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A CLASS OF L'-CONVERGENCE
BY
R. BOJANIC AND C. V. STANOJEVIC

ABSTRACT. It is proved that if the Fourier coefficients {a,} of f € L!(0, m) satisfy
(») n71Z% kP|Aa,|p = o(1), for some 1 <p < 2, then ||s, — f|| = o(1), if and
only if a, g n = o(1). For cosine trigonometric series with coefficients of bounded
variation and satisfying (s) it is proved that a necessary and sufficient condition for
the series to be a Fourier series is {a,} € ©, where C is the Garrett-Stanojevic [4]
class.

1. Introduction. Let f be a 27-periodic and even function in L'(0, 7), and let {a,}
be the sequence of its Fourier coefficients. Denote by ¥ the class of sequences of
Fourier coefficients of all such functions. It is well known that, in general, it does
not follow from {q,} € ¥ that

n
s,(x) =24 > g, cos kx
2 5

converges to f in the L'(0, 7)-norm, i.e. it does not follow that ||s, — f|| = o(1),
n — oo, where || - || is the L'(0, 7)-norm.

However, there are examples of subclasses of ¥ for which a, Ig n = o(1), n — oo,
is a necessary and sufficient condition for ||s, — f|| = o(1), n —> 0.

DEFINITION 1.1. A subclass K of ¥ is called a class of L'-convergence if

(1.1) |Is, — fIl = o(1), n > oo, is equivalent with a, 1g n = o(1), n — .

There are three classical examples of classes of L'-convergence. The first one is
due to Young [1] and K is defined to be the class of all convex sequences {a,}
(A%, > 0). The second one is the class of all sequences {a,} such that S_, k|A%a,|
< o0, introduced by Kolmogorov [2]. The latter one is an obvious extension of the
first one, and both are subclasses of B YV, the class of all null-sequences of
bounded variation.

The third example is the Telyakovskii [3] class &. A sequence {g, } belongs to &
if there exists a monotone sequence {A4,} such that 3%, 4, < oo and |Ag,| < 4,,
for all k. Clearly S c % V.

Garrett and Stanojevi¢ [4] introduced the following class €. A null-sequence
{a,} belongs to the class C if for every e > 0 there exists § > 0, independent of n,
and such that
o0
2 Aq.Dy(x)

k=n

=5 dx <e,
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for all n, where D, is the Dirichlet kernel. As a corollary to their main result in [4],
they proved that € N B V is a class of L'-convergence. Later, Garrett, Rees and
Stanojevi¢ [5] proved that S ¢ € N B V.

Recently Fomin [6] extended the Telyakovskii class & in the following way. A
sequence {a, )} belongs to the class ¥, if for some 1 <p < 2,

§ ( k=n|Aak|p)l/p < .
n=1 n
Fomin [6] proved that ¥, is a class of L'-convergence and that & C .

On the other hand StanOJevnc [7] proved that ¥, c € N BV, and obtained
several new classes of L'-convergence. A sequence {ak} of Fourier coefficients
belongs to the class C, if, for some | <p < 2, 2%_,|Aq, |’ < o0, and

k=nlBa,? )l/p
(12) n(——n

Clearly {q,} € 9, implies that {a,} € C,. Hence the result of Stanojevi¢ [7] is
stronger than the one of Fomin [6].
In [7], the class P V is extended in the following manner.

DEFINITION 1.2. A null-sequence { g, } belongs to the class @ if

= o(1), n— oo.

% 2 k|Aa,| = o(1), n — oo.

It is proved in [7] that if {ak} € P N % and if nAa, = O(1), n — oo, then (1.1)
holds. The proof is based on the estimate

1 n
(13) ”gn - n” = O(; 2 klAak|)9 n — oo,
k=1

where g,(x) = s,(x) — a,,,D,(x), and o, is the Fejér’s sum of s,.

We have a threefold objective in this paper. First, we shall, within a subclass of
%, remove the condition nAa, = O(1), n — oo. The subclass Y, of P is defined as
follows.

DEFINITION 1.3. A sequence {g,} belongs to the class V, if, for some 1 <p < 2,

(1.4) =3 Kbl = o), n—o.
k=1

Secondly we shall estimate | ||s, — f]| — |a,| ||D,|| | directly without using the
estimate (1.3).

Finally we shall obtain a necessary and sufficient condition for a,/2 +
S.1a cos kx, {a,} € V, N BV, to be a Fourier series.

2. Lemmas. In the proof of our main theorem, instead of the condition (1.4) we
shall use an equivalent one

2n—1
2.1 — 2 k?|Aaq, | = o(1), n— oo.
k=n

The following lemma establishes that equivalence.
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LEMMA 2.1. Let {c,} be a sequence of nonnegative numbers. Then

3=

a, =

n
> ¢ = o(1), n— oo,
k=1

if and only if
2

3

3|

B, =

¢, = o(1), n— 0.

k

PRrOOF. The “only if” part is obvious. For the “if” part notice that

28y = 2" logpes — 2ty

or
a, 1 m—1

(22) Oym = o0 + o 2 2kB2k.
272"

For 2™ < n < 2™*!, we have
m+1

(23) a

n

<

Oym+1 < 2(!2m¢|.

Hence from (2.2) and (2.3) it follows that B8, -0, n — oo, implies that a, —0,
n— oo.

The next lemma provides an identity that we need in order to avoid using (1.3)
explicitly in our proof.

LEMMA 2.2, Let
5,(x) = la0 + Y a, cos kx
2 k=1

and let {0,(x)} be the sequence of Fejér sums of the sequence {s,(x)}. Then
sa(x) = f(x) = 2(03,_1(x) = f(x)) = (0,_1(x) — f(x))
1

2n
——= > (2n — k)a, cos kx.
M k=n+1

(2.4)

The core of the proof is supplied by the following lemma.

LEMMA 2.3. Let {c,} be a sequence of real numbers. Then for any 1 <p < 2 and
2n—1

n>1
1 T
21 Z abux)

where Ap is an absolute constant.

1 2n—1 1/p
ix < A,,(; P |ck|») ,
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PrOOF. We write

2n—1 2n—1

—-f > D (x)| dx ——f "/ > cDu(x)| dx
k=n k=n
(2.5) +1fﬂ z’ilcka(x) dx
R Ja/n| k=n

=1, +1,
Since | D,| < k + 1, for the first integral in (2.5) we have I, < n~'32""1|¢,|, and by

k=n
Holder’s inequality
1 2171 1/p
I, < (n > |ck|") .

Let 1/p + 1/q = 1, p > 1. Then by applying the Holder inequality to the second
integral in (2.5) we get
2n—1

LAY N S i 1
I,= ”L/nz sin(x/2) kgn Ck sm(k + 2)x dx

(L, merr) o,

1/q
2 C sm(k +2)x dx) .

k=n

Since

f” ._di_<,,pf" d_§< T ap,
=/n (sin(x/2)y w/n X p—1

it follows that

1 ki e —/p

Let 1 <p < 2. Then using the Hausdorff—Young inequality we get

1 x| 2n q 1/q 1/q
(; b - dx) < f

Thus I, < (7/2)(p — 1) V?(n='32""1|c,|?)'/?. Combining all estimates we get

k=n

2 ¢, sin(k + 2)x

k=n

)l/q
2n—1

2 . eth

k=n

2n—1 1/p
<( 2 'cklp) .

k=n

sin(k + %)x

1/p
I + 1, < "7(2 +3(p — l)ﬂ/p)( 2 |Ck|p) ,

k=n
and the proof of Lemma 2.3 is completed.
3. Main result. In our main theorem we shall prove that for some 1 <p < 2, the

class ‘\Q N % is an L'-convergence class. To make use of our lemmas we shall
reformulate that result in the following manner.
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THEOREM 3.1. Let f € L'(0, 7) be an even and 2m-periodic function and for some
1 < p < 2let the sequence {a,} of its Fourier coefficients satisfy

@2.1) LS woppal = o),  n oo
n k=n
Then (1.1) holds.
PROOF. Since
2n—1 2n—1
. 2> l(2n — k)ay cos kx = k_Z 1(2n = K)a,(Dy(x) — Dy _y(x))
— na, D)+ S (@ - K — @ — k — Da, )D (),
k=n
from (2.4) we get
sn(x) - f(X) = anDn(x) + 2(o2n—l(x) _f(x))
2n—1
() (60 = A ~ 3 3 D)
1 2n—1
+— > (2n - k — 1)Aq,D,(x);
n k=n
hence

[ Isn = Sl = 1@l 1Dl | < 2ll03—1 = fIl + llo,—y = £

l @ 2n—1

+;fo 2 @ Di(x)
1 T

+;j(;

k=n
Applying Lemma 2.3 to the last two integrals we get

dx

2'12_1 (2n — k — 1)Aa, D,(x)

k=n

dx.

1,723t 1 2271 1/p
_ — P
n.[) kgn a, Dy (x)| dx <Ap( n kgn |a| )
and
1 pnl2230 1 221 1/p
—f S (2n — k — 1)Aq,D,(x)| dx <A,,(— S kP |Aq ] .
nJo | K=n N k=n

Since ||D,|| = (4/7d)lgn + O(1), n—> oo, and since f € L'(0, w) implies that
lle, — fll = o(1), n — oo, we finally get

l 2n I/P
[ lIs, = fll = la,llgn| = O (; > k”lAakI") ) n— oo.

k=n
In view of (2.1) this completes the proof of Theorem 3.1. We have now a corollary
to this theorem.
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COROLLARY 3.1. The class C, N ¥ is a L'-convergence class.

PROOF. Since n? 7 '22"YAa,|” = o(1), n — oo, implies

2n—1
LS kgl = o), nooo,
k=n

it follows that Gp c Y,

4. Necessary and sufficient integrability conditions. Let {a,} € B V. Then
00
(4.1) %+ > a, cos kx
k=1

converges pointwise to some f in (0, 7). In order to prove that (4.1) is a Fourier
series it suffices to show that f € LY(0, 7).

THEOREM 4.1. Let {a,} € V, N B V. Then (4.1) is a Fourier series if and only if
{a,) € C.

PROOF. The “if” part. Garrett and Stanojevic [4] proved that if {a,} € B V, then
llg, — fll = o(l), n— oo, if and only if {aq,} € €. Hence {q,} € C is always a
sufficient condition for f € L'(0, 7) whenever {aq,} € B V.

The “only if” part. The identity (3.1) can be rewritten as

$52(x) = a, 1D, (x) = f(x) = g,(x) — flx)

= 2(03,_1(x) = f(x)) — (0,_,(x) — f(x))
l 2n—1 l 2n—1 Aa
T kgn G\ Di(x) — "

Assuming that f € L'(0, ) and applying Lemma 2.3 we get

1 2n 1/p
g = fll = 0((;; k"lAakl") ) n > co.

Since {a,} € V, N BV we have that || g, — f|| = o(1), n — oo, and finally that
{a,} € C. This completes the proof of Theorem 4.1.

COROLLARY 4.1. Let {a,} € C, N B V. Then (4.1) is a Fourier series if and only
if {a,} € C.

PrOOF. €, C V.

Let 9 be a class of all monotone null-sequences {a,}. As a consequence to
Corollary 4.1 we obtain a partial answer to the classical outstanding question: Let
{a,} € 9. What are necessary and sufficient conditions for (4.1) to be a Fourier
series?

COROLLARY 4.2. Let {a,} € 0\5, N 9. Then (4.1) is a Fourier series if and only if
{a,} € C.

Theorem 4.1, Corollary 4.1 and Corollary 4.2 extend the integrability classes
found by Stanojevi¢ [7].

The authors would like to thank the referee for his valuable advice.
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