (p;p)k(q"; q)k(-q1+a+m; q)k(p;p)r(p1+"-b;p)r(pl+a-c;p)r

■ {(1 +p"/2+k)/(\ +pa/2)}-qkR-pr+(b + c-a-»k.

For the nonvanishing of the sum it is obvious that we require m > k > r. We

now make a variable change k -» r + k, use the identity

(<r*-; g), = (-i)V*r-r(r+1)/2(<?; q)k+r/ (g; g)*, (2.6)

and simplify. Thus we get

s  m y     (pa;phr(-p'+°/2;p)r(p'+°-''-c;p)r(-ql+°-w;q)r(q-'";q)r   ,   My

m    r-o (p;p)r(-P°/2;p)r(pl+°-b;p)r(Pl+°-c\pUqw\ <?W-?,+a+m; «),

-qa+2r,     q\l-qa+2r,     -q\l-q°+2'',     qa+2r,     -qi+°-w+r,      qr~m

•6<p5 ; ,, f «-•*■—*
\j-qa+2r,     -v-qa+2r,      -q. qw+r>   -qi+°+m+'

(2.7)
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where

u = R+2b + 2c-2a-(r+\) = w-a + m+\-r.

The 6<p5 series in (2.7) is exactly summable by (2.2) and has the sum

(-qa+l+2r; q)m-r{qw — r\ q)m-r/{~q\ g)„-,(gw+'; q)m-.

Using the identities

«; q)j = (flg; g)i+j/ (a; g),, (2.8)

(a; q)i+J = (a; q)j{aq>; q)„ (2.9)

(a; q)„_, = (-l)'(a; a)„ q*<+W->"/ W~N/a; a),, a' (2.10)

[13, (II.9), p. 241], and

(g    /a;qhia

[13, (11.12), p. 241], this sum simplifies to

(-ga+1; g)m(gw"°; gL (-gfl+m+1; g)r(g"; g)r{gx+a-w; g)f(-g"m; g),

(-g; g)m(gw; q)m (-aa+1; g)2r(91+™; g)2f

However, the use of yet another identity,

(a;q)2, = (a;q2)i{ag;g2)i, (2.12)

[13, (11.17), p. 242] enables us to further simplify the terms. Thus

(pa\P)2r{-pX*al2\P)r   = (a.     \      = la/2. _\ (1/2 +a/2.     \

(-q^q)2r(-pa/2;P)r      ^^^      {P      ,PUP ,P)"

and

(qi+°-; q)2r = (p<°+l-»-'"V2;p),(pl+<-»'->"V*;p)r

Using these expressions in (2.7) we finally obtain

sm = (-ga+1; g)m(gw-°; q)J (-g; g)m(gw; g)m

- (pa/2;P)r(p1/2+a/2;p)Xpl+a-b-c;p)r

io(p;p)r(pl+"-b;p)r(pX+a-C;P)r(P(l+a-W-m)/2lP)r

■ {{p-m\ P)rl (p^" — ^'2; p)r)p\ (2.13)

Hence the proof of (1.8).

Note that the 5<p4 series on the r.h.s. of (1.8) is balanced, that is, the product of

the denominator parameters is p times that of the numerator parameters. Since the

sum of the 3<p2 series in (2.1) depends on this property we should be able to pick

special values of the parameters in (1.8) so that the 5<p4 becomes a 3<p2 and, hence,

summable. These special values yield the four corollaries in §1.
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Proof of Corollary 1. Let us choose b = 1 4- a/2, c = 1/2 4- a/2. Then the

5q>4 series in (1.8) reduces to

p-m, p~1/2, pl+a-w

3<P2 \P,P
(l + a-w-m)/2^ \+(a-w~m)/2

{p-(i+a-w + m)/2.pUpi+(a-„-m)/2.p)m

ipO+a-w-m)/2.pUp^a-W + m)/2.p)m     ■ I   '      >

Thus we have

p«t     -p,+a/2,    pl+a/2:     -gl+"-w,     q~m

5<P4 ;p,q,qw-<-l+m

-pa/2,        pa/2    :     qw, -qi+°+>»

(gw-; gU-ga+l; gUp-il+°-w+m)/2;p)m(pl+(a-w-m)/2;p)m   (    .

(gw;gU-g;gUp(i+a-w-m)/2;p)m(p-'a-w+m)/2;p)m

If we take the limit q —> 1 and simplify then we get (1.1) of [8, p. 30]. However,

we need a transformation to show that (2.15) is indeed the same as (1.11). We note

that the l.h.s. of (2.15) may be written as

-q',      qyj-q",     -qyj-q",      q'.      qy/q°,     -qy/q',      -qi+'-", q^
8<P7 ;q,qw-°-1+m   ■

yj-q",       -yj-q",      -q,     -\Jq°,       y/q", qw, -q1+a+m

(2.16)

But this series has the right form for transformation to a balanced 4<p3, by

Watson's theorem, namely,

a,     qVa ,     -qVa , b, c, d, e, q~™

a2q2+m

va ,      -Va ,     aq/b,     aq/c,     aq/d,     aq/e,     aqm + i

i \  t     u      \ aq/bc, d, e,     q~™
_ i.aq\ q)m(aq/de; q)m   m .nn a \i\

-(aq/d;q)m(aq/e-q)m^ '*«   > (2'17>
deq m/a,     aq/b,     aq/c,

See, for example, [3, (3.1), p. 198; watch for an obvious misprint]. Thus the 8m7 in

(2.16) transforms to

(-ga+1; g)m(-g"a/2; q)J (-g; g)n(-gfl/2; g)m

' qa,     ql+a/2,     -gw~a/2-\ gm

•4<P3 ; g. g   ■

"     g"'2, g™,    -f&**-"

This immediately leads to (1.11).
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Proof of Corollary 2. We choose c = w = a-2b+m. Then the l.h.s. of

(1.8) becomes

-q",     qy/-qa,     -q\l-q",     q", qb, -qb,     -q--2b+m, q-»

*fi ; q, q2

yj-qa,       -\/-q",     -q,     -q'+a~b,     qx+a~b,        q2b+\-m^     _ql+a+m

a" ab -ab + l-m a~m

(~q1+°; qU-q'-"; q)m    „     "' "' " '        "
(      .     \   (      i+a — b      \       * *^ ' q' Tf    »
\-q\ q)m\-q       ; q>m „i+a-»    ait+\-m    -ab-m

by (2.17), while the r.h.s. gives

[a/2 («+l)/2 -m

{gm-2b;q)m(-qx+a;q)m      p   '   p PP

(q°-2b+m;q)m(-q;q)m3(P2 i+a-b        ,/2+»-m
p »      p

_ (gm-2b; gL(-g1+a; qUp(a+l)/2-b;pUpl+a/2-b;p)m

{g°-2b+m; g)m(-g; gU^,+-6;/»)m(/»I/2-*^)m

Thus

q", qb, -qb+l-m,        qm

4*3 ; g. g

= (-g1+a'fc; gL(gm-2fe; gUga+1-2A; g2Ug2+fl-2°; g2L       r2lg*

(-g1-*; g)m(ga-2A+m; g)m(g2+2a-2*; g2)„(g1-26; g2L ' }

The r.h.s. of (2.18) can be reduced to that of (1.12) by using the identities (1.10),

(2.8) and (2.12).

Proof of Corollary 3. We choose c = 1 + a/2, w = 1 4- 2b — m. There is no

cancellation among the top and bottom parameters on the l.h.s. of (1.8) but the 5<p4

on the right reduces to

P~m,    p"-2b+mf    p^n+a/2

3*2 ; p> p

pl+a~b, pW2 + a/2-b

_   (p^^2-b;p)m(pi+b-m;p)m   _    (p-b;p)m        l+a,

(pi+°-b;p)m(pl/2+b-a/2-m;p)m    (Pi+a-b;p)m '

(2.19)

Also

(gw~a; g)J (gw; g)„ = (a1+2fe—; q)j (91+2i"'"; q)m

= {(qa-2b;q)m/(q-2b;q)m}q-ma. (2-20)

These two relations reduce (1.8) to (1.13).

Proof of Corollary 4. c = 1 4- a/2, w = 2 + 2b — m. This case is only

slightly different from the previous case and we obtain (1.14) in a similar manner.
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3. Proofs of Theorems 2 and 3. Note that the parameters with base p on the l.h.s.

of (1.15) are exactly the same as those on the l.h.s. of (1.8). So we proceed in

exactly the same way as in the proof of Theorem 1. Theorem 2 follows im-

mediately. In fact, Theorem 1 can be seen as a special case of Theorem 2 if we set

s = i; q°i = -q,+a-», 9fc. = q™, qb2 = -q*+°+m and Q = gR, R being defined by

(1.8).
However, the proof of Theorem 3 depends on the use of Jackson's summation

theorem [13, (IV.8), p. 247] which, in the form required for our proof, reads

'pKf   Pl+K/1,   _pl+*/2?   pK+b~",   pK+c~",   pK+d~",   pa+l, p-'

if 7 \P,P
pK/\ -pK'2, p1+a~b,       pl+"~c,       pl+"~d,       pK+l-"-',      pK+1+l

_(pK+1;p)l(pl+2*-b-c-K;p)t(pl+2°-c-''-K;p)t(pl+2a-''-b-K;p), ,3 n

(p,+°-b;p),(p,+a-c;p),(pl+°-d;p),(pl+3-''-c-d-2K;p),     ' K ' '

where K is some given parameter and / is a nonnegative integer. The special feature

of this 8<p7 series is that it is 2-balanced, that is, the product of the denominator

parameters isp2 times that of the numerator parameters.

If we now set

K=\+2a-b-c-d, (3.2)

then (3.1) reads

y (p*;pUi -PK+2i){pK+b-a;p)i(pK+c-a;p)i(pK+d-°;p)i

io     (p;p)i(i-pK)(px+a-b;p)i(pl+a-c;p)(pl+'-d;p)i

(p-'ipUp'+'jp),     .,
(p1+K+,;pUpl+fC-a-';p)P

{pK+x;p),{Ap)Xpc;p),{pd\p)t f33v

(pa-K;p),(pl+a-b;pUp1+°-c;p),(p1+a-d;p)t'

Denoting the series on the l.h.s. of (1.16) by Tm, we then have

T   = y      (g"";g)/(ga';g)/- • -{q\q)i

m    .-o(g*';g),.(g6-;g),

(i +Pa/2+l)(Pa;p)t(pb;p),(pc;p),(pd;p)l     Ql

(i+ Pa/2){p;p)i{px+a-b;p)t{p'+a-c;p)kp'+a-d)t

m £ 2   (g"m;g)/(ga,;g)/- • -(q^q),

i-o ;=o (g\ q),.(g"'+l; g),

(l+p°/2+<)(p°-«;p)     ,

P(\+P°'2)(PK^;P),

(P«;/>),(! -pK+2i){pK+b-a;p)i{pK+c-a;p)hK+d-°;p)i

(p;pW-PK)(pl+a-b;pUpl+a-c;p)i(pl+a-d;p)i

_(p-'-'P)i(pa->p)<+-__- (34^

{p;p)l{pK+i+,;p)i{pK+l-a-l;p)i K'}
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Since m > I > i we make a variable transformation / -» / 4- i and observe that

(pK+1 a ' •\p)i(p\p)l+i

by (2.4) and (2.10). Thus we obtain

y (p*;pUi +p"/2+')(pk;pW -PK+2i)(pK+b'a;p)i

m   ,to   (p;p),(i+P°/2)(pK+l;pUi-p*)(pi+a-b;p)i

(pK+e-;p)i(pK+d-a;p)i

{px*-e\p)lipl+-'\p)l

(ga|; g), • • • (g°-; qUq""; g).-   (^-a-v

(^;d.(g6-;g),

wf'(i>a+2<;/>)/(!+/>a/2+/+')

/-o     (/>;/>),(!+/>a/2+')

(/>"-*;/>),(ga'+';g),- • • (ga-+;; g)Xg'"m; g)/   c,

(/>*+,+2';/>),(g*l+'; g) • • ■ (gfc*+'; g),(g6'+1+;; g)/

This leads directly to (1.16).

4. Transformations of nearly-poised series of second kind. As in the case of

ordinary hypergeometric series the transformation formulas in Theorems 2 and 3

are pretty useless unless the parameters can be so chosen that the <p series on the

right-hand sides can be summed in terms of ratios of products. Let us first consider

the series in Theorem 2. Since there is no known summation theorem for a series

higher than an 8rp7 let us set s = 3 in (1.15) and rewrite the theorem:

/,     -p*+a/2,    pb, pc qa\q°*,qa\q-m,

ifi <P,q,Q
-pa/2, p1+a~b,     pl+a'c:     qb',qbl,qb\qb*,

m y (p°;p)2r(-p,+°/2;p)r(p,+a-b-c;p)r(g°-, gUi"; g)Ag°>\ gMg""; g)r. oy

r-0      (p;p)r(-p°/2;p)r(pl+°-b;p),(p'+°-';p)r(q\q)r- ■ ■ (qb'\q)r V

pa + 2r,     -pl+a/2+r:     q"' + r, q"2+r, qa,+r, qr~m

.q^U+U-U-l-r)^ .pq  ^i + c-a-r-l)

a/2 + r. b,+r-b2 + r„b) + r„bt + r

(4.1)

Consider first the simplest case:

qa> = gd,    ga> = -qd,    ga> = -g~m,

4*1 = -ql+a~d,    qb* = q,+a-",    qb> = a1+a + m,    qb* = -q]+a + m.      (4.2)
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Then (4.1) gives

' p°y   -Pl+"/2,   Pb, pc, pd, p~m

6<P5 -P'Q
-p"/2,      pi+"-b,   pl+a'c,   pl+a~d,   p1+a+m,

m Z (P°;phr(-P,+a/2;p)r(P,+a-b-c;p)r(Pd;pUp-m;p)r , oY

r-0(p-,p)r(-p^2;p)Xp'+a-b-,P)r(p, + a-C-,p)(pl + a-d-,P)r(pl+a + m;p)r   "'

pa + 2r,       -p, + a/2 + r,      pd+r, p'~m

.^Itr+lVI+fCt+f-*)^ . pQpb + c-a-X-r    .

„a/2 + r n\+a-d+r        nl+a + r+m
P > F »      F

(4.3)

If we choose Q = p2+Oa-2b-2c-2d)i2*-m^ tjjen me ^ on me j-^gj-jt becomes summa-

ble by an analogue of Dixon's theorem [13, (IV.5), p. 247] with sum

(pi+a+2r;p)m-,(Pl+a/2-d;p)m-r

(pl+a/2+r;p)m-Xpi+a-d+r;p)m-r

. (pl+a;pUpi+a/2-d;p)m (Pl+a/2;p)r(pl+a+m;p\(pl+-d;p)r

(pl+a/2;p)m(pl+a-d;p)m       (pi+a;p)2r(pd-a/2-m;p)r

. (_\ypr(r+\)/2-mr-(\+a/2-d)r

by (2.8)-(2.10). When we substitute this in (4.3) and simplify we get

p",   -p1+a/2, pb, pc, pd,        p""

6<p5 .ppm+2 + (3<1-2b-2c-2d)/2

-p"/2,      pl+a~b,      p1+a~c       p,+a~d       pl+a + m

„\+a-b-c        -a/2   nd       „-m

_(p>+°;p)m(pl+°'2-d;p)„      p >   p   >p>   p

-( 1+./2. ) (-I+—.-) ««* 'P'P ■     (4-4)
\F iF)m\P ,P)m p\+a-b^ pl+a-c^ d-a/2-m

This is a a-analogue of [8, (2), p. 25].

Note that the 4<p3 series on the right is balanced and hence can be summed

whenever the parameters are such that it reduces to a 3<p2. For example, if

6 = 14- a/2, (4.4) leads to (2.2).

One can choose a higher value of \ in (1.15) and derive Watson's formula (2.17)

by making use of (2.2). However, since the result is already known we shall refrain

from this exercise and try to use (4.1) to find a transformation that, in the limit

q -» 1, goes to a known formula for a nearly-poised series of the second kind.

In (4.1) let us take

qa'= q,+"/2y    qa* = -qa'2Jr\    qa* = -ql+a-w,

qb> = -q°/\   qb2 = qan    qb>=q»,   9*4= _01+a+m. (4.5)
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Then the 6<p5 on the right of (4.1) reads

Pa+2r,     p,+a/2 + r,     -p,+°/2+r:     -q1+"-w+rt     q'~m,

5<P4 ;p,q,Qq2b+2c-2a-2-2r

_no/2 + r na/2 + r nw + r _~l+a + m + r

= Ar,   say.

In terms of the base a this is an 8<p7:

-qa+2r,     qy/-q"*2r,     -q\J-qa*2r,     qa+2r,     ql+a',2+r,     -ql+a/2+r,

Ar~ 8<P7
\/-qa+2r,     -\Z-qa+2r,    -q,       -q°/2+r,    g°/2+r,

_„] +a — w + r nr~m

.qQq2b + 2c-2.-2-2r    .

qw+r> _q\+a + m + r^

This has the form of (2.16) provided we choose Q = q'"+»+°-2b-2<+\ with this

choice of Q (2.17) then gives

A _{-qa+>+2r;q)m-A-q^2-r>q)m-r

(-g; g)m-,(-gfl/2+r; q)m-r

qa+2r,     q]+a/2+r,     -qw~a/2-\     qr~m

•4<p3 ;q,q- (4.6)

a/2 + r nw + r _nl+a/2-m + 2r

But the 4<p3 series above is the same as the one appearing in Corollary 1 if we

make the correspondence a—>a + 2r, w —» w 4 r, m —> m — r. Using (1.10), then,

we get

A        (-g°+1 + 2f; q)m-r(-q^2-'; q)m-r(-qa/2+r\ q)m-r(qw-°-'\ q)m-r(qw-"-'-m; q2)m-r

(-q; q)m-.r(-q'/2+r; q)n,-r(-q-/2-'; q)m-r(qW + ri q)n,~r(g}+t-"-m + 2r; g2)m-r

(g2 + .-,-m + 2,. q2)mr

(q"-°-";q2)m-r        ' ^        }

By using the identities (1.10) and (2.8)—(2.11) this is now simplified and sub-

stituted in (4.1). The end result is the following relation:

pa,    pi+"/2,    V+a/2>    />*. Pc -g]+a~w,    g~m

7<p6 .p^qa-2b-2c + w+m-H

p'/\        ~pa/2,       p1+a~b,    pl+a~c:    gw, -q*+°+»>

(-g°+u, ;).(<-; g)jjgw—m-x; g2)m(g2+°-w-m; g2)m

Hr; q)n,(q"; «W+fl"'-"; g2)m(gw-°-m\ g2)*,

' pl+a/2^      pl/2 + a/2^      pl+a~b-c^      p\+a-w^ p-m

•5<P4 '<P>P   ■    (4-8)

1+a-A pl+a-c^ p\+(a-w-m)/2^      p(3 + a-w-my/2

This is a a-analogue of [8, (2), p. 30].

We now turn to the applications of Theorem 3. As it is, (1.16) seems much too

general and rather useless unless the bi-basic series i+4ipi+3 on the right-hand side
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assumes simpler forms that can be summed. The first specialization we shall

consider is s = 1. So we first write down (1.16) for this special value of s.

'p",   -pi+a/2,   pb, pc, pd      '■   g"\   g~m

ifi \p,g,Q
-p"l2,        p,+a~b,    pl+a~c,    px+a~d:     gb',    gb2

/-o     (p;pU-Pa/2;p),(pK+1;p)2^PK/2-,p)t(-pK/2;pUpi+a-b;p)r(p1+a-c-,P^

(pK+d-°;p),(.ga'; g)t(g-m; g),(0 a-K)'

(px+t-d;p),(gb\gHg^g)i

\p°+»,     -/*«/»',    ,--*     :q°>+>,     q'--     ;p,q,Q] (49)
5<P4 -pa/2+l,        pK+l+21: qb> + l,    qb* + l '

where, of course, K=l+2a — b — c — d.

At this stage it is convenient to rewrite the 5<p4 on the right in terms of the single

base q. Denoting it by UmJ we have

pa+2',     -p1**/**',    P"-K     :     q"i+l,     qi-">

Um,i=5<P4 >p,q,Q
-pa/2 + l, pK+l+2l.       qb> + ',       qbi + l

- m [ -«a+2''   qV-qa+2',   -gV-ga+2/,   qa+21,   qa~K,

[ V-qa+2',     -V-ga+2'>     -g.       -q«+l+2<,

-q"-K,        q"' + ',     q'-m

;q,Q ■  (4.10)
qK+l+21,     q"'+',     q"^'

The only time that the series can be summed or even transformed is when it is

very well-poised, which implies that we must take

qh « _?«+i-«.    and   ab> = -qa+l + m. (4.11)

Let us now distinguish the various cases when Uml can be summed.

Case I. Q = q and the series is 2-balanced which requires

q«i =   _?2X-a+l+m (4 j2)

Then Jackson's summation theorem (3.1) gives

u   _ (-ga+1+2/; gL-A-g*+"a; g)„-,(g2*+'-a+2/; gL-,(g*+1-a; g)m.,

(-g; q)m-,(-qK+1+2!; q)m-,(qK+l+2'; q)m-,{q2K+l^; q)m-,

{-qa + l;q)m{q2K+X-a;qUpK+l-°;p)m    (-ga+1+"; g^g2**1-'*"; q),

(-g; g).(g2"+,-2a; q)m(pK+i;p)m      {qa-K~m; g)X-ga-^m; g),

(-g-w;gMg2g-2g-m;g)X^,c+';/')2/ ,413,

(-qa+i;q)2l(q2«-a+i;q)2l(pK+l+m;p)t'
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In deriving the last line on the right, use has been made of the identities (1.10)

and (2.8)-(2.10). When we substitute (4.13) in (4.9) on using (4.11) and (4.12) we

get, after some simplifications:

p-t     -pl+a/2,    pb, pc, pd :    -q2K-e+»<+\     q-"

7<p6 ; i' i

„fl/2 l+a-b „]+a-c        -j\+a-d.        „2a-2K-m _a + m+l

_ (-g"+x\ <)J^'-a; gUpK+l-°;p)m

(-<,;<,U<,2*+'-2a;<,U/>*+1;/>)m

pK^      pl + ^/2,       _p\ + K/2^      pa/2^ pl/2+,,/2^ pK+b'a,

10<P9 pK/2^ -pKl2, pK-"/2+X,      p*-»/**i/*,     p1+"-b,

„K+c-a        „K+d-a        „2K-a+\+m -m
P -      P >      P •      P a-K+1/2    ,      (4.J4)
-1+o-c _l+a-d a-K-m AT+l+m       "»' v '

This is a a-analogue of [8, (3), p. 31]. Another analogue was obtained by Bailey

[9, equation (1)] that transforms a balanced nearly-poised 5<jp4 into a very well-

poised balanced ,2<p,,.

Next, let us choose

Q = _tf2X-a + 2 + m-a, (4 ,5)

Then, by (2.17), we get

rj   _(-qa+x+2,;q)m-,{-qK~a+u,q)m-,

(-g;gL-,(-g*+,+2,;g)m-,

V + 2/,      qa~K, qK+1-a> + l,        q'—

•4V3 ;q,q  ■    (4.16)

-X+l+2/ a-a,+ l+/ _na-K-m + l
H i H ■> H

Case II. We take qa< = -q2K-"+m So that Q = q2. Then

„   _(-ga+1+2/;gL-A-g*-a+1;gL-,

{-q;q)m-,{-qK+l+2';q)m-t

na + 2l na~K a-K+\-m + t nl~m
q     »    q     > g >    g

•4V3 ;g'g

X+I+2/ 2a-2X+l-m + ( a-X-m + /
g j       g >       " g

_ (-ga+1+2/; g)-X-g*-+1: g)-i    (1 + g*-a)0 + g^a/2+-)

(-g; g)„,-/(-g*+1+2'; g)„_,    (1 + «*——0(1 + g*"a/2+/)

(q2K-°+2'; q)m-,(q1+K~a/2+'; q)m-jqK-\ g),-i f4 .-,

(g*+,+2/; gL-Xg^a/2+'; q)m-Jiq2K-7a;«)„_, '

by Corollary 1.
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Simplifying the products by using the identities (1.10) and (2.8)-(2.10) we can

show that

v   _ (-ga+1; q)m(g2K-a; gUpl+K-a/2;pUpK-°;p)m

mJ ("g; q)m(q2K-^ qUpK-a/2;PUpK+U,p)m

{pK-a/2;p),{pK+x;p)2,

(p1+K-a/2;p)t(pK+i+m;p)t

{q2K-a + m. q)i{q2a-2K^-m. g)/(.g«+'+»;  ^(-g-; q))

{pa-K+l-m.pWK-a.qU_qa+l.q)2i ^      >

We now substitute this in (4.9), simplify, and obtain the desired transformation

formula:

p«y     -p1*"/2,    pb, pc, pd: -q^'<'+'">        q-">

if 6 >p,g>p
_„a/2 „\+a-b        „\+a-c „\+a-d.       „2a-2K+\-m _„\ + a + m

F       > F >      F >      F H » H

_ i-ga+l; g)m(pl+K-°/2;p)m(p*-°;pUg2K-a; g)m

(-g; g)m(PK-°/2;p)m(pK+l;p)m(g2K-2a\ g)m

pk       p' + K/l,      _^1+*/2 pa/2^ p(a+\)/2^ pK+b-at     pK+c-a

lO^
pK/2^ -pK/2, pK+l-a/2,      p*+0-°)/2t      pl+a~b,       p1+"-c,

— K+d — a -2K—a + m n~m

;P,P°-K+l . (4.19)

nl+a — d na+\—K—m -K+l + m

This is a g-analogue of [8, (5), p. 31].

In order to take advantage of the sums in Corollaries 3 and 4 we now set j = 3

in Theorem 3 and take

qa, m  ?l+«/2       ga2 m _ql+a/2^      qbl = _qa/2<

qb> = qa>2,    qb> = -ga+1_a3,    gb> = -ga + l+m.

With these values (1.16) now reads

p",    pl + "/2,     -p, + "/2,    pb, pc, pd        :     g"\ q-"

8<p? ;p,g,Q
p<>/2 -p"l2 p, + a~b     pl+a~c,     pl+a~d:     -qa+l-"l,     _n<'+1+'n

_ y (pa;p)2t(p'+"/2;pH-p,+'l/2;pUpK>p)t(Pl+K/2;p)t(-P1+K/2;p)l

i-o     (p;pUp°/2; pU-p"*\ pUpk+,;p)2i(pk/2; pU-pk/2; p),

(pK+b~a;p),(pK+c-°;p),(pK+d-a;pUg">; gUq^i g),     ■ tg,.-^'

(pl+'-b\p)<(p'+a-c\p)i(p>+a-d\p)j:-ga+l-a>; gU-g°+l+m; g),

'a + 21 \+a/2 + l       _„\+a/2 + l a-* q"i+l nl~m

■efs >p,q>Q .
„a/2 + l _o/2 + / AT+1+2/. l+a + f-03 -l+a+m + l

(4.20)



226 B. NASSRALLAH AND MIZAN RAHMAN

Case III. Let ga> = -q2K-°+™ and Q = q. Then the 6<p5 series above becomes

' „a + 2l l+o/2 + / __l+a/2 + /        na~K        ■       _q2K-a + m + l        a'-™

6<P5 ; p, q, q
pa/2 + 1 _„a/2 + l K+X+21.       Q2a-2K-m + l        _„\+a+m + l

. (-qa+l+2'>q)m-,(q2K-a+2';q)m-t(pK"-,p)n,-l   m-,

(-<?; q)m-t{q2K-2a; q)m-iiPK+,+2,;p)m-,

_(-ga+x;g)m(g2K-°;g)m(pK-;p)m  (-g°+l+m; gUg2K~°+m; g),(gl+2<-2K-"; g),

(-<?; g)m(g2K-2-, g)m(PK+,;p)m       (-ga+l; gMg2K~°; gMpl+°-K~m;p),

(-g-m;g)t(pK+l;p)2t~ (42n
(pk+1+-,p),     q ' y     }

by (1.13) and (2.10).

Substituting (4.21) in (4.20) and simplifying, we obtain

' P",    Pl+a/2,     -pl+a/2,    Pb, pc, pd :     -q2K-"+m,        q-"*

%fi \p>q,q
pa/2 o/2 p\+a-b \+a-c        „\+a-d. 2a-2K-m+\        _„a+l+m

_ (-q°+l; gUg2K-a; i).(/-».J.

i-q;q)JLqlK-7';q)JLpK+u,p)m

' pK       p\+K/2t       _pl+/C/2        pa/2+\/2^ p°/2+l,       pK + b~",

'10f9
pK/2t -pK/2, pK-a/2+\/2^      pK~-/2y     pl+"-*,

„K+c-a        „K+d-a 2K-a + m -m

.ppa-K+\/2    .      (4.22)

nl + a-c nl+a-d „\+a-K-m        nK+\+m
F »       F >       F >      P

This is a g-analogue of [8, (4), p. 31].

Case IV. Let ga> = _^2x-a+m-i and q = q2 = p j^^ the ^ series m (4 2o)

becomes

a + 2l        „\+a/2 + l        _pl+a/2 + l        -s-«. 2K-a + m-l+/ n'~m

6<f)5 IP.?./'
o/2 + / a/2 + 1 DK+\+2l. 2K-a + m + 2 + l a+l+m+1

(-g°+>+21; g)m^l(g2K-'-^2'; g)m-ipK-'2^2+';p)m-tPK-'-1;p)m-ia„-,

(-<,; g^ig2*-2"; g)m-,(pK-°'2-V2+';p)m-l(pK"+2';p)m-l

(-<?a+1; g),(g"—'; ?U/-a/2+l/2;^(/-'-';;).

(-«; ?)m(«.2*-2a; <?)m(/>A:-''/2-,/2;/>),n(pAr+1;/>)m

(-Tw; g),(g'+a'-Mr-": gUpK-m'2-l'2;pUPK+l;p)2t-Q'+l+m: gUv"--**-: gii ,m*i

(-?°+1; rtsKfl2*--1; ?)2/(/>*-a/2+,/2;/0/G>2+a-*-m;/>),O>Ar+,+",;/>),

(4.23)

by (1.14) and (2.10).



HYPERGEOMETRIC SERIES 227

When we substitute this in (4.20) and simplify, we get

' p",      pl+"/2,      -pl+°/2,      pb, pc, pd\ _g2K-a-l+mt      q-m

8<P7 >p,q>p
a/2 -n"l2 pl+a~b       p1+0_c       pl+a~d-       q2a-2K+2-m l+a+m

(~qa + U, q)m(q2K-'-U, q)m(pK-'-,;p)M ~ PK-"/2-i/2+m) jm

(-<?! q)m(q2K-2a; q)m(pK+U,P)M - p^"'2^'2)

pK^      px+K/2,      -pl + K/2,      p°/2+l/2, p"/2+l,       pK+b~",      PK+C~",

,0<P9 pK/2^ -pK/2, pK-a/2+\/2^      pK-a/2^      pl+a-b^       p* + °-c,

-,K + d-a        D2K~a-\+m --m

;p,Pa~K+3/2 ■    (4.24)

p\+a-d 2 + a-K-m „\ + K + m

This is a g-analogue of [8, (6), p. 32]. This may be compared with Bailey's

transformation [9, equation (2)] that transforms a very nearly-poised 7<p6 to a very

well-poised balanced l2<pn.

In closing this section we would like to point out that the series on the left-hand

sides of (4.14), (4.19), (4.22) and (4.24) are very well-poised, even though in the

limit g -* 1 — they all approach nearly-poised series of the second kind. It is

conceivable that by starting with other extensions of (1.6) one may obtain transfor-

mations between series that are well-poised rather than very well-poised. We hope

to look into this possibility in a future work.

5. Analogues of transformations of nearly-poised series of the first kind. Let us

first reverse the order of the series in (1.8). We have

y     (pa;p)m-k(-pi+a/2;p)m-k(pb;p)m-k(pc;p)m-k(-ql+'-w; qU-kiq^; q)m-k     <m-M

k-o (p;p)m-k(-P°'2;p)m-k(pl+a-b;p)m-k(pl+a-c;p)m-k(qw\ q)m-k(-ql+a+m; «,)„-*

._(q""a;q)m(-q°+l;q)», y (p'+°—,P)„-k(pa/2;P)„-k(p°/2 + 1/2; p)m-k

(qw; g)U-g; g)m     k-o    (p;p)m-k(p1+°-b;p)m-k(pl+°-c;p)m-k

(p1+°-b-<;p)m_k(p-'»;p)m_k k (5 j,

{p{X + a-„-m)/2.p)m_k(p<2 + a-„-m)/2.p)m    J ' \'t

Simplifying the products by using (2.10) we obtain

y (pb-°-m\p)k(pc---m;p)k(-p,-a/2-m;p)k(p~m;fMj1'""; gM-g-"2"; g)k *„

k-o   (q;q)k(pi-"-m;p)k(pl-c-m;p)k(p]-°-m;p)k(-p^/2-m;p)k(-qw-a-,;q)k

_ (p;p)n,(-Pa/2;p)m(pl+tt-b;p)m(pl+'-c;pUgw; g)m(-g1+a+m; g)m(gw'a; <?U-ga+1; g)m

(p°;p)m(-Px+a/2\p)m(pb;p)m(pc\p)m(-g'+°-w; <,)„,(<.""; <?)m(<T; <?)m(-?; g)m

q-m*      (p'+°-w;p)m(p°/2;p)m(pa/2+'/2;p)m(pl+°-b-c;p)m(p-m-,P)n,      D„

(p;p)n,(pi+°-b;p)m(p'+°-c;p)m(pV+-w-m>/2;p)m(p<2+°—■**;*)«

pb~"~m,      pc~"~m,       p0-° + ">-m)/2t      p{y-a-")/2^      p-m

•5V4 \PiP    •
Dw — a — m        „1— a/2 — m _l/2—a/2 — m        0b + c—a — m
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Simplifying the coefficients, this leads to

_l-w-m        _Q-a — 2m. pb—a-m        pc-a — m        __1—a/2 —m        --m

6"P5 ;g,p,gR

_,w-a-m.       -jl—b—m _l-c-m „-a/2-m „\-a-m

( Ba. B\     ( TJ\+a-b-c. n\
=   V^   ' F)2m\F_lPjSL(_\\m0m(b + c-a)-m(m+\)/2

(p°;p)„(pb;p)m(pc;p)n,    )P

pb~"~m,      pc~"~m,       pC-a-m+\)/2t      /?(».-a-m)/2>       p-m

"5<P4 ,P,P    ■      (5.2)

pW-a-m l-a/2-m \/2-a/2-m b+c-a-m

Let us set

1 — a — 2m = A,    1 — w — m = A,    b — a — m = B,    c — a — m = C.

(5.3)

The coefficient of 5<p4 on the r.h.s. of (5.2) is, then,

t n\-B-C.     \    l     \-\-m. n\
*■"_' P)m\P_lPJjr!__(_i\'n   m(B + C+l-\)-m(m + \)/2

(pB+l-,-m;pUpC+i-,-m.p)^    tP

= {px-*-c,pUpx;p)J(px-*;pUpx-c;p)m,   (5.4)

by (2.4). Substituting (5.3) and (5.4) in (5.2) we get

-9A-',       qA :     PB, pC, -p'/2 + V2,      p-m

6<P5 .yq<pq3X + 2m-A-2B-2C

-gx~A:    px~B,    px~c,     -px/2, px+i+m

. (s-*:,u*p)m yx-AW2- p*-A+i)/2-pB- *   >~        1
(px-"p) (px-c-p)  5 4 ,q,p •
\F ,F)m\F ,P)m pX~A, pX/2,      pl/2 + X/2,      pB+C-\+l-m

(5.5)

This is the analogue of [8, (1), p. 32]. If we now let m -»• oo, then this approaches

the limit

y (gA; g)*(-g*~'; ■?)*(/>*;p)k(pc;p)k(-pl/2+x/2<p)k( n* k,k-u-kl2B+2c+A-l

k-o (q; g)k(-gx~A; g)k(px~B;p)k(Px-c;p)k(-Px/2;p)k

'    (\-A)/2 (\-A + \)/2       pB pC

= (P^P)~(P*-"-C->P)-mP '      ' ,p^-B-C
(PX    B\P)«,(PX    C;/>)» pX-A pX/^      pl/2+X/2

(5.6)

which is an analogue of [8, (3), p. 33].
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Finally, we reverse the series on both sides of (4.8), simplify by setting X = -a

- 2m, A = 1 - w - m, B = b - a - m, C = c - a - m and get

V,     gA: P,+X/2,     -/>1+V2,    PB, Pc,

7<P6
-qx+1~A:    px>2, -px/2,        px+l~B,    px+,~c,

p-
■ n    n    /,3X + 2»l-^-2JI-2C+2

X+l+m

= (p^;PUP^-B-c;p)m5V/        '" >p-P'    p

\P <P)m\P >P)m \-A + \ 1/2 „<*+l)/2        „B + C-\-m
F >       F       » F >      F

(5.7)

This is a g-analogue of [8, (2), p. 32].
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