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ABSTRACT. The theory of Mixed Hodge Structures (M.H.S.) on the cohomology of
an algebraic variety X over complex numbers was found by Deligne in 1970.

The case when X is a Normal Crossing Divisor is fundamental. When the variety
X is embedded in a smooth ambient space we get the Mixed Hodge Structure using
standard exact sequences in topology. This technique uses resolution of singularities
one time for a complete variety and 2 times for a quasi-projective one.

As applications to the study of local cohomology we give the spectral sequence to
the Mixed Hodge Structure on cohomology with support on a subspace Y.

Introduction. The theory of Mixed Hodge Structure (M.H.S.) on the cohomology
of algebraic varieties was found by Deligne in 1970 [H II, H III]. The construction of
Deligne consists of reducing to the case of the complement of Normal Crossing
Divisors (N.C.D.) by using simplicial schemes and descent theorems on cohomology.
We present a new construction of M.H.S. which consists of reducing to the N.C.D.
case using desingularization and the fundamental exact sequence in cohomology
between the cohomology with compact support in an open subset, the cohomology
of the ambient space and the closed complement. In this way we avoid the
construction of simplicial resolutions of varieties in order to obtain the M.H.S.; we
need to apply the desingularization process one time for projective varieties, and two
times for quasi-projective varieties.

The article is divided into two independent parts. In the first part we work directly
on cohomology in as elementary a way as possible, and we need only the results of
[H H]. In [H HI] Deligne has introduced the concept of Mixed Hodge Complex
(M.H.C)). In Part II we show that our methods give a construction of such
complexes. We provide in this way many spectral sequences giving rise to M.H.S. In
§0 we construct Mixed Cones of M.H.C. In §I we recall the fundamental and
elementary cases after [H II] and [G]. In §II we lift the duality at spectral sequence
level between M.H.S. of a N.C.D. and its complement to the complex level. This
kind of construction is essential for our methods.

In §III, we give the basic constructions of M.H.C. in detail for projective varieties.
Lemma II1.1.2 shows how we obtain canonical M.H.S. from noncanonical construc-
tions on complexes. We give complements to the proof in the Appendix.

1 started working on this subject in Spring 1979 at Mittag-Leffler Institute, where
Verdier told me that he is convinced that the M.H.S. on the cohomology of a variety
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72 FOUAD ELZEIN

X with support at an isolated singular point should depend on the normal bundle of
the exceptional divisor in a desingularization of X. We study this question in the last
paragraph, where we show the dependence on the normal bundle at the spectral
level. The M.H.C. we construct depend only on an analytic neighborhood of the
singularity. Discussions with Deligne and Verdier have been of great interest.

This paper is presented in such a way that we do not ask the reader to know about
simplicial schemes. The idea of splitting it in two parts came to me after the deep
and constructive criticism of the referee.

PART I. MixeD HODGE STRUCTURES

We assume here the construction given by Deligne in [H II] of the M.H.S. on a
N.C.D. (see [G] also, and Part II of this paper, §I). Let X be a smooth variety and i:
Y — X a closed embedding, j: X — Y —» X the open embedding. We construct the
M.H.S. on the cohomology of Y using the exact sequence

0~y y~>Zx~iZy~0.

To simplify proof and notations, we consider the proper case. Indications on the
quasi-projective case will be given in Part II. There is no essential difference between
the two cases.

ML.H.S. for a complete variety.
1. Hypothesis. Suppose the variety X above is proper, and consider the diagram

i

v Lox L oxoy
pyl p U px_y
Yy 5 x & x-v

where X’ is a smooth variety, p a proper morphism, Y’ = p~!(Y) is a N.C.D. in X’,
and the restriction p,_, of p is an isomorphism.

2. PROPOSITION. With the previous notation, the trace map Trp: Rp,Z, - 71,
induces a map Trp/Y: Rp Z, — Z, which in turn induces maps H*(Y',Z) —
H*(Y,Z), HXY',Z) - HX(Y,Z). Those maps are necessarily compatible with any
functorial mixed Hodge structure theory on cohomology.

PROOF. On the cohomology level the trace morphism H'(X’,Z) - H'(X,Z) is
obtained by Poincaré isomorphisms from the morphisms in homology:
H,, ., (X,Z)-> H,, , (X,Z), where dim X = n + 1. In terms of derived cate-
gories the trace morphism Trp: Rp,p'Z, — Z, where p' is the extraordinary
inverse image, is defined in [V II, formula (2.3.4)]. A flabby resolution %" of p'Z , is
given there, such that the trace is defined on the complex of sheaves p,% " (here we
have Z . > p'Z since X’ is smooth). This trace morphism restricts to

Trp/Y:RpZy =pi"*F - i*L, =17,

since i"*% " is flabby and i*p, F "= p i"*F".
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Compatibility with M.H.S. Suppose we have constructed a functorial M.H.S. as is
done by Deligne, then we have the following diagram of M.H.S. where the rows are
exact sequences (with coefficients in C):

i

H(X-Y) % H(X) - H(Y)

(D)  Trpltp* Trpl1p* Trp/Y L1 p*/Y
B

H(x-Y) 5% H(X) - H(Y)

’
i+

- H:+1(X’ - Y’) - Hi+](X/)
Trpltp* Trp 1 p*
- H;‘H(X_ Y) ”':;' Hi+I(X)

We know that p* is compatible with M.H.S. and we have Tr p o p* = Id and
Trp/Y o p*/Y = Id. We want to show that Tr p /Y is compatible with M.H.S. It is
immediately seen by duality that Tr p is compatible with M.H.S. on X and X — Y.
Since the category of M.H.S. is abelian, we may get short exact sequences with
L} = cokerp), L, = cokerp;, L = kerp,,,, L, = kerp,,,, H' = H(Y’) and H =
H(Y).

0 - L S 0w - L - 0
Trp, L1 pt Trpl1tp* Trp, | U1 p3
0 - L, - H - L, - 0

where Tr p; is a morphism of M.H.S. such that Tr p, o p} = Id, and Tr p, is the
inverse of p3. Let C be the cokernel of pf. The map Tr p, defines a direct sum
decomposition of L/ into two sub-M.H.S. summands C and L,. Hence «'(C) is a
sub-M.H.S. object of H'. Since p3 is an isomorphism, H’ is the direct sum of the two
sub-M.H.S. objects a’(C) and H, and Tr p is necessarily the corresponding projec-
tion of H’' into H. Hence Tr p is compatible with M.H.S.

3. THEOREM. (i) With the notation of 1.1, we have short exact sequences
. i"*=Trp . . Trp/Y+i* .
0-H(Xx,C) - H(Y,C)®H(X,C) - H(Y,C)-0.
(ii) Suppose we have a canonical M. H.S. for projective N.C.D. (as in [H 1I]), then

there exists a unique canonical M.H.S. on the cohomology of projective varieties such
that the above sequences in (i) are exact in the category of M.H.S.

ProOF. (i) The exact sequence is deduced from the diagram (D) in the proof of
Proposition 1.2. It is easy to check that the long exact sequence splits in short ones:
the 9 functor H'(Y) » H'*'(X’) is the composition of the morphisms H(Y) —
H!"(X—Y)-> H"*(X)> H™"(X’) which is zero. We will study this exact
sequence on the complex level later on.
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(ii) We define the M.H.S. on the cohomology of the variety Y as the cokernel of
the morphism i"* — Tr p of M.H.S. of the smooth varieties X’ and X, and the
N.C.D. Y in X'. One can check the naturality of this construction and the
independence of the choice of X and X". Since it presents no particular difficulty we
will admit it here. It is also reproduced on the complex level in the Appendix.

4. REMARKS. (1) It may be more natural to view H'(Y,C) as a sub-M.H.S. of
H'(Y’,C). The morphism (Tr p) /Y is a retraction.

(2) The theorem gives the uniqueness of the M.H.S. on the cohomology of Y, and
so the M.H.S. here coincides with the one defined by Deligne.

(3) A way to view the morphism (Tr p)/Y is to consider neighborhood retracts

U’ 2 of Y’ and Y and transport the trace H*(U’) - H*(U) to H*(Y') - H*(Y) (as
interpreted by S. Bloch).

PART II. MIXED HODGE STRUCTURES

0. The mixed category.
1. We use the notation and terminology of [H II, H III}.
This paragraph has been revised by J. L. Verdier.

1.1. Let A be an abelian category. We denote by FA (resp. F, A) the category of
filtered objects of A (resp. bifiltered), with finite filtration, the morphisms respecting
filtration; we denote by C* A4 (resp. C* FA, C* F, A) the category of complexes of 4
(resp. FA, F, A) vanishing in degrees near —oo, with morphisms of complexes. It is
only in K* 4 (resp. K* FA, K* F, A) that morphisms are considered up to homo-
topy. Finally D* A (resp. D FA, D* F, A) is the derived category [V, H III].

1.2. The mixed translate of a filtered complex and the mixed cone.

DEFINITION 1.2.1. Let (K, W) be a complex of objects of 4 with an increasing
filtration. The translation functor T is denoted also by K — K[1,0]. We define a
translation functor K - K [0, 1] = (K, W[1]) which shifts the degree of W such that
(WI1)),K = W,_,K. The composite functor is denoted by K - K[1,1] = T, K.

REMARK. If there exists a decreasing filtration on K as well, it does not shift.

DEFINITION 1.2.2. Let u: K —» K’ be a morphism in C* FA with increasing
filtrations. The usual cone over u is denoted by C(u). The Mixed Cone C,,(u) in
C* FA is the complex T),K ® K’ with the usual differential [V]. Let Sx: K[0,1] -» K
be the canonical morphism, then C,() = C(u © Sg).

REMARK 1.2.3. Let u and u’ be two morphisms from K to K’, and & a homotopy
from u to u’. We have u —u’ =dg o h + hodg. We define an isomorphism /,:
C(u) = C(u’) by the matrix (} 9,) operating on TK @ K’ (resp. filtered, bifiltered
isomorphism). It is commutative with the injection of K’ in C(u) and C(u’), and
with the projection on 7K.

REMARK 1.2.4. Let & and A’ be two homotopies from u to u’. Then a second
homotopy from 4 to h’, which is a family of morphisms k'*%: K'*? - K" (i € Z)
such thath — h' = d’ o k + k o d, defines an homotopy between I, and I,..

REMARK 1.2.5. Let A4 be an abelian category, and suppose we are given morphisms
¢ X->Yand ¢ X' > Y in C"A4 (resp. C* FA, C* F,A) and a commutative
diagram (I)in D* A4 (resp. D* FA, D" F, A).
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x 2 v
(I) Vay lay
XI t) Y/
Y - C(9) - TX
(H) Lay VC(ay, ay) Ty
Y > C(¢) > TX

Then there exists a noncanonical morphism C(ay, ay) in D* A (resp. D" FA,
D™ F, A) which makes the diagram (II) commutative.

2. The category C of Mixed Complexes (M.C.).

2.1. Let Z be the category of abelian groups. We defined C*Z, D* Z and the
corresponding filtered categories.

A M.C. K is the following data (cf. [H III)):

(i)K, EobD*Z, Ky €ObD* FQ,K. € ObD* FC.

(i)a: K, ® Q= KoinD*Qand B: (Ko, W) ® C= (K¢, W)inD* FC.

We do not put any Hodge type hypothesis on the M.C. for the moment. Such
complexes form the objects of a category C. Over a topological space X, the
cohomological M.C. (C.M.C.) is a sheafified version of M.C. where we take K, in
D*(X,Z), Ko in D*(X,W,Q) and K¢ in D* (X, W, F,C). We have given the
filtration the usual notation where W is increasing and F is decreasing.

2.2. We consider morphisms u: K - K’ of M.C. as follows:

() uz: Kz » Kzin D* Z,uy: Ko - Ko in D™ (W, Q),

uc: Kc » K¢in DY (W, F,C).

(i1) The following diagrams should be commutative:

4qQ
Kq - Ko
all Ml inD*Q,

uz®Q

K,®Q 5 K,®Q

Kc = ke

Bl e inD*(W,C).

up®C ,
Ke®C >  Ko®C

REMARK. We can always find a morphism i: K - K > K’ such that i, g, Uc are
defined in C*Z, C* (W, Q) and C* (W, F,C).

2.3. We define as usual a translation functor 7K also denoted by K[1,0]. A
triangle in C is distinguished if its image in D*Z, D" (W,Q) and D* (W, F,C) is
distinguished. The category Cis triangulated in this way.
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2.4. We define as in 1.2 the shift on the weight filtration functor K —» K[0, 1]. We
have canonical morphisms Si: K[0,1] - K in . The mixed translation functor is
defined by T, K = K[1, 1].

2.5. Mixed triangles.

DEFINITION. (i) A triangle T in Cis called mixed

N
(T) 24 NB
43
K - K’
N
() i N
acoS
K[0,1] =" K’

if the morphism y: N — K[1,0] admits a factorisation Y = (TSg) o y’ where y”:
N - K[1,1].

(ii) A mixed triangle T is distinguished if its associated triangle (T’) is isomorphic
to a distinguished triangle in C.

REMARK. Distinguished mixed triangles in € are not distinguished triangles. They
are not in general stable by rotation. The composition of two consecutive maps in
such a triangle is not necessarily zero.

2.6. Let u: K —» K’ be a morphism of complexes. With the notation of 2.2 we may
suppose uz € C*Z,up € C*(W,Q) and uc € C* (W, F,C) as in the remark. Then
we define the mixed cone C\,(u) as in 1.2:

(i) Cy(uz) € D* Z, Cpy(ug) € D* (W, Q), Cpy(uc) € D* (W, F,C).

(i) We choose Cp(a,a’): Cp(ug)=Cp(uz)®Q in D*Q and C,(B,B):
(Crr(uc), W) = (Cp(ug), W) ® Cin D* FC.

The cone C,(u) is not unique, but depends on the choice of C,,(a, a’) and
Cuy(B, B'). It provides a mixed distinguished triangle.

2.7. Let T be a distinguished mixed triangle.

N
124 N8B

a
K - K’
Then there exists a canonical isomorphism for any n € N,

Gt N=GrtY K’ ® Gt/ | TK.

Hence, for any cohomological functor, we have spectral sequences ,, E?? for K, K’
and N, such that

wEP9(N) = H?*9(Gr¥ _\ TK ® Gt* K') =, Ef*"9K ® , E[K".
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For the first term only , E;"Y(N) = C(, E;"%K) 5 wE{%(K") including differen-
tials. We have a long exact sequence
"o wEPA(K) -y EfUK) =y EfU(N) - EfTHI(K) = -

3. The category IMC of M.C.

3.1. DEFINITION. Let C° be the triangulated subcategory of C made of object K
such that K, = 0 and (K¢, F) = 0.

The category M C is the quotient of C/C°.

REMARK. The category MM C is triangulated. The weight shift becomes isomorphic
to the identity in I C and the image in I C of distinguished mixed triangles of C
are distinguished in 9N C. Over a topological space X, the functor “Hypercohomol-
ogy of X” factors through the cohomological 9N C. This hypercohomology is
equipped with a Hodge filtration functorial on 9MC.

As an example of elements in C°, take C,,(Id) the mixed cone over the identity on
aM.C.K.

3.2. DerFINITION. A mixed Hodge object, or in short, a Hodge object (C.M.H.C. in
[H III)) is an object K in C such that

(a) H*( X, K ;) is of finite type.

(b) For all n, (H*(X,Gr,} Kq), H*(X, Gr) K()) satisfies the Hodge condition,
i.e. the filtration F and its conjugate give a Hodge decomposition.

ReMARK. (1) If K is Hodge, K[0,1] and K[1,0] are not necessarily Hodge but
K1, 1]is.

(2) In a distinguished mixed triangle, if two of the objects are Hodge, so is the
third.

3.3. DELIGNE’S FUNDAMENTAL THEOREM. If K is a Hodge object in C then H*( X, K)
is equipped with a M.H.S. The spectral sequence with respect to the W-filtration
degenerates at the E, level, and with respect to the F filtration at the E, level.

3.4. Let T be, as in 2.7, a mixed distinguished triangle in © of Hodge objects. This
triangle gives rise to a long sequence

D"a(n, n] (-1)"Bln, n] (=07"y[n, n]
- K[n, n] innL[n,n] —>"nN[n,n] 1>nnK[n-l-l,n-|-1]—>---

Taking hypercohomology we get an exact sequence of M.H.S.
« B
...H"(X,K)[0,n] - H"(X, L)[0,n] >H"(X, N)|[O, n]
LH™(X, K)[0,n+1].

Convention. Denote W the filtration on hypercohomology deduced from the
W-filtration on complexes. Notice the shift on this W filtration. Define the weight
filtration W on the hypercohomology of K as W = W[m] on H™(X, K ) (W shifts m
times to the right because it is increasing: W, = W,_, ). Then, in the long exact
sequence the shift does not occur anymore.
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COROLLARY. With the convention above, we have in Deligne’s theorem
Gt H"(X,K) =, Ey ™"

3.5. Denote by Hdg( X) the full subcategory of 9N C generated by Hodge objects.
There exist on H*( X, K) a M.H.S. functorial in K € Hdg(X).

3.6. Deligne constructed in [H III] bifiltered resolutions of C. Dubois [D] has
shown that the filtration F is unique up to quasi-isomorphism, however the resolu-
tions are not unique up to isomorphisms in the category €. One may raise the
question whether they are unique in the category 9 C, up to isomorphisms in M C.

I. The fundamental simplicial resolutions. The general construction of the Mixed
Hodge Structure (M.H.S.) use simplicial resolutions. We will need in this work the
elementary cases only, which are, however, fundamental. We recall here a brief
description of these cases without resuming the proofs in Deligne [H II, H III] and
Griffith-Schmid [G]. In fact, all are derived from Mayer-Vietoris resolutions.

1. M.H.S. of a Normal Crossing Divisor (N.C.D.). Let X be a smooth variety,
projective over C, and Y a N.C.D. with smooth irreducible components (Y;),., of
dimension n. Let S, be the set of strictly increasing sequences (ig,...,i,) in I, and
Y@=Igv,Nn---n Y, the dls_]omt sum of the intersections of Y. Let H YOy
be the flmte pro_pectlon and Ng Y, NN Yi Y, N- ‘N Y the closed
embedding forj < g

Definition. The Mayer-Vietoris simplicial resolution of Qy is the following com-
plex of sheaves, denoted by I1,Qy,., or simply Qy,.,.

0 - ILQyq ~ ILQygy = -+ = H*Qm—l)d—’ ILQyq >
q—1
where d,_, = 29_o(-1)’A},,. The weight filtration W is defined by

W—q(QY(~)) =& ILQy(m)-

m=q

We have Gerq Qy(.) = I1,Qy,[-q]- The spectral sequence with respect to W
degenerates at rank 2 and is given by

B = (1, G Q) = B 1, TLQu ) = HACYP, Q)
The differential 8: Ef*9 — EP*"9, is given by
8= 3 (-D/A5,.: HI(YP,Q) ~ HY(Y"*D, Q).

j<p+1
In the same way we have the resolution 23, of C,:

0- H*QY(O) - L9y, - - - H*Q’;’(q) -

with weight and Hodge filtrations.
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We represent , E;*" as follows:

q

r

2n

N
H2n-2p(y(p))
HY (V=

E-9 is 0 outside the triangle. The terms on the double line converge to H"(Y).
The weight on H"(Y') is given by ¢ and varies from 0 to n.

2. M.H.S. on a smooth variety: H*(X — Y). We are concerned now by the M.H.S.
on X — Y, the complement of the N.C.D. in the previous case. Set X = X@ = yD
and X = Y™~ for m = 1. Deligne [H II] constructed the logarithmic complex
Q%(LogY) or Q%(Y) with weight and Hodge filtrations W, and F". The weight
filtration on rational cohomology is deduced from the spectral sequence with respect
to the 7 filtration on Rj,Q,_, where j: X — Y — X is the open embedding. The
spectral sequence with respect to W degenerates at rank 2, and is given by

wEP9 = Hp+"(X, Grf‘;, Q”)‘((Log Y)) = Grf‘; Hp+q(X— Y).

In fact, the weight on H?*9(X — Y) that we are interested in, is the one deduced
from the spectral sequence shifted by p + ¢ to the right. So, using the fact

Res: Gr” (2% (Log Y)) ~ IL Q% n[ p],

we have

WElp,q ~ H2p+q(Y(—P“|)’C) ® C(p) = Gr:;’Hp+¢I(X — Y)‘
weight g
The differential
5: H2p+q(Y(—p—l),C) ® C(p) N H2p+q+2(y(—l7—2)’c) ® C(p + ])

is deduced from Gysin morphisms of the embedding Y7~ D - y¢r=2,



80 FOUAD ELZEIN

q
N
H°(Y(")) H2n+2p+2(v(-p-1)) HZn(y(o)) H2n+2(x)
| 2n+2
o ("D"1
He (Y -2p
== H P (X-¥) « weights
HTP (%)

| |\ -p
l 0
l | .
-n=-1 P -1 s

He (X)

wEF? =0 outside of the triangle. The terms on the double line converge to
H~P(X — Y) with weight varying from —p to -2 p.

3. M.H.S. on the cohomology with compact support of a smooth variety: H¥(X — Y).
With the previous notation in (1), denote by Q y_ y,., the complex

Qx— QY(-)[_L ‘1]~
It is a cone over the morphism Qy — Qy,, in degree 1, so that
Qx-y = CM[QX[_I’_I] - QY(-)[_I’_I]]'
We have the quasi-isomorphism j,Qy_,=Qx_y.,, and a weight filtration on
Q x_ y(-)» With associated spectral sequence:
wElo'q = Hq(X’Gr(;VQX—Y(-)) =~ H(X,Q),
wEPS=HP"(X,Gr¥ Qy_y,) = HI(Y?™1,Q) forp=>1.

The differential §: H( X, Q) - HY(Y®,Q) is 3(-1)/i¥ for i;: Y, » X. The weights
of H”"(X — Y,Q) vary from 0 to m. We define in the same way the bifiltered
complex @%_y.,. We get from the short exact sequence: 0 - Q}.[-1, -1] -
2%y, ~ % — 0, the long exact sequence of M.H.S.

- H'"'(Y,C) » H(X - Y,C) - H(X,C) -~ H'(Y,C) - H{*'(X - Y,C)....

4. M.H.S. on the cohomology with support on a N.C.D.: Hy(X). Consider the
quotient complex Q% (Y )/Q% with the image weight and Hodge filtrations. The
weight filtration can be defined on rational cohomology; it comes from the T
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filtration on RT'( X, Q). We have the quasi-isomorphisms
RIy (X, Q%<Y)/Q%) ~ RT,(X, O)[1].

Then, the mixed translate Q% (Y ) /@%[-1,-1] is a C.M.H.C. (cohomological mixed
Hodge complex) which gives the M.H.S. of H}( X, C). We have

Gr!(Ty' @Y ) /%) = T™' Grlf(@3<Y ) /2%) = ILAY, [ — 2],
wEf?=H»*9"3(Yy"» C), ,LEP9=0 forpé [-n,0].
We have a long exact sequence of M.H.S.
- H}(X,C)>H™(X,C)>H"(X—-Y,C) > Hy*(X,C)-» ---.

The weights of Hy'( X, C) vary from m to 2m — 2.

REMARK 1. One can also use the complex C,,(2%[-1,-1] = Q%(Y)[-1, -1]) to get
a M.H.S. on H}(X). It is not bifiltered quasi-isomorphic to the previous one. This
means the terms , Ef*7 differ. We get however the same M.H.S. as we can see from
the existence of a natural morphism into £%(Y)/Q%[-1,-1] which respect the
filtrations, inducing an isomorphism on the hypercohomology which respect the
filtrations. Then the morphism is necessarily an isomorphism of M.H.S. This means
that the terms ,, E£*7 coincide, as one can check easily.

REMARK 2. C(Q%[-1,-1] » Q%(Y)[-1,-1]) is quasi-isomorphic in D* %,( X, C)
to Q4 (Y /Q%[-1, -1].

5. Open N.C.D. Consider a partition I = I, U I, of the index set of the irreducible
components of the N.C.D. Y and set Z= U,, ¥, a sub-N.C.D. of Y. We want to
construct a M.H.S. on the cohomology of Y — Z.

The closure T=(Y —Z)= U, Y, of Y — Z is a N.C.D. in X. Consider the
simplicial scheme I1¢): T — T constructed as in (1) above, and write T*" — Z for
T — 17 Y(Z) which is the simplicial resolution of 7 — Z.

I‘(')
T —7 S TO

ney e
-z L 7T

(Notation. In the following, I1{ already contains the direct sum passing from a
double complex to a simple one.) We have the quasi-isomorphism R, Q,_, =
IR j$OQp .-z in DY (T,Q). Denote by K , the complex above, and more
precisely a particular choice of a complex representing it, using Godement resolu-
tions for example.

The C.M.H.C. of Y — Z is defined as follows:

(i) The complex R j,Z,_, € Ob D" (T, Z).

(ii) The complex K _, with the following increasing filtration W:

Consider for each ¢ € N the filtration 7_,, [H II) on R j{?Q,_ ,. Then define W
as the diagonal filtration [H II1]

W,= @124 IR Qr 7.
q
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(iii) The complex K ¢_, = [1{’Q%.(Z) with a filtration W constructed as above,
and a Hodge filtration [H III].

(iv) Quasi-isomorphisms: C ® (K2 ,, W) -+ - (K§_,, W)in D" (Y — Z,C) and
Q®Rj,Zy ;=K@ ;inD" (Y- ZQ).

Notation. We also use @%(Z) to denote this complex. We have

G¥(KQ ;)= @ Gry, (IPRPQron_,)[-p]
P

= @ IR/ Qrin_z[-n — 2p].
P

The associated spectral sequence is

wEf? = Hp+q(T’ GF;VK?—Z) = D Hp+q( TOR7/0Qro [ p = 2’])~

Let Z( be the simplicial resolution of the N.C.D. T” N (II”"'Z) in T". Then
R Qi 5 = "~ DQ where IT{"~D: Z("~Y - T s the projection. Finally we
have

wEPi= P H2p+q—2r( Z=r=h, Q).

r
6. Functoriality for Mayer-Vietoris resolutions. Let
zZ = Y = X
1 Vf L
zZ = Y = X
be a diagram where f’ is a morphism of smooth varieties inducing morphisms f on
the N.C.D. Y’ and on the sub-N.C.D. Z’. We can define extensions respecting
filtrations:
D f*: Qyer = f,Qper of f*: Qy = £,Qy,
f* Q%0 - f%0off*:Cy-f,Cy,
(i) f*: K¥- 7 > Rf,KP 2 of f* Qy_; ~f,Qy_2,
YKy ;= RfKy g off* Cy_;~f,Cy_pn
(In (ii) one can imagine defining R f,, by Godement resolutions.)
We give the details for the first case.
Let (Y/),e; and (Y));¢, be the irreducible and smooth components of Y’ and Y.

We define the following partitionof / = U, I:

L={iel:f(YY)CY},I,={i€l—I:f(Y)CY},...,

1= {iel— U L:AY)C Y,-},

ke, j—1]
and define f7 for a section m of I1{Qy NNy, by
q

fr(m) = I (frm/Y, 0.0y, ),

igX o Xi € X - XS

a section of
I f*HS"q)QY/o“'“ﬁYiq CfII7Qyw.

igX - Xig€Jp X - XT,
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IL. Duality. In order to construct the M.H.S. of a N.C.D. Y embedded in X which
is smooth and proper, we used Mayer-Vietoris resolution, and for the complemen-
tary X — Y we used the logarithmic complex £%(Y ). The spectral sequences with
respect to the weight filtration in either case are dual. For our purpose, we need to
lift this duality to the M.H.C. level.

0. Dual filtrations.

1. Let (K, W) and (K’, W’) be two complexes in C* FA, with increasing (resp.
decreasing) filtrations. We define on H = Hom(K, K’) an increasing (resp. decreas-
ing) filtration W, functorial in K and K’, by the formula

W,H = { f € H such that foranyn € Z, f{(W,K) C W, K'}.

2. Suppose the filtration W’ is trivial, i.e. W/ =0 fori</and W/ = K’ fori = /.
Then

W,H = ker(H - Hom(W,_,_ K, K')) =~ Hom(K/W,_,_ K, K’).

We want to prove with this hypothesis on W’(K’), that the notion of dual filtration
is well defined on R Hom(K, K’) in D* FA, and we have

GrY RHom(K, K’) = RHom(Gr)” K, K').

Suppose K’ is a complex of injective objects in FA, i.e. injective objects in A in our
case. From the short exact sequence: 0 —» W,_,_ K - W,_, K - Gr/ K — 0 we get
dually

0 - Hom(Gr}¥ , K, K’) » Hom(W,_,K, K’) - Hom(W,_,_ K, K’) - 0
and finally

0 - Hom(Gr} ,K,K') - H/W, \H— H/W,H -0

or
GrY H =~ Hom(Gr) , K, K’).
REMARKS. (1) We have Hom(K, K')[1, 1] =~ Hom(K[-1, -1], K").
(2) Letu: K, — K, be a filtered morphism. Then
Hom(Cy,(u), K’) = T,;'C,,(Hom(K,, K’) - Hom(K, K’).

1. Dual logarithmic complex.
1. Let K; denote the dualizing complex [RD] for the smooth variety X of
dim n + 1. We want to define a total differential A ,_, on the graded group

D'(X = Y)= Hom (%(Y), K)-

The difficulty comes from the fact that the differential d on Q% is not O -linear. To
motivate the definition of A ,_,, we introduce a new complex.
2. The differential. Consider

De(X — Y)= Hom o (@%(Y), Hom (2%, K))
where we have morphisms of 2% modules. We get an isomorphism

8:Dy(X — YY>D(X—Y)
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by composing with the projection Hom, (2%, Ky) — K dual to the inclusion
¢, = Q% C Q%. To see the isomorphism we apply the following rule.
Let 4 be a ring, B an A-algebra, M a B-module and N an A-module. Then

Hom z(M,Hom ,(B, N)) = Hom (M, N).

Let SKy denote the total complex Hom, (2%, Ky), with differential Agy.. Let dy_y
be the differential of @%(Y), and A%_, the differential of Dg.( X — Y ). Then

Vo ETDG(X — V), MY _y(9) = Dsg, o+ (—l)kH‘P ody_y.
The differential A 5 _ :

LEMMA 11.1.2. For any ¥ € D' (X — Y), let Y_, be the composed morphism of
0-'(¥) with the projection Hom (2%, Ky) —» Hom,(QY, K), dual to the inclusion
QY C Q% Write Agy, = dgg, + (-1) "854, [E). Then V¥ € TD*(X — Y),

Ay_y(¥)= d;K;( oW, + (“1)*“81(; oW + (—I)HI\I’ °ody_y.

PROOF. Apply the isomorphism 6 to get A ,_,, from A% _ .
The element ¥_, operates as follows:

Q <Y>q: Hom (Ql K|+1+k)
X x\Néxs By ’

=¥ (1): @~ (-1)¥(w-n).

3. The filtrations. Consider the following filtrations on K. (The choice will be
explained later.) W,(Ky) =0 for i <2n + 2, and W(Ky) = Ky for i =2n + 2;
FKy=Kyfori<n+1 and F'Ky=0 for i>n+ 2. Then we have the dual
filtrations on D" (X — Y):

F'D'(X = Y)= Hom ,((@3(Y)/F"*>""(Q5(Y)), K ),
W, i20+2D (X = Y)= Hom ,(Q35(Y)/W,_,(2%(Y)), K),
Gr¥ 5,42 D'(X — Y)y= Hom ,(Gr!(Q%(Y)), K).

DEfFINITION I1.1.3. The complex D (X — Y )= Hom,(2%(Y ), K) with the dif-
ferential A,_, and the dual filtrations defined above, is the dual logarithmic
complex in D" F( X, C).

2. The quasi-isomorphism.

1. We want to define a morphism:

@: % _ oo D(X—Y)-2n—-2,-2n-2].
With the notations of I.1 and 1.2 fora N.C.D. Yin X, lety, ...; be the generic point
of Y, N---NY, andy_, for X. We define

h: @) ooy, —~ Hom (@317, Hy* ! (25))

Yo Im
and
¢\ Q% - Hom (57 7XY), H? (25 1))

as follows.
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Let a be a section of QY ANy, and a a lifting of a in QX, . Using
Grothendieck symbols to denote elements of Ky, then ¢}(a) is obtained (up to a
sign) by the compositions of morphisms

9}+I—)\<Y>yj°x _)X Qn+l —-A [yj"._-_;y/"'] m+|(9n+l)

X Yio. . dm Yo m
and g)(a) will be trivial on Q4,(Y) fori #n+ 1 — A,
THEOREM 11.2.1. The morphism
@: Q% o >D (X — Y)[-2n—2,-2n — 2]
defined above, is a bifiltered quasi-isomorphism.

PRrOOF. In fact, one should expect this formula up to a sign, since differentials in
either side have been chosen independently.

(1) We see by the definition, that ¢}(a) of degree m + A + 1 is trivial on the
forms in %' “*(Y) not containing dy, |y, /A --- Ady, |y, . In particular g)(a) is
trivial on W, Q% (Y ), so we have

o(W_ .o\ ¥%_yo) CW . \D(X = Y)[-2n—2,-2n—2].
Also
QF"Q%_ o CF™D (X — Y)[-2n—2,-2n - 2]

since (R} _y) is trivial except on Q%' "N Y), which means @(F"(Q%_,)) is
trivial on F"~ " 2(Q%(Y)).

2. Compatibility of differentials. We have to compute the three terms of the formula
(11.1.2).

Ay Y(‘Pm(“)) = (- l)m”\ )\( Jody_y+ déx;( ° (q)r);r(a))_l
(I (I
+ (1) ")
(111)

The term (11). We have

QNX) -  Hom (@, Hr*' (Q57)) ~ Hp*t () - HP (23+),
7 - 1. = (¢h(a))_y(n) b dgem .

Letn =0 Ady, |y, A -+ Ndy, |y, with§ € TQ%. We have

= (- 1)m+lyjo X,}’jm-d/\a/\dy[l/\.../\dylf
X oo Xylv | yjl)..'yj,,,
and
Ao = (c1)yn 1 e d(a N @) Ndy, N--- Ny,
SKx'l-1 n, X oo Xyl, i Y




86 FOUAD ELZEIN

The term (1). We have
aNddNdy, A Ady,

(~1)"@h(a) - dy_yn = (-1)"
’yj() o .'yjm

Then we compare terms (I) + (II) to the term
da/N@ Ndy, N--- Ny,
Yie " Vi

Yio X XV,

(Iv) o), (da)(n) = T

Using the equality (-1)"*'d(a A 0) + (-1)" " '@ A df = (-1)"*'da N 6 we get
the equality (I) + (II) + (IV), if we admit as a differential (-1)"*'da in 9)}‘;00 v,
which happens naturally when we translate degrees by m + 1. "
The differential 8. The term (III) is written explicitly in the following way:
QXYY o Hpt (@)~ F 0 HR? (93t),
3 ) .

10" Im JO Imt
Pl @ 17jos- s JIm

ONdy, N Ny, Ny, N Ny,
Vjg X Xy Xy X Xy
anGNdy N Ndy, Ndy |y N Ndy N Ny |y,

-

i€fl. 7] yfo'”yjmy/,

Since the last symbol is an element in Q"XTV:U---, " | (Yys---+Y;,5 Y1 )» it depends on the

restriction of a to Yj“ NnN---N Yj N Y,,, with the signature of the permutation
putting (y, ,. ..., , ¥, ) in an increasing sequence.

Now, the differential in X — Y gives the restrictionof ato ¥, N ---NY;, NY,,
with a sign depending on the corresponding permutation of (Y,...,Y; , ¥, ). So we
deduce the compatibility of differentials (up to a sign *1).

3. Comparision of Gr?. We have

G @y yer = Gr¥ B[ 1] = Dyue-n[g],
Gr¥ D'(X — Y)[-2n —2,-2n — 2] =Gr¥ 5,42 D (X = Y)[-2n — 2]
~ Hom ,(Gr¥ @4(Y), Ky )[-2n — 2] = Hom ,(@%-n[-q]. K;)[-2n — 2]
= Hom ., (@3-, Kju-n)[-2n = 2+ q].
Then
Gr¥(¢): @y n[-q] > Hom ., (3es v, Ky )[-2n — 2 + q]
is a quasi-isomorphism inducing for each degree i € N, the duality isomorphism
Qi v = Hom ., (2541597, Q3859).
With our convention the filtration F of Ki.,- 1, is given by
F"™ ' 9K v = Kyu-n and F"T279=0.
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We deduce a filtration F on Homy,,- (%1, Kyw-n)[-2n — 2 + g], and we can
check that Gr f‘;((p) respects filtrations F, and we have

GrrGr” (9): Q-1 =~ Hom (Q1asr, Ky v)[-n — 1+ ¢q].

q yw*li

Then Grf‘;(q)) is a filtered quasi-isomorphism.

CoRroOLLARY 11.2.2. For each i € N, we have a filtered quasi-isomorphism for
induced W

Gri(): Qy_yo[-i]1> Hom (Q4"'(Y), Ki)[-n — 1 —i].
Summary. We state the preceding result, giving duality with value in K},
Hom, (2%, K) or C, as a pairing :
* * LT
D%y @, W3(Y) - Ky-C,
a®w = g(a)(w),
T

Q% yo ®gy @%(Y) — Hom (9% Kj)—C,

corresponding to bifiltered quasi-isomorphisms:
@: Q% yo>D (X — Y)[-2n—2,-2n — 2]
and
'p: Q%(Y) > Hom (Q%_ yo, Ky)[-2n — 2,-2n = 2].

3. Homology. We consider here the homology with no condition on supports, or
Borel-Moore homology.
1. Consider the following isomorphisms for X projective and smooth of dim n + 1:

. P b ,
H'(X,C) = H,,.,_(X.C) > H>>7/(X,C)*
where P stands for Poincaré isomorphism, D for duality and D o P for Poincaré
duality.
LeMMA I1.3.1. The Poincaré duality is of type (-n — 1,-n — 1) on M. H.S.

PROOF. On the level of differential forms D o P acts as follows:
wE QP9 — Do P(w):w €TQ" ! "Pnti=g —»/w Aw
X

and so Do P(w) is of type (p—n—1,g—n—1) in the dual M.H.S. to
H2n+2—i( X, C)

2. Dual M.H.C.

DEefFINITION I1.3.2. (i) Let Y be a N.C.D. in X. Consider the following filtrations
W and F on the dualizing complex K;: WK, = K fori=0and W, =0 fori <0,
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F'Ky=Kyfori<O0and F' = 0 for i > 1. We define the following complexes, with
their dual filtrations

Dy y= Hom ,(@%_yo, Kyx), Dy= Hom (9%, Ky),

D§_y= Hom (2%(Y), Ky), Dy= Hom (2%, Ky)'

(i) We define the M.H.S. on the homology as follows:
H’(X— Y,C) = R_’rDle, Hl(X,C) :R_’I‘Dx,
H{(X—-Y,C)=R'TDy_,, H(Y,C)=RTD,.

In fact we have considered in I1.2, the duality

%y @3 (Y)- Ky
which gives us
‘p: Q%(Y) S Hom (%_yor, Ky)[-2n = 2,-2n — 2].

Our new conventions on the filtrations of K ; have the effect of lowering the degrees
of Wby 2n + 2 and Fbyn + 1, so as to get ‘p of type (—n — 1, -n — 1), denoted by
(‘) QY)Y SDy_y[-2n—2,-2n—2].

In the same way, we have a natural pairing

Dy B, V(YD /B% — K
giving rise to the quasi-isomorphism of type (-n — 1,-n — 1):
("B): QY)Y /% S Dy[-2n— 1,-2n — 1].

We have the following sequence of quasi-isomorphisms:

0 = Qyo[-1,-1] - Q% yo
L’ e
0 — Hom ,(2%(Y)/Q%, Kx)[-2n = 2,-2n — 2] = D§_y[-2n — 2,-2n = 2]
- Q% -0
WCy
> Dy[-2n—2,-2n—=2] -0

dual to 0 — Q% — Q%(Y ) - Q%(Y)/Q% — 0 and which corresponds to the diagram
of cohomology groups with coefficients C:
-  H(X-Y) -  H(X) - H(Y) -
Ue’ ey UR%
- Hj, ., (X-Y) - H2n+2—i(X) - (H2”+2_i(Y))* -
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3. Duality at spectral sequence level.

COROLLARY I1.3.3. (i) The spectral sequence , E (Dy_ ) is the dual with value in C
of the spectral sequence , E (Q%_ y).
(i) The Poincaré isomorphism H'(X — Y,C) - H,, ., (X — Y, C) induces from

GrY to Gr!”_,,_,, the Poincaré isomorphism on Y™™,

The duality is given in this way: to an element n € H(X — Y)=R'TD,_,
corresponds a morphism n: Q% _,[i] = K. Then the morphism Tr o : Q% _ ,[{]
- K - C induces a morphism H(X — Y) - C.

4. Duality in D™ F( X, Q).

PROPOSITION 11.4.1. Suppose W_Q, =0 and W,Q, = Qy, then there exists a
filtered isomorphism in D* F( X, Q):

‘pQ: (Rj*Qx— Y "') - R Hom Q(Qx— v, Qyx)
which fits in a commutative diagram in D™ F( X, C):

(RjsQx—y,7)®C > R Hom (Qy_y,Qx)®C
u u
Qx(Y) = R Hom (@%_yo, Ky)[-2n —2,-2n — 2]

PrOOF. The exact sequence 0 - j,Qy_y » Qy — i,Qy — 0 gives a quasi-isomor-
phism j,Q y_y > Qy_y. Its dual with value in an injective resolution I; of Qy
gives R j,Q y_y: Hom,(Qx_yo, Iy) = j, Ix_y. We have to show that the identity is
a morphism in D¥ F(X, Q) on Hom,(Qy_y, Ix) considered with the filtration 7
and the filtration W.

I} - Iy - I} -
) i T
Hom(Q,0,I¢) - Hom(Qyo,I}) - Hom(Qyo,Iz) -
T i )
Hom(Q,u, I3) - Hom(Qyw,I}) - Hom(Qyw,I3) -
1 i T

We see on this figure that the two filtrations are incomparable, but we can use the
following fact.
Let IT: Y™ — Y be the finite projection then we have in

D* (X,Q): I1,Qym[-2m — 2] = RHom(I1,Qym, Qy).

We now construct a new complex D quasi-isomorphic to Hom(Q y_ v, Iy). For
any variety T, let D; be the dualizing complex with coefficients Q in degrees
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[-2 dim T, 0]. Define D as the simple complex associated to

DA—,Zn—Z N D;Zn—-l N D}Z" N D)_(Z"+I N D}2"+2 N
1 1 1
0 0 - I,D;% - TI.D;&"" - MDY -
1 1 1
0 0 0 - 0 - TI,Dy#*? -
1 1 )
0 0 0 - 0 0

Then the filtration 7(D®) is included in W(D?) and the identity is a filtered
quasi-isomorphism.

COROLLARY 11.4.2. There exists a filtered quasi-isomorphism in D* F( X, Q):
ve: (i*QY"” W) - R Hom X(CM(QX - Rj*QX—Y)[_l’_I]’ QX)

which is compatible to ¥ defined with coefficients C.

5. Gysin morphism at the C.M.H.C. level. Let f: X’ —» X be a morphism of proper
varieties of dimn’ + 1 and n + 1. Let Y be a N.C.D.in X', and Y a N.C.D. in X
such that f~'(Y) = Y’. We have dual diagrams of cohomology groups with coeffi-
cients C, and M.H.S.:

HL(X) - H(X) - H(X~Y)
(D) Trr T T
Hy(X) - H(X) - H(X-Y)

HX* 2 (X —Y) — HY+ (X)) - H@*+2(y)
(D) ITrf/X—Y ITrf \Trf/Y
H2 (X — Y) ~ HMU(X) o gi(y)
At the Eomplex level, the Gysin morphism Trf/X — Y is defined as dual to
25(Y) S Q5(Y):
Q% _ o = RMX,(Q},<Y’>, Ky)[-2n" —2,-2n" — 2]

Trx

!
~R Hom (4(Y), Ky)[-2n' — 2,-2n" — 2]
=Q%_yo[-2(n" — n),-2(n" — n)].

The same is true for Tr f and Tr /Y, and all can be defined with coefficients in Q.
6. Regular forms on Y.

PROPOSITION 11.6.1. (i) We define the sheaf of regular forms on a N.C.D. Y in X, of
degree i € N, to be

Qiy = kCI'( Qiy(m d Qiym).
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(ii) The complex Qiy.., is a resolution to the right of %, and we have
QIY ~ E;(Q}+I_'<Y>/Q'):’+ 1 —i, 9}+ l)
=R Hom (Q3'7(Y) Q5 Qith).

PROOF. As in Corollary I1.2.2, we have a filtered quasi-isomorphism for induced

w:
Gri(¥): @yo[-i]> Hom , (Q5' (Y ) /@5, K )[-n — il.
Taking cohomology, we get
H(R) = Exty (@471 7Y ) /@571, @5 ).
It is clear that E_xt(;, = 0, and the locally free resolution
0 - Q}+l—i = Q}+I—i<Y>—-> Q;+I—i<y>/9r)r(+l—i -0

shows that %’;' =0 forj > 0.

COROLLARY 11.6.2. (i) The complex Hom, (R, K) is a resolution 1o the left of
Hom, (Y, KY) for each (i,1) € Z2.

(i) The trace morphism Tr: Hom, (2%, Ky) - Hom (0%, K) has as image
HomX(Qﬁ, K) and the complex Hom (&%), K) is a left resolution of this image
respecting the filtration F. T

(iii) For each i € N, the complex Hom X(Q"y, K ) is a resolution of

Q}+|Ai<y>/9}+l—i
embedded in T', Hom, (2%, K ).

ProOF. Consider the exact sequence 2% —» Q% = Q% and its dual
Hom , (2%, Ky) — Hom (&%, K5) = Hom (2%, K).

REMARK. Dubois [D] has shown that the C.M.H.C. defined in [H III] are unique
up to quasi-isomorphisms respecting the Hodge filtration F only. This leads also to
the concept of regular forms on a singular variety.

III. M.H.S. of an embedded variety. Let X be a smooth variety and i: ¥ - X a
closed embedding, j: X — Y — X the open embedding. We want to construct the
M.H.S. of Y using the exact sequence

0-jiZy_y—Zy~i,Ly~0.
To simplify the proof and notation, we first consider the proper case in detail.

THEOREM II1.1.1. With the notation of hypothesis 1 in Part 1, let K  (resp. K ., K y)
denote the C.M.H.C. described in 1 for the smooth and complete variety X (resp.
N.C.D. Y’ and X'). Then the M.H.S. on the cohomology of the variety Y can be
described by the following C. M. H.C. mixed cone:

i"*=Trp
Ky x=Cy|Rp. Ky - Rp*KY,EBKX)_
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The canonical isomorphism Z, — Rp K% — K%y gives a long exact sequence of
M. H.S.

i i"”*—T X X Trp/Y+i* X
0-H(x,C) = H(Y,C)®H(X,C) "= H(Y,C)~0

which shows that:
()0 - H(X,C)->Gr H(Y',C)® H'(X,C) - Gr} H(Y, C) - 0 is exact.
(2) Gt} H(Y,C) = Gr)) H(Y',C) for g < i.
(3) Gt/ H'(Y,C) =0 for > iand g <O0.

I want to state also the following elementary formulation of the theorem.

THEOREM 111.1.1". With the notation of hypothesis 1 in Part 1, the canonical M. H.S.
on the cohomology of the variety Y is defined by the bifiltered cone in C* Fy( X, C):

.t
Kyx= CM(RP*Q}" - Rp, QY0 © RId*ﬂ}).

To be precise, we mean to choose resolutions representing Rp %, Rp Q% and
R1d, Q% such that i’* and Tr p are defined in C* F(X,C). Then the filtration W
induced on H*(Y, C) is defined over Q, so that the filtrations W and F induced on
H*(Y,C) give the M.H.S. This construction does not depend on the choices made
above, nor on X nor on X', and is functorial in Y.

PrROOF. Consider the diagram in D* (X, Q):

~.

JQx—v - Qyx - i,Qy
Trp/X =Y Tulpk—y Tep T p* pyi 1 Trp/Y
Rp*j;QX'—Y’ - RP*QX’ - i*RpY,* Y’

The lines are triangles, and the composed morphism Tr p o p* is the identity. We
deduce easily the following quasi-isomorphism:

Py .l

. ~ *=Trp
I*QY_)C(RP*Qx/ - I*pr'*Qy»m@RId*QX).

We can use, for example, dualizing complexes Dy. in ObC* (X’,Q) and Dy in
Ob C* (X, Q) to represent the Gysin morphism in C* (X, Q) [V]:

Trp: p Dy[-2n—2] - Dy[-2n—2], dimX=n+1,

and Godement resolutions to represent i’* in C* ( X, Q):
i*:p,G(Qyx) ~ i*pY‘*G(QY')'

Then we find a complex K with quasi-isomorphisms in C* (X, Q):
K3p,Ly[-2n—2] and K>p,G(Qy)

such that i’* and Tr p are defined together on K.
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Define the filtration W as follows:

Q i*=Trp
KY.X:CM(RP*QX' d I*RPY‘*QY'(')®RId*Qx).

The normalisation. If we change the choice of resolutions, we get a commutative
diagram in D* (X, Q):

Py 2 K)?_x
i, Qy I
> KRy

where K42 is the new complex, and the isomorphism  in D* F(X, Q) is defined in
the Remark 0.2.5 in a noncanonical way. The diagram is commutative however
because p?, factors through Rpy Qy«. whose embedding in K 2y commutes with 1. We
call this fact a normalisation of K. The morphism (Tr p)/Y + i, is an inverse to
p}in D* (X, Q).

We define Ky y in the same way, where we use Hom(Q%., K ;.)[-2n — 2] to define
Tr p, since K . is the dualizing complex for O ,.-modules.

The filtered isomorphism. We have in D™ F( X, C) the canonical isomorphisms

RP*QX' ® C = Rp*g}/, i*RpY,*QY'(" ® C = i*RPY‘*Q’;/(')

and RId, Q, ® C =~ RId, %. Using Remark 0.2.5, we deduce the following non-
canonical isomorphism in D* F( X, Q):

(KPx, W) ®C=(Ky W)
But the normalisation property still gives us a commutative diagram in D* ( X, C):
iQy®C - i,Rpy Qyn®C - K}?x ®C
% W W
i,Cy - LRpy %0 - Ky x
In conclusion we have the following lemma.

LemMa 111.1.2. (1) With the notation above, we define a C.M.H.C. K  on X, as
follows:

(i)i,Zyin Ob D* (X, Z).

(i)

i*—Trp
(K W) = Cu[RQ: =i Rpy Qv @ RIGLQ,

in Ob D* F( X, Q).

(iil) A canonical isomorphism in D* (X, Q):

Qa: i*QY - i*pr_*le(') hd K)(').X'
(iv)

14 .

(KS,, W, F) = CM(Rp*Q},,. i Rpy Q% ORI, Q})

in Ob D* F( X, C).
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(v) A noncanonical isomorphism in D* F( X, C):
(K@, W)® C= (K2, W).

(2) This C.M.H.C. has the following normalisation data:
(i) 4 canonical isomorphism in D* ( X, C):

Py i,Cy = i,Rpy Q%0 > K§ x.
(i) A commutative diagram in D* (X, C):
i,Q,®C > K2,0C
i A

R

=

i,Cy Kfy®C

(3) The compatibility property. Let Ky x be a different C.M.H.C. constructed as
above with different choice of resolutions, then there exist isomorphisms

(KR4, W) > (K, W) inD*F(X,Q) and
(K§ 5. W, F)>(K ., W, F) inD* F,(X,C)

whose restriction to D* (X,Q) and D" (X,C) is compatible with the normalisation
data. Furthermore we have a diagram in D* F( X, C):

(kP W)®C = (KyW)
% R
(K% w)ec (K. W)

L

whose image in D* (X, C) is commutative, since it is compatible with normalisation.

PROOF OF THEOREM, CONTINUED. Applying the functor of ‘global sections, we find
a M.-H.C. RI(X, K x) quasi-isomorphic to RI'(Y, Q). Now Deligne’s fundamen-
tal theorem on C.M.H.C. gives us a M.H.S. on H*(Y).

Independence of choice of resolutions. Consider the following diagram:

(RT(X, K9,).W)®C > (RT(X.KS,).W)
1 %4
(RO(X, K3%), w)®C = (RO(X, Kiy), W)

Since this diagram is commutative in D* C and compatible with normalisation, we
have the following commutative diagram on cohomology:

HXY,Q)®C > H*X,K2,®C) > H*X,Kfy)

ol A
H(X, K2®C) > H{(X.KE,)
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This diagram is also compatible with filtrations since the corresponding isomor-
phisms used underlie filtered isomorphisms.

REMARK. The “second homotopy” problem prevents us from obtaining the
functorial CM.H.C., however “Normalisation” allows us to obtain the functorial
M.H.S. independent of the choice of i: Y — X or p: X’ - X. We could expect that,
since we have shown in Part I that the M.H.S. obtained are those of Deligne.
However, in order to be completely independent of [H III], we prove the functorial-
ity in the Appendix.

REMARKS. 1. The fact that the long exact sequence splits into short exact
sequences has been fundamental in Part I; here it also plays a role in getting the
independence of the choices in the construction of the CH.M.C. In §IV we need to
introduce a similar fact.

2. The complex K y is a resolution of the sheaf C .. We may obtain in this way the
DeRham cohomology of an algebraic variety, embeddable in a smooth variety.

2. Cohomology with support on Y.

PROPOSITION I11.2.1. With the notation of Theorem 111.1.1, the canonical M. H.S. on
H3 (X, C), the cohomology of X with support on Y, is defined by the bifiltered cone

K= Cu[R14, 05 R, 2307,

PROOF. As before, we mean that the filtration W on H3( X, C), deduced by means
of the spectral sequence, is already defined over Q, and the M.H.S. obtained is
independent of any choice. We can prove this again using the triangle

RT,(X,C) - RI(X,C) - RI(X — Y,C).
PROPOSITION I11.2.2. The dual complex to K, y in Theorem I11.1.1

’

’ d p*
K;’,X: CM(RP*KY'(X) ® KX - RP*KX’)

where the C.M.H.C. K.(X") for cohomology of X' with support in Y’ is given in §1,
defines the canonical M.H.S. on H¥( X, Z), the cohomology of X with support on Y,
via the projection

Ki',x - TMRP*KY'(X') - TRI}Zy.
Trp

CoROLLARY II1.2.3. (i) We have long exact sequences of M.H.S.:

() - H™(X-7Y,C)-H,(X,C) - H(X,C)-»H(X—-Y,C) -,
()  0-Hi(X,C) — Hi.(X,C)®H(X,C) - H(X,C)-0.
prtix ix—p*
(1)
0- Gr¥ Hi(X,C) » Gt H).(X’,C) ® H'(X,C) - H(X',C) - 0,
0- Gt H (X~ Y,C) » Gt Hi(X,C) - H'(X,C) > Gt H(X — ¥,C)
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and
Gr) Hy(X,C) = Gr) Hy(X',C) forq #1i,
Gry H(X - Y,C) = Gr) Hy(X,C) forq>i
and Gr}y Hy(X,C) =0 for i > 1 and q & [i,2i — 2].

3. M.H.S. on the cohomology of a quasi-projective variety. Let Y be a subvariety of
a smooth and complete variety X. Denote by V the closure of Y in X and
Z = V — Y the border of Y, and consider the diagram (D):

ZII - VII N XI/

l ! lq
(D) Z/ - 1% = X’
) ) lp

z -V - X
The morphism p is obtained by a sequence of blowings up with centers above Z,
such that Z’' = p~'Z becomes a N.C.D. in X’ and X’ — Z’' ~ X — Z. The variety V"’
is the inverse p~'V. The morphism g is obtained by successive blowings up over V’
such that V” = ¢~'V’ becomes a N.C.D.in X” and X" — V' =X — V' =X — V.
We can suppose also Z” = ¢~'Z’ is a N.C.D. in X”. Consider the subdiagram (D’)
of (D):

YI ~ Vu _ ZI/ I_) X// . Z/I j(__ X// _ VII
(D) arl g Uqg
Yy=v-z2 L x-z << x-v

THEOREM II1.3.1. With the previous notation, let K .(Z") (resp. K ,.{(Z"),
K. {(Z")) denote the C.M.H.C. described in 1 for the open smooth variety X" — Z"
(resp. the open N.C.D. V' — Z" and the open variety X' — Z’). The M.H.S. on
H*(Y,Z), the cohomology of Y, can be described by the following C.M.H.C. mixed
cone:

1w

Kyx=Cy (Rq*KX"—Z”

rq‘l " ’
~"iiRay K (21 © K2

where the morphism Tr q is dual to q*: Ky._ 5 = Ky._zu) for cohomology with
compact support, and the canonical isomorphism q%: L, » KZ(Z")—~ K%, gives the
exact sequences of M.H.S.:

. i"*=Trq .
0 = Hl( Xu — Z”,C) N HI(VN _ ZII,C)

X (Trg)/Y+i'™* .
oHI(Xx —7.,C) 5 HI(Y,C) -0

which shows that Gr}l H'(Y,C) = 0 for q & [0, 2i].

A more elementary formulation of Theorem II1.3.1 is as follows.
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THEOREM 111.3.1’. With the previous notation, the canonical M.H.S. on H*(Y,C)
the cohomology of Y, can be described by the bifiltered cone

e

i rq
KSy= cM(Rq,.sz;'»<Z"> ~ 'i\Rgy R5(Z")+ R14, 93;<Z'>)

via the canonical isomorphism q%: RI'(Y,C) » RI(Y’,C) » RI'(K ,9 x)- The mor-
phism Tt q is defined as dual to the morphism q*: @%._ ,.» - Rq, Q% _ ., which is
defined for cohomology with compact support since q is proper.

PROOF. Analogous to the previous proper case. Here we use the simplicial
resolution of open N.C.D. V' — Z”, which has been given in §L5.

PROPOSITION 111.3.2. The dual C.M.H.C. K} x to the previous cone Ky x gives rise
to short exact sequences

i +(q*)/Y ii—q*
0 N I{,C(Y)l i / Hic(X/ _ Z/) @ fIic(Vu _ Zu)’ _)q f[ic(X” — Z//) N O

4. M.H.S. on the cohomology with compact support.

PROPOSITION I11.4.1. With the previous notation, the canonical M. H.S. on H}( X, C),
the cohomology of X with support on Y, can be described by the bifiltered cone

e qr
WK¥x = Cu(RI(X, Q%(Z))" - RI(X",Q%(V"))
where q* is inducedby q: X" — Z" - X' — Z' and j"* by j": X" — V" - X" — Z".
We get the long exact sequence of M.H.S.:
- H/(X)>H(X—-Z)->H(X-V)-
or by Poincaré isomorphism
> H(Y)->H(X-Z)->H(X-V)~
PROOF. Use the triangle RT', (X’ — Z') - RTI(X' — Z") - RI(X" — V).
We have by Poincaré duality:

PRrOPOSITION 111.4.2. The canonical M.H.S. on H¥(Y, C), the cohomology of Y with
compact support, can be described by the bifiltered cone

Trgq

o T i’
KS, = CM[R Hom(2%.(V"y, Ky) — — ~ RHom(Q%(Z"), K

giving rise to the exact sequence of M.H.S.:
- H~\(Y,C) > H(X" —v",C) » H(X' — Z',C) » H(Y,C) - .

PropPoOSITION 111.4.3. Similarly to the proper case in 111.1.1 the bifiltered cone
i"*—=Trq
CM ( 9}#_2"(') - Qf/”(‘)_ AL ® 9’;’1_2'(‘) )
gives rise to exact sequences of M.H.S.:

0 H(X" — 2",C) - Hi(V" — 2",C) + H(X' — Z',C) - H{(Y, C) - 0.
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IV. Applications to relative cohomology.

1. Let Y be a proper variety over C, and i: S — Y a closed embedding. To make
the proof simpler, suppose i(S) contains the singularities of Y. Consider the
following diagram:

sw__ 1" ywgeyye X

ss'_.,/Kv q
\ P
S i > Y 53X

’

where X and X" are ambient smooth and complete varieties, and ¢ is obtained by
successive blowing-up such that S” is a N.C.D., and Y” = ¢”'Y has normal
crossings and contains the desingularisation Y’ of Y as a component, and S' = §” N
Y isaN.CD.in Y, and finally X" — §”" ~ —Sand VV - §' =Y —-S=Y"—§".
Verdier was convinced that the M.H.S. on H¥(Y, C) should depend on the normal
bundle of S’ in Y’. We want to compute the second term , E, of the spectral
sequence in terms of S” and the first Chern class C\(Nj; ,y-) of the normal bundle of
the components S/ of $” in Y’ in the sense of the corollary at the end of this section.

PROPOSITION 1V.1.1. With the above notation, the canonical M. H.S. can be defined
on the cohomology H{(Y, Z) of Y with support on S, by the M.H.C. cone

Cy = CM(RPS',(Y") ® RI(S)’ °'—‘7"SRP(S">)I-1,—11

where RIg.(Y") (resp. RI(S),RI(S")) denotes M.H.C. giving the M.H.S. on
H:.(Y") (resp. H*(S), H*(S")). The canonical isomorphism HE(Y,Z) =~ H*(C AZ,)
gives rise to the exact sequences
0-H{(Y) - HL(Y)®H(S) - H(S")-0.
it o -

i* oy i"* o iy —q¢

PROPOSITION 1V.1.2. With the above notation, we can use the cone
i

Cy= CM(RI‘S,(Y’) ® RI(S) °ﬁ_q§Rr(s'))[-1, 1]

to get the M.H.S., on HX(Y,Z). The canonical isomorphism H¥(Y,Z) =~ H*(C;*
gives the exact sequence

) EHi*ois . i*oiy—q¥ ] .
SH(Y)” S THLW(y @ HI(S) S CH(S)SHIN(Y) - .

PROOF. As usual we work out the elementary formulation with CS and C;S. The
two propositions are similar, so we have included the first to get a simple proof of
the naturality of the M.H.S. In fact, as one can see in the long exact sequence, the
M.H.S. on H{(Y,C) is just induced by the direct sum H.(Y”,C) ® H'(S, C). This
follows from the existence of a retraction of g& + i* oi, induced by Trg:
Hi.(X",C) —» Hi(X,C), which gives rise to Trq/Y: Hi(Y",C) - H{(Y,C) such
that Trq/Y o g¢ = Id.
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We have a natural restriction from the first cone to the second. The morphism 9 in
the second long exact sequence makes this diagram commutative.

Hicse, 1+"(v )

N

WY, 0) 3 WA (Y - 5,0)

The proof of the quasi-isomorphism of each cone with RI'¢(Y, C) is as follows:
RIL.(Y",C) s RI(Y".,C) = RI(s",C)
T g3 Tg* T g3
RI(Y,C) = RI(Y,C) > RI(S,C)

The double cone over the 4 terms of the first (resp. second) square is zero, by the
exact sequences on cohomology with support in § and S” (resp. with compact
supportin Y” — S and Y — §). Then the double cone over the morphisms i"* o i},
and i* o i, is itself zero. The same proof is valid if we use Y” and S’ instead of Y
and S”. Finally we give examples of resolutions to use: The complex

Ty'Cu(2% > 24.(S")) in D* F(Y',C)

gives the filtrations on RI.(Y’, C), then the projection on £%. gives the morphism i,
and the restriction to %, the morphism i"*. For RI.(Y”,C), we use similarly
Ty Co( R — Q4(S)).

REMARK. It is more interesting to use the complex Homg, (2%, Kg«) to compute
RI.(Y’,C) but it should be more difficult to construct the morphism i"* o i} into

%o in C* Ey(S’, C) (for this resolution).

We are not interested in describing the morphism RI'(S, C) — RI'(S”, C) but we
have to show that it exists in C* F,(C). It is easy to construct the morphism in
homology:

Ty RTs.(X”,C) = RTCy, (@% - Q%.(5"))

Cp(Tr g, qux s)

RTC,, (2% - Rp,2%.(S")) = T,,RT4( X, C).

Then we take the dual with value in K (as in 3.2.2 below).

We use the restriction on Q%.., - Q% to get the morphism: RI(S”,C) -
RI(S’, C).

Once we construct these morphisms separately we can get the morphisms used in
cones.

REMARK. The M.H.C. C;, defined above depends only on a neighborhood of S in
Y. The construction is the same for S an algebraic variety in an analytic neighbor-
hood Y.



100 FOUAD ELZEIN

REMARK. The , E, terms of Cy; and Cjf are not equal, but the , E, terms are the
same.

COROLLARY 1V.1.3. We have the following relations:

0))] Gr;VHg'(Y, C) = Gr)(H3(Y',C)) = Gr)(Hs(Y",C)) = Gr)(H'(Y — §,C))
forp=i+ 1.

2)0- Gr;” H{(Y,C) - Gr) H.(Y",C) ® Gr,/(H'(S,C)) » Gr) H'(§",C) - 0
is an exact sequence for p < i.

2. The spectral sequence for the W filtration. The coefficients will be in C. We have
GrRI4(Y) =~ Gt/ RI;(Y) ® GrYRI(S) ® T~' G/} | RI(S").
E[“RT(Y) ~ T"C(E,'"’RI‘S,(Y’) o Ep(s) S 7 E,""RI‘(S’))
where (E;"9(S), 8(S)) will denote , E*RI(S). The spectral sequences of RI;.(Y")
and RI(S’) are given in (I); we want to make a slight modification in the middle
terms of the spectral sequence as shown in the diagram:

0,q a,q a-2,.,(a) q
£ = E (S) ® H (s ) @ HI(Y") G
1 1 2

\
€2 9(s5) & i1 {90y 0

m
-
-
o
|

Pr-erim e wis ) e wiivn 18(5) li'*gﬁo
d

%H%s-m) =9

The morphism G, is the Gysin map of the embeddings of the components S; of S’ in
Y’. So replacing the left side of the diagram by the right side, in the spectral
sequence, we get the following quasi-isomorphic complex E|*:

5 9(n¢o) L
—f —
WPra2 (s Py geny Ly w3 ey 51 )
G .
1 3 HQ'Z(Sl(D) 1'*08 HQ(Sl(O)) L. -8(s" ) ;ssv(p"'))
o
) / o oy -
E:"Q(S)/_____) £7°9(5) S U
5(s) 8(s)

0,q 1,9 P,q
£y’ £, £ (n)0)
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To the left, the complex resembles that of RI;.(Y’), the morphism G, = G(A, ;)
— G(A,,) is the Gysin morphism of Ay ,: 1IS; N S — ILS; (resp. A, ;) given by the
embeddings of ] N §; in §; (resp. S; ). It is known that the composed morphism of
the restriction i’* with the Gysin map G,: HY %(S'®) - HY(S'®) is the cup
product with the first Chern class C,(Ns; ,y) of the normal fiber bundle to S} in Y".
The matrix of i* o G,: @, HIX(S)) -, H(S]) is the dual of the intersection
matrix I: @ H(S]) > @ H,_,(S/) defined by I(a;) = a, Ny S/.

COROLLARY IV.2.1. The cohomology of the above complex E|*? gives the term of
weight q of H¥*4(Y,C). In the middle term i’* o G, is the dual of the intersection
matrix.

3. PROPOSITION IV.3.1. With the notation of 1V1.1 the following M. H.C.
Cy = CM(RI‘(Y”) ®RI(S) - RI‘(S”)),

L= CM(RF(Y’) oRI(s) =° RI‘(S’))

give, via natural quasi-isomorphism with TRI(Y), the long exact sequences of M. H.S.
0~ HY(Y) > H(Y") ® H{(S) - H'(S") ~ 0

X ‘t+ * . . FEE S, 3 .
N H!(Y)’ __)p H'(Y’) @HI(S)' __)psHl(SI) e

The proof uses only the previous methods. We give in the Appendix the morphism
RT(S) - RI(S”) on the complex level. The “normalisation property” as in II1.1.1
applies to C,, and explains the freedom on the choice of morphisms in the
construction of the cone. This applies to C;,, by restriction from C,,, though it does
not have normalisation.

REMARK. (1) Inductive argument. The idea in the proposition is to describe the
M.H.S. of Y via its desingularization. In fact we use the M.H.S. of the singular set S.
We may use the same proposition for S, in an inductive argument. For simplicity, we
suppose the singularity of S contained in a smooth variety Z.

A
A S — > Y"

e N

G { 2] ——

l— | |~

> Z—.iS———ﬁY

Construct the diagram; first we get the desingularization S’ of S, embedded in Y{',
and define Z;" = p;'(Z) inducing on S’ the N.C.D. Z’, and S} = p;'(S). Then
desingularize Y/’ such that S$” = p~'(S)), Z” =p;"(Z}), Z=p™(Z') and §' =
p~'(S’) are all N.C.D. Then we have a resolution of Z, by the double cone
constructed after the following scheme, and involving only N.C.D.
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o —— 2,

—_—>%,

By repeating the normalization argument, we can see that the spectral sequence of
the double cone gives the natural M.H.S. of Y.

2. The statement of the proposition involving the complex C;, does not use the
ambient smooth variety.

3.2. Spectral sequences.

3.2.1. With the previous notation, we give the spectral sequence of T,,'C;c with
respect to the filtration W.

Gr¥(Y) = Gr¥(Y’) ® Gr#(S) ® T~ Gr¥ (5),
Epa(Y) =T 'C(E;U(Y') + E[9(S) > E;(S)).

REMARK. The E, terms depend on the choice of the C.M.H.C. but the E, terms are
natural. By an inductive argument (Remark in 3.1) we may suppose E{%(S) = 0 for
p ¢ [0,dim S] or g & [0,2dim S] (these conditions are not satisfied for C.M.H.C.
involving the ambient space).

3.2.2. Let R (resp. Ry) be a CM.H.C. giving the M.H.S. on the cohomology of S
(resp. Y). Suppose Ry and R, are constructed as in Remark 3.1. Then the dual
‘Ry = RHom(Ry, K) gives the M.H.S. on H,(Y). The spectral sequence of the
bifiltered complex ‘RS = T,,R Hom(C;S, K3) is dual to 3.2.1:

EP9('Ry) = (E[P~9(Y") ® E[P9(S) ® EfP~179(S"))*
where * means dual in C.

Appendix to Part II, §IIL.1.
1. Functoriality.

LEMMA 1.1. Let f: Y — Z be a closed embedding of complete varieties, and i: Z - X
a closed embedding in a complete and smooth variety X. The morphism f*. H*(Z, C) —
H*(Y,C) is a morphism of M.H.S. computed with the embeddings i and i o f.

PRrOOF. Consider the following diagram (D):

fu
Y/I N Z// N XII

! ) gl
v L oz L x
) ) i
y L z L x
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where we start by blowing up Y in a N.C.D. Y’ in X’ and we put Z’ = p~'Z. Then
we blow up Z’ in a N.C.D. Z” in X" such that Y” = ¢~'Y" is also a N.C.D. in X".
We have seen in I1.5 that the Gysin morphisms

(Trq)/Y:R(p°q)/Y*Qy.» > Rp/YxQye inD¥ F(X,Q),
(Trq)/Y:R(poq)/Y*Q%.c, > Rp/YxQ%, inD*F(X,C)

are well defined and compatible. The same is true for
Trq:R(p°q),Qx > Rp,Qy and Trg:R(peq),2% - Rp,0%.

We need to consider as an intermediate step the following complex:

Tr(p e q@)—@G" o f")*
K = CM(R(P °q),Qx > (ief)R(peg), Qv ®RId, Qx)’

Kf. = Cy(R(poq) &% ~ (i f).R(p°g)y o ®RId, Q%)

with usual compatibility. We may denote this data by K ... Then we have morphisms
in D F( X, Q):

Co(d, f*®1d): K2y - K2 and CJ(Trq,(Trq)y ®1d): K2 - K2,.
The same is true in D™ F,( X, C). As before these constructions are compatible with
the normalisation data in D* (X, Q) or D* (X, C). The only new point to check is
the commutativity of the diagram:

iyo(peq), Qz o (ief)peog)y, Y ayy (iof)epy Qv
T(pea) Try
: r .
,Qz - (i°f).Qy
which follows from the fact (Trq)/Y o ¢} = 1d.

REMARK. We have defined morphisms /*: K2, - K2, in D" F(X,Q) and f*<:
Ky — Kf yin D* Fy(X,C) but since we have made arbitrary choices, we do not
have compatibility in D* F( X, C) but only in D* (X, C).

1.2. Independence of the blowing up of Y in X. Let p,;: X] - X and p,: X; - X be
two blowings up such that p;'(Y) = Y; and p;'(Y) = Y; are N.C.D. Then consider

X, =X X X 5 X,
which may be singular in Y,, = p7}5(Y), and take a desingularisation X" of X , such
that Y, , becomes a N.C.D. Y in X".

vl

S
X‘\

Y," /
N/

4
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Then it will be enough to compare (Y, X”') to each (Y7, X?). This can be done with
the method above using the Gysin morphism X” - X/.

LEMMA 1.3. Let i: Y = X be a closed embedding in the proper smooth variety X over
C, and let Z be a proper and smooth variety, and I1,;: Y X Z — Y the first projection.
The morphism 113: H*(Y,C) » H*(Y X Z,C) is a morphism of M.H.S. deduced by
means of the embeddings Y > X and Y X Z - X X Z.

PROOF. Consider the diagram in IIL.1 and its product by Z as follows.

\L X' x Z
V(‘IL Y x Z l
\X‘L LS \XxZ

We can construct morphisms:
Co(I*, Ty ®@ II*): I*K Py > K 7 xxz in DT F(X X Z,Q)

and the same with coefficients in C in the category D* F,(X X Z, C), commuting
with normalisation so as to get a commutative diagram in D* (X, C).

Q [ 1
™, et — _,m, l
Q - C
1 (Ryxz,xxz*¥) @ € = (Ky 7 xxz'W

£l
Ty, 80— €,

These diagrams guarantee that the different identifications necessary to get the
natural morphism H*(Y,C) - H*(Y X Z,C) are induced by M.H.S. identifications
since at the complex level they underlie filtered morphisms. However we get this
compatibility on the cohomology level but not on the complex level.

PROPOSITION 1.4. Let f: Y, - Y, be a morphism of proper varieties which can be
embedded in smooth varieties. Then the natural morphism f*: H*(Y,,C) - H*(Y,,C)
underlies a morphism of M.H.S. independent of any choice.
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ProoF. Let i;: Y, » X, and i,: Y, > X, be embeddings in proper smooth
varieties. Consider the diagram:

i Xf IdXi,
» XXY, - XXX
T, l l
2
R - X

The second lemma shows that we have a morphism of M.H.S.
(H*(Y,,C),i,) » (H*(X, X Y,,C),1d X i,)
where we have exhibited the embeddings used. The first lemma gives us
(H*(X, X Y,,C),1d X iz) - (H*(th)’ ip X (iy0 f))

Now we prove that the M.H.S. on H*(Y,, C) with respect to i; and i; X (i, o f) are
compatible. Consider the diagram:

V14 ‘v1xx2
Id x (12 o )
11 11xId
X1‘L )<1x)(2

We get from the second lemma: (H*(Y,,C),i)) » (H*(Y, X X,,C), i, X Id) and
from the first lemma: (H*(Y, X X,,C), i, X Id) = (H*(Y,,C), i; X (i, © f)).

2. Lifting to morphism of M.H.C. In fact, for technical reasons, we are going to
work in homology.

PROPOSITION 2.1. Let f: Y, — Y, be a morphism of projective varieties. There exists

a lifting of the morphism of M. H.S. on homology f,: H,(Y,) - H,(Y,) to the M.H.C.
level f,: Cy, = Cy,

ProoFr. First we prove two lemmas as above in 1.

LEMMA 2.1. With the notation of Lemma 1.1, let Ky, K y._ . and K y.._ ;.. denote the
CMHC.of X, X' — Y and X" — Z". Define
Ky= CM(KX - Rp*KX'—Y’) and K, = CM(KX ~R(pe q)*KX”—Z")'
Then the morphism Tr f: K, — K, is defined and induces the morphism H}(X) —
HZ(X).

Proor. Consider the restriction r*: R(p © ¢),Ky._ . » Rp K. _. and then the
trace Tr f = C,,(1,, r*). We must show that
KZ®Q - K? K®C =~ K¢
! ! l N\
KZ®Q - K2 K2®C =~ K¢
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and commutative diagrams in D* Q and D™ FC respectively. We recall that the lack
of commutativity comes from the fact that morphisms are defined up to homotopy.
In this case, since KZ = Z, and K2 = Q, the morphisms are canonically defined.

LEMMA 2.2. With the notation of Lemma 1.3, define Ky and Ky, as above. We
have a natural isomorphism

RI(X, Ky) ® RT(Z, K;) SRI(X X Z, Kyy )

and a trace Tr m: RT(X, Ky) ® RI(Z, K;) - RI(X, Ky) deduced from the trace on
Z, inducing Trm: Hy (X X Z) » H}(X).

PROOF CONTINUED. For any variety V, denote by K, the CM.H.C. as in the
lemmas above, and ‘K, its dual as explained in §II of Part II. With the notation of
1.4, we have the following morphisms of M.H.C.:

RT(X, X Xy, Ky,, iy X (iy° f)) - RT( X, X X5, Ky sy, 1d X i)
- RT(X,, Ky, i5).
Lemma 1.2

Still following the proof of 1.4, we have

RT( X, X X,, Ky, iy X (i3 ° f)) - RT( X, X Xy, Ky,xy,. iy X 1)
- RT( X, Ky, i,).
Lemma 1.2

The composition is a quasi-isomorphism; we use its inverse and we use the
isomorphism given by the “independence of the blowing up” to identify

RO(X, X X,, Ky, iy X iy o f)

in the two rows.
REMARK 2.3. Using the Mixed Cone of such a morphism we get a M.H.S. on the
relative homology of f.
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