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HARDY SPACES AND JENSEN MEASURES!
BY
TAKAHIKO NAKAZI

ABSTRACT. Suppose A is a subalgebra of L*(m) on which m is multiplicative. In this
paper, we show that if m is a Jensen measure and A + A is dense in L%(m), then
A + A is weak-* dense in L®(m), that is, 4 is a weak-* Dirichlet algebra. As a
consequence of it, it follows that if 4 + Ais dense in L*(m), then A4 is a weak-*
Dirichlet algebra. (It is known that even if 4 + A is dense in L*(m), 4 is not a
weak-* Dirichlet algebra.) As another consequence, it follows that if B is a subalge-
bra of the classical Hardy space H® containing the constants and dense in H2, then
B is weak-* dense in H*.

1. Introduction. Let (X, &, m) be a nontrivial probability measure space and 4 a
subalgebra of L® = L*(m) containing the constants. Suppose m is multiplicative on
A, that is, for f, g € A we have [,fgdm = [y fdm [,gdm. The abstract Hardy
space H? = HP(m), 0 <p < oo, associated with 4 is defined as follows. For
0 <p < oo, H? is the L? = L?(m)-closure of 4, while H*® is defined to be the
weak-* closure of A. If A + A is weak-* dense in L™, A is called a weak-* Dirichlet
algebra, which was introduced by T. P. Srinivasan and J. K. Wang [8]. The theory of
weak-* Dirichlet algebras has emerged as the correct setting for many of the central
results of abstract analytic function theory.

K. Hoffman and H. Rossi [5] gave an example such that even if A + A4 is dense in
L?, A is not a weak-* Dirichlet algebra. While G. Lumer [6] showed that if 4 + A is
dense in L” for all finite p, H? N L* is a weak-* Dirichlet algebra. Recently, the
author [7] proved that if 4 + A is dense in L*, then H* N L™ is a weak-* Dirichlet
algebra. Hence if f € A, then 8]

fx fdm|.

We say m a Jensen measure when functions in A satisfy the inequality above.

In this paper, we show that if m is a Jensen measure and 4 + A4 is dense in L3(m),
then 4 is a weak-* Dirichlet algebra. If 4 + A is dense in L*, then m is a Jensen
measure by the remark above and so A4 is a weak-* Dirichlet algebra. Hence we
answer affirmatively the question left open by Hoffman-Rossi [5], Lumer [6] and the
author [7]. Moreover the result is applied to give another proof of a theorem of S. D.
Fisher for backward shift invariant subalgebras [1].

flog|f|dm>log
X
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2. Jensen measure. Let 4 be a subalgebra of L* containing the constants and m a
multiplicative measure on it. Set A, = {f € 4: [ fdm = 0}.

LEMMA 1. Suppose A + A is dense in L*. If w € L™ is a nonnegative function with
w-l € L™, then

-1
inf [|1~fPwdm= (gigAfoﬂ 1 —g|2w-'dm) .

fE€A,

ProoF. If f, g € A,, by Schwarz’s inequality,

-1
f|l-—f|2wdm>(f|l—g|2w"dm) .
There exists a unique f, in the closure of 4, in L*(w dm) such that
. — 2 — —f 2
ngfoju fPwdm = [|1~f,[Pwdm.

Then, by the minimum property of [ |1 — f,[*wdm, 1 — f, is orthogonal to 4, in
L*(wdm). Set hy, = (1 — f,)w. Since the infimum is positive, then

J11 = foPwdm = (1 = /)1 = fy)wdm

=fa — fy)wdm = [hqdm >0.

By the hypothesis, H? is the orthogonal complement of 4, in L? and so h, € H>.
Hence g, = h,/ [h, dm belongs to H* and

(fhodm)zfll—-(l — &) Pw ' dm =f|l—fo|2wdm = [hodm.

Sincew,w™! € L*, 1 — 8o belongs to the closure of 4, in Lz(_w"dm) and

-1
fhodm= (f| 1-(1 -—go)lzw"dm) .
This implies the lemma.

LEMMA 2 (SZEGO’S THEOREM). Suppose A + A is dense in L* and m is a Jensen
measure. If w € L' is a nonnegative function, then

. _ 2 —
flgjofll fIPwdm expflogwdm.

PROOF. By the inequality of arithmetic and geometric means and Jensen’s inequal-
ity, for any f, g € A4,

f| 1 ;flzwdmzexpflogwdm

and

f| 1—glwldm= expflog w'lm
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if m is a Jensen measure. If w,w™! € L*, by Lemma 1
. _ 2 —
fgljo /| 1 —fl*wdm expflog wdm.
If w! & L® withw € L*®, for any € > 0,

expjlog(w+e)dm=inff|1—f|2(w+e)dm

>inff'l—f|2wdm>expflogwdm.

and so letting ¢ tend to zero, the lemma follows. For any w € L!, let w, = min{w, n},
then

-1
expflogwdm = (inff| 1- g|2w"dm)

-1
= (inf/| 1—glw,! dm) = exp flog w, dm
and so letting n tend to infinity, the lemma follows.

THEOREM 1. A + A is dense in L* and m is a Jensen measure if and only if A is a
weak-* Dirichlet algebra.

PROOF. If A is a weak-* Dirichlet algebra, then A + A is dense in L? clearly and it
is known [8] that m is a Jensen measure. If 4 + A is dense in L? and m is a Jensen
measure, then Szegd’s theorem is valid by Lemma 2. Srinivasan and Wang [8] imply
that Szeg®’s theorem is equivalent to that 4 + A4 is weak-* dense in L>.

THEOREM 2. Let A be a subalgebra of L™ containing the constants and m a
multiplicative measure on it. If A + A is dense in L2, then the following (1) ~ (6) are
equivalent.

(1) A + A is weak-* dense in L™, that is, A is a weak-* Dirichlet algebra.

(2) A + A is dense in L*.

(3) m is a Jensen measure.

(4) If f € H! is a real function, then f is a constant.

(5) If f € H'/? is a nonnegative function, then f is a constant.

(6) There is a constant v,,, defined for 0 < p < 1, such that

Ifl,<ylf+gl, fEA g€EA4,

PRrROOF. (1) < (3) is equivalent to Theorem 1. (1) < (2) is clear by the remark in
Introduction and (1) « (3). (1) = (6) is known (cf. [2, p. 107]). (6) = (4) is clear.
(4) = (3) Suppose w € L*® is a nonnegative function with w=! € L*®. Let f; (resp. g,)
be the orthogonal projection of 1 into the closure of A, in L?>(wdm) (resp.
L*(w™'dm)). Then by Lemma 1 and Schwarz’s lemma, |1 — f, |*w =|1 — g, |*w™"
and(1 —fo)(1 —g,) =k=0.Iff=1—g,, thenkw =|f|*and f € H> and k € H'
because w,w™! € L*. By the hypothesis, k is a constant 1. Thus w=|f| for
f, f~' € H?* N L™. This implies that H?> N L*® is a logmodular algebra and so m is a
Jensen measure [4]. (1) = (5) is known [9]. (5) = (4) is clear.



378 TAKAHIKO NAKAZI

&) _is Neuwirth-Newman’s theorem and (6) is Kolmogoroff’s theorem. Even if
A + A is not dense in L2, (3) implies (5) (cf. [3, pp. 135 ~ 136)).

3. Subalgebras of H* on the unit circle. I:et T be the unit circle in the complex
plane and df/27 the normalized Lebesgue measure on 7. In this section, we
consider A4, L® in case X =T and m = df/2=. If A is the set of all analytic
polynomials on 7, then A is a weak-* Dirichlet algebra of L*(T) = L*(d0/2).
Then, for 0 < p < co, H?(T) = H?(d6/2m) is the classical Hardy space.

THEOREM 4. Let B be a subalgebra of H*(T) containing the constants. If B is
L?-dense in H*(T), then B is weak-* dense in H*(T).

PROOF. Since L3(T) = HXT) + e ®H?*(T) and df /27 is a Jensen measure, and
B is L*dense in H*(T), so it is a weak-* Dirichlet algebra of L*(T) by Theorem 1,
then H%(T) N L*(T) = H*(T) is a weak-* closure of B by Theorem 2.4.1 of [8].

COROLLARY (S. D. FISHER). Let B be a nontrivial subalgebra of H*(T) which (i)
contains the constants, (ii) is weak-* closed, and (iii) contains e °f whenever f € B and
foy= J&"fd8/2m = 0. Then B = H®(T).

PROOF. Let 9N be a closure of B in L%(T'), then the orthogonal complement IN*
of 9N in H3(T) is a shift invariant subspace, that is, e9*C 9M*. By the
well-known theorem of Beurling, "= gH?*(T) for some inner function ¢ with
4(0) = 0 if M+« {0). e~ is orthogonal to gH*(T) and so e~%g € M N L>(T).
Since M N L* is an algebra,'e 2% is orthogonal to gH*(T') and so [ ge ""%d6 /2«
=0 for n=1. Thus ¢ is a zero constant and so this implies 9" = {0} and
M = H*(T). Theorem 4 implies B = H*(T).
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