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WEAKLY RAMSEY P POINTS

BY

NED I. ROSEN1

Abstract. If the continuum hypothesis (CH) holds, then for any n Ramsey P point

D and any k > 1 there exist many n + k Ramsey P points which are immediate

Rudin-Keisler successors of D. There exist (CH) many 5 Ramsey P points whose

constellations are not linearly ordered.

A nonprincipal ultrafilter D on « is n Ramsey (n G w, n > 1) if n is minimal for

D with the property that for every partition F: [u]2 —> n + 1, there is a set A G D

such that F omits a color on [A]2. D is weakly Ramsey if D is n Ramsey for some

n > 1. In [D], Daguenet showed (assuming CH) that, for every n > I, there exist n

Ramsey P points which are 2 square (an n Ramsey ultrafilter is 2 square [2 rangé in

French] if it has n nonstandard constellations). In this paper, we show (CH) that

there exist many weakly Ramsey P points which are not 2 square (this answers a

question of Daguenet [D]). The underlying technique is a well-known sort of

inductive construction; the specifics are in §2. §3 contains results from finite

combinatorics which are used in the proofs of the main theorems in §§4 and 5.

Throughout the paper, D and E are ultrafilters on w, and/ g, h are functions from

« (or w2) to w. N is the complete first order structure on œ, and an element of the

universe of the ultrapower D prod N is denoted [f]D. We identify N with its

canonical image in D prod N, and if f(E) = D, f* denotes the canonical embed-

ding of D prod N into E prod N.

1. We assume basic results about P points, the Rudin-Keisler ordering (denoted

< ), and ultrapowers of N and their submodels (as contained in, for example, [P]

and [BI]). £ is a strong immediate successor of D if D < E and (VZ>' < E)D' < D.

An n coloring is a partition G: [w]2 —> n; G is irreducible on D if PvM G D)\G"\A]2\

= n ("" means set image); otherwise G is reducible on D. D is < n Ramsey if D is

principal or D is k Ramsey for some k < n; D is > n Ramsey if D is not < n

Ramsey, and similarly for > n Ramsey and < n Ramsey. Then D is < n Ramsey

iff (V/c > 1) every (n + k) coloring is reducible on D. The following theorem

consists of straightforward generalizations of results in [BI], in which the term

"weakly Ramsey" denotes what herein is defined as "Ramsey or 2 Ramsey".
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416 N. I. ROSEN

Theorem 1.1. Suppose f(E) = D and E is n Ramsey. Then D is < n Ramsey, and

D is n Ramsey iff f is an E-isomorphism (i.e. one-to-one on a set in E). If D is n — 1

Ramsey, then E is a strong immediate successor of D.

Since an ultrafilter is minimal iff it is Ramsey, it follows that if D is weakly

Ramsey, then (BE < D)(E is Ramsey). Since ZFCIZ (3 a Ramsey ultrafilter) (see

[K]), then ZFC V (3 a weakly Ramsey ultrafilter).

Suppose that E is a P point, D is Ramsey and/(£) = D. A theorem of Puritz [P]

shows that any two nonstandard submodels of E prod N have intersection cofinal

in E Prod N, and it follows that f*"D prod N is included in every nonstandard

submodel of E prod N. Equivalently, Vg(3A G E)(g is constant on A or / is g

fiberwise constant on A). It also follows that if h is/fiberwise one-to-one on a set

in E, then in fact h is one-to-one on a set in E.

Theorem  1.2.  With D, E, and f as above, let F:  [w]2 -h> M (M G u).  Then

(3A G E)\F"{{x,y} G [A]2: f(x) *f(y)}\ = 1.

Proof. Let B¡ = {n G u¡: {m > n: F{n, m} = z'} G E} (i = 0, 1, . . ., M - 1).

Without loss of generality, B0 G E, and we may assume / is finite-to-one on B0.

For each n G B0, let An G E, A„ G {m G B0: m > n and F{n, m} = 0}, such that

An+, G An. Define g by g(n) = greatest k such that n G Ak if n G A0, and g(n) = 0

if n £ A0. Then if n G A0, g(n) = k implies that k < n and for all j G Bq,

j < k —> F{j, n} = 0. It is easy to check that g is not constant on any set in E, so

there is a set B G E such that / is g fiberwise constant on B; we can assume

B G B0. Define a partition G by

G{s,t} = f°    ii(Vz trl{s] n B)(Vw Gf~x{t} n B)F{z,w} =0,
[ 1     otherwise.

Since D is Ramsey, there is a set S G D such that G assumes only one value r/

on [S]2. We claim r/ = 0 (and then the proof is complete by setting A = B n

f~xS). Suppose, for contradiction, that tj = 1, and let x0 be the least element of X.

For each y G S, y > x0, there exist ty G B n f~x{x0}, my G B n f~x{y} such

that F{ny, ny} =£ 0. Since B n f~x{x0} 's finite and S is infinite, (3ñ G B n

f~x{x0}) (ñ = ny for infinitely many y G S). Since there is at most one ny in each

fiber off, and since g \ B takes on different values on different fibers off, there is a

y G S such that ñ = n¿, and g(ny) > ñ = n¿. But then ny G A^ > G Añ, so

F {rip, ntp] = 0, a contradiction.    □

Corollary 1.3. With D, E,f as in the theorem, the range off* is coinitial in the

nonstandard part of E prod N.

Proof. Let [h]E G E prod N - N. Define G: [w]2 -> 3 by

G{x,y} =

0 if fix) <f(y) and h(x)<h(y),

1 if/(x)</(y)and/z(x)>Ä(y),

2 if/(x)=/(y).
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By the theorem, 3A G E such that G assumes only one value r/ on pahs from A

which lie in different fibers off. Clearly tj =£ 2, and it is easy to check n =£ 1, using

that [h]E is nonstandard. So 17 = 0. Define g by

_ f min{h(k):k G A n/"'{"}}     if « e/"i4,
g(rt)      \0 tin &/"A.

Then g is strictly increasing onf'A G D, so [g]0 is nonstandard, and/*([g]D)

= [g°/]£<M£-   D

2. Letp e ww (orp G "V). Let / be the ideal of subsets of w (or w2) on which p is

finite-to-one. Ap-fiber measure is a map T: /^"u satisfying:

(i)r(A-)(«)< \x np~x{n}\,

(ii)A- np_1{n} ç y n/r1{n}->r(-X'X«) < r(y)(zz),and

(ih) if (V« G w)g(«) < r(y)(n), then (3X G Y)T(X) = g.

An example is the cardinality function Cx   defined by Cx p(n) = \X n P~'{«}|-

A cz/Z in Z) prod N is a pair <5, L> where S U L = D prod N, S (~\ L = 0, and

(Va G S)(V¿> G L)a < b. Supposep(E) = D and T is ap-fiber measure. The cut

associated to p and E via T is defined by L = {a G D prod N: 3A" G E n I,

[T(X)]D <a}, S = D prod N - L. This notion, for the case r(A") = CXp (the

cardinality cut associated to p and E) was introduced by Blass in [Bl]; results

therein generalize trivially to give

Theorem 2.1. Let E be a P point, p(E) = D, p not an E isomorphism, D

nonprincipal, 1 a p-fiber measure, and (S, L) the associated cut in D prod N. Then

N G S, L ¥= 0, and every countable subset of L has a lower bound in L.

Any cut in D prod N satisfying the conclusions of Theorem 2.1 is a fair cut. If

ax, a2, a3, . . . is a strictly increasing w-sequence from D prod N, the cut defined by

S = {b G D prod N: (3n G w)b < a„) is always a fair cut, since D prod (to; <) is

N,-saturated (see [CK, p. 305]).

A condition C on a set X is simply a statement about X; if the statement is true,

we say X satisfies C. If (S1, L> is a cut in D prod N, T ap-fiber measure, then a set

X is large if (3Y G X)Y G I and [T(Y)]D G L.

Theorem 2.2 (CH). Let D be a P point, <5, L> a fair cut in D prod N,p the first

projection from w2 to w, T a p-fiber measure, {Cy. j G J} a set of < N, conditions

such that

(i) (3A- G co2)[T(X)]D G L,

(ii) (VA, A G u2)[X large -> (3Z G X)(Z large f\(Z G A\J Z C\ A = 0))},

(hi) (VA- Ç ic2)(X large -»(3Y, Z G X)(Y, Z large /\Y n Z = 0j),

(iv) (VA G w2)(Vy G J)(X large -> (3 Y G X)(Y large A Y satisfies Cf)).

Then there exist 2"' P points E on u2 such that p(E) = D, the associated cut in

D prod N (via T) is <S, L), and for eachj G J, E contains a set satisfying condition

Ç.
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Proof. For each Z G «2, let Cz be the condition (X G Z \y X Gco2 - Z). For

each / G "io such that [f]D G L, let Cf be the condition (A" G IA [T(X)]D <

lf]D). Let {Da: a < «,} = {C/y G /} u {C2: Z G <o2} u {C>: [/]ß G L}. Then
the hypotheses of the theorem insure that (VA large)(Va < N,)(3 y G X)( Y large

and y satisfies DJ.

For each p: N, -^> 2 and each a < Np we define large sets A£ G I such that ^4£+1

satisfies Da, the sequence {Ap: a < N,} is almost decreasing for fixed p (i.e.

a < ß -> A£ - A£ is finite), and if a0 is minimal such that p(a0) ¥= p'(a0), then

Aa = AÍ for ot <a0 and ^ n A* = 0. Then set Ep = {X G w2: (3a < HX)AP G

X}.

The sets A£ are defined by induction on a. Let 730 G / be large (by (i)), and let

B%, Bx0 be disjoint large subsets of B0 (by (hi)). Set A% = Af\ If a = y + 1, let

i) = p\ a,\et Aß = A<ß for ß < a (this is well defined by induction hypothesis), let

B°, Bx be large disjoint subsets of AJ, let XjJ be a large subset of BJn which satisfies

£>y,andlet^= Y$.

For limit a, follow the limit ordinal case in Theorem 2 in [Bl] (with T(A') in

place of Cx) to obtain, for each r/: a -» 2, a large y^ such that y - Aj¡ is finite for

ß < a, p I a = tj. Let 5°, Bx be large disjoint subsets of Yv, and set ,4£ = Bffi>.   Q

3. The following discussion, up to the statement of Theorem 3.1, is adapted from

[AH]. A system of colors of length « is a sequence a = (oq, . . . , a„) of finite,

nonempty sets. An a pattern Q consists of a finite, linearly ordered set X, and a

function fQ: U,<B[A7'-> \JJ<a «, such that fQ"[XY G a,.. Let P = (*,/,) and

Q = (Y,fQ) be a patterns. P and g are isomorphic if there exists an order

preserving bijection if,: X-* Y such that (Vc G [X]<n)fP(c) =/e(uV'c). If Z ç X

and e, M G a, F: [X]e -> A/, then Z is semihomogeneous for F over fp iff (Vè, c G

[ZrXif (6,/j. r [¿]<n) = (cJp r [c]<n), then F(b) = F(c)). ß-(/»)$, means that

for any partition F: [ Y]e -^ M, there is a Z Ç y such that (Z,fQ f [Z]<n) a P and

Z is semihomogeneous for F over fQ. In [AH], Abramson and Harrington proved

the following generalization of the finitary Ramsey theorem.

Theorem 3.1. Let n, e, M G w, a a system of colors of length n, P an a pattern.

Then there is an a pattern Q such that Q~*(P)eM-

Corollary 3.2. Let n, ex, . . . , ek, Mx, . . ., Mk G w, a and P as above. Then

there is an a pattern Q such that Q ~* (P)% for all j, 1 < j < k.

Proof. Let QX~*(P)\, QJ+X ~>(ô,)^,- Then Qk^(P)%j for ally, 1< j < k.

D
For notational simplicity, we often fail to distinguish between an a pattern and

its underlying set; furthermore, we write fP \ Z rather thanfp [ [Z]<n. Temporarily

fix, for the remainder of §3, k G u, k > 1, and let a be the system of colors

(1, 1, k). If P = (X,fp) is an a pattern, we view/, as a coloring on (only) the two

element subsets of X. We say P is scattered if for every triple (a, b, c) G k X k X

k, there are z,, z2, z3 G X with/^z,, z2} = a,fp{z2, z3} = b, and fP{z3, zx} = c.
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n*,y) = {\

E{x,y} =

Lemma 3.3. Let I > 3, let Q and P = (X,fP) be scattered a patterns such that

P~»(Q)2, and\Q\ > 4.
(a) If g is a function with domain X, then 3 y Ç A', Y = Q, such that g is

one-to-one or constant on Y.

(b) There exist YX,Y2G X, y,fli'2 = 0, YX^Y2^ Q.

(c) If A G X, then (3 Y G X)Y = Q such that Y G A or Y n A = 0.

(d) If G: [Xf -* I, then (3Y G X)Y s Q such that \G"[Y]2\ < k.

Proof, (a) Define F: [X]2 -> 2 by

tig(x) = g(y),

ifg(x) ¥=g(y).

Then there is a Y G X, Y = Q, such that (Vx,y G Y)F{x,y} = h(fP{x,y}) for a

function h: k^>2. It suffices to show that |range(/z)| = 1, i.e. that F is homoge-

neous on y Suppose not, and let tj0, tji < k with /z(r/,) = i. Find a, b, c G Y with

fQ{a, b} = fQ{b, c} = T/0 and fQ{a, c} = tj,. Then g(a) = g(b) and g(b) = g(c),

but g(a) ¥= g(c), a contradiction.

(b) Let y, Q X, y, = Q, and write Yx as the disjoint union of two nonempty sets

A and B. Let C = X - Yx, and define F: [X]2 -> 3 by

0 if {.x,y} ç /I or {x,y} G B,

1 if {x,y} G C,

2 otherwise.

Let Y2 G X, Y2 = Q, Y2 semihomogeneous for F over fP. We have /z: k -> 3 with

F{x,y} = /z(//,{x,y}) for x,y G y2; it suffices to show rangetTi) = {1}.

For contradiction, suppose 0 G range(/i), say h(r\) = 0. Then h must assume

another value d, since otherwise Y2 G A or Y2 G B, a contradiction since neither A

nor 73 includes an isomorph of Q. Let h(p) = d =£0, and find a, b, c G Y2 with

/.{a, ¿>) = fP{b, c} = 17 and/>{a, c) = p. Thus, a and ¿>, as well as b and c, are

both in A or both in B, and so a and c are both in A or both in 5, contradicting the

choice of a, c, and p. So 0 ^ range(/z).

Suppose now h(rj) = 2 for some r\ <k. Then (3p < k)h(p) = 1, since any set on

which F assumes only the value 2 has at most three elements. Let a, b, c G Y2 with

fP{a, b} = />{£, c} = p and fP{a, c} = r/. Then both a and c are in C, contradict-

ing F{a, c} = 2.

(c) Apply (a) to the characteristic function of A.

(d) Immediate by semihomogeneity.    □

4.

Theorem 4.1 (CH) (Blass [Bl], for n = k = 1). Let D be an n Ramsey P point,

k > 1. There exist 22 n + k Ramsey P points E which are strong immediate

successors of D.

Proof. Fix R, a Ramsey ultrafilter, and q G "w such that q(D) = R (if n = 1,

take R = D and q = identity). Let (SR, LR} be the cardinality cut in R prod N

associated to q and D. Fix h Gwu> such that [h]R G LR, and let H be an irreducible
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n coloring on D. Let s0 = q*([h]R) = [h ° q]D, si+x = 2s', and define a cut <5, L>

in D prod N by S = {z G Z> prod N: (3i G «)z < s¡}. Then <5, L> is a fair cut,

and S is closed under exponentiation, multiplication, and addition. Let p be the

first projection from w2 to w.

Let a be the system of colors (1, I, k). Define a patterns P'¡ as follows: P¿ = 0,

P{ = any scattered a pattern with \P[\ > 4, P'n+\~*(Pn)l+k+\- Define a patterns P¡

by P0 = 0, Px = Pi, /,m + 1 = P¡, where / is minimal such that

\P¡\ >(n + k+ \fj<-W.

Then, for i > 1, P, is scattered and Lemma 3.3 holds with Pi+X and P¡ in place of P

and g> and z* = n + k + 1.

Fix g G "w with [g]D G L. Let X0 G w2 such that !*„ (1 p~x{m}\ = \Pgrm)\, and

order X0 n p _ '{m} by <a, w> < <Z>, m> iff a < b. Define G: [w2]2 -+ n + kby

(a) (A-0 n p-'{m}, G|(A-0 n?'»)) a ^m),

(b) ifp(x) ^p(y), then G{x,y} = H{p(x),p(y)} + k,

(c) G{x,y} is arbitrary if p(x) = p(y) and {x,y} £ Ar0.

Define a p fiber measure T by T( Y)(m) = M, where M is maximal such that

(Y n A"0 n p"'{w}, G T y n X0 n p_1{m}) includes an isomorph of PM. Then

r(A-o) = g.
For each/: w2 -» w, let Ç be the condition on A: /isp fiberwise constant on X

or (o ° p) fiberwise one-to-one on X.

For each F: [w2]2 —> n + k + 1, CF is the condition:

(V/ Gp"A-)|F"[A np^HO]2! <^and

(Vx,y, u, w G X)[q(p(x)) = 9(p(y)) = q(p(v)) = ?(p(vv))

Ap(jc) = P(y) ^P(v) = p(w) -» ^{^, ü} = F{y, w} ].

We postpone the verification of the hypotheses in Theorem 2.2 and show that the

22"0 P points E produced by that theorem satisfy the conclusion of the present

theorem. Since E contains sets satisfying C¡ for each /: u>2 —» w, it follows by the

remarks preceding Theorem 2.1 that every /: w2 —» w is p fiberwise constant or

(globally) one-to-one on a set in E. Hence £ is a strong immediate successor of D.

By the definition of T, G assumes all n + k values on any large set; since E

consists of large sets, G is irreducible on E and so £ is > n + k Ramsey. Let F:

[to2]2 -+ n + k + 1, and let X G E satisfy CF. Partitionp"Ar into ("+£+1) pieces W¡

such that if a and b are in W¡, then the same k colors are assumed on

[X n p~\a)]2 and on [A" n p~x(b)]2. Sincep"X G D, one of these pieces Wis in

D; let tj0, . . . , 7)k_x be the colors assumed on pairs in the same fiber of Y = X n

p~xW G E. By Theorem 1.2, there is a set Y' G E such that F"{[x,y] G[Y']2:

q(p(x)) ^ q(p(y))} = {p}, for some p</z + A: + l.LetZ=yn Y' G E.

If n = 1, then q = identity, the second half of Cx is vacuous, and so (Vx,y G

Z),

tj, (some z < A:)     if p(x) = p(y),

' p if p(jc) #p(y).

Thus F assumes at most k + 1 colors on [Zf, so E is A; + 1 Ramsey
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If « > 1, define a partition H: [w]2 -> n + k + 2 by

H il m) = í^*'-^        if?(0 = «WA^J'eZAíW = /AíW = m,
['     '"{n + k+l     if q(l)^q(m)y l &p"Z\J m <£p"Z.

H is well defined since Z satisfies the second half of CF. Since D is n Ramsey,

(3/3 G Z))|íf"'[5f| < zz, and we can assume B Gp"Z. H must assume the value

n + k + 1 on [/3]2, so H assumes at most n — 1 values, say ßo, ■ ■ . , ß„-2, on

{{k, 1} G [B]2: q(k) = q(m)}. Let V = Z n p~xB G V. If x,y G F, we have

tj, (some z < k) tip(x) = p(y),

E{x,y} = - p if q(p(*)) * q(p(y)),

j (somej < n - 1)    if z7(p(*)) = ?(p(y)) A p(x) =£p(y).

Thus, £ is n + /c Ramsey.

It remains to verify the hypotheses of Theorem 2.2; (i) is satisfied by the set X0.

For (ii), let X be large, and let A C <o2; without loss of generality X G I and

[T(X)]D G L. For each / G « such that T(X)(l) > 1, apply Lemma 2.2(c) to

(X np~x{l},G \X np"'{/})and^ np~x{l} to obtain Y, G X np"'{/}such

that (Y„G\ Y,) = Pnxxt)-\ and Y, G A or Y, n A = 0. If T(A)(/) = 0, let
Y, = 0. Let £ G D such that (V/ G B)Y, G A or (Vz* G B)y, n .4 = 0; let Z =

A" n p_15. Then [r(Z)]£) = [r(A)]D — 1 G L (since S is closed under the succes-

sor function), so Z is large and either Z r\ X = 0 or Z G X.

For (hi), let X G I, [T(X)]D G L. Apply Lemma 3.3(b) in each fiber X G

P~X{1} such that T(X)(l) > 1 to obtain Y,° and Y,x with y,° n i? = 0, ÏJ? an

p-1{/}and(y/,G|y/)si'r(A.)(/)_1.Lety= U Y?,Z= u r/.

For (iv), let X G I, \J(X)} G L, and let/: w2 -> w. Apply Lemma 3.3(a) to each

p-fiber of A and argue as above to obtain a large Y' G X such that/isp fiberwise

constant orp fiberwise one-to-one on Y'. If the former, then Y' satisfies Cf. If the

latter, let B G D such that (Va G tS)CBq(a) < /7(a) (there exists such a B G D

since [/z]R G LR). Let y= y'np_1(5); Y is large. Temporarily fix a G

(q °p)"Y, and let £ n q~x{ct} = {w0, . . ., m,_x} and r(y)(w,) = A/,.. Then / <

h(a).

Reorder {m¡: 0 < i < 1} so that M¡ > Mi+X. Choose fí, Ç y n p l{m¡} with

í¡¡ » PM¡-2¡ (ß, = 0 if M¡ - 2j < 0). For each z, 0 < i < / - 2, define g,.: ß, ^ 2

by a(je) = 0 iff (3y G U 1<7</ Qj)Ax) = /(y). By Lemma 3.3(a), there is a set

\p¡ G ñ„ v/>, s PM_2i-v sucn that g, is one-to-one or constant on \p¡. For nonempty

\p¡, g¡ is constant on \¡/¡, since |i|/,| > 4. For each z, we claim that g¡"\p¡ = (1), since

otherwise |t/>,.| < 2i</<:/|Qy|; hence |/?M_2,_il < 2,</</1-Pa^—2,U contradicting the

definition of {Pm}. Let uV,_, = Ü,_x, and let A„ = U0<1</ *p¡; then/is one-to-one

onAa.

Let Z = UaE(?,f).y Aa. Then Z satisfies C/5 and for all m G u>, T(Z)(m) >

T(Y)(m) - 2h(q(m)) - 1, so [T(Z)]D > [T(Y)] - 2[h »?]-l. Since [h » q]D G S

and S is closed under addition and multiplication, it follows that [r(Z)]ß G L, so

Z is large.

Now suppose X G I, [r(A)]0 G L, and F: [w2]2^ n + k + 1. Apply Lemma

3.3(d) to each fiber A np~'{/} to obtain >!, Ç X C\ p~x{l}, A¡ s .Pr-^,).., such
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that \F"[A,f\ < k. Let X' = U ,e„ /!,; then X' is large and satisfies the first half of

condition CF. Let B G D such that (Va G co)Cfi?(a) < h(a). Let Y = X' r\ p~xB;

Y is large. Fix a G (q ° p)" y, let 5 n q~l{a} = (m,,, . . ., m,_x}, ordered so that

if M¡ = T(Y)(m¡), then M¡ > Mi+X. Choose Q, G Y np~x{m¡} such that fi,. -

PM¡-2i- F°T each z, 0 < i < / — 2, define a function g¡ on fi, by g,(x) = «z, tj>:

z G U;</</ fi, A F{x, z) = n}. By Lemma 3.3(a), find ft ç fi,., ̂  = PM_2/_,
such that g, is one-to-one or constant on \p¡. We claim that g, is constant on uV.

The number of possible functions g¡(x), for x G fií; is

(n + k + l)2«z</|0,l = (n + k + Xf«J«\p><j-v\

<(n + k+ if-<»,-»- -I'-l < |PMi_2,._,| = |^|.

Thus g, is not one-to-one on \p¡. Let \¡/¡_x = fi/_,; then if i <j < I - 1, and

x,y G \p¡ and z G \pJt then F{;t, z) = F{y, z}.

Now suppose 1 < j < / — 1 and z G i/a. The number of possible ways to assign

n + k + 1 colors to pairs of the form {x, z} for x G U o<i</ "A is (« + A: + l)7 (by

the last sentence of the last paragraph). For each/, 1 < j < / — 1, partition uV into

(« + k + iy pieces so that if z and w lie in the same piece, then (Vx G

U t<j ipi)E{x, z} = F{x, w}. Apply Lemma 3.3(c) (n + k + ly' — 1 times to uV

and this partition to obtain

Xy £ ^y» Xy Ä ^-2/-(n + *+i/

such that x} is included in one of the pieces. Let Xo = ^o-

Let Aa = U0<7</_i X>- Then (Vx,y, z, w G Aa)[p(x) = p(y) ¥=p(z) = p(w) -*

F{x, z} = F{y, w}]. Let Z = Uae(9o/,ry Aa. Then Z satisfies the second half,

and hence all of, CF. For all m G P"Z,

T(Z)(m) > T(Y)(m) - 2h(q(m)) - (n + k + l)*(*m».

Since [h ° q]D G S and S is closed under exponentiation, [riZ)]^ G L, so Z is

large.    □

In [D], Daguenet showed (CH) that for any n, there exist n Ramsey P points E

whose (nonstandard) constellations are linearly ordered in the form

n

n - 1

2
1

where the number/ indicates that if [f]E is in that constellation, then f(E) is j

Ramsey. Such an E is said to be strictly n Ramsey (clearly any strictly n Ramsey

ultrafilter is 2 square). The main result in [R] is that any 2 square ultrafilter is

strictly n Ramsey for some n G w. Our theorem shows (CH) that any linearly

ordered, strictly increasing finite sequence which begins with 1 occurs as the

constellation structure of a weakly Ramsey P point. Thus, for any k > 3, there

exist (CH) many k Ramsey P points which are not 2 square.
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5. In this section we show (CH) that there exist 5 Ramsey P points whose

constellation structure is

5

/   \
2 2

\   /
1

In a sense, this is the best possible result, for a result of the author [R] shows that

for k < 4, any k Ramsey ultrafilter has a linearly ordered constellation lattice.

We will start with any Ramsey ultrafilter R and then simultaneously construct 2

Ramsey ultrafilters D0 and Dx, with g(D0) = g(Dx) = R (for some g Gww) such

that if E is any ultrafilter on w2 which extends the filter D0X Dx and includes the

set {(x, y): g(x) = g(y)}, then E will be the desired 5 Ramsey P point. The

construction of D0 and Dx follows Theorem 2.2, except that hypothesis (ii) of that

theorem, which insures that the resulting filter is an ultrafilter, is not satisfied. Thus

we construct a filter F which then extends to the ultrafilters D0 and Dx (by

conditions Cz below). Conditions Cf force the ultrafilter E to be a P point, which

in conjunction with condition CH will show that E is 5 Ramsey.

Let a be the system of colors (1, 2). Thus an a pattern P = (X,fP) is simply a

partition of X into 2 pieces. We denote the ordering on A by -< , and let

P' = A" = {x G X: fP{x] = i} (i = 0, 1). Let P0 = 0, Px = {*,, . .. , x8} where

x¡ < xi+x and Px = {xx, x2, x3, x4}. Suppose we have defined Pm so that

(*) (V* e P^)(Vy G P¿)x < y.

Let P„+x ~*(Pm)l6 t°r I = 2,3, 4. Let Pm+I have the same underlying set as Pm+X,

let fp = /jv+i, and define the ordering «< on Pm+1 from the ordering «< ' on P'm+X

by z< to iff' (fPmJz) = /,.+1(w) /\z<'w)\J(zGPZ+x/\wG P^+x). Then

Pm+, satisfies (*), and it is easy to check that Pm+, ~» (Pm)é for / = 2, 3, 4.

Assume CH, let R be a Ramsey ultrafilter, and let (5, L> = <N, Ä prod N -

N>. Then <S, L> is a fair cut. Letp be the first projection from w2 to u>, and let

A G u2 such that |A n p_1{zz}| = \P„\. Define an a pattern G" in each fiber

p~x{n} n A such that G" a P„ (ordered by_(a, «) < (6, n) iff a < ¿>)._Define T by

T(A)(/z) = maximum M such that (A n X n P_1{zz}, G" f X n A n p_1{«})

includes an isomorph of PM. For any Y G u2, let

Y¡ = U {x G Y n X nP-x{n}:Gn{x} = z}        (z = 0, 1),

andletAny = (y°np-1{«})x(>'1 n^"»).

For each H: [ui2]' -^> 6, for 1 = 2,3, 4, let C^ be the condition: X G X and

(V/j G p"A)A n p ~ '{«} is semihomogeneous for H over G".

For each Z ç co2, Cz is the condition (A0 Ç Z V A0 n Z = 0) A (A ' G Z V

A'n z = 0).
For each /: U neE<0 A„A -h> w, C} is the condition: X G X and at least one of the

following holds:

(1) (Vx G A°)(Vy, z G Xx)[p(x) = p(y) = p(z) ^f(x,y) = /(x, z)],
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(2) (Vx,y G A°)(Vz G A')tp(x) = p(y) = p(z) ^f(x,y) = f(y, z)], or

(3) (Vm, n G p"X)(m ¥> n -^f"AmX n /"A„A_= 0).

Hypothesis (i) of Theorem 2.2 is satisfied by X. (Hi) can be verified easily using

the following

Lemma 5.1. Let m > 1. Then (3Q0, Qx G PJ(Q0 = ß, = Pm_, A ßo n ß, =

0).

Proof. Similar to Lemma 3.3(b) (let Q0 = A u B, A n B = 0, A n Q¿ ¥= 0,

and B n QÔ ¥= 0 for i = 0, 1 ; define F as in Lemma 3.3(b)).   □

The parts of (iv) which demand large sets satisfying CH can be verified by

arguments like those in §4; for Cz, use the following

Lemma 5.2. If m > 2, A G Pm, then (3Q G PJ[ß « Pm_x A (Vz < l)(Q> G A

Vô'n/i= 0)].

Proof. Let F: [Pmf -.2 be defined by F{x,y) = 1 iff |{x,y) n A\ = 1. Let

ß G Pm, Q » Pm_!, ß semihomogeneous for F over/,. Since Q' is homogeneous

for Fand \Q'\ > 3, it follows that F"[Q']2 = {0}.   D

We now verify hypothesis (iv) for Cf.

Lemma 5.3. /// is any function defined on P° X P^, then 3Q G Pm, Q a Pm_x,

such that at least one of the following holds:

(1) (Vx G Q°)fis constant on {x} X Qx,

(2) (Vx G Q x)fis constant on Q° X {x}, or

(3) for each (x,y) G ß° X Qx,f is one-to-one on both {x} X Qx and Q° X {y}.

Proof. Define H: [Pmf -> 2 by, for x, -< x2 -< x3, H (x,, x2, x3) = 0 iff [x,, x2

GP°Ax3GP^A /(*„ x3) = f(x2, x3)] V [xx e^A x2, x3GP^A f(xx, xj

= f(xx, x3)]. Let ß G Pm, Q » Pm-X, Q semihomogeneous for H overfP. Then H

assumes only one value on s0 = {{x„ x2, x3) G [Qf: x,, x2G Q°/\ x3 G Qx}

and only one value on sx = {{x,, x2, x3} G [Q]3: x, G Q° A x2, x3 G Qx}. If

H"s0 = {0}, then Q satisfies (2). If H"sx = {0}, then Q satisfies (1). If H"s0 =

H"sx = {I}, then Q satisfies (3).    □

Now suppose X is large and/: U nSu A„A —> <o. Apply Lemma 5.3 in each fiber

of X n X to obtain Qn G X n X C\ p~x{n},Q„ = Pr(xx«)-i' sucn tnat Ô« satisfies

one of the conclusions of the lemma. Let A G R such that (V« G A)Q„ satisfies the

same conclusion and let Y = (J n(EA Qn. Then Y is large; if the conclusion satisfied

in the fibers of y is (1) or (2), then Y satisfies the same conclusion in Cf. Assume

the conclusion satisfied is (3).   Define H: [A]2 -> 2 by, for m <n, H{m, n} =0 iff

i\y)(«) < 2JeA.J<m\Qj°\ ■ Iß,11 + i.
Since R is Ramsey, there is a set B G R, B G A, which is homogeneous for H.

Then H"[B]2 = 1, since otherwise (r(y)(y): j G B} is bounded, a contradiction

since y n p~~xB is large.

We now define, by induction on n G B, sets Qn G Qn, Q„ » T(Y)(n) — 1, such

that if m, n G B, m < n, then f"(Q% X Q^) n /"(ß„° X Qx) = 0. If m0 is the least

element of B, let ßmo G Qm¡¡, Qm<¡ = ¿Vx™,,)-!- Let n G B, and suppose we have
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defined Qm for m < n, m G B. Define ip: J_ß„]2 -» 2 by ${x, y } = 0 iff x G ß„° A y

e Qn A /(*,y) € Um<n;meB/"ß° x g¿ Let ß„ ç ß„, ß„ « ¿W)-i> &

semihomogeneous for t// over/0. Then \p assumes only one value on T = {{x,y} G

[Q„]2'- x G ß„° Ay S ß„'}. Since/is one-to-one on {x} X ßn', /assumes at least

\QX\> T(Y)(n) - 1 > 2,<n,6B|ß,V Iß,11 values on ß„° X Qx. Thus f T = {0};
this completes the construction of {ß„: /i G 5}.

Let Z = (J neB Q„. Then Z satisfies (3) in C,, and Z is large, since [T(Z)]R + 2

> [r(A)]Ä; thus, hypothesis (iv) of Theorem 2.2 is satisfied.

Hypothesis (h) is not satisfied by Y, p, R, and <5, L>. If we follow the proof of

Theorem 2.2, omitting the steps where we satisfy (ii), then, for each p: N, ->2, we

obtain a filter Fp on to2 (instead of an ultrafilter) such that for any condition CH,

Cp or Cz, Fp contains a set satisfying that condition. Fix p: N, -» 2, and let F = Fp.

Then F u (A'} generates an ultrafilter D¡ (for z = 0, 1), since F contains sets

satisfying Cz for each Z ç <o2, and £>, is a F point. Since F contains sets satisfying

CH for all //: [to2]2 -+ 2, it follows that D¡ is 2 Ramsey (use Theorem 1.2).

For notational ease, we identify X with « as follows. If x, y G X, then define

x A y if p(x) < p(y) V (p(x) = p(y) A x ■< y), where -< is the ordering given by

G". Then A well orders X in order type to; let <b: X -» <o be the order isomorphism.

View D¡ as an ultrafilter on A, let Z>, = <KA) and g = p ° </>_1. Then Z), is an

ultrafilter on w, and g(Z>,) = R (i = 0, 1).

Letp0 andp, be the first and second projections, respectively, from to2 to co. By

Theorem 1 in [B2], there is an ultrafilter E on to2 such that p¡(E) = D¡ and

{(x,y) G to2: g(x) = g(y)} G E. We claim that any such F is a 5 Ramsey P point.

First, the constellations of E are not linearly ordered (con([F0]£) and con([F,]£)

are incomparable), so E is > 5 Ramsey. Since E contains the set {(x,y): g(x) =

g(y)}, it follows that the skies of D0 prod N and Dx prod N are embedded in the

same sky S of E prod N (byp^ andpf, respectively), which must be the highest sky

of F prod N (for a discussion of skies, see [P] and [B2]). To show that F is a F

point, we show that S is the only sky of E prod N.

Let / G <»V Define /: U„Eu A„A^ to by f(a, b) = f(<&a), <K¿>)). Let A G F
satisfy Cj, and let A' = <j>"X'. Then ^,. G /)„ so V = {(x,y): xe^yE^,,

£(*) = áf(y)} e ^- Since A satisfies C,% one of the following holds:

(l)/isp0 fiberwise constant on V,

(2)/isp, fiberwise constant on V, or

(3) (Vj, / G F)(/(í) = /(/) -» «(p^)) = g(po(0)).
If (1) (resp. (2)) holds, then [f]E G p$"D0 prod N (resp. [f]E G p\"Dx prod N).

If (3) holds, then g °p0 is / fiberwise constant on V G E, so con([g ° pQ]E) lies

below con([f]E), and thus the sky of [f]E caimot be below the sky of [g °p0]E,

which is S. In all three cases, the sky of [f]E is S (or [f]E is standard). Thus F is a

P point.

To show that F is 5 Ramsey, let 2: [co2]2-> 6. Since F is a F point and R is

Ramsey, there is a set Vx G E such that 2 assumes only one value ß on {{s, t} G

[Vx]2:g(P¿s))^g(p0(t))}.
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Define a partition fi3: [A]3 —> 6 as follows. fi3{x„ x2, x3} is arbitrary if

-i(p(xx) = p(x2) = p(x3)) V {*i, x2, x3] G X'    for i = 0, 1.

Otherwise, for x, -< x2 -< x3, let

ß x   x Í2{íX*,), <¡>(x2)), (<¡>(xx), <¡>(x3))}     if x, G Xo Ax2, x3 G X\

[Z {(*(*,), <i»(x3)), (<^(x2), <¡>(x3))}     if x„ x2 G Xo A x3 G Xx.

Let y G F satisfy C¡¡. By cutting downp" Y appropriately, we can assume that fi3

takes only one value y (resp. 5) on {{x„ x2, x3) G [Y]3: p(x,) = p(x^ = p(x3) A

x, G y° A x2, x3 G y1} (resp. on {{x„ x2, x3} G [Y]3: p(xx) = p(x\) = p(x3) A

xlt x2G Y0 A x3 G y1}). Let A¡ = <¡>"Y¡ for i = 0, 1; then A¡ G D¡ and V2 =

{(x,y) Gw2: xGAx,yGA2/\ g(x) = g(y)} G E. We have 2"{{*, t} G [V2]2:

Po(s) = Po(t)} = (Y), and 2"{_{*, Z} G [V2]2:Px(s) = p,(Z)} = {8}.

Define partitions fi4 and fi4 on [A]4 as follows. fi4 and fi4 are arbitrary on

\XX, x2, x3, x4j It

^(pOi) =P(x2) =P(x3) = P(x4)) V -i|{x„ x2, x3, x4} n A°| = 2.

Otherwise, for x, -< x2< x3< x4, let

and

fi4{x1; x2, x3, x4} = 2{(r>(x,), 4>(x3)), (<i>(x2), </>(x4))},

fi4{x„ x2, x3, x4} = 2{(<í)(x1), <í>(x4)), (</>(x2), <i>(x3))}.

Let y G F (resp. F G F) satisfy Q4 (resp. Cs<)^By cutting down p"Y (resp.

p" Y) appropriately, we can assume that fi4 (resp. fi4) assumes only one value -n

(resp. f;) on {c G [Yf: \p"c\ = 1 A |c n y°| = 2} (resp. the same with F for Y).

Let B¡ = <p" y, B¡ = <¡>" Y', 1 = 0,1; then B¡, B¡ G D¡. Let V3 = {(x,y) G to2: x G

50, yGBA, g(x) = g(y)}, and V3 = {(x,y) G to2: x G /30, y G Bx, g(x) = g(y)};

then K3, K3 G F.

Let W= Vxn V2n V3n V3. Then W G F A (Vs G H0g(p0(i)) = g(p,(i))-

Let us agree to write an element of [ W]2 as {(x,y), (z, w)} if x < z or x = z and

y < m\ Then, if {(x, y), (z, w)} G [ W]2, we have

2{(x,y),(z,w)} =

ß if g(x)==g(z),

y if x = z,

8 if y = w,

Tj ifx<zAy<wA g(^) = g(2),

■ij if x <z/\w <y/\ g(x) = g(z).

By our notational convention and the fact that W G {(x,y): g(x) = g(y)}, we

conclude that \Z"[Wf| < 5.

Theorem 5.4 (CH). There exist 22"0 5 Ramsey P points E such that E prod N has

exactly 4 nonstandard constellations, two of which correspond to 2 Ramsey ultrafilters.
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Thus the constellation structure of these ultrafilters is

5

/  \
2 2

\   /
1

Proof. It only remains to show that there are no other constellations. But if

there were, then F would be 2 square, and then the constellations of F would be

linearly ordered [R].   □

6. Some natural questions follow. Does Theorem 4.1 hold if we replace "F point"

by "ultrafilter"? Does Theorem 5.4 hold with arbitrary n > 6 in the place of "5"?

The ultimate problem here is to find a characterization of all those lattices which

occur (CH) as the constellation structure of a weakly Ramsey ultrafilter; this

problem, even restricted to P points, seems quite complicated.
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