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ON THE CRITICAL DEGREE OF DIFFERENTIABILITY
OF A COMPLEX PLANAR CURVE
BY
JOSEPH BECKER'

ABSTRACT. An example of a pair of complex analytic curves in C2 is given which
have the same characteristic pairs but which do not have the same critical degree of
differentiability.

In the theory of planar curves, the characteristic pairs play an important role.
From them one can compute the multiplicity sequence, length of the conductor, the
fundamental group of the complement, the Milnor number, etc. It has long been
desired to find an analytic invariant of complex analytic planar curves which
cannot be computed from the characteristic pairs. One such invariant [2], [20] is the
length of O /J, where J = (f,, ) is the ideal in C][x, y]] generated by the partial
derivatives of the defining equation of the curve. I give here a different invariant
using differentiable functions.

Let V be the germ of a complex analytic set in C*, p € V, and Op(V), @)p(V),
and Cp"( V) the germs of holomorphic, weakly holomorphic, and k times continu-
ously differentiable functions on V. By [11], there exists k such that Cp"(V) N
0,(¥V) = 0,(V), that is, every weakly holomorphic function on ¥V which has an
extension to the ambient space in a neighborhood of p which is k£ times continu-
ously differentiable has an extension which is holomorphic. Let k be the minimal
such k. It is clear that k is preserved by analytic change of coordinates. For V
irreducible at p, V is regular if and only if x = 0.

In §§1-5, we investigate the properties of k for irreducible curves in C2. In §§1
and 3 we consider curves with just one characteristic pair (p, ¢) and recall [3]
q—1<k<[p(qg—2)/q]+ 1, that the maximal value of « is attained for the
curve Z? = W, and that this value may also be attained for curves with char pair
(P, g) which are not analytically equivalent to Z” = W7 (in contrast with /(0 /J),
where the maximum is attained only at the special curve [20]). In §§3 and 4 we give
an example of two curves with the same characteristic pair but different x. In
particular, for ¢ — (¢% %), k = 5, but for t - (t*, * + '%), x = 3. In general it
seems difficult to characterize k in terms of any known invariant of the curve.
However for low values of «, this is quite easy: k > 2 if and only if the multiplicity
of Vis > 3.
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Associated to any Puiseux expansion of a complex curve W is a monomial space
curve V such that W is the generic projection of V, e.g. to (%, t + ct"),q < p <,
we have the corresponding curve (29, ¢#, ¢t"). It is natural to try to relate the critical
degree x(V) and k(7(V)), where 7 is a generic projection. (There is a relationship
[14] for the length of jacobian ideal, e.g. this length is minimized at the monomial
curve.) In §6 we will show that one can derive a relation between (V) and k(«(V))
under certain conditions, but that does not shed any light on the previously
mentioned example (1%, ¢° + ¢'°).

1. We begin by recalling some results from [3] without proof. The germ at the
origin of any irreducible analytic curve ¥ in C? can be normalized by a map
0(¢) = (¢9, tPu(t)), where p > ¢q, q does not divide p, and u(r) is a holomorphic
function with u(0) = 1. If V is singular at the origin, that is if ¢ > 2, then p and ¢
are invariant under biholomorphic change of coordinates. In this section we will
restrict our attention to the case where p and ¢ are relatively prime.

Let N = [p(q — 1)/q], where [x] is the largest integer which is less than or equal
to x. Notice thatp —2 >N > q — 1.

Lemma. If f € @)( V') there are unique constants b,, such that
q9—-1 N-1

flz,w)— X > bw,w"z"_N e O(V).

p=1 »=0
Furthermore b,, = 0 if pp + qv <gN.

COROLLARY 1. w97 !/ is the most differentiable element of 6-o0.

We now recall some results on the extension of weakly holomorphic functions on
the curve to differentiable functions on the ambient space. Let C*(V) denote the
algebra of complex valued functions on ¥ which have a k times continuously
differentiable extension to the ambient space. Let O(¥) be the algebra of complex
valued functions on ¥ which have a holomorphic extension to the ambient space.
Let @)( V') be the algebra of continuous complex valued functions on V which are
holomorphic at each regular point. Let x be the smallest integer k such that
ck)yn 6(v)y = o).

PROPOSITION 2. C¥(V) n O(V) = O(V).

PROPOSITION 3. CK(V) 0 O(V) = O(V), if k > p(q — 2)/ q. Hence
k<[p(g—2)/q] +1

PROPOSITION 4. There exists f € O(V) — O(V) with f € CTX V).

COROLLARY 2. g — 1 <k < [p(q —2)/q] + 1.

One may easily find p and g such that ¢ — 1 = [p(g — 2)/q] + 1, for instance
p = g + 1. On the other hand for p > g, we have ¢ — 1 < [p(q — 2)/4] + 1. For
the curve Z? = W9, k = [p(q — 2)/q] + 1, but for more general curves ¥ might be
any of the values allowed in Corollary 2. In §§2-4, we will show that for the curve
t - (2% %), k = 5, but for the curve t — (¢%, £* + '%), k = 3.
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2. It is easy to show that if V" and V" are two planar curves of multiplicity 2 and
with the same characteristic pair (p, 2), then ¥V and V' are analytically equivalent
and hence have the same k = 1 (by Corollary 3). So one need only study curves of
multiplicity > 3. We now show any such curve always has C' weakly holomorphic
functions which are not holomorphic.

PROPOSITION 5. If V is a planar curve of multiplicity q > 3, then k > 2.

Proor. We will give a weakly holomorphic function and its C! extension by the
Whitney extension theorem. As usual, let

0(t) = (29, t*u()),  u(t) = i at’,

i=0
be the normalization of V.

We begin by defining a sequence of integers (/;) as follows: set /, = ¢ and
assuming /,, . .., [ chosen, let / ., be the smallest integer / >/, such that q, # 0
and / is not of the form / = 37_, &;/; for any nonnegative integers o;. We continue
until G.C.D.(/;, . . ., ) = 1. Since 8 is a homeomorphism this process is finite. We
claim there is an integer ¢ > max{/;} which is not of the form =*_, a;/, a; € N. Let
g G.CD.of l;,...,l_y; note g > 2. Let (d)) be the set of integers of the form

=3kla il @ ; € N, arranged in ascending order and let m be the index such
that d,<l <d,,, Note thatd,,, —d, >g >2forallj. If | #4d,,, — 1, set
c=d, ,— 1 Because 0 < ¢ — I, < g, c has the required property. If [, = d,,,, —
1, set c=d,,,+ 1. Then ¢ — [, =2 and each / > 3, so ¢ has the required
property.

Then ¢°¢ is weakly holomorphic on V, but not holomorphic since ¢ is not in the
semigroup generated by the /. To give a C' extension of A(f) = t° we let
h; =h; =h, =0, and h, = ct“?/(pu + tu’). This data satisfies the chain rules
ct° ' = gt ', + 3,(tPu)h,, and 0 = g7 'h; + d(tPi)h,, so we need only check
the limit at the origin. We need to show that

i 1657 = ) — (5Pu() ~ ()R, (0)

5,60 [s? — t9] + |sPu(s) — tPu(?)|
st

Since A,(0) = 0, it is clear we may replace the top by just |s¢ — ¢¢|. To prove this
limit is zero it is sufficient to prove the limit is zero along every sequence
(s> ) — (0, 0). By passing to a subsequence, we may assume that either s; / 4 or its
inverse approaches a complex number of norm < 1. Suppose s;/# — A. Let

0,(s, 1) = (s"u(s) — thu(2))/ (s — 1)

=0.

and for/ > 1, let

s, = G2 = 3 sy

i=0
In order to show the limit is zero, it sufflces to show one of the following:

gc(sj’ t/) =

) j~o g(s;, 1)
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g(s, 1,

)

j=o Oy(s;, 1)

(B)

This requires a calculation. Because G.C.D.(}) = 1, we have g(1,A) # 0 for
some i. Let /, be the smallest /; for which this is true. If A = 0, then we see (A)
holds:

-1 -1
g(s4) _s—4 5+ - Y
lsp ) 5T h ST g0

%c—qz?:(;(sl/g)‘ + 24,;:? sjc—q—itji—l
21Zo(s/5)
q—1
/ >SAi=0.
i=0
In any case, since /, < ¢, the above argument shows that

Jlim g.(s, 5)/8,(s, 1) =0

q—1
—)[0 S A+0
i=0

and, hence, to prove (A) or (B), it suffices to show either (A") or (B).

(A) lim;_, , g, (s}, 1,)/ 8,(s;, 1) is bounded.

(B') lim;_, ., g, (s, £,)/0,(s;, ;) is bounded.
Let

5= =N+ 4y N =40+ ), g0 A0
§ =g =M =D+ (N )y,
If A7 = 1 and (A") fails, then #4~9/¢, — o0. Hence &t/ "% — 0 for each / > ¢. But
Oisp ) =& 2 @k Thutf + 14,
L<k<y

S; — S, S # 0. Hence 8,(s;, ;) = O(#*) and (B) holds.

ReMARK. Conversely if ¥ is a planar curve with k > 2, then the multiplicity
q > 3. This follows from Corollary 2.

—>1 asj— o0.

3. Now let us restrict our attention to the curve V in C%, Z? = W9, p > g,
(p,q) = 1. Let h,, = w"/z" and 6 = pp — qv; then h,(6(1)) = ¢°. We recall from
Bl

THEOREM 1. h,, € C™(V) where
_ | Le/p); [e/p] <qa -
q-—p+[(e-p(g—-wm)/q), [o/P] >q—p
THEOREM 2. h,, & C™*'(V).
COROLLARY 3. For the curve ZF = W% k =[p(q —2)/q] + 1.

PROOF. Apply Theorems 1 and 2 to w?™!/z.
Now combining the statements of Corollaries 2 and 3, we see that over the class
of curves with one char pair (p, q), k is maximized at the curve Z¥ = W9. However
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it is not strictly maximized: An elementary power series calculation shows that
t - (% 1% and 1 - (¢*, ¢ + ¢°) are not analytically equivalent. Corollary 2 shows
that for each of these curves k = 3. So analytically inequivalent curves with the
same characteristic pairs might have the same k. (More generally for any q > 1,
t— (9 t7%"Y and ¢ — (¢9, t7% (), both have k = ¢ — 1.) In order to find an
example of curves in C2, both with char pair (p, ¢) but with different x we must
pick ¢ — 1 < [p(q — 2)/q] + 1. In particular, ¢ — (¢*, ) has k = 5 and t — (¢4, ¢°
+ t1% has k = 3.

4. Special examples. We will now show that for the curve t — (¢4, ¢° + 119,
k < 4. It suffices to show that 1> & C4(V).

Suppose 1> has a C* extension F to C%; then there exist continuous F, = D°F
defined on C? so that

F = 3 E2 0 ) = oflx -y,

|la| <4

Composing with x = 0(s), y = 6(t) and letting f,(s) = F,(0(s)), f,(?) = F (0(?)), we
have that for each a,

— B
i) = 3 LEZE ) = oflas) - a1,

la+B|<4 B :
In particular,

fio - 3 LB

—————o(t))ﬁf () =o(s* — P + |s° + s - 1'9P).
1<3 B!

Substituting s = wt, w*, w’, where w is a primitive 4th root of unity yields

1 B
(E4) @ == 3 ) ~ 8O 1) = ot

First let us assume the Taylor series of f at the origin is zero; then by the Taylor
remainder theorem,

fu(x) = T3V, (x) = o(|x[*~ 1) = o(s'e~4).

In particular for any |a| = 2, £, (¢) = o(¢®) and for any |a| = 3, £,(#) = o(¢*). Hence
for

1BI=3,  (8(w'r) = 8(1)Fy(1) = O(")o(r*) = o(s™);
(ES)

Bl=2,  (8w') — B(1)f5(1) = O(™)O(F) = o125,
Substituting this into (E4) and considering just the first order terms:
(0° = )3 _[(ww — DO+ (@' - l)t“’]f,(t)
—[(59’ -+ @ - l)t_'o]f4(t) = o(1*5%).
Letting / = 2, 3 as above:

(wZ - 1),14 _ ( w?—1 w1 ) A0
w—1 003_ l+t(w2_1) w—l+t-((02—l) (;/1)9f4(t)

= o(1'%%).
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This matrix is nonsingular as

wr=1 -1

= —w(w?—-1)#0.

-1 w-1
Multiplying the equation by the inverse of the matrix:

o(11%) = (w? = 1)~2[w— 1+1(w-1) 1 —w2Hw2 _ l]t"‘

o+ t—t|1-®+1(1-0?) *-1|lw—-1
£(1)
) [ (/1Y) }
=[.L - _{ ) }
w—i+tfle+t] | (/%0 |

Hence
f5(5) = 1"(C\f + Cyf? + Cytt) + higher order terms H,,
where C, # 0, C, # 0, Cy # 0 are constants, and H,(f) = o(¢'®).
fi() = 3/0(Ci + Cit +C382 + Citt) + H,,

where Cj, Cj, C;, C; are nonzero constants and H(z) = o(t'6).
Now consider the second order Taylor series of f;:

fi(s) = (1) =[(s* = M)g,(1) + (s* = %) gy(0)
+ (P +s50 -2 — g () + (5P + 50— - 119 g.,(t)]
+2nd order terms

= o(|6(s) — 8(1))-

Restricting to the lines s = w?, w%, we have

2 _ R 2 _ 2 _ 83(1)
(w3 l)tst—( . w 12 w - 12 ) = = o(?").
w -1 W -1+ Ho?—1) wo—-14+1t(w*-1) (t/1) gD
Multiplying through by the inverse of the matrix:

tst: [ —w+ t-] _ g3§t) = o(1).
w—t+t t (1/1) 84(2)

g(1) — Ct’t = o(1%), C#0,
gi() — C't¥/ = o(1"), C’ #0.
But g; and g, are both twice differentiable. For i = 3,4, g, — T02g, = o(#%), so

£’ —T2g, = o(t%) and 1/ — Tlg, = o(").

Hence

(E6)
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Since the second order Taylor series is all monomials in ¢4, ¢* ¢ + ¢'°, and
2 + £, it is easily seen that neither #* nor 7'*/® can be cancelled by the Taylor
series. Hence we have a contradiction.

Alternately we could apply the preceding argument to g,, i.e., g4(w?f) — g4(t) =
O((w — 1)£°) by a first order Taylor estimate, but gy(wt) — g(?) = (> — )¢’ +
o(t") by the previous results (E6). This gives a contradiction.

In general, we do not have the Taylor series of f is zero, so we replace f by
h = f — Pf, where Pf is the partial Taylor series of f about the origin consisting of
all the terms from fwz’ fwi’ sz’ fWE; fww’ fwﬁ’ fW; fwzz’ fwzz" fwz'z" fvTvzz’ szz" sz‘z‘; fwwz’ wwz?
Jawzs Sowzs Somzs Jowzs Sowws Suwws Swwiwr Sowwe L€t I be the set of multi-indices a
associated to the derivatives in the list. Note that f — Pf does not necessarily have
any ¢ term because if £, (0) # 0, it gives rise to a > term which might cancel out
f. However h(?) is a polynomial in ¢ and t. Note

(a) ordy h < 23;

(b) fora € 1, h,(0) = 0;

(c) for |a| = 2, h(¢) = o(t");

(d) for all a,

— B
- 3 COZH, ) - ogas) - s,
|Bl<4—]a| :

(e) the initial terms of h,, a € I, are all distinct, and {rot(h,)}, <, are all distinct.

For a polynomial 4 in ¢ and ¢, let ord h denote its order as a power series in ¢ and
t. Let int h be the initial term of h as a power series in ¢ and 7. Let rot h be the
rotation of A, that is, the finite set of integers {i — j}, one for each monomial t'e
with nonzero coefficient in the initial term of A, i.e. rot(t’¥') = i — j.

Next consider the case where Pf has only one monomial ¢%# in its initial term.
Let r = rot(h) mod 4, 0 < r < 3. Now the argument proceeds as before. We have

(wzr-l)i"_( w?—1 w1 ) ha1)
W —1) 7P W =1+ 10— 1) 0= 1+ = 1)]| (/1) h2)

—_ o(ti+j-9+l/2).
Inverting the matrix, we get

h
o(ti+j—8.5) = l_ A- ti—9t’j _ ) 3§t)
w—t+t (¢/¢) hy(D)

where
r=1 r=3 r=2 r=0
A= —w+1t -t [—l] [0].
t w+t -1 0

Previously we continued to work with A;—now depending on r, we work with either
hy or h—whichever has odd rotation. By repeating the same argument we again
arrive at a contradiction.
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rot h rot h, rot h,
Joos S Jazor S Joiz 3 1 2
W T S N R 2 1 1
Jows Fois Sozzr Sucir Sz 1 0 0
S Fioer Sz 0 - -
Swws Joowivr Sovivis S 3 1 2

The last row gives rise to terms of order > 23 so it can be forgotten in the

calculation. The second to last row has a slight extra problem—for instance
fo = 0 + 210 + 019 + 110,

£ rotates itself away, but #%'° and 1'% have rotation 3 and 1 mod 4, respectively,
and the corresponding (h;, h,) have rotation (1, 2) and (0, 1), respectively. So we
may work with either A, or h,.

The general case where int PF has several monomials proceeds exactly as the
above argument. One simply introduces enough notation to keep track of the

various coefficients. The details are left to the reader.

5. Examples continued. We now improve the results in §4 to show that 12 ¢
C3(V) and, hence, by the remark of §3, that k = 3.
We assume 2 € C*(V) and argue to a contradiction. Let

L=50 o= (1/0)f0), & =30,
= %(t_/t)lsfw(’), 8 = (t-/t)gfw(t)-

We let w = i be our primitive 4th root of unity. Note that by a first order Taylor
series estimate restricted to the lines s = i't:
(E7) g(i't) — g(1) = O(®) forj=1,2,3,1=1,23.

Next, considering a 3rd order Taylor estimate of f restricted to the lines s = ¢,
—t, —it and with ¢ replaced by + it, throwing away the third order terms we have

1+ L=i+2t  1+i+20 |[f(ir)
S Bl [ R ST, PR e 11 f4(,~,)}
-2 ~2i 2i
2 2 g:(it)
2 -2i gi(it) | = 0(t"),
—4 -4 4] g (in)

where the last matrix has been written modulo the ideal generated by ¢ and .
Performing row operations, this becomes

2 0o 2 f 2 4i+2 2| &
™ o |+lo0 o0 [; +{ 0 4 0 || & | =00
+1 1 4 =2i -2i +2i || 8
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where both the first and third matrices are written mod (¢, f). From the second row,
g,(it) = O(t%). Hence we have

(E8) £:(1) = O(+°).
Repeating this Taylor estimate with s = ¢, —¢, it and ¢ replaced with -it, we have
1—i 1+i+2t 1-i+2 it
t"‘[ 2 |+ 2i -2 ;32_1,3 }
-1—i 1+i+2t -1—i+2f 7"
PR S
+| -4 -4 4 || g-it) |2 = 0(tY),
(20 2 +2]| gy(eir)

where the last matrix is written mod (¢, ¢). Performing row operations yields

2 0 21 4] 2 4-—4i 2i[8]
M+ -1 1 [ i + =2 =2i 2| & | = O(tP).
0 0 0]fL/4] 2 4 0] 8|

Hence g,(-it) + g,(—it) = O(t°). By (E8) and (E7), we have
(E9) () = O(¢%).
Again restrict the Taylor estimate to s = ¢, it, —it with ¢ replaced by -, giving

2 2420 2+2][ £y
M=+ T+ 1—i[f’( )]
L+i] | 1=i 1+ |[fD
4 4 41 &)
+ 20 20 2| -0 | = O(t"),
=2i 2 2| gy(-1)

where the last matrix is written mod (¢, £). Performing row operations, we have

2 2i 2]y 2i—2 2-2i 2+2][&
t" 4|+l 0 -4 [ ]+ 8i -8 0 8 | = o(1").
0 o o l[lfe]l l2ic1 - 1 || &
Hence

(2i = Dgy(-1) — gx(=1) + g3(-1) = O(°).
By (E7)-(E9), we have
(E10) g:(1) = O(t%).
By (E8)-(E10), we can find a 3 X 3 matrix A with entries being polynomials in ¢
and ¢ such that 4 mod (¢, ) = I and

&1
82
83

A = 0(¢%).
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Since 4 has entries in C{¢, }, the local ring of convergent power series, A has an
inverse matrix. Multiplying by 4 ~!, we have

(E11) Each g(1) = 0(¢°).

Finally restrict a 3rd order Taylor series of f to the lines s = it, —t, —it to give

IM[—‘I'_EI i-1-2t —i—-1-2 lfs(,)}

+ -2 2
. t
i—1 —i—1-2t i-1-2f 20

2 2 2] &®
+| 4 4 4l g) | = 0@Y).
2i =202 g4(1)
By row operations, we get
-2 0 -2 1, -2 4i-2 2 || &
] I [ I S R | i + | 2 2 2 || & | = 0(").
1 0 0 4 1 1 0]] 8

Hence

'+ [ g (1) + g(1)] = O(eP).
By (E11), we have ¢'* = O(¢"). This is a contradiction.

6. It seems quite natural to ask what « is for the more general curve (%, #° +
c1'%), ¢ a nonzero constant, i.e. the generic projection into C? of the space curve
(¢4, 1%, t'%. By this point I am sure the reader would prefer that the details be
suppressed. For ¢ # i, —i, or -1, k = 3 as shown by the method of §5. However, for
¢ = i, —i, or —1, the calculation of §5 fails, but the method of §4 shows that k < 4.
In fact for these three values of ¢, k = 4. The proof of the inequality k > 4 will not
be given here; the existence of the required extension of 2 to & can be
demonstrated by using the Whitney extension theorem [15].

Also one may consider space curves and ask what « is for the curve W in c
given by (¢4, ¢°, 1'°). Since [3, Theorem 5] k < the conductor number of the curve,
i.e. the smallest integer n such that ideal(sing W)’"@(W) c O(W), we see that
k < 4. Since 1'> € (W) — O(W), and by Theorem 1, ¢'* on the curve (¢4, ¢°) has
a C! extension, it follows that it has a C' extension on the curve (¢4, ¢°, t'%). Hence
k > 2 for the curve (¢%, 1%, t'°). The author has not determined precisely what value
x has for the curve (¢4, ¢°, t'°), only that 2 < « < 4.

It is natural to try to relate k of the space curve (¢%, ¢°, t'°) and « of its generic
projection (1%, ° + c'%). With this goal in view we introduce the following defini-
tion of tangent space of an analytic variety with respect to C k functions.

DEFINITION. Let V be a germ of an analytic variety in C" and I(V, C*) the ideal
of all germs of C* functions vanishing on V. Let

T(V, C*) = [a EC'=R>" 0= aing-+ E,%{— forallf € I(V, C")}.
i=1 i Z;
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Clearly T(V, C*) is a real vector space but not a priori a complex vector space;
T(V, C*) is easily seen to be the tangent space to the smallest C* manifold
containing V. Clearly

T(V,cHcT(Vv,C**Y)Yc...c T(V,C*®) = T(V, 0).

Also T(V,C") is a complex vectorspace [6], and if V is singular [4], then
dim T(V, C') > dim V.

PROPOSITION 6. Let V be an irreducible complex analytic curve in C", let 1I:
C" — C? be a linear projection transversal to T(V, C*), i.e. II"'(0) N T(V, C*) =
{0}, where k = k(IL(V)). Then x(II(VY)) > «(V).

PrOOF. It suffices to let h € O(V) N C*™*) and show h € O(V). Now the
projection II induces maps O(IL(V))— O(V), OII(V)) — O(¥), CkIL(V)) -
CK(V). 1t is clear that @(H( V) = (9(V) since both V and II(V) are irreducible
curves. Since IT is transversal to T(V, C*), we also get an equality C¥(II(V)) =
CX(V). So

hed(V)n CON(Y)=h e OIL(V)) N CAMNIL(V))
=0(II(V))=h € O(V).

Unfortunately this result, while it does shed some light on the general question,
does not help us with our particular example because in [S, Example 2], we showed
that T((¢%, ¢, 1'%, C? = C?, so any projection IT: C*>— C? cannot possibly be
transversal to the tangent spaces in question.
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