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DISPROOF OF A COEFFICIENT CONJECTURE
FOR MEROMORPHIC UNIVALENT FUNCTIONS
BY
ANNA TSAO'

ABSTRACT. Let = denote the class of functions g(z) =z + by + b,z"' + -+ - ana-
lytic and univalent in |z|> 1 except for a simple pole at co. A well-known
conjecture asserts that | b,| < 2/(n+ 1) (n=1,2,...) with equality for g(z) =
(1 + 2"t 1H2/+D /7 = 2+ 227" /(n + 1) + - - . Although the conjecture is true
for n = 1,2 and certain subclasses of the class =, the general conjecture is known to
be false for allodd n = 3 and n = 4.

In §2, we generalize a variational method of Goluzin and develop second-varia-
tional techniques. This enables us in §3 to construct explicit counterexamples to the
conjecture for all n > 4. In fact, the conjectured extremal function does not even
provide a local maximum for Re{b,}, n > 4.

1. Introduction. Let U = {z: |z|< 1} denote the unit disk and S the class of
functions f(z) = z + a,z*> + a;z> + - - - analytic and univalent in U with f(0) = 0
and f’(0) = 1. An important function in S is the Koebe function,

z

o0
k(z) =———= Y nz",
(l - 2)2 n=1
which maps U onto the complement of the slit from - § to co along the negative real
axis.
Closely related to S is the class = of functions

glz)=z+by+ X bz"

n=1

analytic and univalent in A, the exterior of the unit circle, except for a simple pole at
co. Bieberbach [2,3] used an elementary result due to Gronwall [8] known as the
area theorem to show that | a, |< 2 for each f € S, with equality if and only if f is
the Koebe function or one of its rotations k,(z) = e "?k(e'*z).

AREA THEOREM. 3% n|b,|* < 1 for each g € 3.

From the extremal property of the Koebe function for a,, Bieberbach was led to
make his famous conjecture that | a, |< n for each n and each f € S.
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The great interest and activity in the area of univalent function theory created by
the Bieberbach conjecture has given rise to many related problems and conjectures.
In §2, we refine Goluzin’s annular variational technique [6,7,12,13] in order to
consider a well-known conjecture in the class Z.

The area theorem tells us that for each g € =, | b, |< 1, with extremal functions
(normalized so that b, = 0) of the form

g(z)=z+b1/z, 1b\':1’

mapping A onto the complement of a line segment. Schiffer [14] used a variational

method to show that | b, | < § with equality only for

g(z) = {—k(—z'3)}_1/3 =z+(3)z2+ -

and its rotations, which maps A onto the complement of three radial line segments.
On the basis of this evidence, it was conjectured that |b,|<2/(n + 1) with
equality for

(1) g(z) = {-k(=z" )" V=24 27/ (n+ 1) + -+

which maps A onto the complement of a union of »n + 1 radial line segments. The
conjecture is now known to be true for certain subclasses of =. The analytic
structure of g in (1) motivates the proof of Jenkins [9] (later simplified by Duren
[5,6]) of the conjecture for the subclass of functions in 2 with b, =0 for 1 < <
(n — 1) /2. Likewise, since the range of g in (1) is starlike with respect to the origin,
one would expect that | b,|< 2/(n + 1) for all starlike functions in =, and this has
in fact been verified by Clunie [4].

In view of the strong evidence in its favor, it is surprising that the conjecture is in
fact false for the full class =. As early as 1937, Bazilevich [1] used the Fekete-Szego
inequality to disprove the conjecture for all odd integers n = 3. More recently, Y.
Kubota [10, 11] disproved the conjecture for n = 4.

The question remained, however, whether the conjecture is true for even indices
n=6. In §3, we use the expression developed in §2 for the second variation to
disprove the conjecture for every index n > 4. We shall obtain the surprising result
that the conjectured extremal function g in (1) is a saddle point for Re{b,} and
hence does not even provide a local maximum for | b, | . The expression we obtain
for the second variation is rather complicated, but an appropriate choice of parame-
ters simplifies it enough to permit the construction of the desired counterexamples
by small perturbations of the conjectured extremal function.

2. Goluzin’s annular variation. For convenience, we introduce the following
notation: If a function H(z) has the Laurent expansion H(z) = Z%___c,z", in
some annulus r, <|z|< 1, then we use {( H(z)), or { H), to denote the principal part
of the Laurent expansion evaluated at the point u; that is,

-1

(H(z2)), = (H),= 2 c,u™

m=-o0
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Let f € S. Assume that w* = F(z, A) is an analytic function of both z and A in the
region r <|z|<1, |A|<A,, and that for each fixed A € (0, A,), F is univalent in
r <|z|< 1. Suppose that

w* = F(z,A) = f(z) + Aq(z) + O(N*)
uniformly for z in compact subsets of r <|z|< 1 and for all sufficiently small real A.
Let B, be the union of the image of the annulus r <|z |< 1 with the domain interior
to the image of the circle | z |= r under the mapping w* = F(z, A). For small A, this
is a simply-connected domain containing the origin. Hence there exists an analytic
function f,(z) with £,(0) = 0 and f;(0) >0 which maps U univalently onto B,.
Furthermore, f,(z) is analytic as a function of A for A sufficiently small and z fixed.

Let f, have the expansion fy(z) = 2Z2_(A"®,(z). Goluzin [7] showed that ®(z)
= f(z) and that, for m = 1,

(2) ®,(2) = 2f'(2)[$.(2) + p,(2)],

where

(3) onl(2) = —o | L F zexp{milvp (z)},x) ,
"' m!zf'(z) | dAN" Pt o

and

(4) Pn(2) = (D17 = (Pm)--

In particular,

(5) ®,(2) = q(z) + 2f'(2)p\(2).

Let 6 be a real number and let « € U — {0}. We now choose w* = F(z, A) =
f(z) + Aq(z), where

e'ef (@) f(2)"
f(@)’[£(2) = f(a)]

Goluzin has shown that in this case,

q(z) =

e Yaz e'%a

l—az z—a

p(z) =

The first variational formula (5) can now be rewritten explicitly in terms of 6, a, and
f. We obtain

i0 24 2 2 -i0=_2¢r i0 ’
© () LYY () el (),
M) [f(2) = f(a)] % i
Unfortunately, we cannot find ®,(z) so readily in terms of 4, , and f. We can,

however, write ®,(z) in a more explicit form by finding the derivative indicated in
formula (3) with m = 2. We thus obtain

(1) @(2) =420,(2)’[£(2) + 2f(2)] + 20,(2)q(2) + 2f'(2)pa(2).
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Normalizing f, gives us a variation of the function f within the class S. Denote this
variation by f¥(z). The function 1} takes on the explicit form
f(z) +A®,(2) + Nd,(z) + O(N)
1+ A®;(0) + A2®5(0) + O(N)
=f(2) + N[®,(2) — 2}(0)/(2)]
+N[0(2) — 21(0)@,(2) + @{(0)*f(2) — 23(0)f(2)] + O(¥).

3. Disproof of the conjecture. Henceforth, we use the convention that {H(z)},
denotes the coefficient of z/ in the Laurent expansion of H in a neighborhood of co.
We apply the variation (8) to the function

)  fz)=[g(z"]" =

(®) fX(z)=

z

— n+2
=z z + ... ,
(Zn+l 1)2/(" D n+1

where g is the function given by (1). The function obtained from the inversion of f,
namely,

(1) gt(2) =[RE] =8(2) +A(2) + NFy(2) + O(X),
gives a perturbation of g within the class 2.
Let n > 4 be a fixed integer. We will first show that

(11) Re(V,()}., = 0.
By making judicious choices of the parameters § and «, we will then establish that
(12) inf Re{1,(z)}_,<0< sup Re{W(z)},.
aeoU-]{O) aEU—{0}
rea 0 real

It will follow immediately that for any fixed A sufficiently small,

. 2
(13) inf Re{g}} ,<—-< sup Re{g}},.
aeU—(0) ntl  euvqo
6 real 0 real

This will prove the following.

THEOREM. Max,cs | b,|> 2/(n + 1) for all n > 4. In fact, the function

g(z) =[-k(=z ] " V=24

-n PEEEEY
n+lz +

does not provide a local maximum for Re{b,}, n > 4. It is actually a saddle point.

PROOF. Straightforward calculation and the fact that f(z7') = [g(z)]~' show that
in the expression (10) for g¥,

(14) Vi(z) = @1(0)g(2) —g(z)chl(%)
and
(13) i(z) = -00)a(20, (1) + g(z)0 (L)

—g(2)0s( 1) + 23(0)g(2).
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From (6), it is easily verified that ®|(0) = e‘’. Making the substitution a = {~!, we
obtain from (6) and (14) that V(z) = Z}_,S,(z) where

N e (o0
Si(z) =e%(2) () = () - (]
e-io '(Z) eiazg,(z)
S3(Z):—_ g _ s S4(Z):——""——.
Fli- (&) L=4¢/z

Henceforth, » will denote a fixed integer greater than 4. The Laurent expansions
for g(z) and g’(z) together with standard complex variables techniques allow us to
find {S,(z)}_, for k = 1,2,3,4. We obtain

(16) {Si(2)}_,=2€"/(n+1),

(17) {8:(2)}., = e“%'(§)8(5)"

(18) {8y(2)}., = e /¢,

and

(19) {84(2)}_, =2ne®/ (n+ 1) — e+,

Adding the right-hand sides of equations (16)—(19), we obtain finally that
(20) (Vi(2)}., =5t — e g,

proving (11).

We now consider V,(z). In order to find an explicit form for V,(z), we must first
apply the variational formulas (2)—(4) to the function f, given by (9), with m = 2.
We see that

;‘%F(ZCXP{}‘M(Z)}’ A) o = zf'(z)p,(2)* + 23" (2)p,(2)* + 22p,(2)q'(2).

Hence the general formula (3) gives

8
(21) o(2) = 2 dul(2),
k=1
where
ek, ~ ||z
\Pl(z)_z(l—__a;-z_)_z’ 4/2(2)——(1—&2)(2'—(1),
e _ e 22237 (z)
T Y B S
|a|?2%f"(z) e¥a?zf"(z)

‘PS(Z): —f,(z)(] -—&z)(z—a)’ 4’6(2):

|a Paf (@)’ 2f(2)[ f(z) = 2f(a)]
fa)’(1 = &)[ f(z) — f(a)]?

2/(z)(z — a)*’

¥,(2) =
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and

Yl(z) = - e210a3f'(a)2f(z)[f(z) —2f(a)] ‘
f(@)(z = @)[ f(z) = ()]

We would now like to find the principal part of i, for k = 1,2,...,8. Since ¢, and
Yy, are analytic in U, we see that ({,), = (¢, ), = 0. It is readily observed that

[s4 2(! 1
<‘l/2>z:_ 1'_ :alz(z_a)— s <¢3>z__e2‘0a2(z_a)
and
_ la l2a2f//(a) W O
<‘l’5>z f’(a)(l _ |a|2)( ) .

We use the Taylor series expansions for f(z) and f’(z) about z = a and standard
series techniques to find (ys),, ({;),, and (y5),. We deduce, after lengthy but
straightforward calculations, that

o202 af”(a) f"(@) af”’(a) _ 0‘]’"(0‘)2 2 —a)!
o)- = {f( y (e [f( ) @ ey ]( : }

af”(a)_ _ {0‘|2 = a)!
flay) 1—|a|2]( )}’

a!al

- |a

(¥7). =

g {—a(z —a)? +

and

= 283) (7 — q)> — f"(a)
(¥g)- {( ) f( )( o)

[3f”() f(«) _ fa) ]( }
af(a)’ (@) fa)

We are now able to calculate p,(z) explicitly. It is easily seen from equations (4) and
(21) that
8

py(z) = 2 [(‘Pk)l/z‘ - <4’k>z]-

Therefore, using the expressions just obtained for the principal parts of ¥,,. ..,y
we obtain after a lengthy simplification that

(22) p,(z) = e?®A(z) + e 2®B(z) + C(z),
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where

a3 a3f”(a) _ (12

1
(z—a)3+ (z—a)z[ 2f(a) 7]
L@@ @f(e)  @f(a)  af(a)
z=al| fa)> 2f(a) 6f(a)  4f(a) |
) = az? 2?2 Vgi B a3f”(a)]
B(z) (1-az)’ i (1 —az) [ 2 2f(a)
: | &f(e)  @f(a)  &¥f(a)  f(a)’
1-az [ 2/1a) " 67(a) 4f'(a)’  f(a) }

A(z) =~

and

a’|al? 1 2a|al)? alalt ]

C(z) = 5+ 5+ ;

(1—laP)z—a) 2 "l"ia! (1=1af?)
@lafz? z_[2a|a|2+ alaf l
(1—|aP)1—a)® 1-@®|1=|aP (1-|ap)

Finally then, we see from equations (2), (21) and (22) that ®,(z) takes the form
8
(23) D,(z) = zf’(z)[ S y(z) + e*4(z) + e *°B(z) + C(z)].
k=1
We now consider the right-hand side of equation (15) term by term in order to find

Re{V,(z)}_,. Using the expression obtained in (20) for {V|(z)}_,, it is clear from the
first-variational formula (14) that

(24)  Re[-2i0)g(z)'0,( 1]} =Re[2{0)11(2) — 2((0’8()) ,

2i0 2i0
— Re e’ _1 _ 2e ‘
§n+l §n+l n+1

It is easily verified from the expression (23) for ®,(z) and the explicit expressions
given fory, (k = 1,2,...,8), A(z), B(z), and C(z) that
@;(0) = ¥5(0) + ¢>?4(0) + C(0)
_ |y @) @f() () o (a)
f(a) f(oz)2 6/ (a) 4f'(o()2
laf? e

L=lel (1= jap)
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The substitution @ = {~' in the expression obtained for ®;(0) allows us to show that

/8 )’
§P(/8) (1 ¢)?

(25) Re{®5(0)g(2)}_, = . i 1Re{e2i9[l +

LK) ORY ]
65/ (1/8)  ag2f(1/¢)

R }
KP=1 (¢p-1)*)
Making the substitutions a = {!, f(z7") = g(z)™! and f'(z7') = z%g’(z)g(z)? in
the expression for ®,(z ") obtained by substituting z~! for z in (6), we obtain
(Yoo RO ) et
z g()g()s(z) =& Gez[1 - (82)"]  a(z)’(1 —8/2)

which yields the formula

0o 1) = 3 1),
where
I(2) = ez;“i“g’(s“)“g(Z) N
g($)e(z) —g(§)]
n(s= - SEEEE
fe(0)e(z) — g1 — (&)']
I(z) = — 2 () 2g/(2)
’ g(Ole(z) — g1 —¢/2)°
r(n=— g _
{2g(z)[1 - (&)"]
228'(z)’
7(z) = L :
G- (&) a-¢2)
and

e2i0; 2g,(z)2 .
g(z)(1 = ¢/z)

Techniques analogous to those described previously for finding the first variation
{V\(z)}_, are used to find Re{T)(z)}_, for k = 1,2,...,6. We obtain

(26) Re{T,(z)}., = Re{ne*¢*g’(¢) g(¢)" "},

T(z) =
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(27) Re{Ty(2)}, = —Re{Zs“ g'(¢)” kEO g(i):ﬂ }
(28) Re{Ty(z)}_, = —Re{zez""g'(g)z g g({)”“k“fm},
(29) Re{T,(z)}_, = Re{ne?/{" "'},

(30) Re(Ty(2)), = Re{z » ik::}

and

(31)  Re{Ty(z))_, = Re{(n + 2)e2%"*1 — (4n + 2)e?*/(n + 1)).

The substitution z~! for z in the expression for ®,(z) in (23) and the fact that
f'(z7") = z%g'(z)g(z)? give us that
)+ eld]]

N |-

—8(2)2‘1)2(%) = —Zg'(z)[kél‘l’k(%) + eZioA(%) + e"ziaB(

Straightforward calculation shows that

()7 =- 2522[?1 ((g )) T
()l 7 ) = - I _(gzg g ])(1 —8/2)
)25,
() = Kaf 1(1_/?; i
(s[5 ) =~ C20gey

1 - (&) ~5/2)
) _eMfr(1/2)g(2)’
222(1 = §/z)’

, 1) _ 28%(8)°8'(2)[8(2) — £(£)/2]
(2|5 ) = — -,
¢ (Z) 61 - (&) "]le(z) - &(5)]
o(are (L) = 2678 (€) 28 (2)[8(2) = g(8) /2]
s 7] g1 = ¢/2)g(2) = (O]

N | =

~28/(2)
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_e2i02 "z l :_e2i02 "z 1 1 f”(l/{) _l
g )A(z) g/ ){(1_§/2)3+(1—§/z)2{2§f'(1/§) 2}

L ey rag
T=5/2| 2670/%) " (1)

IV AV }
a2 (187 i) |)

—e'z'ozg’(z)B( %)

) 1
= e g (1) ——————
{W[l - (&) ,
. 1 [L_ /(%) ]
i (@)L 2000
I [ O AR Ry f'(1/§)2]
L= (&) L 2ras) e2rss) ey} era? |

+

and

1
(5P =1 = ¢/2)

—zg’(z)C(%) = -zg'(z){

1 2 1
- -
1—§/2[|§|2—1 (l§|2—1)2’
1
(-1 - (&) 2

— ! 2 !
1-()] [f“f'z— N 1)2”'

Techniques analogous to those used previously then allow us to obtain the following:

(32) Re{—zg’(Z)%(%)}_n = —Re{ ;gif}
o Re(zee( 1)) = el $ £31,

NEENLY SN

=Re{ n e2i0_n+2§n+le2i9}

-n



DISPROOF OF A COEFFICIENT CONJECTURE 793

G Re[-ag(hw(1)], = Re[e 03] =0

(35) Re{—zg’(z)%(%)}_n = (n + 2)Re(e??),

(36) Re{—zg’(z)%(%)}_n = Re{gzg/(g)zzg; (n—k +§I1lgl(§)n—z*k}’

(37) Re{—zg’(z)x[/s(%)}_n - Re{emg'(g)2 S (n—k+ 2)g(§)"_k_l§k+2},

k=0

(38)
).
B ’Re{em (_n_;i)i{m e - +2i‘)'f:§;()]/§)
L AV O B i iV 9 B A8’ e a8)
(n+1)S(1/8)  6f(1/¢) 4r(1/¢) ¢y
A0V W Y2 A V29 W i (Vi 9§ ”

T3+ D) (n+ DR 2n+ DY

2

Re[—e‘”zg’(z )B( % ) } .

= _Re e I R U S I LV B s S A LV 1 l ,
2§«n+| 2§n+2f/(]/§) 6§n+3f/(1/§) 4{,,+3f,(1/§)2 §"+3f(1/§)

and
(40)
, l _ ~ 2n _ n{"“ §n+l
Re{—zg(z)C(z)}'" Re{ GIDF=D fF=1 + e 1)2
~ 2n L_ont2 1 2}'
(n+ (P -1 P gep -

Adding the right-hand sides of equations (24)-(40), we obtain the second-varia-
tional formula

Re{Vy(z)}_, = Re{e?R(¢) + e 2S(¢) + T(¢)},
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where

R(})=n+ ntte'(2) g(¢) > — (n+ 1)(n2+ 2)¢"

N ket 2/7(1/8) . (/%)
’ —k § k §k+2+ - + —
() 2 (n=k)s(€) R 3
LR 2P Q) (e AR
2001 (18) A1) 27(1/%)
ISR V29 W A VA S RO S V29 I
6/(1/%) 4f(1/¢) ey gt
—~_ (n=Dn  (n=1f"(1/8)
S(f)—— 2§n+] + 2§n+2f/(1/§)
B (V7 3 W A LV 3 S A AV 9
603 (1/8) 4 p(1/8) ¢ (/)

and

n—2 _ . n—2—k n—1 en—k 2
T(¢) = ¢207(¢ ) (n— k= 1gQ) TR SE—
() =) 3 N N TS

n-+2 1 ngnt! §ntt
- + - + :
S (e -1 BP0 (P )

Since a number and its complex conjugate have the same real part, Re{e‘z‘oS({ )} =
Re{e?S(¢)}. Hence we can find real numbers 6, () and 6 () so that

IR() + S) |+ Re{T($)},  if6=16,(5),

Re I/2 z -n: ()
{(n(2)} {—IR(§)+S(§)I+ Re(T(¢)), ifd=10.(%).

Letn = e'f, where n"*! = —1, and write { = pe’’. Making the substitutions

_ (§n+l + 1)2/(”+l) ) _ §n+l -1
g(§) = I'e ’ g'(¥) = (e + 1)1—2/(n+|)’

|
z
/

) §
(§n+l + 1)2/("+1) ’
) _ §2(§n+l _ 1)
(

g,,,ﬂ + 1)1+2/<n+|) ’

| —

| —

_ 280 = (n 28]
)— (¢ + 1)2+2/(n+|) ’

| —
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and

A1) 283 — (n 4 8n + 9" + n(n + 2)5277)
f (E) T (§n+l + 1)3+2/("+1)

in the expressions for R({), S({), and 7({), it can be shown that with the choices of
6 indicated,

Re{ Vz(z)}_,, =|§n+] + ]I-Z (n+ 1)(§n+| — 1) _ [] —(n+ 2)§n+l]

= gn-v‘-l §n+l
N [3— (n?+8n+9)¢""" + n(n + 2)¢ 2 (¢ — 1) H
3§n+l

(§n+l_ 1)2 =
+Red —————— "1 +o([{"" +1] ),
{§n+l<l§'2_ ]) } ( | )

where the choice of sign in the first term depends on whether 8 is 8, () or 6_(%).
Clearly then,

U2 —10n+3|—(n+1)7, if6=26 ,
lim {1+ 1) Re{¥y(2)}, = s|7n nt3=(nt1) ! + (&)

p1+ 3 = 10n+ 3= (n + 1), if6=106.(%).
Since 7n* — 10n + 3 = 0 for all n = 1, we have established that
(41) tim ¢4+ 1 Re(#(2)) ., = %(n2 —4n), if6=0,({)
p—
and

(42) tim o7+ 1 Re(Vi(2))., = (st -2n+3), i£0=0.(0).
p—1+

Since n? — 4n > 0 for n > 4, equation (41) shows that, for some choice of ¢ and 6,
Re{Vy(z)}_, > 0. Since 5n> — 2n + 38 > 0 for all n, equation (42) shows that for
some choice of { and 8, Re{V,(z)}_, < 0. Hence we have established (12).

The author wishes to thank Professor G. Schober for a valuable conversation and
Professor P. L. Duren for his guidance and inspiration. In a forthcoming paper,
Chang, Schiffer, and Schober develop a new form of the second variation to give
another proof of the theorem in §3.
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