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ABSTRACT. Let (X(¢), P*) and (Y(¢), Q*) be transient Hunt processes on a state
space E satisfying the hypothesis of absolute continuity (Meyer’s hypothesis (L)).
Let T(K) be the first entrance time into a set K, and assume P*(T(K) < o0) =
QX(T(K) < o) for all compact sets K C E. There exists a strictly increasing
continuous additive functional of X(r), A(?), so that if T(¢) = inf{s: A(s) > ¢}, then
(X(T(t)), P*) and (Y(1), Q*) have the same joint distributions. An analogous result
is stated if X and Y are right processes (with an additional hypothesis). These
theorems generalize the Blumenthal-Getoor-McKean Theorem and have interpreta-
tions in terms of potential theory.

0. Introduction. In 1962, Blumenthal, Getoor and McKean [2] proved the follow-
ing theorem in a paper entitled Markov processes with identical hitting distributions.

(0.1) THEOREM. Let ()2,, P*) and (f’,, Qx) be standard processes on (E,, &,) so that
for each compact subset K of E, 15K(x, =0 x(x, *) for all x. There exists a
continuous additive functional A, of X, which is strictly increasing and finite on [0, ¢) so
that if T, is the right continuous inverse of A,, then (X(T), P*) and (Y,, 0%) have the
same joint distributions.

Here P, (x, -) and QOx(x, -) are the distributions of X and Y at Ty, the first
hitting time of K. Their proof works equally well if X and Y are right processes (the
hypothéses droites were formulated later than 1962). Now this theorem is of interest
not only in probability theory, but in potential theory as well. The object of interest
in potential theory is the cone of excessive functions associated to the Markov
process. Hunt’s balayage theorem [1,111-6.12] tells how to construct the hitting
operators PK given the cone of excessive functions, and Dynkin’s theorem [1, I1-5.1]
tells how to determine the cone of excessive functions given the hitting operators.
Thus, Theorem (0.1) states that if two right processes have the same potential theory
(i.e. the same excessive functions), then they are related by a time change as
described above. Also, it is simple to observe that time changing X in the fashion
described in (0.1) leaves the hitting operators unchanged, so the potential theory
does not change.
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Last exit times and distributions have become increasingly important in Markov
processes in recent years, and it is natural to ask if /ast exit distributions characterize
a Markov process up to time change in the same way that first entrance distributions
characterize the processes in (0.1). The answer is yes if X and Y are transient Hunt
processes [7].

(0.2) THEOREM. Let ()2,, P*)and (f’,, QX) be two Hunt processes on ( E,, &,) so that
Ly, =sup{t: X,E K} < oo almost surely and My = sup{t: Y, € K} < oo almost
surely (sup @ = 0) for all compact subsets K of E. Assume

P(f(%y,.); Ly > 0) = 0*(f(T,.); M, >0)
for all bounded functions f on E and for all compact subsets K of E. There exists a
strictly increasing continuous additive functional of X,, A,, so that if T, is the right

continuous inverse of A,, then ()?(T}), P*) and ()7',, Q~") have the same joint distribu-
tions.

It is worth noting that while this seems to be a “dual” theorem to (0.1) (in that the
hypothesis of equality of first entrance distributions is replaced with equality of last
exit distributions), it does not seem possible to prove (0.2) using (0.1) and a
time-reversal argument. It is easy to check that P*(f(X 1)s Lx > 0) is an excessive
function if f is positive. Under mild additional assumptions (such as classical
duality) we can write P*( f( )?LK_); LK~> 0) = fu(x, y)f(y)m(dy) = Ufwx(x), where
u(x, y) is the potential density for X and my is the equilibrium measure of K. In this
case, the hypothesis in (0.2) is equivalent to assuming that Ufm, = Vfy, for all
bounded Borel functions f and all compact sets K, where V is the potential kernel for
Y and yy is the equilibrium measure of K for Y. The conclusion we draw from (0.2)
is that the potential theories of X and Y are the same.

Now both (0.1) and (0.2) require a lot of information, namely the first entrance or
last exit distributions for all compact sets K. If only the first entrance probabilities
agree (P*(T < o) = Q%(Ty < o0) for all compact sets K ), can we draw the same
conclusions as in (0.1) and (0.2)? Notice that PX(Ty < c0) = P*(L > 0), so we can
equally well phrase the hypothesis in terms of last exit probabilities by requiring
ISX(LK >0) = Q~X(MK > 0).

The following two statements answer the question. Let X (resp. ¥) have resolvent
(0o @esp. (P)yme)- )

(0.3) Let (X,, P*) and (Y,, Q) be two transient Hunt processes so that U%(x, -)
<nand V%(x, -) < p foralla = 0 and for all x in E. If PX(T; < 00) = Q*(Tx < o)
for all compact sets K in E, then X and Y are related by a time change as in (0.1)
and (0.2) (see Theorem (2.1)).

(0.4) Let (X,, P*)and ( Y’,, 0*) be two transient right processes so that U%(x, - ) <7
and V%(x, -) < p for all a = 0 and for all x in E. Assume

0.5) P~"(T,( <o) = Q~"(TK < o0) for all compact sets K in E.

(0.6) Within each nonpolar set G C E, there is a nonpolar compact set L C G so
that PX(T, < o0) = Um,(x) and QX(T, < o0) = Vy,(x), where 7, and y, are mea-
sures supported on L.
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Then X and Y are related by a time change as in (0.1) and (0.2) (see Theorem
(1.3)). )

The function P*(Ty < o) is well known in potential theory: it is the réduite of the
function 1 on the set K. Thus (0.3) may be rephrased as follows: if two cones of
excessive functions (corresponding to Hunt processes satisfying the hypothesis of
absolute continuity) have the same réduites of 1 on compact sets, then the cones
must be the same.

The proofs of (0.3) and (0.4)-(0.6) are, of course, technical, and therefore it may
be of some use to examine the simplest case of (0.3) where X and ¥ are transient
Hunt processes on a finite state space E = {1,2,3,...,n}. In this case, it is well
known that there are measures p and » on E and Hunt processes Z and W so that X
and Z are in classical duality with respect to p and ¥ and W are in classical duality
with respect to » (see [1, Chapter VI] for a discussion of duality). Then P*(Ty < c0)
= PX(Lg > 0) = Um(x) and QX (T < 00) = Q*(My > 0) = Vy,(x). Taking K =
{»}, we observe that m(dz) = c(y)e,y(dz) and vg(dz) = d(y)e, (dz), where
¢(y) >0 and d(y) > 0. Thus u(x, y)c(y) = v(x, y)d(y). Let m(y) = u({y}), and
let r(y) = »({y}). If we set 4, = JierX(X, )/(dm)(X )ds and T, = inf{s: 4, >t},
then

P [A(X(T) de = P~ [f(X,) dd, = [u(x, »)f(»)(er)(y)/ (dm)(y) p(dy)
= [o(x, »)f(y) v(dy) = O [(¥,) de

It follows from [1, V-5.10] that ( X(T,), P*) has the same distribution as (¥,, 0%).

Finally, we remark that the well-known theorem stating that any one-dimensional
conservative regular diffusion on (0, 1) can be transformed (by a change of scale and
time) into a Brownian motion is a corollary of (0.3).

Precise definitions are given in the next section. We shall use standard notation
found in [1 and 4]. If K is a subset of a compact metric space, then C(K) (resp.
bC(K )™ ) denotes the collection of restrictions to K of all continuous functions on
the metric space (resp. which are bounded and positive). Sigma fields and the
collection of functions measurable over them will be denoted in the same way. Thus,
% may be the collection of sets in ¥, and b¥ (resp. 5, bF") is the collection of
bounded %-measurable functions (resp. positive J—measurable functions, bounded
and positive %-measurable functions).

1. The basic time change theorem for right processes. Let X = (2, %, 9, X,, 4, P*)
be a right process on a Lusin topological space E, together with its Borel field &, [4].
Let 15, be the semigroup of X, and let (U° ).>0 be the resolvent of X. As usual, we
assume that A acts as a trap for X. When we refer to a “Borel function fon E”, f is
assumed to be zero at A, and the resolvent is not considered to charge A. We make
two other assumptions which will hold throughout the paper. First, X is transient:
there is a Borel function A* bounded by 1 which is strictly positive on E = E, — {A}
so that UhX < 1 on E,. Second, we assume 1 is a reference probability measure on E
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for X so that U%(x, -) < for all x in E and for all nonnegative a. Because of this
assumption, I;, is Borel measurable.

Let Y = (2,8, Q,, Y, ,, 0*) be another right process on (E,, b,) with semigroup
Q, and resolvent (V¢ )a>0- We assume that Y is transient (so VhY < 1 on E, for some
bounded Borel function Y which is strictly positive on E) and that p is a reference
probability measure for ¥ (so V%(x, -) < p for all x in E and for all nonnegative a).

If we time change X and Y by the inverses of strictly increasing continuous
additive functionals, then the hitting probabilities do not change. We shall find it
convenient most of the time to work with the time changed versions which we now
describe. Set 4, = [{ h*(X,)ds (resp. B, = [{ h¥(Y,) ds); A, (tesp. B,) is a strictly
increasing continuous additive functional of X (resp Y). If we define T, =
mf{s A,>t},and if weset F=4, G, = JT(,), X, = Xpy, 0, = 0p,, P* = P*, then

=(Q,9 "' %, X,,0,, P*) is a right process on (E,, &) with Borel measurable
semigroup P, and resolvent (U*),.o. Similarly, if we define S, = inf{s: B, > 1}, and
if we set Q =8 g = qu)» Y, = Y5, O, =0g,, Q= Q% then Y =
(2,6,6, 7,0, 0%) is a right process on ( E,, &,) with Borel measurable semigroup
Q, and resolvent (V?),.o. Since Ul = Uh¥<1 on E, { =inf{t: X,= A} < o0
almost surely (P*) for all x in E. Since V1 = VAY < lon E,z = inf{r: Y, = A} < o0
almost surely (Q*) for all x in E.

Reverse X and Y by setting

/\A’,(w) = Xf(w)_,(w) if 0 <tr<¢(w),

Y(w)= Y- (@) if 0<r<z(w),
=A if t>z(w).

Then ()2',, P™) (resp. (I?',, Q*)) is a left continuous moderate Markov process with a
Borel semigroup and resolvent given by (13,) and (U?) (resp. ( Q,) and (V) [3, 10].
The semigroups and resolvents may be chosen to have the following properties [12].
First, U%(-, x) <A =qU and V-, x) <£ = pV for all =0 and for all x in E.
Second, if we use the notation A(f) = [f(x) A(dx) and &(f) = [f(x) &(dx), then
A f-U%) =N fU% g)and &(f- Vg) = &(fV*-g) for all a = 0 and for all positive
Borel functions f and g on E. Here we use the convention that coresolvents and
cosemigroups such as U¢ and P, act on functions on the left (see, for example, [1,
Chapter VI]). Third, ﬁ, and Q, are moderate Markov semigroups. To explain this, let
W = {w: (0,00) —» E, such that w(¢) is left continuous and has trap A}, let
X(w) = Y, (w)=w(t), and let W° =o(X,: s=>0). For each x in E, we can
construct a measure P* (resp. 0*) on (W, U°) so that if 0 < L<t,<---<t,
and ( f,);<, C b&; , then

P(f(R) - 1(X) =B fosB o foze[iB(x)

(resp. Q*((.( X)) = 1,000 fo1@iy ity Juz o f1Q4(X)). The
processes (X, P ) and (7, , 0% )have the Markov property at predlctable times. If

fU< o (resp. fV < o), then fU(X,) (resp. fV(Y,)) is left continuous on (0, o)
almost surely.
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Thus (U?) and (U?) are two resolvents in classical duality with respect to the
finite excessive reference measure A, and (V*) and (17") are in classical duality with
respect to the finite excessive reference measure £. As in [1, Chapter VI], for each
a = 0, we may choose potential densities u“(x, y) € &, X &, and v(x, y) € &, X &,
having the properties

i x - u(x, y) is a-excessive for (U?),=.
i

x — v%(x, y) is a-excessive for (V'?),-,.

i y = u®(x, y) is a-excessive for (U?) =0
ii

y = v*(x, y) is a-excessive for (V) 5=0-

Uf(x) = [u(x, »)f()Mdy);  fEE .
(iii)
Vef(x) = [o(x, ) I)E(d);  [EE

fO°(y) = [f(x)u(x, y)Ndx);  fE& .
(iv)
Pe(y) = [1(x)0%(x, p)E(dx);  fEES .

For the time being, we restrict our attention to X and X, although to each
assertion below corresponds an analogous assertion for Y and Y.

The fact that X is only moderately Markov and may not be a normal Markov
process complicates matters a bit. One way used to overcome these complications
has been to construct a compact metric space E, with Borel field ('5 so that (U“) and
(U*) extend to be Ray resolvents on all of E, (which extensions we again denote by
U“ and U%), E, € 6A, and E, is dense in 1_5; The compactification procedure is
developed in [6]. A summary of these results and several complements are given in
(8, §2], so we shall not repeat these results here. It will suffice for our purposes to
note that X,+ lim , , X exists in the topology of E, almost surely (£*) for all x in
E, and that X, + 1s a right continuous strong Markov process. Let D = {x € EA
lim, a U“(x) = f(x) for all f€ bC(E,)*}, and let C=D N E. _Then 0%
restricted to D is the resolvent of a right process on D.If x € C, then (X e P") isa
realization of this process. Since E D are branch points, X visits E — D only
countably often, and \(E — D) =

We now present two results to be used in the proof of the main Theorem (1.3).

(1.1) THEOREM. Let A, be a predictable additive functional of X’, with a bounded
potential which does not charge { = inf{t: X, = A}. There is a measure v on (E,, &,)
5o that for each f € b&, , and for each x in E,

Px[(X,-)da, = [f(»)u(y, x) »(dy) = »fl(x).
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PrOOF. The measure v is the Revuz measure of A, defined by setting »(g) =
lim, ., aPfe~'g(X, ) dA,, for each g € b&,’ . Since P"(X € E, — E, for some
s>0)=0,»E, — E,) = 0. Since Xs + has a strong Markov dual (namely X) on EA,
the rest of the proof follows as in Revuz [11] (see also [6 and 9]). Q.E.D.

It is interesting to note that in order to represent potentials of additive functionals
of X, one must allow » to charge E, — E, in general. In this respect, X, is better
behaved than X.

(1.2) COROLLARY. If fU(x) and gU(x) are bounded, and f and g are positive, then
there is a measure v on E so that fU(x) N gU(x) = vU(x) for all x in C.

PROOF. Since fU(x) and gU(x) are excessive functions for the resolvent (U%) on D
(which is the resolvent of a nght process) p(x) = fU(x) N gU(x) is excessive for the
process X . restricted to D. But P( X, +) is a right continuous supermartingale
dominated by the potential fU( X,+ ); so there is a predictable additive functional 4,
not charging § with p(x) = ﬁ"(Aw) for all x in D. The proof is finished by applying
Thereom (1.1). Q.E.D.

(1.3) THEOREM. Let X and Y be two transient right processes on (E,, &), each
possessing a reference measure. Assume

(1.4) for each compact set L C E, PX(T, < o0) = Q~"(TL < o0);

(1.5) within each nonpolar set G C E, there is a nonpolar compact set L C G so that
PX(T, < 00) = Um,(x) for some measure m, supported on L and OXT, < o0) =
Vy,(x) for some measure y, supported on L.

There is a continuous additive functional H, of Y which is strictly increasing and
finite up to the lifetime of Y so that if we set T, = inf({s: H, > t}, then (X,, P*) has the
same law as that of the right process (Y, (1) 0%).

Since (1.4) implies that the polar sets of X are the same as the polar sets of Y, it
makes sense to talk about “nonpolar sets” in (1.5) without specifying the process.
Recall that T, is defined to be the infimum of the strictly positive times that the
process is in L.

The rest of this section is devoted to the proof of Theorem (1.3). Clearly, we shall
have to work extensively with potentials of measures, and it is therefore natural to
introduce a topology generated by a class of these potentials. We do this below, and
the reader will notice a certain similarity with the Ray-Knight compactification
procedure. This compactification is simpler, however.

(1.6) LEMMA. There is a Borel function h on E which is strictly positive and bounded
on D so that hU(x) <1 for all x in E.

PROOF. Since oo > A(U1) = M(1U), 10U(x) < oo except on some polar set [
Therefore, )?,+ restricted to D — I" has 1U < c0. By [5, Proposition (2.2)], there is a
strictly positive bounded function 4 so that AU < 1 on D — I". Notice that » may be
chosen to be Borel measurable since every excessive function is Borel (thanks to the
existence of a reference measure). Therefore, AU is bounded by 1 on D, and hence on
allof E,, Q.E.D.
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The constant function 2 is excessive for (U") restricted to D, so we can find
bounded positive Borel functions (g,),-, which are A-integrable so that g, U in-
creases to 2 on D. Let

S+ = { S (heh + g )U(x): (k) CC(Ey)" ¢, =0,n> 1}.
k=1

Then S* is separable in the uniform norm since hU < 1. Set
R* = { 2 ahf A ARE N (h}‘) cS*,4,20,¢,=0,n, = 1},
k=1

Then R =R" —R™ is also separable in the uniform norm. Using the identity
(a—b)N(c— )—(a+d)/\(c+b)—(d+b) one can check that R is a vec-
tor lattice. By [1, Proposition (V5.10)], U“ can be reconstructed from knowledge of
{ gU: g € C(Ey)* }, so R must separate points on C.

Let F = II¥_,[0, 1] let (k') be a sequence in R which is dense in R in the uniform
norm, and let ®: € — F by setting ®(x) = (4’ (x)/I1h* |l . );>1- We take the metric d
on € induced by a metric on F compatible with the product topology of F and given
by

S, () —H()]

d(x,y)= ,~§12_ 1+ |hi(x) — K(y)|

Close € in this metric to obtain a compact metric space C. Each function g in R may
be extended to a continuous function g on C. LetR = {8: g € R}. Since R may not
contain the constant functions, we cannot say that R is dense in C(C ). But if we let
C be the closure in C of C = {x eC: gnU(x) > 1}, then R(C ) (defmed to be the
restrictions to C of functions in R) contains the constant functions on C By the
vector-lattice form of the Stone-Weierstrass theorem, R( C,,) is dense in C(C,,)

(1.7) PROPOSITION. To each f € R, there corresponds a finite signed measure v on E
so that f(x) = vU(x) for all x in C.

ProOF. Every function f € S satisfies the proposition by the construction of S. To
complete the proof, we need only show that if fU(x) € S* and gU(x) € S*, then
fU(x) A gU(x) satisfies the proposition. By (1.2), fU(x) A gU(x) = »U(x) on C for
some positive measure » on E. We may find a sequence of positive functions (¢,) so
that Ug,(x) increases to 1 on E. Therefore,

w0 >Mg) = lim [g0(x)é,(x)A(dx)

>kl£n:0fv0(x)¢k(x))\(dx)
=v(E). QED.

Since g,,U( x) increases to 2 on C, C, increases to ¢, and it will suffice to fix n and
to work with C,. Given any closed set K C C,, there is a bounded sequence of
functions (¢,) C C(C,)" so that ¢, decreases to 1. For each k, choose h, € R so
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that sup{|l;k(x) ¢k(x)| x€C, ) < 1/k2. Then h, + (1/k? )g,,U(x) is posmve
and converges boundedly to 1gzon C LetK=KnN C Since h, + (1 /k )gnU(x) €
R is of the form p kU(x) for all xinC,p kU(x) 14(x) converges boundedly to 1(x)
as k increases to infinity. Let L be any compact subset contained in C,, satisfying
(1.5). (Important note: “compact subset” without reference to a topology means
“compact in the original topology of E”.) So PX(T, < o) = Um,(x) with the
support of 7, contained in L, and P**(T, < o0) converges to m,(K) by the
Lebesgue dominated convergence theorem. By (1.4), P** (T, < o) =
Q**X(T, < o) (recall that p, is a finite signed measure, so the equality makes sense).
If we use the notation p,Um, to denote [Um,(x)u,(dx), then we have that
pUm, = p,Vy, converges to m,(K).

(1.8) LEMMA. p kl7(x) is well defined on C,, except possibly on a polar set T,.

PROOF. Since p; Um, < oo and p Um, < oo, Fubini’s theorem guarantees that
By V(x) and p.;f'(x) are finite almost surely (y;) for every compact subset L of C,,
satisfying (1.5). Therefore, p.ZV(x) and ukl;'(x) are finite everywhere on C except
perhaps on a polar set I', so u kV'(x) = uy V(x) ) kV(x) is well defined except on
I,. QED.

We set I' = U, T,. Notice that T depends on the sequence (p ).

(1.9) PROPOSITION. p kl7(x) converges boundedly on C,, — {a polar set depending on
(1))} to a function fX supported on K U {a polar set depending on (p,)}. Moreover,
{(#V(x) <0} N (C, — T) is polar.

ProOF. To prove the last statement, let L be any compact subset of {p kV(x) <0}
N (G, — T) satisfying (1.5). Since 0 < p,Um, = p,V'y, <0, we conclude m, =y, =
0, so L must be polar. Now let G, = {x: ,ukV(x) + (2/k? )g,,V(x) < pkHV(x)} N
(_C,, — I'). Choose a compact subset L C G, satisfying (1.5) so that p,Vy, +
(2/k*)g,VYr < bys VY- By (1.4) and (1.5), we have that p,Um, + (2/k?)g,Um, <
#i+Ump. But by our choice of the (i), pU(x) + 2/k?)g,0(x) > p, . U(x) on
C Therefore 7, = v, = 0 and G, must be polar. Thus if we set E, = (U, G, U I')*
C,, ukV(x) + (2/k? )g,,V(x) > pkHV(x) on E,, and we conclude that ,ukl7(x)
converges to some function fX(x) on E,. Moreover, 0 <p kl7(x) < I_LII}(X) +
2(2 k2)g,V(x) on C,. To examine the support of fX, let L be any compact subset of
C, — K satisfying (1.5). Then 0 = m(K) = lim,_ o, pUn, = lim, _ pu, Vy, =
v, (f¥), the last equality holding by the dominated convergence theorem. Q.E.D.

(1.10) ProPosITION. If J C K C C_’n are compact sets in the topology of Ey, then {x:
F8(x) # f/(x)} N J is a polar ser.

PROOF. Let L be any compact subset of M = { f¥ > f/} N J satisfying (1.5). Then
Y.(f)=m(J) = m(K) = v,(f¥), so L must be polar. Thus M is polar, and the
case N = { f¥ <f7} N J is similar. Q.E.D.

(1.11) PROPOSITION. Let f" = f 6". If L is any compact subset of C,, satisfying (1.5),
then 7w (B) = v, (15 f") for all Borel sets B C C,.
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PROOF. If B € &, then B € &. By inner regularity of the measure @, 7 (B) =
sup{er(K) =m(K): K is compact in E,KC B}. By (1.10), v,(f®) = v, f™,
and sup{y,(1xf"): K is compact in E, B D K} = y,(15f") by inner regularity of
v,- Q.E.D. )

Thus if L is any compact subset of C, satisfying (1.5), then [u(x, y) 7, (dy) =
fu(x, y)f"(y)v,(dy) for all x. So for each fixed x, A(n, x) ={y € C:o(x, y)#
u(x, y)f"(y)} is a polar set. It is easy to check that {y: f"™(y) # f"(y)} N C"is
polar, so there is a function f defined on all of C so that A(x)= {y € ¢
v(x, y) # u(x, y)f(y))} is a polar set for each x. It follows from (1.11) that {y € C:
f(y) =0} is a polar set, so f ~'(y) makes sense. Now A does not charge E — ¢, so
Ug(x) = [ u(x, ) IS ' (DM = [ o(x, y)f(»)g(y) Mdy), which
shows that the cone of excessive functions for X, S( X), is contained in the cone of
excessive functions for Y, S(Y). As we mentioned before Theorem (1.1), all of the
preceding arguments apply equally well to Y. Doing so, we have the following
results. Let EY be the appropriate compactification for (V) and (V*), and let
C(Y)= {x E E: lima_,wagV“(x) =g(x)forallg € bC(E_AY)“L }. There is an exten-
sion of f to C U C(Y) (which we again denote by f) so that {y e CuC(Y):
o(x, y) # u(x, y)f(y)} is a polar set for each x. Moreover, S(Y) C S(X), so we
conclude that S(X) = S(Y). Hunt’s balayage theorem [1,p. 141] now guarantees
that X and Y have the same hitting distributions: Py(x, -) = Qx(x, -). At this
point, we might quickly apply the Blumenthal-Getoor-McKean Theorem to finish
the proof, but we do not need to use this result. The function Ul is a bounded
excessive function for Y which is the potential of a continuous additive functional of
Y by [1,1V-3.8]. Let Z, denote this additive functional.

(1.12) PROPOSITION. Z, is strictly increasing.

Proor. If we let R = inf{t: Z(t) > 0}, then I = {x: Q*(exp(-R)) = 1} is the fine
support of Z,, and we need to show that ] = E. If I # E, I¢ is finely open (for X
and for Y), and we choose a point x in the complement of I. Then Ul(x) >
P,Ul(x) = Q,U1(x). Thus x cannot be in I°. Q.E.D.

Let o(¢) = inf{s: Z(s)>1t}. If g € b&, , then Q*[g(Y, (,))dt Q*g(Y,)dZ(¢)
= fo(x, y)g(y)v(dy) = [u(x, y)g(y)f(y)v(dy), where v is the Revuz measure of
Z(t) defined by setting »(g) = lim,_ ,aQ*f e *g(¥, ) dZ(t). Recall that if m, and
m, are Revuz measures of continuous additive functionals with bounded potentlals
and Um(x) = Um,(x) for all x in E then m; = m,. Since Q*(Z(x)) = Ul(x) =
Ju(x, y)A(dy), we conclude that v(dy) = f~'(y)A(dy). If we define Vig(x)=

Q*fe""'g(Y,(,) dt for all a = 0, then V; = U. By [1, V-5.10], it follows that V7 = U*
for all a = 0. Therefoge (X,, P") has the same law as (Y, ,,, Q). Since X, (resp. Y;)
is a time change of X, (resp. Y,) by the inverse of a strictly increasing continuous
additive functional, the conclusion of Theorem (1.3) follows. Q.E.D.

2. Hunt processes, standard processes,.... We say that a right process X is a Hunt
process if X is quasi-left continuous. That is, whenever (7(n)) is an increasing
sequence of (¥ ,)-optional times with limit 7, then X(T(n)) converges to X(T) on
{T < 0}.
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(2.1) THEOREM. Let X and Y be two transient Hunt processes on (E,, &,), each
possessing a reference measure. Assume that P’(TL < o0) = Q"‘(TL < o0) for each
compact set L C E. There is a continuous additive functional H(t) of Y which is strictly
increasing and finite up to the lifetime of Y so that if we set (1) = inf{s: H(s) > t},
then (X,, P*) has the same law as that of the process (}7',(,), 0%).

PROOF. We proved in [8] that if M = sup{z: X)) € L} < oo almost surely, then
BX(f(Xp); M > 0) = [ u(x, y)1,f(»)k(dy) + [(2)(dy, dz)), where  is a
measure on E and » is a measure on E X E so that »((E — L) X E) = 0. Given a
nonpolar set G C E, we can find a nonpolar compact set L C G so that M =
sup{t: X(z) € L} < oo almost surely and so that N = sup{z: Y(t) € L} < oo al-
most surely. By the result cited above, P"(TL < o) = Um(x) and Q~"(TL < o0)=
Vy,(x), where m; and v, are measures supported on L. Therefore, hypothesis (1.5) is
verified, and Theorem (1.3) applies here. Q.E.D.

Suppose now that X and Y are simply right processes. Can (1.5) be verified? The
usual Ray-Knight procedure [4] produces two compact metric spaces F(X) and
F(Y) so that E C F(X) and E C F(Y). Considered as a process on F(X) (resp.
F(Y)), X (resp. Y) is a right process when restricted to the nonbranch points. A set
L C E is X-Ray-closed (resp. Y-Ray-closed) if L is closed in F. It is true [8, Theorem
(27)] that if L is a transient X-Ray-closed set, then there is a measure «; supported
on L so that PX(T, < o) = Um,(x). Similarly, if L is a transient Y-Ray-closed set,
then there is a measure y, supported on L so that (T, < o0) = Vy,(x). It is not
really important in (1.5) that L be compact in the original topology (we did not use
the compactness anywhere). The crucial question here is: given G nonpolar, can we
always choose L C G so that L is simultaneously X-Ray-closed and Y-Ray-closed?
(We conjecture that the answer is yes.) To decide this question, it might be useful to
have some sort of Ray compactification based on hitting probabilities!? This
question we leave open.

With some slight additional regularity hypotheses, (1.5) can be verified. For
example, let I = {f € b&; : 1O( X,_) be left continuous almost surely on (0, o0)},
and assume that J( is rich enough to guarantee that m, = m, whenever m,(f) =
m,( f) for all fin JC. These are conditions given by Meyer [9] which ensure that the
representation theory of Revuz holds true. In this case, if A(¢) is a predictable
additive functional with bounded potential and Revuz measure m, then P*(A(o0))
= [u(x, y) m(dy). Standard processes with duals as discussed in [1, Chapter VI] are
well-known examples of processes satisfying these assumptions.
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