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FINITENESS THEOREMS FOR APPROXIMATE FIBRATIONS
BY
D. S. CORAM AND P. F. DUVALL, JR.!

ABSTRACT. This paper concerns conditions on the point inverses of a mapping
between manifolds which insure that it is an approximate fibration almost every-
where. The primary condition is w;-movability, which says roughly that nearby
point inverses include isomorphically on the ith shape group into a mutual
neighborhood. Suppose f: M™ —» N" is a UV'! mapping which is ,-movable for
i<k—1,and n > k + 1. An earlier paper proved that f is an approximate
fibration when m < 2k — 1. If instead m = 2k, this paper proves that there is a
locally finite set S C N such that f|f ~(N — S) is an approximate fibration. Also
if m = 2k + 1 and all of the point inverses are FANR’s with the same shape, then
there is a locally finite set £ C N such that f|f~'(N — E) is an approximate
fibration.

1. Introduction. This paper is concerned with conditions on the point inverses of
a map which imply that the map is an approximate fibration. In [C-D;], it was
shown that if f: M™ — N" is a UV'' mapping which is ,-movable for i up to the
middle dimension, then f is an approximate fibration (terminology will be ex-
plained later in this section). In this paper we study the consequences of relaxing
the movability assumptions by one dimension and obtain results analogous to
Lacher’s finiteness theorems [L,], [L,]. As in Lacher’s work, there is an even- and
an odd-dimensional case. Here are the statements of our main results in this
direction.

THEOREM 2.5. Let f: M?* > N" be a mapping between manifolds with n > k + 1.
If fis UV and m-movable for all i < k — 1, then there is a locally finite set S ¢ N
such that f is an approximate fibration over N — S.

THEOREM 4.4. Let f: M***! s N" be a UV'! mapping between manifolds, n > k +
1. If f is m-movable for all i < k — 1 and all the point inverses of f have the same
shape and are FANR’s, then there is a locally finite set E C N such that f is an
approximate fibration over N — E.

The paper is organized as follows. In §2 we derive some algebraic information
concerning the point inverses of our mappings and prove 2.5. §3 is devoted to a
generalization of the winding function analysis used in [C-D,] and [C-D,]. §4
contains the proof of Theorem 4.4. In §5 we use the results of this paper to remove
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the nondegeneracy assumptions in [C-Ds] and [C-D,]. Finally, in §6, we give several
examples of mappings which illustrate the need for some of the hypotheses in our
results.

We shall use the following notations and conventions. We use H' and H, for
Cech cohomology and homology with Z (= integer) coefficients and #, for “Cech
homotopy”, i.e., 7(X) is the inverse limit of the usual homotopy groups of a
neighborhood system of X when X is embedded in an ANR. The worst spaces we
shall encounter in homological calculations will be (pointed) FANR’s [B], [M].
Since the inverse systems associated with such spaces satisfy the Mittag-Leffler
condition [0], we shall use tools such as the Mayer-Vietoris sequence and Universal
Coefficient Theorems without further justification.

If f: E— B is a mapping, then F, denotes f~'(b) for b € B, and U denotes
f~YU) for U c B. We study inclusion maps so frequently that we adopt the
following convention. Every unlabeled arrow or arrow labeled without explanation
indicates an inclusion or inclusion induced homomorphism.

Let f: E — B be a proper, surjective mapping between locally compact, separable
metric ANR’s. We say that f is @,-movable at b € B provided that for each
neighborhood Uy of F, there are open sets U and V with b € V Cc U C U, such
that for each ¢ € V and each e € F,, 7, (F,, e) maps isomorphically onto the image
of m,( V,e) in i ( U, e) under the inclusion induced homomorphisms. A map is
m,-movable if it is m,-movable at every point of the range. The property H,-movable
is defined similarly using homology. Notice that a k- UV mapping [Ls] is m,-mova-
ble and a k-uv mapping [Ls) is H,-movable. For definitions and basic properties of
approximate fibrations, see [C-D,] and [C-D,).

We will need the following converse to [C-Ds, Theorem A] in §4.

LEMMA 1.1. Let p: E— B be a mapping between locally compact, separable
ANR’s. If p is UV and w-movable for all i < k where k > 1, then p is H;-movable
for all i < k.

ProoOF. Without loss of generality we may assume that E and B are Q-manifolds
[C-Dg, Lemma 2.2}. Given b € B and a neighborhood U, of b, choose contractible
open neighborhoods V' C U of b in Uj satisfying «;-movability for all i < k. Given
¢ € V, choose contractible open neighborhoods X C W of c in V again satisfying
m~-movability, i < k.

Now consider the following commutative diagram:

7 U, W) - W;W — 71}0 - 77,.(17, W)
o 5 I Vo
H.,(UW) - HW - HU - H(UW)

where the horizontal rows are portions of exact sequences of the pair (U,..Vf’).' and
the vertical arrows are Hurewicz homomorphisms. Wheni < k — 1, 7, (U, W) =
a(U, W) =0 by [C-Ds, Lemma 2.3]. Hence H,,,(U, W) = H(U, W) =0 and
H,W — H,U is an isomorphism. When i = k, this argument shows only that
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H,Jf’—) H, U is an epimorphism. To show it is also monic consider that m V-
7rkU is likewise an cplmorphlsm However, 7, F, includes isomorphically onto
image of , Vin m,U, so #,F, > m, U must be an isomorphism. Similarly, 7, F, —
M W is an 1somorph1sm Therefore m, W m, U is an isomorphism. Also smce e p is
UV!, U and W are simply connected by [L;, Lemma 5.1]. Hence ‘ﬂ'k.,,](U W)—>
H, +I(U W) is an isomorphism. A S1mple diagram chase now shows that HkW—>
H, U is monic. It follows that H,F, — H,U is an isomorphism for all i < k, so p is
H,-movable.

2. The even-dimensional case. We first recall a lemma which we shall use
frequently.

LEMMA 2.1 [C-Ds, LEMMA 4.1). If f: M™ - N" is a UV, 7-movable mapping
between manifolds for all i < k — 1, then for each y € N, H/(F,)) =0 for j >
max{m —k+ 1, m—n+1}.

Next we study the cohomology groups of the fiber F, in the next smaller
dimension. The following three results are based on an argument in [L-M].

LEMMA 2.2. Let f: M™ — N" be a mapping between manifolds which is UV and
@;-movable for all i <k — 1, where n > k + 1. Suppose that Y c BC W C N
where W is homomorphic to R", B is a tame n-cell in W and Y is closed. If
H(Y)=0 for i >n—k and W — Y is simply connected, then the inclusion
H™ % ~Y(B)—> H™ % ~Y(Y) is an epimorphism.

PROOF. W is simply connected since f is 1-UV, so W is orientable. By duality,
H(W,W — Y)=H"/Y =0 for j <k and H(W, W — B) = H"/(B) = 0 for
J <k —1. It follows from the exact sequence of (W, W — Y, W — B) that
H(W—-Y,W—-B)=0 for j<k—1 so that (W-Y, W~ B) is (k—1)-
connected by the relative Hurewicz theorem.

Therefore (W — ¥, W — B) is (k — 1)-connected by [C-Ds, Lemma 2.3] and
H,( W—-Y W- 5) = 0. Now consider the commutative diagram

H™ *B 5 H™ %Y
l = =
H(W,W—-B) > H((W,W-Y)>H,_(W-Y, W -B)

where the top row is inclusion, the vertical arrows are duality isomorphisms, and
the bottom row is from the sequence of the triple. Since H,_,(W — Y, W — B) =
0, a is an epimorphism.

LEMMA 2.3. Let f: M™ — N" be a UV, m,-movable mapping between manifolds for
all i<k —1,n >k + 1. Suppose that W is a Euclidean neighborhood of a point
y € N and B is a tame n-cell neighborhood of y in W. Then H™*f~Y(B) is finitely
generated.

PrROOF. Choose an n-cell B, C W containing B in its interior V. Since B is
compact and V is an ENR, Lemma 2.1 of [L-M] gives a finite polyhedron P and



386 D. S. CORAM AND P. F. DUVALL, JR.

~ B ~ . . .

maps B5 PS5V such that Ba is the inclusion. By the above lemma with Y = B
and B = B,, H" *B, —» H™ *B is an epimorphism. Since this epimorphism fac-
tors through H™ %(P), H™ *B is finitely generated.

THEOREM 2.4. If f: M™ — N" is a UV, m,-movable mapping between manifolds for
all i < k — 1, where n > k + 1, then

S ={y € NJH™"*F, %0}
is locally finite.

PROOF. Let y € N and suppose that y is a limit point of S. Let Y be y together
with a sequence in S converging to y. Let W be a Euclidean neighborhood of y and
let B be a tame n-cell neighborhood of y in W. We may assume Y C B. By the
above lemmas H™ *B — H™ %Y is epic and H™ *B is finitely generated, so
H™ %Y is finitely generated. This is a contradiction since Y has infinitely many
separated components with nontrivial cohomology.

THEOREM 2.5. Let f: M* — N" be a mapping between manifolds with n > k + 1.
If fis UV and m.-movable for all i < k — 1, then there is a locally finite set S C N
such that f is an approximate fibration over N — S.

PROOF By Lemma 2.1, H/(F)) = 0 for all j > k + 1 and all y € N. The set

={y € NIH"F # 0} is locally finite by Theorem 2.4. Ify € N — S, then F is
i-uv for all i > k by [L,, Theorem 3.1]. Hence by [C-Djs], f |N S is m,-movable for
all 7 and is an approximate fibration [C-D,].

COROLLARY 2.6. Let f: M** —> N" be a UV'' mapping between manifolds, n > k +
1. If f is m-movable for i < k — 1 and all of the point inverses have the same shape,
then f is an approximate fibration.

3. Winding functions. Throughout this section suppose that f: £ — B is a proper
surjective mapping between ANR’s such that for each b € B, F, is a FANR. Also
suppose that for some k and g, H,(F,) = Z7for all b € B.

Given b € B, one can use the strong movability properties of FANR’s [M] to
show

(i) if U is a sufficiently small neighborhood of b, H,(F,) — H,( U) is monic, and

(ii) if U is any neighborhood of b and V is a sufficiently small neighborhood of &
in U, there is a homomorphism r: H,( 17) — H, (F,) such that

Hy( ‘7) g Hy( U)
r~ 7
H,(F,)

commutes.

If A is a closed subset of B, let K(A) be the set of points b € 4 such that for
each neighborhood V of b there is a point ¢ € V' N A such that H,(F.) » H,( V)is
not monic. K(A) is clearly closed. In fact, we have the following.

LeEmMMA 3.1. K(A) is closed and nowhere dense in A.
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PrOOF. Suppose, to the contrary, that there is an open set U, such that
U, N A C K(A). We may assume that cl U, is compact. Using (i) and (ii) above,
we can construct sequences {b,}, {U;}, and {r,;} such that

@b €A bcUccadlcU._y;

(b) diam U, < 1/i;

(©) H(F,,)— Hk(Z is not monic; and

(d) there is a factorization

H(T) >  HJ(O.)
AN 2

H(F,)

Let b = N2, U,. Choose an i such that H,(F,) —> Hk(U ) is monic. By our choices,
the following diagram commutes.

Hka —-> Hka

Since H F, and H, F, have the same rank and H,F, — Hkl7,. is not monic, we
have a contradiction.

In particular, we shall denote K(B) and K(K(B)) by K and K2, respectively.

Now, given b € B, let U and V be neighborhoods of b that satlsfy (i) and (ii) as
above. Given ¢ € V, let ¢. be the composition H, F, — HkV—> H.F,. Define a
function a,: ¥ — R by a,(c) = |det ¢ |. We say that a, is a k-winding function of f
about F,. When the reference point b is clear from the context, we shall write a
for a,.

LEMMA 3.2. Let o, be a k-winding function for f about F, with domain V and
supposey € V. Then there is a neighborhood V, of y in V and a k-winding function a,
about F, such that for each x € V,, ap(x) = a(y) * &, (x).

Proor. Using (ii), choose V), such that the inclusion Hkl7y — H,V factors

through H, F, via r’. Then in the composition
H.F,5HV,5HFSH VS HF,
we have a,(x) = |det 7j| - |det ri| = a,(v) - a,(x).

LemMA 3.3. If a,: V — R is a k-winding function, then ay, is lower semicontinuous
at each point of V — K.

PrOOF. If y € V' — K, we can choose a neighborhood ¥, as in the above lemma
so that a,(x) # 0 for all x € V). Then for x € V), ay(x) = ay(»)a,(x) > ay(»).

LEMMA 34. If ay: V - Z is a k-winding function, the set of points at which ay is
continuous is dense and open in V.

The proof is a standard argument with lower semicontinuity. See [Bo, p. 395].
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The next lemma explains why we are interested in the analysis of winding
functions.

LemMA 3.5. For a point b € B — K, the following are equivalent.
(1) Whenever b is in the domain of a k-winding function a,, a, is continuous at b;
(ii) o, is continuous at b; and
(iii) f is Hy-movable at b.
Furthermore, the set of points which satisfy (1)—(iii) is dense and open in B.

Proor. Clearly (i) = (ii). Suppose (ii) holds. Given a neighborhood U, of b,
choose neighborhoods U and V such that H,(F,) - H( U) is monic, and so that a,
is defined on V. Since a, is continuous at b, we may assume a,(c) = 1 for all
¢ € V. It is easy to check that V and U are neighborhoods needed to verify the
definition of H,-movability at b, so (i) = (iii). If f is H,-movable at b, it follows
that b has a neighborhood V with o, = 1 on V. (i) then follows from Lemma 3.2.
The last sentence of the lemma follows from Lemma 3.4.

THEOREM 3.6. Let f: E — B be a proper, surjective mapping between ANR’s such
that for each b € B, F, is a FANR. Suppose that for some index k, there is an integer
q such that H,(F,) = Z7 for every b € B. Then there is a dense open set B, C B
such that f|f~'(B,) is H,-movable.

ProoF. This follows directly from the above lemma and the fact that B — K is
dense and open.

REMARK. If, in the above theorem, we assume instead that 7, (F,) = Z? for all
b € B, the same program can be repeated to show that f is 7, -movable over a
dense open set.

COROLLARY 3.7. Let f: E— B be a proper, surjective, UV' mapping between
finite-dimensional ANR’s with FANR point inverses. If all the point inverses have the
same shape and H F, is free, then f is an approximate fibration over a dense open set
in B.

PROOF. Let n = dim E. The set By = N,_, B, is dense and open and f is
H,-movable over By, 2 < k < n. By [C-Dy], f is m,-movable over B, for all k, so f is
an approximate fibration over Bj [C-D,}.

4. The odd-dimensional case. Throughout this section we assume f: M**! 5 N”,
n > k + 1, is a proper, surjective mapping between manifolds (without boundary)
with UV'!, FANR point inverses and is 7,-movable for i < k — 1. The next lemma
summarizes what has been proven about this situation up to this point.

LEMMA 4.1. Assuming that the Euler characteristic x(F,) is constant, then

(l)HjI';, =0forallj >k +2andy € N;

(2) the set S = {y € N|H**'F, # 0} is locally finite;

(3) there is a dense open set N, such that f is an approximate fibration over Ny; and
(4) for eachy € N — S,

H.F, =

y

QorZ, forn=k+1,
0, forn >k + 1.
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Proor. Statements (1) and (2) follow from Lemma 2.1 and Theorem 2.4. If
y € N — 8§, by the Universal Coefficient Theorem [S], rank(H;F)) = 0if j > k +
1, and H,F, is free. Also, H,F, = HF, for all y, z € N and i <k — 1 by the
m;-movability and Lemma 1.1. By our Euler characteristic assumption, there is an
integer g such that H;(F)) =~ Z% for y € N — S. By Theorem 3.6 there is a dense
open set Ny C N — S such that f is H,-movable over N, so f is an approximate
fibration over N, by [C-D;].

Now the arguments of Husch [H] show that for b € N,, F, X T' has the shape
of a closed 2k + 1 — n + i)-manifold where T" is the i-fold product of circles for
some i. Then statement (4) follows from the Kiinneth formula.

Lemma 4.1 shows that if x(F,) is constant, f is an approximate fibration except
over a closed, nowhere-dense set E. To analyze the set E further, we need the
following lemma whose proof is the same as that of Lemma 5 of [C-D,].

LeMMA 4.2. Let a: V — R be a k-winding function for f about some fiber. Suppose
there is an arc A C V with Bd A = {c,d} such that A — {d} C NyNn A and
a(c) = pa(d). Then the inclusion F; C Aisa shape equivalence and ¢: H (F,) —
Hk(i ) is multiplication by p. '

THEOREM 4.3. Let f: M**' > N™ be a proper surjective UV' mapping between
manifolds with FANR point inverses. If f is m-movable for all i < k — 1, n > k + 1
and x(F,) is constant as y varies through N, then there is a countable set E C N such
that f is an approximate fibration over N — E.

Proor. If Hi(F)=0 for y € N — S, it follows from [C-D4] that f is an
approximate fibration over N — S, so we may as well assume that n = k + 1 and
H(F)=Zfor all y € N — S. Since S is locally finite, we may assume that S is
empty and that Ny (from Lemma 4.1) is the dense open set of points for which the
three equivalent conditions of Lemma 3.5 hold. We can write N — N, = D = D,
U D,, where D, is perfect and D, is countable. We claim that D, is empty. To
show this, we assume D, # & and consider two cases.

Case 1. Suppose D, — K # &. Then D, — K is dense in itself. Choose a point
b€ D, — K and let a,: V' — R be a k-winding function, where ¥ N K = & and
a > 0on V. Since a|V N D, is lower semicontinuous, there is a pointd € D, N V
such that a|V' N D, is continuous at d. Let W C ¥V be a Euclidean neighborhood
of d and let B be the interior of a tame n-cell in W containing d. Choose B small
enough that a(d) divides a(y) for everyy € B and a(y) = a(d) foreveryy € B N
D,. We claim that a(c) > a(d) for some ¢ € Ny N B. Otherwise, a would be
constant on B N (N, U D)), say a(c) = q. Then for any d, € D, N B, we would
have a(d,) < ¢ by Lemma 3.2 and a(d,) > a(d) = g, so a| B would be constant.
This would imply that a; = 1 on a neighborhood d by Lemma 3.3, so d € N, by
Lemma 3.5, a contradiction. Since D, is perfect, there is a sequence {d], dj, . . . } of
distinct points in Dy N B. Choose arcs 4] C B such that Bd 4; = {c, d/}, 4] N 4]
= {c}, i #J, and 4] N D, = . Let d, be the point of 4] N D, closest to ¢ along
A/ and 4; the subarc of 4] from ¢ to d. Let T, = f~'(U/_, 4,). It is straightfor-

i1

ward, but tedious, to show that H,,(7,) =0 and H,(T,) =Z & Z;~', where
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p = a(d)/a(c). One uses induction, Lemma 4.2, and the Mayer-Vietoris sequence.
It follows from the Universal Coefficient Theorem that H**!(T,) = (Z,y ~"'. (Note
that 7, is a FANR by [D-S, Theorem 9.3.4].) But H**'(B) — H**\(T)) is epic and
H**B is finitely generated by Lemmas 2.2 and 2.3. Thus we have a contradiction
and D, is empty.

Case 11. Suppose K O D,. Then K? is nowhere dense in K, so there is a point
b € K — K% Let a,: ¥ — R be a k-winding function such that ¥ n K% = &. By
the definition of K and K2 there is a point ¢ € V¥ — K such that a,(c) = 0. By 3.2,
we may assume that ¢ € V — D. Also, since b & K 2 we may assume that
a,(x) > 0for x € K N V. Let {d/} be a sequence of distinct points in K N ¥ and
choose {4/}, {4;} and {d;} as in Case I. It follows from Lemma 4.2 that
H/(F)— Hk(,‘f,.) is the zero map. As in Case I, let 7, = f“(U:_l A)). It follows
that H, , (T,) = Z"~', so that H**'(T,) can be generated by no fewer than r — 1
elements. This is a contradiction as in Case I. Thus D = N — N, is at most
countable.

ADDENDUM. The set D, is locally finite in N — S.

PROOF. Suppose there is a point d, € D,, every neighborhood of which contains
infinitely many points of D,. Let a: ¥ — R be a k-winding function for f around
some point inverse where d, € V. Lemma 3.2 implies that for everyd € D, V
there is a ¢ € Ny N V such that a(d) < a(c). But a is constant on Ny N V so a is
bounded on V. Hence there is a sequence {d;} converging to d, such that
a(d)) = pa(c) for every i and some fixed p # 1. This yields a contradiction as in the
previous proof.

THEOREM 4.4. Let f: M**' > N" be a UV' mapping between manifolds with
FANR point inverses, all of which have the same shape. If f is m-movable for all
i<k—1,n>k+ 1, there is a locally finite set E C N such that f is an approxi-
mate fibration over N — E.

5. k-sphere mappings. We now turn to the special case of a mapping f: S+,
S**1 with the property that each point inverse has the shape of S*. This topic was
studied in two of the antecedents [C-D,), [C-D,] of this paper. However, one loose
end was left which we now tie up. Specifically, the earlier papers assumed that the
mapping was nondegenerate; i.e., K = J. As a result of Lemma 3.1 we can now
extend the earlier work to cover the case K # & as well.

THEOREM S5.1. If f: S%**1 5 §k*1 k > 1, is a k-sphere mapping, then f is an
approximate fibration over the complement of a finite set, D U K. If K = &, then D
has no more than two points if k = 1, and no more points than the number of prime
factors of the Hopf invariant of f if k > 2. If K+ &, then D = and K is a
singleton.

PrOOF. For k > 2, the first conclusion follows from Theorem 4.3 and its
addendum since S = &. For k = 1, one can apply the proof of Theorem 4.3 using
7, in place of H, to obtain the first conclusion. The second conclusion follows
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directly from [C-D;} and [C-D,]. To prove the last statement, leta € K, b € D U
K be distinct points and let 4 be an arc between a and b such that 4 — {a, b} C
Sk*! — (D U K). Letting a be a k-winding function about b, choose a point
¢ €int A such that a(c) =0if b€ Kor a(c) =p > 11if b € D. Let ¢ divide 4
into subarcs 4, and A4, with @ € 4, and b € 4,. Then from Lemma 4.2 we have
that H (F,) > Hk(ffa) is the zero homomorphism and H,(F,) — Hk(ffb) is multipli-
cation by p (or zero). It follows from a Mayer-Vietoris argument that H**(4) = Z
or Z,. On the other hand,

Hk+lj ;Hk—l(S2k+l _ /'f) EHk_l(Sk+l _ A) —Q‘—HI(A) = O,

where the first and third isomorphisms are from duality and the second from the
fact that fis a UV*~! map [L,]. This contradiction completes the proof.

6. Examples. In this section we give several examples of mappings which show
that some of the hypotheses of Theorems 2.5 and 4.4 are necessary.

EXAMPLE 6.1. For any k > 2, there is a UV"' mapping p,: E — N where E is a
(2k + 1)-dimensional ANR, N is a (k + 1)-manifold, p, is #,-movable for i < k —
1, and all fibers have the same shape, but the set of points in N where #,-movabil-
ity fails is not locally finite.

PrOOF. Let »: S! X S* - S**! be the map which identifies the “spine” (S' x
{(yHu ({z} x §%, y e Sk z € S!' fixed, to the point n =(0,0,...,0,1) in
S**! and is a homeomorphism elsewhere. Next let u: S**! —[-1, 1] be defined by

B(Xp + + e s Xgya) = Xpuo- Then ¢ = p o v: S X $* 5 [—1, 1] satisfies
point ify =-1,
o7 (1) =4Sk if -1 <t<1,

Sty Sk ifr=1
Let ¢: S' X S¥/L —>[—1,1] be induced by ¢, where L = S§' X {y}. Define
E, =670, 1]) and let f, = $|E,. Then f,”'(z) = S* for each t €0, 1] but f, is
not m,-movable at ¢ = 1.

Similarly, for each i, there is a mapping f;: E; —[j — 1, /] where E; is a copy of
E, disjoint from E,, j # [, f; is defined the same way as f|. Let E, = j°:, E; with
£7'()) identified to £7}(j) by a homeomorphism. Now take the one point com-
pactification of E_ and identify the point at infinity with some point on f,"'(0) to
get the space E’. Now define f: E’ —> S' by f(x) = exp 2mi[ £(x)/(1 + f(x))] when
x € E; and f(c0) = 1. Finally let E = E’ X B¥, N = S' X B¥, and p, = f X id.
Then each point inverse of p, is a k-sphere, but p, fails to be m,-movable at each
(x, y) where x = exp 27i(n/(n + 1)) for some nonnegative integer n and y € B*.

EXAMPLE 6.2. There is a UV map p,: S**!  S¥*! k > 3, such that p, is
m.-movable for i < k — 1 and each point inverse is an FANR, but p, fails to be
k-movable along an arc.

PROOF. By [C, Corollary 13] there is a map f: S%**! — $%*1 sych that one point
inverse is a k-sphere, the other nondegenerate point inverses are (k — 1)-connected
polyhedra, and the image of the nondegenerate point inverses is a tame arc 4. Let
g: S%k*1_, §%+1 be a k-sphere mapping [L,], [C-D,], [F-W]. We may assume that
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A intersects each fiber of g in a point or the empty set. Then p, = g ° f is the
desired map. Note that p, is not k-movable along g(A4).

EXAMPLE 6.3. For k > 2 there is a UV! map p;: S*¥ X S*¥*! 5 §**! such that p,
is m-movable for i < k — 1 and all the point inverses have the same shape, but p,
fails to be k-movable everywhere.

LEMMA 6.4. For n > 1, there exists a surjection f: I — B" such that every point
inverse is a Cantor set and f(0) € Bd B".

PRrROOF. Let f: R — R be defined by g(x) = mx where m 5 0. For any a > 0,
define the standard zig-zag of g on [0, a] to be the function g’ defined by

2mx if 0 <x <a/4,
, —2mx + ma ifa/4<x<a/2
g(x) = 2mx — ma ifa/2 <x <a,
g(x) ifx <Oorx > a.

If h is any function which is affine on [b, c], define a zig-zag of h on [b, c] by

g(x—b)+ h(b) ifb<x<ec,

h(x) =
() {h(x) ifx<borx >c,

where g’ is the standard zig-zag of g(x) = h(x + b) — h(b) on [0, ¢ — b].
Now define f;: [0, 1] — [0, 1] by

2x if0 < x <3,

X)) =
H) {2—2): ifi<x<

Let f, be obtained by applying a zig-zag to f; on each of the intervals [0, %] and
[%, 1]. Then define f, by applying a zig-zag to f, on each of the intervals [0, 3],
3> 3 - [%, 1]. Continue dividing each interval from the previous stage into four
subintervals and zig-zagging on each one to produce the next stage. The sequence
{f;} converges uniformly to a continuous function f since d(f, f;,;) < 27‘. Each
f7!(») can be seen to be a Cantor set as follows. First

o0
71 =N £ -7y #2707,

i=1
Secondly each £~ !(y —27/*!, y + 27/*") consists of 2’ intervals, of which two lie
in each interval of fZ}(y —27/*% y +27/*?) provided both |y| and |y — 1| are
greater than 27'*2, This shows that f~!(y) is a Cantor set whenever y # 0, 1.
Those two point inverses are intersections of sequences of somewhat fewer intervals
at each stage but nevertheless can be seen to be Cantor sets by inspection. To get
such mappings onto B”, n > 1, compose f with any mapping onto B" such that the
point inverses are totally disconnected and O goes to Bd B".

LEMMA 6.5. For k > 2 there exists an embedding F: [—1, 11— S* X S**! such
that A = F[—1, 1] is a tame arc and A N 7, '(y) is a Cantor set for every y in
Sk+l.
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PROOF. Write S¥*! = U U L, the union of the upper and lower hemispheres.
Let hy: B¥*' 5 U and h,: B**! - L be homeomorphisms with h,|S* = h,|Sk.
Letg: [—1, 1] — S* be an embedding. Now define F: [—1, 1] > S* x §¥*! by

Fp) = (g(2), hyf(1)) ifo<r<l,

(1) = {(g(t), hf(—1) if —1<1<0,
where f: [0, 1]— B**! is the function described in Lemma 6.4. Clearly F is an
embedding and 4 = F([—1, 1]) intersects S¥ X {»} in a Cantor set for every
y € §¥*1 Also 4 is tame since 4 N ({Z} X S**!) is a single point or the empty
set.

PRrOOF OF EXAMPLE 6.3. There exists a UV*~! mapping f,: B**! - B**! such
that f; = id on Bd B?*!, two point inverses are k-spheres, the other nondegenerate
point inverses are wedges of two k-spheres, all of which fit together concentrically
to form two (k + 1)-cells meeting along a radius of each. (The 3-dimensional and
original example is Bing’s “circles and figure eights” decomposition of S [Bi].)
Now consider B**! to be a (2k + 1)-cell in S* X S¥*! and extend f, to f;:
Sk x S*+1 5 5k x §¥*1 via the identity outside B**!. Since the image of the
nondegenerate point inverses of f, is a tame arc, it can be assumed to be the arc 4
of Lemma 6.5. Finally, define p,: $* X S¥*!'  S¥*! by p, = 7, o f,. First, p, is
m,_,-movable, since for any nested pair C, C C, of 2k-cells in S**', p;/(C) C
P5 (C,) is a (k — 1)-equivalence [C-Dj]. Secondly, each point inverse has the shape
of a wedge of an infinite collection of k-spheres. To see this, notice that 7, '»)isa
k-sphere which intersects 4 in a Cantor set. Then p; (») is a k-sphere with either a
k-sphere or a wedge of two k-spheres attached to it at each point of the Cantor set.
By [Sp] this has the shape of an infinite wedge of k-spheres. Finally, p; cannot be
an approximate fibration over any open set since p; '(y) is not a FANR, but the
fibers of an approximate fibration between ANR’s are FANR’s [C-D,].

EXAMPLE 6.6. The UV'! degree 2 map H: S° — S° constructed by Wilson [W,
Theorem 2] satisfies the hypotheses of Theorem 4.4 except that the point inverses
are not FANR’s with the same shape. However, H is not an approximate fibration
over any open set since otherwise H would be cell-like on that open set by [D-H].
Cell-like maps are hereditary homotopy equivalences [Ls, Theorem 4.2] which
cannot have degree 2.

ExAMPLE 6.7. The mappings which Lacher calls spine maps [Ls, p. 519] can be

. used to construct several relevant examples. Roughly a mapping s: M — Q be-
tween two m-manifolds is a spine map if M=Q#K,# ... #K# ... (#
denotes connected sum) and s crushes a spine of each K. If each K; is (k — 1)-
connected, then s is UV*~!. The composition f = p o s of a UV*~! spine map and
a fibration p: Q™ — N**' m = 2k, shows that Theorem 2.5 cannot be improved
to conclude that f is an approximate fibration everywhere. The same kind of
example in the odd-dimensional case, m = 2k + 1, shows that the set S in Lemma
4.1 can be nonempty. Furthermore, the composition

(Sk X Sk+l)#S2k+1 _)S2k+l__) Sk+1
of a spine map and a k-sphere mapping is an example in which the fibers have
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constant Euler characteristic, but which is not an approximate fibration every-
where. (Compare this to Theorem 4.3.) Of course a k-sphere mapping alone shows
that Theorem 4.4 cannot be improved to conclude that the map is an approximate
fibration everywhere.

On the other hand if s: M — Q is a UV*~2 spine map on (2k — 2)-manifolds
which is not UV*~! and p: Q — N*~!is any fibration, then

s

x 1 pXx1
MXxS?5 QxS 5 NxS?
shows that #;-movability for i < k — 2 does not suffice in Theorem 2.5. Similarly
the composition

[(S* x S*N#(S* x S¥ ] X S25[S*F x §*¥7!] x §? > sk~ x §2

of a UV*~? spine map cross 1l with a projection shows that m,-movability for
i < k — 2 does not suffice in Theorem 4.3.
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