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NONSTANDARD CONSTRUCTION OF
THE STOCHASTIC INTEGRAL AND APPLICATIONS TO
STOCHASTIC DIFFERENTIAL EQUATIONS. I
BY
DOUGLAS N. HOOVER' AND EDWIN PERKINS

ABSTRACT. H. J. Keisler has recently used a nonstandard theory of Itd integration
(due to R. M. Anderson) to construct solutions of Itd integral equations by solving
an associated internal difference equation. In this paper we use the same general
approach to find solutions y(¢) of semimartingale integral equations of the form

y(t,w) =h(t, @) +_/(;’f(5v‘*”Y('v“’)) dz(s),

where z is a given semimartingale, 4 is a right-continuous process and f(s, w, -) is
continuous on the space of right-continuous functions with left limits, with the
topology of uniform convergence on compacts. In addition, we generalize Keisler’s
continuity theorem and give necessary and sufficient conditions for an internal
martingale to be S-continuous.

Introduction. This paper is a continuation of Hoover and Perkins [5]. Notation
and definitions presented in [S] are used without further introduction, and references
to that paper are made by simply citing the number of the theorem or lemma (due to
the consecutive numbering of the two papers, no ambiguity will arise). Finally, the
reader is referred to §0 of [5] for a brief description of the contents of this work.

8. Continuous local martingales. We assume throughout this section that all
processes are R or *R-valued, since the main results (Theorems 8.1, 8.5 and 8.6) then
follow immediately for higher dimensions. We will show (Theorem 8.1) that a
continuous local martingale has a %-local martingale lifting for any internal
filtration {®,) (recall that, in general, Theorem 5.6 asserted only that such a lifting
exists for some internal filtration). For this reason, unless otherwise stated, the
internal filtration under consideration will be {&,|7 € T} (which was used in the
original definition of {%,}). )

Note that if X: TX  — *M is an S-continuous process (i.e., X(-, w) is S-con-
tinuous a.s.) then st( X) has continuous paths a.s. and X is a uniform lifting of st( X)
in the sense of Keisler [6].

The following lifting theorem was first proved in a more specialized setting in
Panetta [9]. The proof given here is different.
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38 D. N. HOOVER AND EDWIN PERKINS

THEOREM 8.1. If x is a continuous local martingale, p > 0 and x(0) is o(&,) V N~
measurable, then there is an S-continuous @-local martingale lifting of x, X, such that
| X P is locally S-integrable. i

Proor. Choose p > 0 and a sequence of stopping times {U,} that reduces x and
for which sup,. | x(?)|< n. Let X, be a lifting of x(U,) such that | X, |<n and
define an S-martingale X" by

x'(t) = E(X,|Q,).
Then by Lemma 3.3 for each ¢ in ns(7"), _
°X"(1) = E(°X, | (@) as.
= E(E(°X,|%.,)|0(&,)) as.
= E(x(1 A U)[0(8,)) as.

If °2>0, then x(°t A U,) is o(&,) V 9-measurable by left-continuity, and if
°t =0, x(°t A U,) = x(0) is (@) V N-measurable by assumption. Therefore,

(8.1) °X"(1) =x(tNT,) as.

By Theorem 5.2, X" is SD and hence Proposition 4.8 implies there is a positive
infinitesimal A, in T such that X"t T, X Q is SDJ, where T, = {kA,t| k € *N,}
(since °X"*(0) = °X"(A,t) a.s. by (8.1), we may include zero in T,). Since st(X") is
a.s. continuous, it follows from Proposition 2.5 that X"t T, X @ is S-continuous. We
claim that, in fact, X" is S-continuous on T X . Let

n T,
Y(2) =|x"(¢) — x([]™)
It is easy to check that Y is an internal submartingale and therefore, by the maximal
inequality for submartingales, if t,, ~ N (ty € T,), then

\% max{|X"(§ +A,t) = X"(s)||sET,s+ A< g}.

13( max (1) > N“‘) < NE (Y(1y)).

Since X" T, X § is a.s. S-continuous and Y is uniformly bounded by 2n, E(Y(ty))
~ 0 and therefore Y(¢) ~ 0 for all ¢ in ns(T). It follows that X" is S-continuous on
T X Q.

The required lifting of x is now obtained by a saturation argument. If m < n and
{V.} is a nondecreasing sequence of *-stopping times such that °V; = U, a.s., then

°E (maxlxm() = (o) ) = B( swp Is(e 7 0) = x(e A 0 | =0,
1<V, 1<y,
By saturation there is a y in *N — N such that X is an @ -martingale and
(8.2) maxf(maxlX'"(g) - XV(g)]p) <yl
m<y 1<V,

The S-continuity of X and the S-integrability of | X"(V,, A t) [P forallt € T U {0}
now follow from the corresponding properties of X and (8.2). Finally, for almost
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all w, if t € ns(T'), then ¢ < V,, for large enough m in N and, therefore,
°X'(1) = °X"(t) = x(°t AN U,) = x(°t) as.

Thus X" is the required lifting of x. O

We now turn to the problem of deciding when a given *-martingale is S-continu-
ous. Establishing the S-continuity of a *-martingale is the key step in the construc-
tion of the solutions to the stochastic differential equations considered in Keisler [6].
Our main result states that under mild integrability conditions, a *-martingale X is
S-continuous if and only if [ X, X] is. The key ingredients are the square function
inequalities of Burkholder, Davis, and Gundy (Theorem 1.3) which give us the
following result.

LemMAa 8.2. Suppose ®: *[0, 00) — *[0, 00) is an internal, increasing, convex
function and X(t) is an @ -martingale which satisfies the following conditions:

(8.3) If °x > 0, °®(x) > 0, and ®(0) = 0.

(8.4) There is a real constant k such that ®(2x) < k®(x) for all x in *[0, ).

(8.5) There is a positive infinitesimal € such that ife <t, —t, ~0andt,, t, € ns(T),
then

E(o(([x, X1, — [X, X1,) ")) (1 = )" ~0.

Then X(t) — X(0) is an S-continuous process.

ProOF. For Nin N and § in 7, let

Gns = ‘*’| max |X(1,) — X(1)|> 3N_]}‘

- [ta—1|<8
nVns<N
Then
P(G <I3( max max X(s) — X(k§ >N")
( N'§) 0<k<[N/8] k§<§<(k+1)<§l (') ( ‘)l

<(v/al+ ey max (@  max |x(s) - x(k3)])),

k<[N/8] kd<s<(k+13
where [N /8] is the integer part of N/§. By the square function inequality for
martingales (Theorem 1.3) there is a real constant ¢ such that

P(Gy,) <([N/8]+ De(N)"
= 1/2

x kgllg’/‘é]CE(‘b(([X» Xlwens = [X, Xis) ))
By (8.3) and (8.9), F(GN‘s) ~ 0 for all positive infinitesimals & such that § > e.
Therefore for each N in N there is a 8 in 7 such that °8y >0 and P(Gy, ) <27".
By the Borel-Cantelli lemma P(G 5, occurs infinitely often) = 0, and since X(-, @)
— X(0, w) is S-continuous whenever w € G ., for only finitely many N, the result
follows. O )

Notation 8.3. Suppose X: T X € — *R? is an internal process and {®, |t € T} is

an internal filtration. Let )

X% (1) = X(0) + T E(AX(s)|D,),

s<t
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whenever the expression on the right is well defined. Let »®* (X) denote the internal
random measure on (T, ©) defined by

v (X)({1)) = [X, X5 — [X, X)
If, in addition, X is %®-adapted and & T X Q - *[0, o) is €l?> -adapted, define a
®,-martingale X« %) by

X@89() =3 AX(s)axyi<es) ~ E—(AX(§)I(IIAX(§)II<B(§)) |%5)’

s<t

where for eachs € T, E( AX(s)Iya X(s)ll<e(s)) | B,) denotes an internal version of the
conditional expectation whose norm is bounded above by e(s w) for all w. If there is
no ambiguity we will write X(® for X=®" and »(X) for »® (X). O

LEMMA 8.4. Suppose that A is an Q-adapted process such that A(-,w) is a
nondecreasing *R-valued function for each w. Assume also that SUP,ensry A A(2) =0
a.s. and A(t) — A(0) is locally S-integrable. Then )

P( sup °|A@'(g)—A(g)|>0):0.

tens(T)

PROOF. We clearly may assume that A4(0, w) = 0 for all w. Suppose that A4 is
uniformly bounded by a real constant. If Y(t) = A(t) — A% (¢), then Y is an
internal martingale, and for ¢ in ns(T") we have

E([v,Y],) = _( 2 (aa(s) - (AA(§)|@§))2)

s<

= E(E,(“(f”z‘ E(ad(s)|a,))

E( 2 (AA(s)) ) ((maxAA(s))A(t))
Therefore if ¢ € (0, o0),
P(max |¥(5)| > €) < e2°E (¥(2)*) = e °E([Y, Y],) =

and we have shown that A(¢) =~ ~ A% (¢) for all tin ns(T') a.s.

For the general case, let {V,} be a sequence of *-stopping times such that A(V,,) is
S-integrable and lim,_, °V, = o0 as. If A4,(t)=A(tAV,), then A% (¢)=
A% (t A'V,), and therefore by replacing 4 with A, we may assume that A(¢) is
S-integrable for all zin 7. Let A"(¢) = A(t) N\ n. The above argument implies that

(8.6) F( max |4"(1) — (4% ()|~ n") <n!
t<n
for all nin N and hence for some y in *N — N. If s < ¢, then

and thereforeif 1 € T,

88)  E(max (4% (5) = (4n)® () = E(4% (1) = () (1)),
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since the first inequality in (8.7) implies 4(s) — A(s) is increasing, whence A% (s)
— (A")% (s) = (4 — A")® (s) is also. By the second inequality in (8.7), the right-
hand side of (8.8) is bounded above by

E( 2 E(A4(5)a>n |@’§)) = E(A(DI yp5y)) =0
s<t
(the last since A(¢) is S-integrable). Combining the above results, we get for almost
all w and all ¢ in ns(T'),

A1) ~ A41(1)
~(A")* (1) (by (8.6) with y in place of n)
~ A% (¢) (by (8.8) and the above bound)
and the result follows. [

We will need the following inequality of D. L. Burkholder: if (Z(z), @,) is an
internal martingale, G(¢, w) is an @ -adapted process, Y = G - Z and a, b > 0, then

(8.9) P(Y*(1)=a,[Y, Y]} <b)<ba

This result may be proved by applying an elementary martingale inequality to the
martingale Y(1 A V'), where V = min(z |[Y, Y1%,, > b}.
We are finally ready for the main result of this section.

THEOREM 8.5. Let X be an @ -martingale.

(a) X is S-continuous and locally S-integrable if and only if [ X, X]'/? is S-continuous
and locally S-integrable.

(b) If X? is locally S-integrable and sup,c .1 |AX(t)|= 0 a.s., then [X, X], ~
[X, X1% forallt inns(T) a.s. i i

(c) I] [X, X1 is S-continuous and SUpP,ensry * | AX(2)|= 0 a.s., then X is S-con-
tinuous. The converse holds if X* is locally S-integrable.

PROOF. (a) It follows from Lemma 6.3(b) and Theorem 6.4 that [X, X]'/? is
locally S-integrable if and only if X is. Also, Theorem 7.18 implies that if X is
S-continuous and locally S-integrable, then [ X, X] is S-continuous since it is SDJ
and A[ X, X)(t) = Oforalltin ns(T) a.s.

Suppose now that [ X, X]'/2 is S-continuous and locally S-integrable. It remains
only to show that X is S-continuous. Let {W,} be the sequence of *-stopping times
obtained in Theorem 6.4 (note that X is locally S-integrable by Lemma 6.3(b)).

Assume first that | A X(7, @) |< M for all (¢, @) and some M in N. Let

7(¢) = min{u|[ X, X], +u=>1}.

By the optional sampling theorem, X’(¢) = X(7(¢)) is a *-martingale with respect to
(€, |t ET).Ift; <t,, then

(8.10) (X, X],—[X, X, =[X, X]o,y — [ X, X]s0))
<t,—t, +(AX(7(z,) — A’))Z + At

<2,—-1)+ IXIE‘IXAX(Q)z-
222
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Since [ X, X]is S-continuous and max, ., AX(s)* < M*, we have
E_( maxAX(§)4) <N-!
s<N
for all N in N, and therefore for some N, in *N — N. If e = N;'/2~0 and
t,t, € ns(T) satisfy e <t, — t; = 0, then

E((x, X1, - (X, X)) 6 — 1)

<8(t,~ 1)) + 2B (maxaX(s)*)e (b (8.10))

~ 0.
Thus the conditions of Lemma 8.2 are satisfied with ®(x) = x*, and therefore X is
S-continuous since °X’(0) = °X(0) = [ X, X])/? € R a.s. Recall that for ¢ in *[0, c0),
[t] = max{t € T|t < t}. The S-continuity of X" and [ X, X] implies the S-continuity
of X'([[ X, X1, + t], w). However, by the definition of r and X’ we have
x([[x, X1, + 1, 0) = X(«([[X, X], + 1]), ©) = X(1, 0),

whence the S-continuity of X.
Consider now the general case. Let

Z(n=12% |AX(§)|I{|AX(§)|>I}; W, = min{t| Z(¢) = n} (min @ = c0).
s<t
Since Z(t) <[X, X],, clearly lim,,_, °W, = o a.s., and hence if V, = W, \ W},
then lim,,_. ,, °¥, = o0 a.s. Also
Z(V,) < Z(W, — At) + 2X*(W,) <n +2X*(W,),
which is S-integrable. Therefore
(8-“) OE( 2 IE_(AX(§)1(|AX(§)|<I) |@5) |)

s<V,

= °E( > E_(AX(S)I(§< Ve x> | GZ{) |)

<°E(Z(V,)) = E(°Z(V,)).
(The first equality holds since X is a martingale.) However, the S-continuity of
[ X, X] implies that Z(¢) = O for all ¢ in ns(7") a.s. and so (8.11) equals zero. It now
follows from the definition of X = X(-€") (see Notation 8.3) that
2
[X(I), X“)]g ~ 2 AX(s) I(]AX(§)|<I} ~[X, X]g
s<t
for all 7 in ns(T') a.s. and, in particular, [ X", XV] is S-continuous. By the previous
case XV is S-continuous. Applying the fact that (8.11) equals zero, we get
xXO(1)~ ¥ AX(§)1{|AX(5)|<1) ~ X(1)
s<t
(the last since [ X, X] is S-continuous) for all ¢ in ns(T") a.s. Therefore the S-continu-
ity of X follows from the S-continuity of XV,
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(b) Suppose that X? is locally S-integrable and SUP;enyr) | AX(s)|= 0 as. By
Lemma 6.3(b), [ X, X] is locally S-integrable. Thus the hypotheses of Lemma 8.4 are
satisfied with 4 = [ X, X], and therefore [ X, X], ~[X, X)% forall tin ns(T) a.s.

(c) Suppose [ X, X]¢" is S-continuous and SUP;cny(7) °|AX(t)|= 0 as. Note that
(XM, X)€" is S-continuous because [X, X]% is, and A[XD, XD)¢ (1) <
A[X, X1 (2). Since E(AX(s) | @,) = 0, we have

(8.12) IE_(AX(§)1(|AX(§)|<I} ) ZIE(AX(§)1(|AX(§)|>1) |@5)

<A[X, X]% (s)
for all s € T, P-a.s. This, together with the fact that A X(¢) ~ 0 for all 7 in ns(T') a.s.,
implies that A X"(¢) ~ 0 for all ¢ in ns(T) a.s. If W, = min{z|| X‘(¢)|> n}, then
| XO(W,)|< n + 2. The finiteness of [ XV, X]¢" and (8.9) with ¥ = X imply
that lim,_ ,, °W, = oo a.s. Therefore (XV)? is locally S-integrable and the S-con-
tinuity of [ XV, X(V] follows from (b) and the S-continuity of [ X(V, X("1¢- . By (a),

X is S-continuous, and therefore by (8.12) and the S-continuity of [ X, X]¢", t
same is true of ZS<,AX(s)I(|AX(S)|<,) Since AX(¢) ~ 0 for all ¢ in ns(T) a.s. and
°X(0) = °([X, X]¢ )/2 € R a.s., this implies the S-continuity of X.

The converse is an immediate consequence of (a) and (b). [

In practice (c) may give a more useful criterion than (a) for checking whether or
not an & -martingale X is S-continuous. This is because [ X, X ]¢" is sometimes easier
to compute than [X, X]. Consider, for example, the case when {(Z,|t€T} is a

*.independent sequence of internal, identically distributed random variables with
mean zero and variance 02 (°s* < o0), and X(¢) = Zo<st s(At)‘/2 Then [X, X],

= o5 Z7AL but [ X, X% = o

Part () of the above result is a generalization of the “continuity theorem” for
*-martingales in Keisler [6, Theorem 3.2]. That result implies that, on a particular
type of internal probability space, X is S-continuous if A X(z, w) ~ 0 for all (¢, w) in
ns(T) X @ and [X, X]%" is Lipschitz continuous on bounded subsets of T, with a
Lipschitz constant independent of w. (Keisler also gives an explicit modulus of
continuity for st( X).)

Part (b) and the converse of (c) are false in general without the hypothesis that X?
is locally S-integrable. If X is constant except for a single jump at time O of
size —(At)~'/? with probability Az/(1 + At¢) and of size (A¢)'/? with probability
1/(1 + At), then X(¢) ~[ X, X],~0foralltas but[ X, X]1¢, = land[ X, X]¢ =

Part (a) has been proved independently by T. L. Lindstrem [7, Theorem
14; 8, Theorem 2] under the slightly stronger assumption that °E( X?(V,)) < oo for
some sequence of *-stopping times such that lim °V, = oo a.s. The proof given
here seems somewhat shorter.

It is not true in general that X is S-continuous if [ X, X]'/? is, so that (a) would be
false if the local S-integrability condition is dropped. Consider the following
example:

Fix y € *N — N such that yAr ~ 0. Let {Y;|i = 1,...,y} be internal *-indepen-
dent random variables such that P(Y,=y) =y~ and P(Y,=0) =1 — y2 Since
E(Y)=y"", Y(jAr) = CiginyY) =GN y)y~'is an internal martingale. Note that

n—o0
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P(Y,=0 for i=1,..,y)~1, so that Y(jAt)= —(j Ay)y™ and [Y,Y],, =
(J A Y)Y ~0forall jAt € ns(T) a.s. Therefore [Y, Y] is S-continuous but Y is not.
The following result is an easy application of the above “continuity theorem”.

THEOREM 8.6. Let X be an S-continuous S-local martingale and let G(t, w) be an
@L-adapted process. If either G € L(0; X,R, &.) or

(8.13) for each m in N, I <m}G2( -, w) is S-integrable with respect to v( X) a.s.,
then G - X is S-continuous.

PROOF. Assume first that | G(s, w) | is uniformly bounded by ¢ € R. By Theorem
8.5(a), [X, X]'/? is S-continuous and locally S-integrable and hence so is
[G-X,G- X);/? = ([I;,<,G*(s) AN?(X))'/2. Another application of Theorem 8.5
shows that G - X is S-continuous.

For the more general cases, let G, = (G A n) V (-n). If G € L(0; X, R, &), the
S-continuity of G - X follows from Lemma 7.13(c) and the S-continuity of each
G, - X. If (8.13) holds, then for eachm, nin N,

(8.14) °I?(r£1ax G+ X(1) = G, X(1)| = m™")

<2 4B [1em(6(0) = G0 () > m
(by essentially the same argument as for (8.9))
<+ P [1em (600 =G, (0 dL() =

(by (8.13)).

By dominated convergence there is a subsequence {n,,} such that (8.14) is less than
2m~2 when n = n,,. The Borel-Cantelli lemma implies that

lim °max |G- X(¢t) — G, - X(t)|=0 as.
m-oo t<m m
This, together with the S-continuity of G, - X, establishes the S-continuity of G - X.
|
Note that this result does not follow from Lemma 7.13(e) since G need not be a
(0; X)-lifting of a standard process.
REMARK 8.7. Note that the d-dimensional versions of Theorems 8.1, 8.5 and 8.6
follow as immediate corollaries to those results. O

9. A lifting theorem for semimartingales. We have shown (Theorem 8.6) that if X is
an S-continuous, S-local martingale with respect to {®,} and G € L(0; X,R, &.),
then G - X is S-continuous. This followed from a continuity theorem (Theorem 8.5)
which said that, under mild integrability conditions, X is S-continuous if and only if
[ X, X]is. It is natural to ask if these results still hold if one replaces “S-continuous”
by “SDJ” (i.e., the notion of being near-standard in C is replaced by the correspond-
ing notion in D). In fact, an affirmative answer to this question would allow one to
obtain solutions of a semimartingale stochastic differential equation in the same way



STOCHASTIC DIFFERENTIAL EQUATIONS 45

as Keisler used his continuity theorem to construct solutions to Itd integral equa-
tions. Unfortunately both results fail as the following example shows. (A similar
example was found independently by T. L. Lindstrem.)

ExaMPLE 9.1. Let V be an internal geometric random variable on (2, &, F) such
that if p = (1 + (A1)'/2)7", then P(V = k) = (1 — p)p* for k € *N,. Assume that
1 € T and define Y(¢, w) by

Y(t)=0 forz<]l,
(-1l fo<j<v,
0 ifj>Vv. .

Then Y is a uniformly bounded SDJ @ -martingale, where @, is the internal ¢-algebra
generated by {Y(s)|s < t}. Note that Y(2) is zero before t = 1, oscillates between 0
and —(At)!/? for t <1 + VAt and at 1 + VAt has a jump of =1. If G(1 + jAt) =
(-1)/, then

—j(Ar)'”? fo<j<v,

G- M +ji) {1 - v(an)'? ifj>v.
An easy computation shows that VAt ~ 0 a.s. but °(V(Ar)'/?) > 0 a.s. Therefore
Z = G - Yisnot SDJ. Note also that [Z, Z] =[Y,Y]is SDJ. O

In the previous example, it is clear that if one restricts Y to a coarser time set, then
it would a.s. consist of a single jump of +1 that occurs infinitesimally close to one,
and the internal integral G - Y would then of course be SDJ. Our goal in this section
is to show that this is always the case. More precisely, Theorem 9.7 states that one
can always find an internal filtration {%B,} and a B -semimartingale lifting, (4; X),
of (a;x) ((a,x) € VZ X LZ) such that G- (4 + X) is SDJ for all G€
L(A; X,R™4 ).

Notation 9.2. Suppose Y: T X € — *R?is an internal stochastic process.

(a) If 8, 1 € *[0, o0}, let '

w(Y,1,8) =sup{llY(s) — Y()ll|s, 1 € T; 5,1 <1;|s — t|< 8}

and
wo(Y, 1) = sup{°lY(s) — Y(2)ll|s,t ET;s,t<t;5~1}.

The same notation is used if Y: 77 X @ — *R? for some other internal S-dense set
T.
(b) If T" = {¢;| i € *N} is an internal subset of Tand ¢, <t |, let

Jj—1
Var(Y, T)(1)) = 2 1¥(t40) = Y21

(c) Ife: T X @ - *[0, o0) is an internal process let | ell = sup,, ,&(Z, @) and
J(X,e)(t)= 2 AX(§)1(||AX(§)||>5(5))-

s<t
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(d) If {x,} is a sequence of random variables converging in probability to x, we
write x,, LR Xo. O

Note that if X is a B,-martingale and ¢ is a *[0, c0)-valued % -adapted process for
some internal filtration {€B }, then

9.1)  X(1) = X®(¢) + J(X, &) — J(X, &) (1) forallfin T, P-as.

LEMMA 9.3. Assume {B,} is an internal filtration and X is a *R®-valued B -martingale
such that [ X, X]is SDJ. If e: T X Q - *[0, o) is %-adapted and satisfies °|lell < oo
and sup, 1) °&(2, @) = 0 a.s., then X&) is S-continuous.

PRrROOF. Since [ X, X]is SDJ,

Ae(l) = 2 ||AX(~S)“2I(||AX(5)||<e(§))

s<t

is S-continuous. Also A4, is locally S-integrable. Therefore, by Lemma 8.4, A® i
S-continuous. Note that

A[X®, X(E)]%' (1) = E_(”AX(!)“21(||AX(5)||<e(5)) l%f)

- ”E(AX(!)I(MAXQ)||<5@} | %5)”2
<A4P (1),

and therefore [ X(®, X(®]®" is S-continuous. Moreover by the definition of X we
have

sup °llAXO(2)l< sup °2e(t,w) =0 as.

tens(T) tens(T)

By Theorem 8.5(c) and Remark 8.7 we may conclude that X(® is S-continuous. [
We have shown (Theorem 7.18) that if X is an SDJ S-local martingale then [ X, X]

is SDJ, but that the converse is false (Example 9.1). The following theorem gives

conditions which are necessary and sufficient for an S-local martingale to be SDJ.

THEOREM 9.4. Let {B,|t € T} be an internal filtration and let X be a *R%-valued
S-local martingale with respect to {®,}. Suppose {¢,(1, w)} is a sequence of B -adapted
processes taking values in *[0, o) such that lim,,_ ., °lle, || = 0 and for each n € N,

(9.2) ° inf e,(1, w) > 0.
(1, w)

Then X is SDJ if and only if [ X, X]is SDJ and wy(J( X, €,)® ", 1) iO as n approaches
oo for all t € [0, 0).

ProOF. Suppose X is SDJ. Then [ X, X]is SDJ by Theorem 7.18. By saturation we
may extend {e,} internally to *N so that ¢, is %-adapted for all n € *N and
lleyll =~ 0 for all H € *N — N. By Lemma 9.3, if N € N, then

(9.3) P(w( X, N, lleyll) >27¥) <27V
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for all H in *N — N, and hence (by the permanence principle), for all H = M,
(H € *N), for some M, € N. By (9.1) we have for all N in N,

wo(J(X, 6,)% L N) < wp( X, N) + wp( X —J(X,e,), N)

< ow( X, N, lle,ll) +°lle, Il aus.,

where we have used the fact that X is SDJ in the last line. Therefore if N € N and
n=M,,

P(wo(J(X.e,)™  N) > 27V +2llg,ll) < °P (w( X, N, lle, Il) >27)
<27V (by(9.3)),

as required.

For the converse, we may assume that lim,_ ,wy(J(X, ¢, )%' ,h) =0 as. by
considering a subsequence, if necessary. Since [ X, X] is SDJ by assumption, Lemma
9.3 implies that (9.3) holds for N € N and H € *N — N, and hence by considering a
further subsequence we may also assume that lim,,_ ,, *w( X", n, |l¢,ll) = 0 a.s. Fix
w such that both of the above limits are zero, (9.1) holds and [ X, X](w) is SDJ. If
t, = t,areinns(T) and t, <{,, then by (9.1),

(9:4) °IX(1,) — X(1,)l <limsup (°1J(X, ,)(1,) — J(X, &,)(1,)l

n— o0
+wo(J(X, )% n) +ow( X, n, lle,Il))
= limsup °IIJ( X, &,)(¢,) = J(X, &,)(2,)Il.

n— o0
If AX(t) = 0 for all ¢t ~ t,, the above result and (9.2) imply that X(¢,) ~ X(t,). In
particular, the S-continuity of [X, X] at zero implies the same is true of X. If
°||AX(2)Il > 0 for some ¢ ~ ¢, (there is at most one such ¢ since [ X, X] is SDJ) then
by (9.2) and by (9.4), °X(¢,) # °X(¢,) if and only if ¢, <t <t¢,. Since X is an
S-local martingale, it is SD by Theorem 5.2, and hence is SDJ by the above. [
Recall that (Notation 6.1) | Y| (1, w) = Z,_,[I1AY(s, w)ll.

LEMMA 9.5. Suppose Y is a *Ré-valued GJ?)l-BV lifting of y for some internal filtration
{B,|t €ET}. Then for a.a. w and all t € [0, ), wy(| Y|, 1) = wy(Y, ¢).

PROOF. Choose w such that | Y| (-, w) is an SDJ lifting of |y|(-, w). Suppose
s~ 1t €ns(T) satisfy s <t and °(| Y|(¢) — | Y|(s)) > 0. Then since | Y| (-, w) is
SDJ, there is a u such that s<u <t and °(|Y|(z) — | Y| (s)) = °NAY(w)ll (see
Proposition 2.5). It follows that wy(| Y|, t) < wy(Y, ) for all ¢ € [0, oo] a.s.

The converse inequality is obvious and the result is proved.

Recall that our aim is to show the existence of a semimartingale lifting (A4; X) of
(a; x) € Vg X ¢ such that G- (4 + X) is SDJ for all G € L(4; X,R™“ % .).
For this we would like a condition on X that guarantees that the conditions
described in Theorem 9.4 are satisfied by G - X. Such a condition is obtained in the
following lemma.
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LEMMA 9.6. Assume X is a *R*valued SDJ S-local martingale with respect to {%,}
and (e, } satisfies the same hypotheses as in Theorem 9.4. There is an S-dense subset of
T, T = {kA't| k € *N,}, such that for each t € [0, ),

wO(Var(J(X, s,,)%' , T’), t) 20 asn— .

ProoOF. Let {W,,} be the sequence of *-stopping times introduced in Theorem 6.4
and, for n € N, define

Y, (1) = 2 NAX()I L axcs)i>ensn-
s<t
Since X is SDJ, (9.2) implies that Y, is SDJ, and therefore if V) = min{z| Y,(z) = m},
then lim,_ , °V,’ = oo as. for each n. Note that Y (V) A W,)) is S-integrable
because Y, (V) A W,) < m + X*(W,,). Therefore

CE(YE (Vi AW,)) = E(Y,(Va AW,)) <o

and, in particular, since Y,® is nondecreasing (P-a.s.), ¥,®" is SD by Remark 2.4
and the fact that lim,, ., °(V» A W,,) = o a.s. Note also that Y2 (¢) ~ 0 for all
t ~ 0 since if t =~ 0, then

CE(YY (1 AVIAW,)) = E(Y,(tAVIAW,)) = E(Y,(t AV AW,)) =0.

It follows that J(X,e,)® is also SD and j, = st(J(X, ¢,)® ) € V2. Lemma 7.5
implies there is a decreasing sequence of S-dense subsets of T, {T;}, such that
T, = {kA;t| k € *N,} and for all n < i, J(X, ¢,)® ([-]7) is a B, T-BV lifting of j,.
By saturation there is an S-dense subset of T, T’ = {kA't| k € *N,}, such that
J(X,€,)® ([-]17) is a B, T"-BV lifting of j, for all n € N. By Lemma 9.5, for a.a. &
and all ¢ in [0, oo], we have

(9.5)

wo(Var(J(X, &), T'), 1) = wo(17(X, &) ([-17) ], 1)

. ’ @P.
= wo(J(X, )% ([117), 1) < wol J( X, &)™ 1)
Since the right side of (9.5) converges in probability to zero as n approaches oo
(Theorem 9.4), the result follows. [
We are ready to prove the main result of this section.

THEOREM 9.7. Let (a, x) € V! X L& and let h: [0, 0) X @ — R™ be % -adapted
with sample paths in D. There is an internal filtration {®,|t € T}, a Bsemi-
martingale lifting of (a; x),(A; X), and a B -adapted SDJ lifting of h, H, such that if
Z=A+ X, then (H,G- Z) is SDJ for all G € L(A; X,R"™™4 %).

PrOOF. By Theorem 5.6 and Remark 5.7(b) there is an internal filtration {4}, a
%B;-local martingale lifting of x, X’, and a %’-adapted SDJ lifting of (h, a), (H’, A’).
Lémma 9.6 implies there is an S-dense subset of T, " = {kA't| k € *N,}, such that

(9.6) wO(Var( J(x,n)®, T’), t) L0 asn— oo
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for all 1 = 0. Let B, = B; (g7 Clearly we can replace T” by any S-dense subset of T”
of the form {kA"t | k € N 0} and (9.6) will still hold. Therefore we may argue just as
in the proof of Theorem 7.6 to obtain a % -semimartingale lifting of (a; x), (A4; X),
and a %-adapted SDJ lifting of h, H, sixch that (H, 4, X) is SDJ and X(¢) =
X'((2]" A W) for some *-stopping time W that satisfies °W = o0 a.s.LetZ = 4 + X.

Let G € L(A4; X,R™?, B). If G,, = Gl 6j<m), then by Lemma 7.13(c), in order
to show (H,G - Z) is SDJ, it suffices to show each (H,G,, - Z) is SDJ. This will
follow if each G,, - Z is SDJ since (H, Z) is SDJ and ||G,, || is bounded. To show
G,, - Z is SDJ we only need show G,, - X is SDJ because G,, - 4 is clearly SDJ and so
is (4, X). Moreover, in proving that G,, - X is SDJ we may assume n =d = 1 by
considering the matrix multiplication componentwise and noting that X is SDJ.
Finally, by adding m + 1 to G, one can assume that 1 < G,, < 2m + 1 (note that if
G, X+ (m+ 1)Xis SDJ then sois G, - X).

By the above argument we may assume n = d = 1, and it suffices to show F - X is
SDJ for F € L(A4; X,R, %.) such that 1 < F < M for some M € N. Fix such an F.
Let F'(s) = F([s]" + A’t — At). Since F is B cadapted, F’ is also ) -adapted and
hence %'—adapted Note thatif 1 + Az € T" and t < W, then

F-X(1)= ZF(s)AX(s) = X F(s)(X(s+ A1) - X'(s+ At — A7)

<t <1
s+ALET’

= 2 F(s)AX'(s) = F - X'(1).
s<t
Therefore it suffices to show F’ - X" is SDJ because F - X is constant on [z, ¢ + A't)
for all tin T". By Lemma 7.13(a) F” - X’(¢) is an S-local martingale with respect to
{®). We will use Theorem 9.4 to show that F'- X’ is SDJ. Observe that
[F - X,F -X] is SDJ because [X’, X'] is, and |A[F" - X', F' - X' 1) |<
M?A[X’, X'](t). To complete the proof it suffices to show that for all 7 € [0, o0),

Q. P
(9.7) wo(J(F'- X', e,)" 1) 50 asn— oo,

where ¢,(t, w) = n"'F'(t, w) satisfies the hypotheses of Theorem 9.4 because n™' <
e, <n'M. For aa. wif u~v €T, t €0, 0) and u < v <1, then since F/(s) =
F'([s]™) we have

CF - X, 6,)™ () = J(F - X', e,) ™ (u)|

2 F,(‘E)E_(AXI(‘S)I{|F’(§)AX'(§)|>n"F'(§)) | %Q)
uss<vp
<o 3 PO ) (s+ A = J(x, n)T (s)]

[u)"<s<[o]”
sET’

+o P ()] [, n7 ) ([w]™ + 1) Aw) = a(x, n) ™ (w)|
+olF ()| (X7, n7) ¥ (0) = I, 1) ([2]7)|

< Mw(Var(J(X', n™)®" ) 1) + 2Mwg(J(X', 0 7)™ 1),
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Therefore we have for a.a. w and all ¢ € [0, o0),
(9.8) wo(J(F - X', e,)" 1)
< Mwg(Var(J(X', n™)*"  T), 1) + 2Mwp(J( X' n7) ™" ).

The right side of (9.8) converges to zero in probability as n approaches oo, by
Theorem 9.4 and (9.6). Therefore (9.7) follows and the proof is complete. [

10. Stochastic differential equations. In this section our aim is to construct a
solution, y(t), of the stochastic differential equation

(10.1) y(t,0) = h(t, ©) +/O’f(s,w,y(.,w)) dz(s, )

where z is a d-dimensional semimartingale, 4: [0, 00) X £ — R”, and f: [0, o0) X @ X
D(R") — R"*“_To describe the exact conditions on f, we need some notation.

Notation 10.1. (a) The topology, ¥, on D(R") of uniform convergence on compact
sets is the topology induced by the metric

o0

o(dy dy) = 3 (sup lld,(u) = dy(u)l A1)27.
n=1 us<n

The subscripts § and J, will be used to distinguish between these two topologies on
D(R") if there is any ambiguity. The notation “st” still denotes the standard part
map in the J; topology and %) denotes the Borel sets of D(R") for the J, topology.

(b)If F: T - *R™isinternal and ¢t € T, let Fi(s) = F(t N\ s). It will be convenient
to consider such functions F as elements of *D(R™) by interpolating them as
right-continuous step functions on *[0, o). If d € D(R™) and ¢ = 0, let

o [d(s) ifs<u,
d (s)_{d(t‘) ifs=>1,

where d(07) = d(0).

(c) If L and M are topological spaces, let C(L, M) denote the space of continuous
functions from L to M with the compact-open topology. [

We assume that z, h and f satisfy the following hypotheses:

(H,) h is an %-adapted process with sample paths in D(R").

(H,) z is a d-dimensional semimartingale such that z(0) = 0.

(H;) fis @ X %-measurable (recall that % is the o-algebra of predictable sets) and
for all (¢, w, d) € [0, 00) X & X D(R"), f(t, w, d) = f(t, w,d").

(H,) There is a process f € L(z,R) (see Notation 7.2) such that

sup [l f(t,0,d)l <f(t,w) forall (,).
dED(R")

(H;) For each (¢, w), f(t, w, ) is 9-continuous on D(R").

Conditions (H,) and (H,) are needed to ensure that the right side of (10.1) makes
sense for all ¢+ = 0, as the following lemma shows.

LEMMA 10.2. If y: [0, 00) X @ — R" is J-adapted and has sample paths in D, then
f(s, w, y) € L(z,R™4),



STOCHASTIC DIFFERENTIAL EQUATIONS 51

PROOF. Since || (s, w, )l <f(s, w) and f € L(z,R), it clearly suffices to show
that f(s, w, y) is predictable. Define ¢: [0, o0) X £ — D(R") by ¢(¢, w) = y'(w).
For s fixed, ¢(-, -)(s) is predictable since it is J-adapted and is left-continuous in .
Therefore ¢ is P /D-measurable, since ) is generated by the finite-dimensional sets.
It follows that f(-, -, y) is predictable because f(¢, w, y) = f(¢, w, ¢(t, w)) and f is
% X 6)-measurable (by H;). O

The main result of this section is the following;:

THEOREM 10.3. If conditions (H,)-(Hs) are satisfied on an adapted Loeb space
(2,9, P,%,), then there is an %-adapted process, y, with sample paths in D(R") such
that (10.1) holds for all t = 0 a.s.

PROOF. Choose (a, x) € V' X £¢ such that z=a+ x and f€ L, (x,R) N
L(a,R). By Theorem 9.7 there is an internal filtration {%,}, a %-adapted SDJ
lifting of 4, H, and a %-semimartingale lifting of (a; x), (4; X), such that if
Z=A+ X, then (H,G-Z) is SDJ for all G € L(A4; X,R"“ .). By Theorem
7.11, f has an (A4; X)-lifting, F, which we may assume is nonnegative for all ( t, w).
Let

B={G:Tx Q- *R"|Gis B -adapted and | G(t, w)Il < F(t,w) forall (¢, w)}.

The next step is to find an appropriate lifting of f. For this we need the following
lifting lemma:

LEMMA 10.4. There is an internal C X @ X*%)-measurable mapping F: T X Q
X*D(R") = *R"*? such that:

(10.2) For all (t, @) € T X Q, Sup,cpgn Il F(t, w0, d)Il < F(t, w).

(10.3) Forallt € T, F(1, -, -) is B, X *D-measurable.

(10.4) If G € B, then -

°F(t,w0, H+ (G- Z)") = f(°t,w,st(H + G- Z)) L(p(4; X))-a.s.

We defer the proof of this lemma and complete the proof of Theorem 10.3.
Let F be as in Lemma 10.4 and inductively define a %,-adapted process Y by
setting Y(0) = H(0) and )
AY(t) = AH(z) + F(1, @, Y1)AZ(2).
Thus we have
(10.5) Y(1) = H(z) + F- Z(1),

where F(s, w) = F(s, w, Y¢). By (10.2) and (10.3) we have F € B C
L(A; X,R"4 B (the latter inclusion follows easily from the fact that F €
L(A4; X,R, B.)). It follows from (10.4) that

°F(s,0) = °F(s, 0, B+ (F- Z)*) = f(°s, 0,st(Y)) L(n(4; X))-as.

Therefore if y = st(Y) (note that Y is SDJ by (10.5) and the choice of H and Z),
then F is an (A; X)-lifting of f(s, w, y). Taking standard parts in (10.5) and using
the definition of the stochastic integral (Definition 7.14), one obtains (10.1). O
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It remains to prove Lemma 10.4. Suppose for the moment that, instead of (10.1),
we were constructing solutions of

(10.6) y(1) = h(e) + jo (s, 0, y(s7)) dz(s),

where f(s, w, -) is a continuous function from R" to R"*“ satisfying the obvious
analogues of (H;) and (H,). (Such equations were first solved by P. Protter [10, 11]
and C. Doléans-Dade [2] when f(s, w, ) is Lipschitz continuous.) Then an ap-
propriate lifting, F, of f may be found by using Theorem 7.11 to obtain a lifting F:
T X Q - *C(R", R™) of f(1, w)(x) = f(1, @, x)(f: [0, 00) X @ » C(R", R"9)) and
setting F(1, w, x) = 1:"(5, w)(x). A slight modification of the previous proof would
then allow one to construct solutions of (10.6). This argument breaks down when
considering (10.1) since then f would take values in the nonseparable space
C(D(R™),R"*?), where D has the J topology, and hence Theorem 7.11 does not
apply. An additional problem arises in establishing (10.4) since “st” refers to the
standard part map in the J, topology while f(f, w,-) is only assumed to be
%-continuous. Both these difficulties are overcome by noting that we are only
concerned with the behaviour of f(¢, w, -) on a particular subset, K(w), of D. In fact,
this subset of interest will be a countable union of compact sets on which the two
topologies coincide.

Notation 10.5. Let j(1, w) = |AA(t, w)ll + f(1, )| Az(t, w)ll, and for (1, w) €
[0, o0] X R define

D(t,w)={deD|d=d",lAd(s)ll <j(s,w) foralls <t}

(here d* =d). O

LEMMA 10.6. For all (1, w), D(t, w) is closed in the J, topology, and the J, and &
topologies coincide on D(t, w).

PrROOF. Foreachn €N, {r < n|j(t,w) = n"} is finite. Therefore

(10.7) *j(s, w) ~ 0 for all s in ns(*[0, 00)) — [0, 00) and all w.

Fix (1, w) €[0, 0) X Q. If d,, d, € *D(t, w) satisfy d, ~; d, and d, .d,, then
there are ¢, =1, in *[0,¢] such that 7, #¢,, °Ad,(z,) #0, and °Ad,(t,) # 0.
Therefore °*j(t;,, w) >0 for i = 1,2, which contradicts (10.7). Hence d, ~.d,
whenever d, ~; d,, and it follows easily that the J, and 7 topologies coincide on
D(t, w).

Suppose d € *D(t, w) is nearstandard in the J; topology. To see that D(7, ) is
closed, we must show that st(d) € D(t, w). By (10.7), °Ad(s) = 0 for all s ~ ¢ such
that s < and therefore d = d*" implies that st(d) = st(d)". If s € [0, ¢) then for
some s’ ~ s we have

lAst(d)(s)ll = °lAd(s")l < °*j(s", @) <j(s, w)
(the last by (10.7)). Therefore st(d) € D(t, w) and the proof is complete. [
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LEMMA 10.7. There is a P X D-measurable mapping g: [0, c0) X @ X D(R") — R"*¢
such that for all (1, w),

(10.8) g(t, w, d) = g(t, w, d") for all d,

(10.9) g(¢, w, -) is J,-continuous on D(R"),

(10.10) g(t, w, d) = f(t, w, d) for all d € D(t, w).

The proof requires the following auxiliary lemma.

LeMMA 10.8. Assume f: [0, c0) X @ X D(R") — R satisfies (H;)—(Hs). There is a
P X D-measurable mapping g: [0, 00) X @ X D(R") - R satisfying (10.8) and (10.9),
such that for all (¢, w),

(10.11) | g(t, @, d) |< f(t,w) /3 for all d,

(10.12) | g(t, 0, d) — f(t, w, d) |<2f(t,w) foralldinD(t,w).
PROOF. Define
A" (1r,0) = {deD(t,0)|f(1,0,d} >f(t,w)/3}
and
A (t,w)={deED(t,0)|f(t,0,d) < - f(1,0)/3}.
Then by Lemma 10.6, for each (¢, w), the r-closure of 4~ ,F, is also J,-closed.

Moreover, A* and A~ are clearly disjoint.
Let p; denote a metric for the J,-topology on D(R") and define

g(t,0,d) = (p;(d7, 47(1,0)) Ao, (47 (1,0), 4 (1, 0)))

Xy, (47(1,0), A7 (1,0))" 3 f(1,0) = F(1,0)/3,

where p; (B, C) = inf{p;(b,c)|b € B,c € C},inf @ = 00 and o0/00 = 1. (Note
that p, (47, A")>0since A~ and A™ are disjoint J,-closed sets.) Clearly g satisfies
(10.8), (10.9), (10.11) and (10.12).

It remains only to show that g is ¥ X %)-measurable. To this end we construct a
sequence of %-adapted processes {a,|i € N} that is a dense subset of D(o0, w) for
each w. Let {T;} be a sequence of stopping times such that

{TIT, < oo} = {t]|(h, 2)(¢) #(h, 2)(t7)}
and T, # T} if T, < oo and i # J, for all w. Let S be a countable dense subset of the
unit ball in R". For each m €N and r = (r,...,r,) € S™ define an %-adapted
process a(m, r) by setting

a(m, r)(0) =0,

Aa(m, r)T)) =rj(T,) fT.<o0,i=1,...,m,

and then interpolating a(m, r)(-) as a right-continuous step function. Let {x,(¢)]|i
€ N} be a countable dense subset of C([0, o), R") and let {a,(-, w)|i € N} be an
enumeration of the countable collection {x;(-) + a(m, r)(-,w)|i,m EN, r € S™}.
Clearly each a; is 9-adapted and g,(-, w) € D(0, ) for all w. Moreover it is easy to
see that {a,(-, w)|i € N} is r-dense in D(o0, w) for all w. Therefore {a] |i € N} is
r-dense in D(t, w) and {a! |f(t, w, a! ) < - f(t, w)/3} is 7-dense in A™(¢, w) for all
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(1, w), since A” is a T-open subset of D(¢, w). In particular we have

(10.13) p,(d”, A7(1,0)) = inf{p,(d", a,(-. )" ) | f(1, 0. a!") < - f(1,0)/3}.

The mapping ¢,: [0, o) X & - (D(R"), 7) defined by ¢,(1, w) = a,(-, w)" is adapted,
left continuous, and hence ¥ /°D-measurable. It follows easily that

‘I/i(t’ w, d) = p],(dl_’ ai(" w)l_)

is % X %D-measurable and hence so is p,(d", A(1,w)) by (10.13). Similarly,
p, (A7, A *) is P-measurable and therefore g is P X °)-measurable. O

PrOOF OF LEMMA 10.7. By constructing g componentwise we may assume f:
[0, 0] X € X D(R") - R. The proof of Lemma 10.7 is now identical to the usual
proof of the Tietze extension theorem which may be found on p. 150 of Dugundji
[3]. The only difference is that Lemma 10.8 is used in place of the lemma at the top
ofp.150in[3]. O

We require one more technical lemma before we can prove Lemma 10.4.

LEMMA 10.9. (a) Suppose (M, p) is a separable metric space, K is an internal subset
of ns(*M), and C = st(K). Then there is an internally measurable mapping ¢:*M —
*M (i.e., if % is the Borel subsets of M, then ¢™'(B) € *% for all B € *®) such that
&(K)C *Candop(y)~yforally € K.

(b) There is a sequence of internal mappings {N,} from B to @ such that for all
m€E€N,G e Bandw € N, (G):

(10.14) P(N,(G)) > 1 — 27",

(10.15)H + G - Z is SDJ,

(10.16) st(H + G - Z) € D(o0, w).

PROOF. (a) By Stroyan and Luxemburg [12, Theorem 8.3.11], C is compact. For
each n € N choose x,,...,x,, in C such that C C U™ B(x,, n™") (here B(x, ¢) =
{y € M|p(y, x) <g)}). Define ¢,: *M — *M by

. ifyeB(x,n") - U B(xj,n")forsomcism

J<i

X

no

¢.(y) = m,
x, ify& U B(x;,n™").

i=1
Clearly ¢, is internally measurable. Moreover if y € K, then p(°y, x;) <n~' for
some i < m,, and therefore ¢,(y) € *C and p(y, ¢,(y)) < n~'. By saturation we may
obtain y € *N — N and an internally measurable mapping ¢,: *M — *M such that
¢,(K)C*C and p(y, ¢,(y)) < y~'for all y € K. Hence ¢, is the required function.
(b) Let {A,,|m € N} be a sequence of sets in @ such that f(Am) >1—2"m2

and

A, C{w|(H F-Z)isSDI,st(H,F-Z)=(h, f-z),
NA(S - z)(u)ll = f(u)llAz(u)ll for all u = 0}

(we abuse the notation slightly and write F-Z for (1-_“Id><d) -Z, and f-z for
(fl;sq) - z, where I, , is the d X d identity matrix). The existence of such a
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sequence follows from the choice of H and Z, and the well-known fact that
A(f - z)(u) = f(u)Az(u) for all u=>0 as. (this is an easy consequence of our
definition of f - z). If m, n € *N and G € B, let

A(m,n,G)=A, N {w | max{llG < Z(t) — G- Z(p)

X ( max F(u)llAZ(u)ll + 2"')~l|

nsu<p

t1<52<”»!2_ll<m_l}<1}

N {max G- Z(e)lIl < Vn},

1<n
and

k(n,G) = min{m|P(A(m,n,G))>1-2""""}  (min @ = o).
Note that k(n,G) € N if n € N because G - Z is SDJ for G € B and ﬁ(An) =1 -
27772 Let k, = supge k(n,G). If n € N, then k,, € N and
(10.17) P(A(k,,n,G))>1—2"""" forall G € B.
By the permanence principle (10.17) holds for all n < y for some y € *N — N. Let

N, (G) = ﬂ}zm A(k;, j, G). It is easy to check that (10.14) and (10.15) are satisfied.
To show (10.16) note thatif m € N,G € B, w € N,(G) and ¢t € ns(T), then

°IAH(z) + A(G - Z)()I < °HAH(2)Il +°I1A(F - Z)(2)ll
< AR+ I1A(f - 2)(°)ll
=j(°t,w) (sincew € A,).

Therefore st(tH + G - Z) € D(o0, w) because H + G - Zis SDJ. O

PrOOF OF LEMMA 10.4. Let K, = {((H+ G- Z)'|GE€ B,t € T, w € N,(G)} and
C, =su(K,) C D(c, w), where {N,} is as in the previous lemma. Then C,, is
Ji-compact because K,, is an internal set of nearstandard points in the J, topology.
Let g be as in Lemma 10.7 and define g,,: [0, ) X & — C(C,,, R™¢) (give C,, the J,
topology) by g,.(t, w)(d) = g(t, w, d). Then g,, is predictable, C(C,,, R"*?) is sep-
arable metric and therefore by Theorem 7.11(a), g,, has a weak (A4; X)-lifting, G,,.
Let ¢, be as in Lemma 10.9(a) with K, in place of K and define F,: T X Q
X *D(R") — *Rnxd by

F(t o d)= {Gm(£,w)(¢,,,(d)) ifd €K,
) 0 otherwise.

Then F,, is € X @ X *%)-measurable and for each ¢ in T, F,(¢,-,") is B, X *D-
measurable. The definition of the standard part map on ns(*C(C,,,R"™?)) (see
Stroyan and Luxemburg [12, Theorem 8.4.41]) implies that

(10.18) °G,, (1, w)(d) = g,(°t, w)(st(d)) foralldin *C,
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L(n(A4; X))-a.s. Therefore if G € B and (¢, w) € ns(T) X N,(G) satisfies (10.18),
then

°F(t,0,(H+ G- Z)") =°G,(t, 0)(¢.((H + G- Z2)"))
= g,(°t, 0)(st((H + G- 2)"))
=g(°, w,st(H+ G- Z)") (by(10.8))
=f(°t,0,s(H+ G- Z2)")

(because (10.16) implies st(H + G - Z)™* € D(°t, w))
— ot 0, st(H + G - Z)).
Therefore
(10.19)

sup L(p(4; X))(°F,(t, 0, (H+ G- Z)") # f(°t, 0, st(H + G - Z))) <2
GEB

and foralln €N,

(10.20) EZ%M(A X)IFE(t.0.(H+G-Z)') = F(t,0,(H+ G- Z)")I =27")

<2m*? forallm<n.
By saturation we may choose y in *N — N such that F, is C X @ X *%)-measurable,
F[(t,+,-) is %, X*%-measurable for all 1, and (10.20) holds with y in place of n.
Therefore, if G € B, then for L(u(A4; X))-a.a. (¢, w) we have

F(t,0,(H+G-2)")= lim °F,(t,0,(H+G-2)") by(10.20)

ni— oc

=f(°t, w,st(H + G- Z)) (by10.19).

Let F(1,w,d) = F(t, 0, d)(F(1, ) N | F(t, @, d)IDI F(t, @, d)I 7" (let 0/0 = 0).
Then F satisfies (10.2) and (10.3), and also satisfies (10.4) since F, does. [

REMARK 10.10. That one can find solutions to (10.1) without having to enlarge the
given adapted Loeb space is an indication of the richness of such a space. It is
natural to ask if the setting of an adapted Loeb space seriously restricts one in
studying processes of class D on an arbitrary (2,9, P, %,) satisfying the “usual
hypotheses”.

If one is only interested in the distributions of processes then nothing is lost. In
fact much more is true, as we now show.

Let (X, S, 0,(8,),>0) be a complete probability space equipped with a filtration
satisfying the “usual hypotheses” and let y(¢) be an M-valued (M is a Polish space),
G-adapted stochastic process with sample paths in D. Define (£, @ P)=
(*X,*8,*Q) and @, = *§, for ¢ in T = *[0, c0). Then (Q, &, P, @,) satisfies the
conditions of §3 and we may define an adapted Loeb space, (2, %, P,%,), in the
usual way. Since D with the J; topology is a Polish space, there is an increasing
sequence of compact subsets of D, {K,}, such that lim,_ ,Q(y(-,w) € K,) = 1.
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Therefore lim,,_ , °*Q(*y(-, w) € *K,) = 1 and hence P(*y(-, w) € ns(*D)) = 1.
By Theorem 2.6, *y is SDJ and hence x = st(*y) is an J-adapted process with
sample paths in D. Most interesting properties of y will be inherited by x. For
instance, it is easy to check that if y is a local martingale reduced by {U,}
(respectively, a semimartingale), then x is a local martingale reduced by {°*U,}
(respectively, a semimartingale).

To be more specific, we now show that (x,%.) and (y, §.) are synonymous
in the following sense (introduced in Aldous [1]): if A, M — R are bounded and
continuous, and u,, t;, =0 (i = .,k), then (E(h (x(t;) | 9, «i=1. .« and
(ECh,(y(t,) ] Qu,)),=|,.,.,k have the same dlstnbutlon (Note that thxs nmphes that x
and y have the same law on D(M).) Let {t,u;|i=1,...,k} C[0, 00), {v,|i=

..k} CR and h,,...,h, be bounded, continuous, real-valued functions on M.
Then

fexp { é i E(h,((1,))] Qu,)} dQ

= lim ”}Lngo °fexp{ g ( ( (t +n” ))|Qu,+m-l)} da*Q

n— o0

lim lim fexp{jz iv; E( ( (t +n” ))|0(*Quj+m-'))} dP

n—oo m-—oo

fexp{ § ivjE(hj(x(tj))lgul)} dP.

J=1

It follows that (x, %.) and (y, 9.) are synomymous. In fact it is not hard to see that
(x,%.) and (y, 6.) have the same “adapted distribution” in the sense of Hoover and
Keisler [4]. This means that if f(x, %.) is any random variable defined using random
variables x(¢), ¢t € [0, o), conditional expectations with respect to o-fields {%, |s €
[0, )}, and bounded continuous functions, and f(y,9.) is the corresponding
random variable defined from random variables y(¢) and o-fields {§,}, then
E(f(y,8.)) = E(f(x,%.)). For example, if s, 5,, 53, 1}, 15, t; € [0, 00), and ¢,, ¢5:
R - R, ¢,, ¢,: R> > R are bounded and continuous, then

E[,(E(o:( E(85(2,)18,,), E(¢4(y,2, »)18.))18,))]
= E[o( E(:( E(:(x,) 15, ). E(su(x,,, x,)15,))19,,))]-

This notion of adapted distribution is stronger than that of distribution because it
takes into account the interactions of the process with the filtration, and it is also
stronger than the intermediate notion of synonymity because it takes into account
more of them. Many important properties, such as the Markov property and the
martingale property, are shared by processes which have the same adapted distribu-
tion (in fact, for such concrete properties, synonymity is enough; see Aldous [1] for
further examples). Further properties of adapted distribution are explored in the
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paper of Hoover and Keisler. In particular it is shown there that non-path-depen-
dent semimartingale stochastic integral equations (i.e., those of form (10.6)) can be
transferred onto any adapted Loeb space, which carries an adapted Brownian
motion, in a way which preserves the adapted distribution of both the coefficients
(f, h, z) and the solution (if one exists on the given standard space). Something
similar is true in the case with path dependent coefficients, but the result is more
complicated to state because of the nonseparability of C(D, R"*¢),

As we said in the introduction, although it is of theoretical interest to define the
precise strength of the Loeb space method, we think that physical processes may be
modelled directly by stochastic processes on a Loeb space. O
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