
transactions of the
american mathematical society
Volume 275, Number 1, January 1983

ON STRONGLY INDEFINITE FUNCTIONALS

WITH APPLICATIONS

BY

HELMUT HOFER

Abstract. Recently, in their remarkable paper Critical point theory for indefinite

functionals, V. Benci and P. Rabinowitz gave a direct approach—avoiding finite-

dimensional approximations—to the existence theory for critical points of indefinite

functionals. In this paper we develop under weaker hypotheses a simpler but more

general theory for such problems. In the second part of the paper the abstract results

are applied to a class of resonance problems of the Landesman and Lazer type, and

moreover they are illustrated by an application to a wave equation problem.

0. Introduction. This paper is devoted to the critical point theory of strongly

indefinite functionals in a real Hilbert space H. Here a strongly indefinite functional

is a C'-map H -» R which is neither bounded from above or below not even modulo

a finite-dimensional subspace. Such functionals arise for example in the study of

periodic solutions of the one-dimensional wave equation, in the study of periodic

solutions of Hamiltonian systems of ordinary differential equations, in the existence

theory for systems of elliptic equations, etc.

To find the critical points of strongly indefinite functionals different methods

were used. For example, Rabinowitz studied the restrictions of the functional to

finite-dimensional subspaces, [1,2], and then he tried to find the critical points of the

original problem by passing to the limit for a suitable subsequence of the critical

points of the restricted problems. Amann [3] reduced the indefinite functionals by

means of a saddlepoint-reduction to a finite-dimensional problem. Of course, this is

only possible under some strong hypotheses. Under certain assumptions the func-

tional can be replaced by a dual variational problem, having some better properties.

(See for example [4 or 5].) The first direct approach was given by Benci and

Rabinowitz [6]. The essential in their paper is the observation that more detailed

information about the special form of the deformations (a substitute for the gradient

now) associated to the functional is needed. They constructed deformations having

special representations by solving appropriate differential equations approximately

by time discretisation. This method has some disadvantages because one needs

strong hypotheses in order to get the approximations uniformly on bounded sets.

A main part of our paper will be the construction of flows and deformations

having special representations by solving appropriate differential equations exactly
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and the study of their topological properties. Moreover, we shall develop a variant of

an "intersection theory" for infinte-dimensional sets in Hilbert space.

Some of the results contained in this paper can be generalized. A few generaliza-

tions are contained in a preliminary version of this paper having a different title. For

the sake of simplicity and readability we will not carry this out. I am indebted to the

referee and P. Rabinowitz for some suggestions in this direction. Moreover I want to

thank H. Amann and P. Hess for stimulating discussions.

In order to make the difficulties which arise clear to nonspecialists, let us recall the

min-max- or max-min-principle (MMP). Here the interested reader should also

consult the paper of R. Palais [7].

The MM-principle. Let <J> E CX(H,R) and define for real numbers d and c the sets

<bu = 4>-'( [d, + oo)), $< = $-'((-oo,c]), and $¿ = $' D <S>d.

Definition 1. A MM-theory for $ is a triple í(í>) = (D, S, c), where

(D) D is a family of homeomorphisms a: H -» //, such that for all d E R being not

a critical value of 4> there exist e > 0 and a E D with a(<Í>¿_£) C <¡>d+e.

(S) 5 is a family of subsets of H with D(S) E S, i.e. a(£) G S for all a E D and

all | G S.

(c) c is a real number verifying c = supieSinf <3?(£).

Of course, it is not clear in general if such a theory exists for a critical value of <£>.

More precisely we have the following important result (see also [7]) which is an easy

consequence of the definition of t(<&).

Theorem (mmp). Let O G CX(H, R) and assume t(<&) = (D, S, c) is a MM-theory

for <E>. Then c is a critical value.

Proof. Arguing indirectly, we assume that c is not a critical value. By (c)

c = supievinf $(£) is a real number. Using (D) we find e>0 and a E D with

a(0(_t) C $i+E. By the definition of c E R there exists ÍES with ¿ C $C._E. Then

t* = a(|) G S by (S) and |* C $c+t by (D). This implies the contradiction c >

inf $(£*) > c + e.    D

Using this principle the program is clear. In order to find critical points of a given

functional $ we have to construct such triples t( 0 ), which describe a critical value of

<D.

First of all we will speak about the existence of a family D verifying (D) and give a

condition which guarantees its existence.

Definition 2. A functional <J> G C'(//, R) verifies the weak Palais-Smale condi-

tion if the following holds:

(WPS) If for some sequence (un) C H we have $'("„) -* 0 and <D(m„) -* d E R,

then d is a critical value.

Observe that (WPS) is a variant of the condition (C) introduced by R. Palais and

S. Smale. It is well known that (WPS) is sufficient for the existence of such a family

D, and that the maps a can be chosen in such a way that they are homotopic to Id

by a homotopy tj: [0,1] X H -» H having the property that for all t E [0,1] the maps

r/' = r/(/, •): H -> H are homeomorphisms and, in addition, the maps t -* 0(t)'(«))

are nondecreasing for all u E H. These two facts are of fundamental importance for

practical purposes.
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Next, some remarks about the construction of a family S. Suppose a family D of

homeomorphisms verifying (D) and the additional hypotheses from above is given.

Further assume that D ° D C D, i.e. a ° ö G D for all o, ö E D. Suppose there exist

subsets £, £* of H with

inf $(£) >-oo,       sup $(£*)< +00    and

a(£) D £* # 0    for all a G /).

In that case we define

S= {o(£)\o ED)    and    c = sup inf $(£).
íes

Observe that D(S) C 5 since D ° D E D. The important thing here is the intersec-

tion property of £ and £*, i.e. the fact that a(£) n £* ^ 0 for all a. In practice, in

order to show such an intersection property, it is important that D verifies the

additional hypotheses from above. Then making use of tools of algebraic topology,

for example using topological intersection theory or degree theory, one tries to prove

this property.

At this point the difficulty in the study of strongly indefinite functionals comes in.

In general, the sets £ and £* are infinite-dimensional and the invariants of algebraic

topology give no tool to prove this intersection property directly. This is due to the

fact that for infinite-dimensional sets the (co-)homology etc., is often trivial since it

is a homotopy invariant with respect to all continuous maps. (For example, the unit

sphere of an infinite-dimensional Hubert space is contractible to a point, which is of

course wrong in the finite-dimensional case.)

Here of course it is useful to allow only special continuous maps having represen-

tations depending on the functional $ and to show that topological invariants exist

to build up something like an intersection theory for the restricted family of

admissible maps.

In the second part of this paper we use the theory developed in the first part to

study the ranges of a class of potential operators $': H -» //. This class arises in

problems of the Landesman and Lazer type (see [8 and 9]). 4>' will have the

decomposition $' = A + B, where A is a bounded linear selfadjoint operator with a

nontrivial kernel N(A) and B is a continuous potential operator verifying some

compactness assumptions. The abstract results for the Landesman and Lazer type

problems will then be illustrated by an application to a wave equation problem.

However, the theory also applies to the problem of finding periodic solutions of

Hamiltonian systems or to the existence theory for elliptic systems.

I. The theory for strongly indefinite functionals

1. Flows associated to a class of strongly indefinite functionals and a related group

(M, o ) of deformations. Denote by H = (//,(•, •)) a real Hubert space. To motivate

the following definitions assume that the gradient $' of $ G CX(H,R) admits the

decomposition $' = A + B, where A: H — H is a bounded linear selfadjoint opera-

tor and B: H -> H is continuous. Suppose that B is locally Lipschitz continuous and

eventually verifying some growth conditions such that the flow r¡ associated to
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exists globally. In that case we find that i\ admits the representation

t)(t, u) = exp(tA)u + f'(exp((t - s)A)B(r1(s, «))) ds.

If for example Q: H -» H is an orthogonal projection commuting with A such that

QB is compact and rj maps bounded sets into bounded sets we infer that the map

(t, u) -* Qj¿exp((t — s)A)B(-q(s, u)) ds is compact, since exp((i — s)A) and Q com-

mute for all t, s. Moreover exp(k4) is an element in the smallest closed subalgebra

containing A and Id in the algebra of all bounded linear operators H -» H.

Let us introduce the following notions. For X, Y metric spaces define

C(X,Y) = {/: X-* Y\ fis continuous},

Ch( X,Y) = {/ G C( X, Y) | /maps bounded sets into bounded sets),

K(X,Y) = {/G Ch(X, Y)\ f maps bounded sets into relatively compact sets}.

Let

L(//)= {T: H -» H \ Tis a bounded linear operator},

G(H) = (TGL(//)|risbijective}.

For a given selfadjoint operator/! G L(H) introduce

[A] = smallest closed subalgebra of L(H) containing^ and Id,

GA(H) = [A]nG(H),

both equipped with the induced metric from L(H). Note that [A] and GA(H) are

commutative. By Br we denote the open ball in H with centre 0 and radius r.

Assume A E L(H) is selfadjoint and Q G L(H) an orthogonal projection com-

muting with A. Now we introduce a linear subspace 2 = 2(/7, A, Q) of CX(H, R).

Definition 3. Let A and Q be as above. The linear subspace 2 consists of all

i> G CX(H,R) with the composition $' = Ä+ B, where ÄE [A], BE C(H, H),

and QB E K(H, H).

For given A and Q, as above, we will define a group (M, ° ) of parameter-depend-

ing homeomorphisms which will be of fundamental importance for the study of

functionals $GX

Definition 4. Let A and Q be as above. Denote by M = M(H, A,Q) the set

consisting of all maps tj: R X H -> H verifying

(1) r,(t,u)=y(t,u)u+C(t,u)

for all (t, u) G R X H, with y E K(R X H, GA(H)), y(0, u) = Id for all u G H,

C G Ch(R XH,H), QCE K(R X H, H), C(0, u) = 0 for ail u G H. For fixed

c G R the map i)': H -> H: u -> -q(t, u) is a homeomorphism such that the map

(t, u) - (r/T'(w) is in CA(R X H, H).

Observe that tj° = Id and that tj G Ch(R X H, H).

For r/, x G M we define maps r¡ ° x and 17* by

(r, o x)(í, „) = V(X'(«))     for all (í, 11) G R X //,

i)*(/, m) = (i?')"'(h)     for all (t, u) E R X H.
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First of all we shall show that tj*, 17 ° x G M. Assume tj and x have the following

representations:

i\(t, u) - y(t, u)u + C(t, u),

x(t,u) =8(t,u)u + D(t,u).

Then

(t, o x)(/, u) = y(t, x(?, u))S(t, u)u + (C(t, X(t, «)) + y(t, X(f, u))D(t, u))

= -t(í,u)u + E(t,u)    for all (/,!/) G R X H.

Since G^//) is a group t G ÄT(R X H, GA(H)) and clearly E G Q(R X //, H) by

the boundedness of x, C, D. Observing that Q commutes with the elements in [A] we

find that QE is compact. Of course (17 ° x)' is a homeomorphism and the map

(t, u) -> ((77 o x)T'(") is in Ch(R X H, H). Hence " ° " defines a map M X M - M.

Next we will show that 17* G M. Let u = r\(t, v). We have

,•(,, u) = v= (y(t, v ))"'(«) - (y(í, d))-'c(í, o)

= y(t, i]*(t, u)Y\u) - y(t, 7¡*(t, u))'lÇ(t, tj*(/, «))

= :y*(t,u)u + C*(t,u).

Using that tj* G Ch(R X H, H) one easily sees that tj* G M. Obviously, 17 ° tj* = e

= tj* ° r/, where e(i, u) = u for all (f, w). Observe that e E M. Thus we have proved

the following lemma

Lemma 1. (M, °) is a group, e is the neutral element and the inverse of a given

17 G M is tj* G M.

In the following we will show that M contains maps having special properties. Fix

a selfadjoint A E L(H) and an orthogonal projection Q E L(H) commuting with

A. We will use the abbreviations S = 2(H, A, Q) for M = M(H, A, Q).

Theorem 1. Assume $ G 2. Then for arbitrarily given open sets V and W in H with

cl(K) D cl(W) = 0 and ||$'(t/)|| > e for all u E V there exists a flow tj G M,

continuously differentiable with respect to t ER such that:

(i) d®(r]'(u))/dt s* ̂ /3(t)'(m))II$'(tj'(m))II for all (t, u) E R X H, where ß: H -

[0,1 ] is a continuous map with ß | W = 0 and ß\ V = 1.

(ii) tj' I cl( W ) = Id for all t G R.

(iii) ||i/||exp(-|f|)< ||tj'(")II < (Il u II + \)exp(\t\)forall(t,u)ERXH.

Proof. Let $ G 2 such that $' = L + B, where L E [A], B E C(H, H), and

moreover QB E K(H, H). By a standard partition of unity argument we find a

locally Lipschitz continuous map B*: H — H such that QB* is compact and

II5m - B*u\\ <e/8    forallMG//.

Define C:H - H by Cm = Lm + B*u. For m G el(V) we have ||C«|| > \t. We find

an open neighbourhood U of cl(K) such that cl(U) (~) cl(W) = 0 and ||Cu|| > t»e

for all m G U. There exists a locally Lipschitz continuous function ß: H -> [0, 1] such
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that ß\cl(U)= 1 and ß\cl(W) =0. Define a locally Lipschitz continuous operator

G: H ^ Hby

,2\ Gu=\ß(u)\\Cu\\-xCu    ifuEU,

[O ifuEH\U.

Clearly this is well defined since II Cm || > |e for all u E U. One easily obtains the

following estimate:

(3) (Q'(u),Gu)>$ß(u)\\V(u)\\    forallMG/7.

We solve the ordinary differential equation

(4) nu-àr,u,       tju(0) = m    ioruEH.

Since G is locally Lipschitz continuous and ||Gm|| < 1 for all u E H we have by the

basic existence theorem global existence on R. We obtain a flow tj: R X H -» H by

tj(í, m) : — tju(/). Moreover we infer from (4) the estimate

(5) ||M||exp(-|?|)<||Tj(/,M)|| <(||u|| + l)exp(|i|)    for all (t,u) ERXH.

Hence we have established (iii). (i) follows from

|o(t,'(m))>^(t,'(m))||$'(^("))||

and (ii) since t)'(m) = 0, tj(0, m) = u for u E cl(W). It remains to show that tj G M.

Define a E Ch(R X H,R+) and aL E K(R2 X H, GA(H)) by

\ß{i(u))\\Ci(u)\\-x     iîV'(u)EU,
a(t, u) = <

[0 íítj'(m) G//\/7,

aL(t, s, u) = exp  I /     a(a + s, u) da \L \.

The compactness of aL follows immediately from the continuity of exp: [^4] -» GA(H)

and the compactness of the map

R2 X H ^ RL C [A]: (t,s,u) -»(/"'  ¡a(a + s,u)da\L,

since the map is of class Ch and the range is a subset of a one-dimensional Banach

space. Let B: R X H -» H be defined by

B(s,u) = B*(r1(s,u)).

Clearly B is continuous and QB is compact. Define x: R X H -> H by

x(í, m) = aL(t,0, u)u +  I (aL(t, s, u)(a(s, u)B(s, u))) ds

= -y(t,u)u + E(t,u).

Obviously y E K(R X H, GA(H)) and QE E K(R X H, H), since Q and aL(t, s, u)

commute for all (t, s, u) and the map R2 X H -> H: (t, s, u) -» aL(t, s, u).

(a(s, u)QÊ(s, m)) is compact. Moreover xU» ") is continuously differentiable for

fixed u E H and solves (4). By uniqueness x = V- By the preceding discussion

tj G M.    a
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As a corollary we obtain a deformation lemma which is a refinement of the usual

deformation lemmas and which states, in addition, that the deformation can be

chosen in M.

Corollary 1. Let $ G 2 and suppose there exist numbers dx,d2 E R, dx < d2,

r > s > 0, and a > 0 such that

r s= (s + l)exp( — (d2 — dx)\    and

W(u)\\ ^a   for all u G $# n (Br\Bs).

Then the following alternative holds: Either there exists a sequence (un) E <I>¿2 n Bs

with 0>'(un) -» 0 or there exists a flow tj G M, continuously differentiable with respect

to t G R, such that

(i) d$(r)'(u))/dt > 0 for all (t, u)ERXH.

(ii) thX, Bs n $d|) C $¿2 wAere tx is large enough.

Remark. Corollary 1 will be very important for the proof of a perturbation result

in §3.

Proof. Let V— Br n int($^2) and W= H\cl(Br+x). Assume there exists no

sequence (m„) C ^ n Bs with $'("„) -» 0- Then we find e G (0, a) with || 0'(")H > e

for all m G <I>¿2 n Br. Now applying Theorem 1 we find tj G M with

^<K(tj'(m)) > |/3(t,'(m))||$'(t,'("))II    for all (r, u) G R X //,

IItj'2(m)|| ̂  (IIt|*'(«)|| + l)exp(/2-/,)   for all u E H, tx < t2.

Now let uEBsn 0^2. Assume first that tj'(m) G Br n $¿2 for all / G [0, f,J where

íaB = Í(rf2-rf,).Th¿i

*(V"(«)) > ¿\ + í'^dt = dx+d2-dx = d2.

If this is not the case we have, for some t' E [0, tx], tj'(m) G Br or tj'(m) G $¿2. In

the second case we must have $(tj'(m)) > d2 and conclude that

$(tj'~(m)) >¿2   if/(") G 0¿,2 for some i' G [0, rj.

Hence we may assume that tj'(") £ Br for some i' G [0, tx] but tj'(m) G <3>¿2 for all

/ G [0, tx]. Define real numbers tx and t2 by

i3 = in£{/e[0,iJ|n'(ii)«Br},

tx = suP{íG[0,í2]|t,'(m)G/?s}.

We find

*(V-(«)) >¿, + //2|$(V(")) * > dx + \(t2 - tx).
u

Let us estimate t2 — tx. By the definition of /, and i2 we must have

||tj'2(m)|| =r   and    ||tj'-(«)|| = s.
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By the properties of tj

r^(s+ l)exp(t2-tx)

or equivalently

t2-tx>ln(r/(s+l)).

By our hypothesis

2

which implies

Hr,'~(u))>dx + ~(d2-dx)=d2.

Since m was arbitrarily chosen in $¿2 D fis we conclude that

Combining this with tj^, 4>¿2) C <bdi (ii) follows.    D

Next we state a standard deformation lemma which is very useful. The proof is

left to the reader since it is very simple and follows immediately from Theorem 1.

Corollary 2. Let O G 2 and suppose there exist numbers dx, d2 E R, dx < d2,

and e > 0 such that ||$'(m)|| > e for all u E <&d2. Then for an arbitrarily given open

neighbourhood U of $d2 there exists a flow tj G M, continuously differentiable with

respect to t ER with

(i) d<b(T\'(u))/dt > 0 for all (t, u) E R X H.

(ii)r,x(^di)E<S>d2.

(Hi) i \ H \ U = Id for all t E R.

Now we are able to define for a given functional í> G 2 a set 0$ of maps a:

H -* H, which is useful for defining MM-theories for 4>. If 4> verifies (WPS), then D9

has property (D).

Definition 5. Let $ G 2. We denote by Aj, the set consisting of all maps a:

H -» H verifying a — tj1 for some tj G M such that the map t -* Í>(tj'(m)) is nonde-

creasing on [0,1].

Proposition 1. The set D$ has the following properties:

(i) For all d G R the following alternative holds: either there exists a sequence

(u„) C H with $'(!/„) -» 0 and <&(un) -> d, or there exist e > 0 and a E D<¡, with

°(*d-j  C ®d+e-

(ii) o o ö G Aj, for ail a, à G D0.

(iii) AU a E D are homotopic to Id by a map tj G M such that tj° = Id, o = tj' and

t -» 0(tj'(m)) is nondecreasing on [0,1].

Remark. If $ G 2 verifies (WPS) the set Aj, has property (D).

Proof, (iii) follows immediately from the definition of D$. (i) is a consequence of

Corollary 2. In order to show (ii) let a and ö E D and denote by tj and tj the
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corresponding maps in M. Define x G M by

(t     \ = .PK2''")• t<2>
X{'U)     |tj(2/-1,tj(1,m)),     t>l

Then t -* $(x'(m)) is nondecreasing on [0,1] and x1 = o ° a. Hence a ° ö E M. D

By Proposition 1 we know that for a given functional $ G 2 verifying (WPS)

there exists a set A¡> verifying (D) and having some additional useful properties. In

order to construct MM-theories for $ we have to study the topological properties of

maps in Ap, or more generally the properties of maps in M. This will be done in the

next section.

2. Topological propertis of elements in M and nontrivial intersections of pairs of

sets. In this section we define the notion of a non trivial intersection of pairs (U2,UX)

and (V2, Vx), where Ux C U2 and Vx C V2 are subsets of H. Further we will develop

methods in order to give a criterion for such intersections.

Definition 6. Let Ux E U2 and Vx C V2 be subsets of H with Ux n V2 = 0 = U2

n Vx. We say that (U2,UX) intersects (V2, Vx) nontrivially with respect to M if we

have for all rj G M:

If T)'(i/,) n V2 = 0 = rf(U2) n Vx    for all t G R
(6)

then if(U2) nV2^0    for all / G R.

M
In that case we write (U2,UX)~(V2,VX).

M M
Remark l.(U2,Ux)~(V2,Vx) and (V2, Vx) ~ (U2, Ux) are equivalent statements by

the group structure on M.

Remark  2.  Assume / is a compact interval  in  R containing 0.  Then,  if
M

(U2, Ux) ~ (V2, Vx) and r¡'(Ux) n F2 = 0 = r¡'(U2) n Vx for aYL t E J we infer that

tj'([/2) n V2 ¥= 0 for all t E J. In fact, we find a continuous map r: R -> / such that

r(s) = a for 5 *£ a, r(s) = b for 5 > b, and r(0) = 0, where J = [a, b\. Define

X G M by x(í, ") — TK''(0> ")• Our hypotheses imply that x verifies x'(Ux) C\ V2 =

0 = x'(U2) n Vx for all / G R. Hence x'(Ux) D V2¥= 0 for all t E R, which implies

i(U2) nV2¥^0 for allí G/.

Let Wx C W2 be subsets of H. For a given tj G M we denote by (lf2, If,),, the pair

(r]x(W2), r]x(Wx)). We have the following useful result giving a tool to construct new

interesting pairs from known ones.

M M
Lemma 2. If(U2, UX)~(V2, Vx) then (U2, i/,)„ ~(V2, Vx\for all tj, x G M such that

V'(UX) n x'(V2) = 0 = tj'(l/2) n xTO/br a// í G [0,1].

Proof. Let 8 G M such that ö'(ij'(i/,)) n x\V2) =0 = S'(rix(U2)) n x'C7,) for

all / G R. We have to show that

8'(yx(U2)) D x](V2) ¥= 0    for all/G R.
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Define p G Ai* by

X*(1,S(/-1,tj(1,m))), f>l,

X*(t,v(t,u)), tE[0,l],

X*(-t,r,(-t,u)), /G[-1,0],

X*(1,o(/+1,tj(1,m))), i<-l.

p(t,u)

By our hypothesis

p'(U2) n Vx = 0 = p'(i/,) n F2   for all í G R.

A/
Since (í/2, Í7,) ~(V2, Vx) we infer p'(i/2) n V2 ̂  0 for all í G R This implies by the

definition of p the desired result.    D

Now we will give some examples of nontrivial intersections. The proof of the

following statements is an easy application of a theorem which will be stated later.

Let A and Q be as before.

Proposition 2. (i) Let W C QH and W' C (/ - Q)H be relatively open bounded

sets  with   WD W' = (0}.  Define   U2 = cl(W),   Ux = dQHW,   V2 = cl(W'),   Vx =
M

d(I-Q)HW'.Then(U2,Ux)~(V2,Vx).

(ii) Let P = Q or P = I — Q and W C PH be a relatively open bounded set with

0 E W. Define U2 = cl(W), Ux = dPHW, V2 = (I - P)H, Vx = 0. Then

(U2,UX)~(V2,VX).

(iii) Let P = Q or P = I - Q. Define U2= {uE PH\\\u\\ = 1}, Ux = 0, V2 =

[0,2]a © {m G (/ - P)H\\\u\\ <, 1},  Vx = dRa(B(¡_P)HV2, where a E PH with \\a\\

= l.Then(U2,Ux)~(V2,Vx).

(iv) Let P = Q or P = I - Q. Define U2 = {u E PH\ Hull = 1}, Í7, = 0, Vx =

(I - P)H, V2 = R+a@(I- P)H, a as in (iii). Then (U2, UX)~(V2, Vx).

In order to prove Proposition 2 we need the following Theorem 2. We denote by

d(-, -, ■) the Leray-Schauder degree, with the convention d(T, (0},0) = 1 for a map

T: {0} - {0}.

Let A E L(H) be selfadjoint.

Theorem 2. Let Qt: H -» //,, i = 1,2,3, be orthogonal projections commuting with

A such that H admits the orthogonal decomposition H — ©; //,. Suppose dim(H2) <

+ oo and U C //, © H2 and V C H2 © H3 are relatively open bounded sets with

U n V ¥= 0. Assume 8: (//, © H2) X (H2 © H3) -* H2is a continuous bounded map,

tj G M — M(H, A, Qx + Q2), andJ a compact interval containing 0 G R such that

tj'(m) -v^O   forall(t,u,v) EJX (d(U X V) n «"'(0)).

Define 8*: H2 -» H2 by 8*(u) = 8(u, u) and suppose d(8*, U n V,0) -h 0. Then the

problem tj'(m) = v, 8(u, v) = 0, (u, v) G U X V, is solvable for all t E J.

Remark. Note that d(8*, U D V,0) is well defined if dim(H2) > 1 since in that

case ô*(m) ^ 0 for m G d(U D V).
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Proof. Let tj(?, m) = y(t, u)u + C(t, u), where the decomposition is as in (1).

Clearly

(7)

tj(?,m)-€ = 0,       o(m,u) = 0    for some (í, m, u) G T = / X cl(U) X cl(K)

is equivalent to

0 = m + (y(t, u))-\Qx + Q2){C(t, u) - Q2v + 8(u, v))

= :u + C*(t,u,v),

0 = v- y(t, u)Q2u - (Q2 + Q3)C(t, u) + 8(u, v)

= :v + C**(t,u,v)

for some(f, u, v) G T.

Note that (Q2 + Q3)C is not compact and therefore C** is not compact. Since

C*: r -» H is compact and T bounded we find that C*r is relatively compact.

Therefore there exists a compact subset fi' C cl(U) such that m G fi' for all (/, m, v)

G T being a solution of m + C*(t, u, v) — 0. Let

Û = (/XU')U ({0} Xcl(U)).

Observe that (Q2 + Q3)C\ fi is compact since J X Q' is compact and C\ (0} X

cl(U) = 0. By a well-known extension theorem there exists a compact extension C:

J X cl(U) - H of (Q2 + Q3)C | fi. Hence the operator C": T -* H defined by

C"(t, m, ü) = -y(i, m)ô2m - (Q2 + Q3)C'(t, u) + 8(u, v)

is compact. Define an operator T: T -> (//, © H2) X (H2 © H3) by

T(t, m, u) = (m + C*(i, m, v), v + C"(t, m, v)).

Obviously the solutions (t, u,v)ET of T(t, u, v) = 0 are exactly the solutions of

(7). Moreover T(0, u, v) = (u — Q2v + 8(u, v), v — Q2u + 8(u, v)). By our hy-

potheses we have T(t, u, v) ¥= 0 for all (/, u, v) E J X d(U X V). By the homotopy

invariance of the degree

d(t) := d(T(t,-),UX V,0) = d(T(0,-),UX V,0) = d(0).

Define a homotopy Tx: [0,1] X (//, © H2) X (H2 © H3) -* (//, © //2) X (H2 ©

//3)by

r'(i, m, t>) = (2,M + tQ2(u -v) + 8(tQxu + ß2M, io + (1 - t)Q2u),

v- Q2u + t8(tQxu + Q2u, tv + (1 - r)ß2«))-

Clearly T\l, u, v) = T(0, u, v) for (u, v) E cl(U) X cl(V) and *T'(0, u, v) =

(Qxu + S*(Q2u), v — Q2u). Assume Tx(t, u, v) = 0 for some (t, u, v) E [0,1] X

d(U X V). We deduce Qxu = 0 = Q3v, such that u = Q2u and v — Q2v. Hence we

must have

t(u-v) + 8(u,tv + (1 -0") = 0-

(v - u) + t8(u, tv + (1 - /)") = 0.

This implies (1 + t2)(v — m) = 0. Therefore u = v and 8*(u) = 0. Now (m, m) =

(m, v) E (d(U X V)) n (H2 X H2) and we find that u E dH(U D V), which implies
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a contradiction. By the homotopy invariance of the degree

d(t) = d(Tx(0,-),UX V,0).

Define a set f C (//, © H2) X (H2 © H3) by

f = (£,[/© (u n v)) x ((u n v) © e3F).

If T'(0, m, u) = 0 for some (m, u)Gcl(f) we infer that (u, v) E (U n V) X

(U n V). The same conclusion holds by the preceding discussion if we assume

T'(0, m, v) = O.for some (m, v) E cl(U) X cl(F). By the excision property

d(t) = d(Tx(0,-),t,0)

= d(ld,QxUX Q3V,0)d(T2,DXD,0)

= d(T2,DX D,0)

since (0,0) G QXU X Q3V, where D = U D V and T2: H2XH2-* H2X H2 is de-

fined by

T2(u,v) = {8*(u),v- u).

Denote by D* an open ball in H2 containing 0 G H2 and cl(Z>). By the excision

property

d(t) = d(T2,DXD*,0).

Define a homotopy T3: [0,1] X cl(D) X cl(D*) -> H2X H2 by

T3(t, u,v) = (8*(u),v- tu).

For all (/, m, v) G [0,1] X d(D X D*) we infer, since cl(D) C /)*, T3(i, m, u) ^ 0.

Moreover T3(l, •) = T2 and T3(0, •) = 8* X Id. Hence

d(t) = d(8* X Id, D X D*,0) = J(5*, /?,0)í/(ld, i>*,0)

= î/(Ô*,/),0) ^0.

This proves the theorem.    D

Proof of Proposition 2. (i) Let Qx = Q, Q2 = 0, g3 = Id - Q, and 5 = 0.

Define t/ = W and F= H". Then U n V = {0} and ¿(5*, (0},0) = 1. Let rç G

M(H, A, Q) = M(H, A, Qx + Q2) such that

r¡'(U2) n Vx = 0 = i(Ux) n V2   for all / G R.

This is equivalent to

t)'(m) - v ¥= 0    for all (i, u, v) E R X d(U X V).

An application of Theorem 2 yields the desired result.

(ü) Let P = Id - Q and define g, = 0, Q2 = 0, ß3 = Id - £>. Let tj G

M(//, ^,g) such that

tj'(£/2) n F, = 0 = T7'(L/,) n F2    for all t G R.

This is equivalent to

X'(VX) n U2 = 0 = x'(F2) n i7!    for a11 ' G R'
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where x = tj*. We have to show that x'(V2) i~l U2 ¥= 0 for all / G R. Fix any t E R

and define J = [min{0, /}, max{0, i}]. Since tj is of class Cb we find numbers r > 0

and d > 0 such that

\\x'(u)\\>d   for all m G V2 \Br   and    i/>  sup II m||    for all t E J.
uŒL/2

Define U = V2 n Br and V — W.By our hypotheses

X'(u)-v¥=0    for all (t, u,v)EJX d(U X V).

An application of Theorem 2 yields the desired result. The somewhat easier case

P — Q is left to the reader.

(iii) Let P = \d-Q. Define V= {u E (Id - Q)H\ \\u\\ < 2}, i/=(0,2)a©
(m G QH\ HmII < 1}, //, = g//, H2 = Ra, //3 = (Id - Q)H n {a}-1, and fi(«,o)

= (||t)|| — l)a. Now let tj G M with

Tj'(í/2) n K, = 0 = Tj'(t/,) n F2   for all t E R.

Observe that x = tj* G M and that the preceding is equivalent to

X'(") -v¥=0    for all (/, u, v) E R X (d(U X V) n 5_1(0))-

Since d(8, U n K, 0) = J(Id, (0,2)a, a) = 1 an application of Theorem 2 yields the

desired result. The case P = Q is left to the reader,

(iv) The proof is a combination of (ii) and (iii) and is left to the reader.    D

3. Existence results for critical points. Combining results from §1 and §2 we will

prove an existence and a perturbation result. First introduce a subset 2C of 2 by

Definition 7. Denote by 2C the subset of 2 consisting of all <ï> G 2 verifying

(WPS).
We have

M
Theorem 3. Let <ï> G 2C and assume (U2,UX)~(V2, Vx) such that

(8) inf4>(f72)>sup$(F,)   and   inf $([/,) > sup *(K2).

Then ( A&> S, c), where S = {o(U2) | a E At>} and c = supi<ESinf $(£), i* a MM-the-

ory. Hence c is a critical value. Moreover c E [inf $(U2), sup <I>(K2)].

Proof. By Proposition 1, D9 verifies (D) since $ G 2C, and D9(S) C S. It

remains to show that c G [inf $(í/2), sup$(F2)] C R. It is enough to prove that

a(U2) fi V2 ¥" 0 for all a E Aj>- By the definition of Aj. there exists tj G M such

that the map t -» 4>(tj'(m)) is nondecreasing on [0,1] and a = tj1. By (8) we infer that

i(U2) n Vx = 0 = Tj'(t/,) n F2    for all í G [0,1].

M
Hence (í/2, t/,), ~ (V2, Vx) by Lemma 2, which implies a(U2) n K2 # 0. Therefore

inf 4>(i/2) <c^sup$(K2).

By the preceding discussion (At, S, c) is a MM-theory and by Theorem (MMP), c is

a critical value.    D

Theorem 3 together with Proposition 2 gives a useful tool in studying the critical

points of a functional $ G 2. This will be illustrated in the applications.



198 HELMUT HOFER

Next we shall prove a perturbation result. For this we introduce a subset 2# of 2

containing 2C.

Definition 8. Denote by 2^ the subset of 2 consisting of all $ verifying

(*) If $'(un) -> 0 and <b(un) -» d G R for some bounded sequence ( un ), then d is a

critical value of Í».

It is useful to equip 2 with a topology T2. Let T2 be the topology generated by the

subbasis consisting of all sets of the form

K($, C, e) = f * G 2 | sup (| ¥(n) - *(«) | + ||*'(«) - V(u)\\) < el,
1 «EC '

where O G 2, C is a bounded subset of H, and e > 0. We have

M
Theorem 4. Let 0 G 2 anrf assume (U2,UX)~(V2,VX) where U2 and V2 are

bounded sets such that

inf $(t/2) >sup<ä>(F,)    anJ   inf $(£/,) > sup$(K2).

Let £ > 0 be arbitrarily given and define dx = inf $(t/2) — e, </2 = sup Í>(F2) + ê".

77jcti íAere ex/sis a neighbourhood WE T2 o/ $ smc« í/iaí

(i) /or g/'t)e« ^ E W there exists a sequence (un) such that W(ua) -» 0 ana

^(m„) -* d G [a*,, d2] for some d,

(iï) if in addition 3> G 2C i/ieve exists for all ty E 2^ D Wa critical point u G ^¿2.

Proof. We carry out the proof only for (ii). The proof of (i) is essentially simpler

and is left to the reader.

Let 3> G 2c. By the (WPS)-condition we find e > 0 and s > 0 such that

II *'( «) II > e    for all m G *#+/ \ Bs.

By increasing s if necessary we may assume cl(<72) C Bs. Choose a number r E R

such that

ln(r/(j + 1)) > 2(d2 - dx)/a    with a = e/2.

Observe that d2 — dx&* 2ë since U2C\ V2jk 0. Using that U2 and V2 are bounded

sets we find a neighbourhood W E r2 of $ such that

(9) dx<mf*(U2)<sup*(V2)<d2,

(10) inf¥(i/2)>sup¥(K,),       inf*(t/,)>sup*(F2),

(11) ||*'(ii)||>o    t0TuG*£n(Br\B,),

for all * EW. Now let * G W D 2,. Define

a:= inf{||^'(")H | w e ^ n *^}.

If a = 0 we are done by (*). Hence we may assume a > 0. By Corollary 1 we find in

that case tj G M such that

^-¥(V("))>0   foralli,M,

^'»(ä, n tyd ) C ^    for some tx large enough.
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By (10), since (U2, £/,) ~ (V2, Vx), we deduce

Tj'(t/2) n V2¥= 0    for allí G R+.

Observing that U2E BSC\ %t we deduce r¡'-»(U2) C Sf^ , which implies tj'°°(£/2) n K2

= 0 since F2 C int(^d2). This contradiction proves (ii).    D

II. Applications to Landesman-Lazer-type problems

1. Abstract results. Let (H,(■,■)) be a real Hubert space and $ G CX(H,R). We

impose the following hypotheses on $:

(4>) The functional $ G CX(H,R) has a gradient 0' admitting the decomposition

$' = A + B, where A G L(//) is selfadjoint and B E C(H, H) with bounded range.

Denote by b the potential of B, normalized by b(0) = 0. Suppose H admits the

orthogonal decomposition H — X® Y © Z, with X, Y, and Z being A -invariant

closed subspaces having corresponding orthogonal projections P_ : H -» X, P:

H -» Y, and P+ : H -> Z, such that 1 »£ dim(y) < + oo. Moreover assume that the

potential a: H -* R of A, a(u) = {(Au, u), verifies (with a > 0)

a(x) >a\\x\\2,       xEX,

a(y)=0, yEY,

a(z)  <-a||z||2,     zGZ.

Let  Q = P+   and  suppose  that  QB is  compact.  Abbreviate  2(//, A, Q)  and

M(H, A, Q) by 2 and M. Observe that $ G 2 and assume in addition that <S>h G 2+

for all h EH, where $A = <t> + (h, ■).

We define a set 6 C H by

0 = {h E H\lim(b(yn) + (h,yn)) = +oo

for all sequences ( yn ) C y, \\ yn || -> + oo },

and a positively homogeneous functional Jb: Y -> R by

Jä(m) = liminfo(íy)/í.
(^ +00

Then Jb is Lipschitz continuous with constant ||5|| = sup{||5u|| | u E //}. In fact,

b(ty)/t < i(/yO// + II£|| II.y - /II, from which we infer /¿(j) < /é(^') +

IIB || || y — _y'|| for all y, y' E Y. Now we characterize the set 0 using Jh:

Lemma 3.   (i) 0 is convex.

(ú)int(d)={hEH\ -(h, y) <Jb(y)for ally E Y\ {0}}.

(iii)cl(c?) C {h E H\ -(A, y)<Jb(y)forally G Y}.

(iv) If for all sequences (yn) C Y, \\yn\\ -» +oo, we Aaue lim(o(j„) - Jb(y„)) =

+ oo, ¿/¡e« f? w c/oseo" awJ g;'ue« ¿>y Ö = {A G H | — (A, >») < /^(y) for all yEY}.

The proof will be given later. We want to remark that Jb is related to the recession

function introduced by Brézis and Nirenberg [9]. However, there is an important

difference: instead of using the asymptotic behaviour of B we make use of the

behaviour of d(m)/||m||. In general, our function Jb gives more information than the

recession function of Brézis and Nirenberg. The reader should note that the

recession function is also defined in the nonvariational case.
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Our first result is the following:

Theorem 5. Assume <E> verifies ($). Suppose that for all sequences (un) C H with

((Id — P)un) bounded and \\Pun\\ -» +00 the following holds:

nm{b(un)-Jb(Pun))= +00,

\im(b(u„)-(Bun,un)) = +co.

(Then 6 is closed by Lemma 3(iv).)

Then there exists an open set U containing 6 such that

(i) For all A G U, 5>A possesses at least one critical point.

(ii) For all h E U\0, ®h possesses at least two critical points.

Proof. Sketch of the proof. For A* G 6 we first construct a pair of intersecting sets

and show that <bh. verifies (WPS). The perturbation result Theorem 4(ii) then yields

a first solution, also for A in a neighbourhood V(h*) of A*. For fixed A G V(h*) \6

we construct a second pair of intersecting sets. We cannot prove that 4>A satisfies

(WPS). However this condition holds for very special perturbations of <bh, which

allow passage to the limit.

Step 1. For given A* G 0 there exists S > 0 such that Ux - {u G (/ - Q)H\ \\u\\

= 8} verifies

inf $„.(£/,)> sup <MZ).

In fact, we have for z G Z = QH

4>h.(z) = a(z) + b(z) + (h*,z)

<-a||z||2+(||5|| + ||A*||)||z||,

which implies sup <&h(Z) <+ 00. On the other hand we estimate, for u = x + y G

(Id - Q)H = X © Y,

$*.(«) = a(x) + b(u) + (h*,u)

>a\\x\\2 + b(y) +  f(B(y + tx),x)dt+ (h*,u)
Jo

^a|UII2-(||fi|| + ||A*||)||*|| +b(y) + (h*,y).

Hence for ||m|| large enough we have <&h,(u) > sup<bh.(Z), since A* G 6. Therefore

we find 8 > 0 having the desired properties.

Step 2. Let A* G 6. The <S?h. verifies (WPS).

Assume $a,(m„) -» d and <b'h»(un) -* 0. We immediately find that ((Id — P)un) is

bounded. Hence, if \\un\\ -* +00 we must have \\Pun\\ -> +00. We obtain, observ-

ing that A* G 6, since a(un) = a((Id — P)un) is bounded,

+ 00 > lim sup $,,,( un )

» const + lim(b(Pun) + (h*, Pun))

— + 00.

This contradiction shows that (un) must be bounded. Since $A, G 2#, we conclude

that d is a critical level.
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Step 3. Assume A* G 6 is given and Ux is as in Step 1. Let U2 — {u E (Id — Q)H \

Il m || < ô} and ë = ¿(inf $A»(c/,) — sup $h,(Z)) (e > 0). Then there exists an open

neighbourhood V(h*) such that <S>h possesses for all A G V(h*) a critical point

u G («frJd2, where dx = inf $A.((72) - ë, d2 = sup <t>A,(Z) + ë. Moreover, inf Í>A(Í/,)

> d2 + 2ë and sup 4>A(Z) < d2 for all A G V(h*). We find t > 0 such that Vx =

(u G Z | H m || = t} verifies

sup<i>h.(Vx)<M<l>h,(U2).

Define

V2= {mGZ|||m|| <t}.

M
By Proposition 2(h) we have (U2,UX)~(V2,VX). Moreover,

inf«v(t/2)>sup<ïv(F,),

inî<î>h.(Ux)>sup<î>h,(V2).

By Theorem 4(ii), since $A, verifies (WPS) and 0Ä G 2^ for all A G H, we find a

neighbourhood V(h*) such that $A possesses a critical point u E ($>h)d/ for all

A G F( A*). By the definition of ë we have

inf $A,(i/,) = sup$A,(Z) + 4ë = d2 + 4ë.

Replacing eventually V(h*) by a smaller open neighbourhood V(h*) we may assume

for all A G V(h*)

ini<î>h(Ux)>d2 + 2ë,

sup$h(V2) *zd2   and   sup<bh(Z) < d2.

Observe that the last inequality holds since we can find a constant r > 0 such that

sup $A(Z) = sup §h(Z n Br) for all A G H with || A - A*|| < 1. By construction

V(h*) has the desired properties.

Step 4. Let U = Uh,eeV(h*), where F(A*) is the set constructed in Step 3. If

A G U \ 6 the <¡>h possesses at least two critical points.

By construction of U we have for all A G U at least one critical point. If A G U \ 6

there exists A* G 6 with A G V(h*) \ 0. Let Í/,, d2 and ê > 0 be as in Step 3. We have

sup^h(Z)^d2,       inf *A(t/,) s=d2 + 2e

and <J>A possesses a critical point m' with $h(u') < ¿2. Now we will show that <bh

possesses a critical point u" with <E>a(m") > J2 + e, which will complete the proof. By

the characterization of 0 given in Lemma 3 we find y0 G Y, \\y0\\ = 1, with

•^(Jtj) < ""(*> Jo)- or equivalently liminf,_+oo(ft(();0) + (A, iy0)) = -°°- We have

for m = z + ty0, z E Z, t > 0:

(12) 0„(m) < -allzll2 + (HBII + IIAIDIIzH + b(ty0) + (A, ty0)

<c2 + b(ty0) + (h,ty0),

where c2 is a constant independent of t E R+ and z G Z. Moreover sup ^(Z) «S d2.

We find a constant t0> 8 (where 8 is the constant defining Ux and t/2 ) such that

Ht0y0) + CMo-Vo) «d2-c2-
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Let c3 = sup{b(tyQ) + (h, ty0)\t E[0, t0]}. Since -a||z||2 + (||5|| + || A||)||z|| < d2

— c3 for all z GZ, || z || > px, for a suitable constant p, > 0, we deduce

sup$h(dV)<d2,

where V= [0, t0]y0 © (z G Z| ||z|| < p0) and 3 denotes the boundary relative to

R^0 © Z. Define

IÇ= í/,,     í/,'= 0,

FJ = F,       K[ = dV.
M

Then (t/2, i/[) ~(V2, V{) by Proposition 2(iii) and moreover,

inf<D,(i/2')>supOA(F,'),

inf^(c/,')>sup$A(F2').

Applying Theorem 4(i) we find e0 > 0 such that for all functionals ^e'— ®h

— 2 ll-P(')H2» e G (0,e0], there exists a sequence (m„) with

(u<n)c(%)dd2+i,     x(K)   -  o,
n-* +00

where d — sup 0A(F2) + 1. For all k E N large enough we have l/k E (0,e0] and

find numbers n(k) G N such that (¥k' = ^x/k),

\\%{uk)\\<\,       uk = uxn{kk)    and

!(**(«*). «*)l<4jt IM-
Observing that (^(m^)) is bounded we find

- (2a(«J + (5m,, uk) + (A, mJ - |||/>mJ2) + a(iiA) - ¿||/>m

%(uk) ~(%(uk), uk) + a((ld - P)uk) - ¿HP«/

2

¿■"»■"A" J - Tí: ll^fcll   + const * ¿>

for   a   suitably   large   constant   J < -f-oo   since   clearly   (||(Id — P)uk\\)   and

(a((Id - P)uk)) are uniformly bounded (H^wJII < 1).

Now if || uk || -» +00 we infer that || Puk \\ -> + oo while ((Id — P)uk) is bounded.

This implies by our hypotheses a contradiction

+ 00 = lim(A(Mj - (Buk, uk)) ^d< +oo.

Hence (m,) is bounded. Therefore eventually taking a subsequence

**(«*)-0,

$h(uk) -» c G [d2 + ë, d],        (uk) bounded.

This implies that c is a critical value. The proof is complete.    D

The next theorem studies the situation in which 8 is empty.
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Theorem 6. Assume 0 verifies (4>). Moreover, suppose that for all sequences

(un) C H with ((Id — P)un) bounded and II Pun || -> + oo we have

lim Bun = 0,

lim A( m„ ) = A    where A E (0, + oo) ¿s independent of the chosen sequence,

b(u)<A    for all u EH.

Then there exists an open neighbourhood U of X © Z such that

(i)forallh E cl(U), $ h possesses at least one solution;

(ii) for all h E U \ ( X © Z), <&h possesses at least two solutions;

(iii) the set U = (A G H | Í>A possesses a critical point} is closed.

Proof. Sketch of the proof. For A* G X © Z we construct a pair of intersecting

sets and show that 3>A, verifies (WPS) on R\ {ch,}, where the constant ch, will be

made precise in the proof. ((WPS) on R \ {ch,} means: if $a.(m„) -* 0 and $/,.("„) -*

d ^ cA., then d is a critical level.) Theorem 4(i) gives a first solution, also for $A with

A in a neighbourhood V(h*) of A*. For A G F(A*)\(A'© Z) a second pair of

intersecting sets will be constructed. Since $A verifies (WPS) the existence of a

second critical point follows from Theorem 3.

Let A~x: X © Z -» X © Z be the generalized inverse of ^. For h E H let ah(u) =

íz(m) + (A, m). Moreover recall that the compactness of QB implies that b \ x + Z is

weakly sequentially continuous for all fixed x (see [10, Theorem 8.2, p. 76]).

Step 1. For all A* G X © Z, setting x0 = -A~xP_h, z0 = -A'XP+ A, there exists an

open neighbourhood V(h*) such that

sup<i>h(x0 + Z)<ch + A

for all A G V(h*), where cA = ah(-A~x(\d — P)h). Moreover, there exists a constant

8 > IU0|| such that

inf<í>„(z0+ W)>sup<í>h(x0 + Z),

W= {MG(Id-g)/7|||M||=o}

for all A G V(h*).

Fix A* EX® Z and let c_= ah,(x0) and c+ = ah»(z0). Note that at z0 ah, | Z

attains its maximum and that z0 is the (unique) solution of Az + P+ A* =0 in Z.

Moreover, we have for a suitably large constant t > 0,

sup4»A,(x0 + Z) = sup$/,.(x0+ (zGZ|||z|| <t}).

We find

sup<Mx0 + 2) = aA.(*o) + sup(ah,(z) + A(jc0 + z))
z

= c_+  sup (aA.(z) + b(x0 + z))
I|Z||«T

< c_ +sup aA.(Z) +   sup b(x0 + z)
I|Z||<T

< c, + c+ +A,
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where b = supj|zn<TA(x0 + z). There exists a sequence (z„) C Z, ||zj| < t, z„^z

such that

b — lim b(x0 + zn) = b(x0 + z).

Hence

(13) sup$A.(*0 + Z)<c_ + c+ +A<c_ + c++A.

Next we show that

(14) sup $„.(*<)+ Z)< "if «VU + W)

for a suitable constant 8 > \\x0\\ (W = W(8)). Arguing indirectly we may assume

the contrary. Hence there exists a sequence (m„) C (Id — Q)H, un = x„ + yn, with

||m„|| -» +00, such that

**•(*(> + "J < SUp $/,.(*„ + Z) < C- + C+ + *•

If HjcJI -» +00, we immediately obtain a contradiction. Therefore we may assume

II y„ II -» +00 and (x„) bounded. This yields

c+ + infaA.(*J + lim b(z0 + w„) < liminf $A,(z0 + w„)

<c_ + c+ +6.

Observing that c_= inf aA»( A') « inf„ aA.(jc„) we deduce

A^b< A.

This contradiction proves (14) for some constant 8 > \\x0\\. Since there exists a

constant c > 0 such that for all A G H, || A — A*ll < 1, we have

sup$,(x0 + Z) = sup$,(^0+ {zGQH\\\z\\<c})

we find a neighbourhood F(A*) such that

sup$A(*0 + Z)<cA + A,

inf$„(z0 + W)>supH>h(x0 + Z)

for all A G F(A*) (observe that ch, = c+ +c_). For all A* G A' © Z we can construct

a set having the properties stated in Step 1. Define

U=     U     V(h*).
h*ex®z

Step 2. Let A* G X © Z be given and assume K(A*), x0, z0, W, are as constructed

in Step 1. Then

(i) for A G K(A*) let eh = imin(inf $A(z0 + M7) - supí>A(x0 + Z), cA + A -

sup $a(jc0 + Z)}. Then there exists for given A G F(A*) at least one critical point u'

with <&h(u') < sup $A(x0 + Z) + eA < ch + A.

(ii) If A G V(h*) \(X ® Z), there exists a second critical point u" with i>Ä(u") >

inf$,(x0+ W) - e* > **(«')■
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(i) Let A G V(h*) be given. Define £/, = z0 + W, U2 = z0 + {u G (Id - g)//1

Il m || < <5}. Moreover there exists a constant y > II z0 II such that Vx = x0+ {u E QH\

Hull = y} and V2 = x0 + (m G g//| ||m|| < y} together with {/, and i/2 verify

inf $„(£/,)> sup <D„(F2)      (Stepl),

inf$A(t/2)>sup$A(F1)>

ch + A>sup<S>h(V2)      (Stepl).

By Proposition 2(ii) (and Lemma 2) we have

(u2,ux)~(v2,vx).

Let dx = inf $A(<72) - eh, d2 = sup^F,) + eh (< ch + A). Now applying Theo-

rem 4(i) we find a sequence (un) with

*;(«„)-o, oÄ(Mj-dG[d„d2].

Clearly ((Id — P)m„) must be bounded. Hence, if ||m„|| -» +oo we must have

II Pm„ II -> + oo and find

0 = lim$;(M„) = lim(^M„ + Bun + A)

= nmA((\d- P)un) + A.

If PA ^ 0 we have a contradiction since Ä(^4) = Y±. Therefore we may assume

PA = 0 or equivalently h E Y^~. A: Y-1—* Y1- is a topological isomorphism. Hence,

(Id - />„ -* -^-'A. We find

d = lim<Ph(un) = hm a„((ld - P)un) + lim b(un)

= ah(-A~xh) + A > ch + A > d.

Therefore (un) must be bounded. By our hypotheses we find a critical point

u'G($A)32of1V

(ü) Let A G V(h*)\(X® Z) and define U{= 0, U2 = Ux, and e = -Ph/\\Ph\\.

For m = jc0 + z + te with z E Z, t E R+ we have

(15) $a(m) = ah(x0) + aA(z) + A(x0 + z + te) - t\\Ph\\.

Hence, we find t0> 28 such that

(16) supí>A(x0 + t0e + Z) =£ sup$A(x0 + Z).

Moreover, from the estimate (15) we infer that for a suitably large number ß > || z01|

we have

sup $,,( x0 + Z>) < sup <!>;,( x0 + Z), where/)= {íe + z|íG [0, /„], \\z\\= ß}.

This proves that (U2, U[) together with (V2, V[), where

V¡ = x0+ {te + z\tE [0, i0],||z|| </?},

V{ = dV2    (taken in x0 + Re © Z),

verifies

sup $h( V\) < inf $„(UÍ ),    sup $„( V{ ) < inf $A( U[).
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By Proposition 2(iii) we have

(U2\U[)~(Vi,V[).

By applying Theorem 4(i) we find a sequence (u„) with

•,(ii„)-<?>irf •»(!?)-«*
= inf $„(£/,) - eh

> ®h(u')   and

*'hM -o.

Since PA ^ 0, the argument used before in (i) shows that (m„) must be bounded.

Hence d is a critical value. Since d > $h(u'), d belongs to a second critical point u".

Step 3. Û is closed.

Let A G cl(f7). We have to show that A G Û. Since I®ZC int(¡7) by Step 2, we

may assume AÍI9Z. We find a sequence (A„) C i/ with A„ -» A and a corre-

sponding sequence (un) E H such that <!>£(«„) = 0. Since Ph ¥= 0 we deduce as in

the proof of Step 2 that (w„) is bounded. Hence, (^h(,un)) is bounded and we may

assume, eventually taking a subsequence

*;(«„)-0,       («J bounded.

Hence, c is a critical value of 4>A.

Proof of Lemma 3. (i) The convexity of 0 is trivial.

(ii) Let A G int(0). We find <S > 0 such that A G int(ô) for all h EH with

IIA - AII < 8. This implies, for all y E Y,

Urn inf (b(ty)/t + (A, >>)) > 0.
f-» +00

For given y G 7, ||_v|| = 1, taking A such that (A — A, _y) =-8, we deduce, making

use of the homogeneity of Jb,

Jb(y) + (h,y)>8\\y\\.

This shows Jb(y) >-(*, j) for all ^ G T\ {0}. Conversely, if Jb(y) >-(*, j) for

alljK G T\ {0}, we deduce by the continuity of Jb and the compactness of (dBx) n 7

the existence of a constant 6 > 0 with

Jb(y) + (h,y)>8\\y\\    for ally G Y.

Now let A G //, || A — A || < f. We now show that A G f? which completes the proof

of (ii). We have Jb(y) + (A, y) > \\\y\\ for all yEY. Let (y„) E Y with \\yn\\ ->

+ oo. Since dim Y < + oo we may assume that lim yn/\\yn\\ = v exists. Let tn = IIy„ ||

and vn = yn/|| jn ||. We find since we may assume tn > 0 for all n E N

b{tnv„)/tn-Jb{yn) = b(tnv)/tn-Jb(vn) + b(tnvn)/tn - b(tnv)/tn

>b(t„v)/t„- Jb(vn) - \\B\\\\vn- v\\.
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Therefore

liminf(A(/„üJ/í„ - Jb(vn)) > liminî(b(tnv)/t„ - Jb(v))

3= limini(b(tv)/t-Jb(v))
t-* + 00

= Jb(v)-Jb(v)=0.

Hence

b(y„) + (A, yn) = Jb(y„) + (A, yn) + *( Ä) - (A, yn)

>nyn\\ + ((b(yB)-Jb(yn))A\yJ)\\y„W

= (!+ OiIäH-+*.
where lim inf e„ = liminf((A(j',,)/||.yJ|) - Jb(y„/\\y„\\)) > 0. This proves (ii).

(iii) If A G cl(f?) there exists for given e > 0 a A G 6 with ||A - All < e. We find

forj> ¥= 0

lim   (b(ty) + (A, (y)) = +oo.
r^ + 00

Therefore

Jb(y)^-(h,y) = (h,y) + {h-h,y)

3= - (h,y) - e\\y\\.

Since e > 0 was arbitrarily chosen

Jh{y)^~{h,y)    for ally E Y.

(iv) Let (y„) C Y be a sequence with ||_y„|| -> +oo. If A G 0 := {A G //| -(A, _y)

< Jb( y) for all j G Y} we have

4(ä) + (*.ä)>0   for all« G N.

This implies

b(y„) + (*. ä) = *U) - 4(a) + 4(>J + (h, yn)

>b(y„)-Jb(yn)^+co.

Hence, A G 0. By (iii) 0 C cl(0) E Ö E 0. Therefore 6 = cl(0) and

6= {hEH\-(h,y)^Jb(y)îorallyEY}.    D

2. A wave equation problem. Now we apply the abstract results from II, §1, to a

wave equation problem. Consider

u„-uxx = cu + g(u) + A     in(0,77) XR,

m(0, 0 = u(ir,t) = 0 for all/G R,

m is 277-periodic in t.

Here c > 0 is an eigenvalue of D = D2 — D2. In (17) we omit a dependence of g on

(x, t). However, all the following results remain true for that case under the obvious

changes in our hypotheses.

Denote by Cx the real vector space of arbitrarily often continuously differentiable

functions on (0, it) X R, which are 277-periodic in t G R and verify m(0, t) = u(tt, t)

= 0 for all t G R. By H we denote the completion of Cx with respect to the norm
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Hull = («, m)1/2, (m, v) = fcuv, where C = (0,77) X (0,2t7). Clearly H s L2(C). H

possesses a normalized Hubert basis consisting of eigenfunctions of

with corresponding eigenvalues n2 — k2. Hence 0'i,nk = (n2 — k2)^nk.

Definition 9. Given A G H, a function u E His said to be a weak solution of

Du = A in(0,77)XR,

u(0,t) = u(tT,t) = 0    for all? G R,

m is 277-periodic in /,

iff (u, Ow) = (A, w) for all w G Q.

With this definition D induces a selfadjoint linear operator in H denoted by L,

having the spectrum a(L) = {n2 - k2 \ (n, k) E N X Z} (see [9,11,12]):

Lu = 2(n2 - k2)(u,%k)%k,

D(L) =[uEH\Z(n2- k2)\u,%kf < +00).

The following is well known.

Lemma 4. The following statements are equivalent:

(i) u is a weak solution o/(18).

(ii) Lu = h.

Introduce an operator L by

L = L-cId,        D(L) = D(L),

c > 0 an eigenvalue of L.

We have

(L) L: H D D(L) -» H is a selfadjoint operator with a nontrivial kernel N(L),

dim N(L) < +00, such that the functions in JV(L) have the unique continuation

property, i.e. if m G N(L) and meas({d G C \ u(d) = 0}) > 0 then u = 0. Moreover,

a( L) \ {-c} contains only in R isolated eigenvalues having a finite multiplicity.

Assume

(F0) g: R -» R is continuous and has bounded range. Moreover, s -» g(s) + cs is

nondecreasing on R.

Then g induces a continuous potential operator F: H -» //: (Fm)(x, C) = g(M(x, f ))

having a bounded range and a normalized potential/ G CX(H, R), f(0) = 0, defined

by

/(m)=(g(m),        G(s)= fg(m)dm.
Jc Jo

Observe that the weak solutions of (17), i.e. the functions u EH verifying

(u,Ow) = (cu +g(u) + h,w)    for all w E Cx,

are exactly the solutions of the operator equation

(19) Lu = Fu + h.
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Before we give a statement of the results we shall show that (19) is equivalent to a

critical point problem for a functional $ G CX(H, R) verifying ($).

Following Amann [3] denote by (Ex)XfER the spectral resolution of L and define

orthogonal projections by

/o- /-0+ r + oc
dEx,    P = j     dEx,   P+ = j     dEx

-oo •'0- •'0 +

and corresponding mutually orthogonal subspaces X, Y, Z by

X = P_H,    Y = PH,   Z = P+ H.

Clearly H = X ® Y ® Z. Define bounded linear selfadjoint operators by

R=  (°-(-X)-i/2dEx,       S=( + œ\-x/2dEx.
■'-co •'0 +

Since 0 is an isolated point of the spectrum, both operators are well defined and

bounded. Moreover, S is compact because a(L) Í1 R+ contains only in R isolated

points having finite multiplicity. Define 4> G CX(H, R) by

(20) <D(m) := a(u) + b(u): = \((P_-P+)u,u) + f((R + P + S)u)

and let <bh = $ + ((/? + P + S)h, ■) - ^(R+P+S)h- If « is a critical point of <bh we

find

(P_-P+)m+ (R + P + S)(F(R + P + S)u + A) =0.

Applying -R + P + 5 we obtain for w = (R + P + S)u

- (Id - P)w + (S2 - R2 + P)(Fw + A) = 0.

Observing that S2 - R2 + P = (L + P)"' we find

Lvw = Fw + A.

Hence, in order to find weak solutions of the wave equation problem it is enough to

study 4>A. Observe that P+B — SF(R + P + S) is compact since S is compact. If

we can show that, for all A G //, $A G 2^ we know by the preceding discussion that

(4>) is verified.

Lemma 5. Let $ be as defined in (20) and suppose that (FO) holds. Then, if, for a

bounded sequence (un) C H, we have

<D¿(m„)-0   and   %{un)^d,

d is a critical value. Hence 0>h E 2* = 2^/7, A,Q).

Proof. Let x„ = ®'h(un). We have

(21) -x„ + (P.-P+ )m„ + (R + P + S)(F(R + P + S)un) + A = 0.

Denote by N: H -» N(L) the orthogonal projection. It is easy to show that

(Id - N)(R + P + S) is compact since L~x: N(L)X^ A^L)-1 is compact. This

implies that ((Id — N)un) is relatively compact because x„ ~* 0 and dim A(L) <

+ oo. By the reflexivity of H and the preceding discussion we may assume

(Id -N)u„^ux EN(L)± ,       Nun-^u2 E N(L).
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Let wn = (R + P + S)unandw = (R + P + S)(ux + u2). We infer

(Id- N)wn^ (là- N)w   and   Nwn-Nw.

Let A* = (-R + P + S)A. Applying -R + P + S to (21), observing that -P2 + S2

+ P = (L + Pyx we infer

- (-R + P + 5)x„ - (Id - P)wn + (L + P)'lFwn + A* = 0.

This implies

(L + P)((Id - P)wn + (-/? + P + S)x„ - A*) = Fwn.

Hence

L(w„ + (-/? + P + S)x„ - A*) = Fwn + PA* - PX„.

Since the right-hand side is bounded we deduce

L(w„ + (-/? + P + S)Xn - h*)^L(w - A*).

And obviously

L(wn + (-R + P + S)x„ - A*) - L(w - A*).

Let q E H be arbitrarily chosen. By the monotonicity of c Id + F we find

(L(wn+(-R + P + S)xn-h*),wn-q)

> (cq + Fq + PA* - cA*,wn - a) - constllxjl,

where the constant is only depending on q. We can take the limit, observing that

(L(wn+(-R + P + S)Xn - A*), w„ - q)

= {L(wn + (-/? + P + S)x„ - A*), (Id - N)(wn - q)).

Hence

(L(w- h*),w- q) >(cq + Fq + PA* - cA*,w - q).

Now choosing q — w — tq', for t > 0 and q' E H arbitrary, we find, dividing by /

and taking the limit t -» 0,

(L(w - A*) - cw - Fw - Ph* + cA*, q') > 0.

Therefore

L(w - A*) - Fw - Ph* = 0.

This yields

w - A* - (L + P)~'Pm> - Pw = 0.

Observing that w = (Ä + P + S)(m' + m2) and A* = (-/? + P + S)A we obtain, by

the injectivity of the operator -R + P + S for w0 = m1 + u2,

(P_-P+)m0 + Pm0 +A = 0.

Hence
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It remains to show that ®h(u0) = d. Since eld + F is monotone and a gradient we

have

f llwll2 +f(w) - fllwjl2 -f(wn) > (cwn + Fwn,w- w„)

= (L(wn + (-R + P + S)Xn-h*)

-c((-R + P + S)x„ - h*) - Ph*. + PX„, w - w„).

As before it follows that the right-hand side converges to 0. Hence

f llwll2 +f(w) > limsup(il|wj|2 +f(w)).

On the other hand, by the convexity,

f llwll2 +/(w) < liminf(f \\wj\2 +f(wn)).

Therefore

lim(f||wj|2 + /(w„)) = f llwll2 +f(w).

Now since for *(m) = {\\P^u\\2 - 4||P+m||2- f ||(R + P + 5)m||2 + (A, u) we

have

*(u) = *((ld - N)u) + (A, Nu)

we find, observing that (Id — N)un -» (Id — N)u0,

lim*(u„) = lim*((Id - N)un) + lim(A, Nu„)

= *((ld - N)u0) + (h, Nu0) = <t>(u0)-

Therefore

hm<&„(MJ = lim(*("„) +/((P + P + S)u„) + f ||(R + P + 5)uJ|2)

= limvI'(M„) + lim(/(wJ + f||w„||2)

= ^(M0)+/(w) +  f llwll2

= ¥(u0) +/((P + P + 5)m0) + § ||(R + P + S)m0||2

= <M"o)>
which implies $>h(u0) — d.    D

In order to apply Theorem 5 we impose the following hypotheses on g:

(FI) (i) y± = lim,^ „ G(s)/\ s | exist in R+ ,

(ii) lim^±00(G(s) - y± | s |) = + oo,

(iii)lim|iH+00(G(i) - g(s)s) = +00.

Observe that (i) and (ii) imply that G(s) -» + oo for | í | -» + oo.

Lemma 6. /IssMme g verifies (FO) a«d (FI) and let P, B, and b be as defined before.

Then we have for all sequences (un) C H with ((Id — P)un) bounded, || Pun II -» + oo,

lim(b(un) - Jb(Pu„)) = +QO,

lim(A(Mj-(P.M„,M„))=   +00

and

Jb(y)=   lim b(ty)/t = y+fy++yjy_,      yEY,
r^+oo Jc JC

where y + = max(0, y) and y_— -min(0, y).
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Hence, if g verifies (FO) and (FI) we know by the preceding discussion that $

defined in (20) fulfills the hypotheses of Theorem 5. As an immediate consequence

we have the following result:

Theorem 7. Assume g verifies (FO) and (Fl). Define the set 0 by 0 — (A G H\

— (h,y)<Jb(y)Vj G Y}. Then there exists an open set U containing 0 such that

(i) for all h E U (11) possesses at least one weak solution;

(n) for all h E U\0 (17) possesses at least two weak solutions.

Note that all results remain true under the obvious changes if g is depending on x

and t.

Theorem 7 extends existence and multiplicity results given in [12] for the wave

equation problem. There it was assumed in contrast to (Fl) that g± = limJ^±0Og(,s)

exist in R and g_< 0 «£ g+ , g(s) > g+ , g(s) *£ g_ for all s > s0 and s < -s0,

respectively, for a suitable constant s0 > 0, and liminfJ_:t0O(g(.y) — g±)s > 0. Ob-

serve that here it is not necessary that g+ and g_ exist. Moreover, there are examples

in which the second hypothesis is not verified but (Fl) holds. Further, the third

hypothesis implies that g(s) tends to g+ and g_ not more rapidly than | j|_1. For

example g(s) = 2s(l + s2)"'ln(l + s2)-1 verifies (Fl) but not the hypothesis of [12]

(G(s) = ln(ln(l + s2))). Note, however, that the abstract results proved in [12] apply

also to the nonvariational case and are obtained by degree arguments in connection

with an approximation procedure, in contrast to the variational arguments used

here.

Proof of Theorem 7. By the preceding discussion, 0 verifies the hypotheses of

Theorem 5. Hence there exists an open set U* containing 0 such that (i) and (ii) of

Theorem 5 hold. The mapping T: H -» H: Th = (R + P + S)h is injective and

continuous. Therefore T~X(U*) — Uis open and moreover we have T'x(0) = 0 using

that 0 = X © P0 © Z and TP = PT = P.

Let h E U. Then TA G U* and we find a critical point m, of <&Th which is a weak

solution of (17). If A G U\0 we have Th G U* \0 and find a second weak solution.

D

It remains to prove Lemma 6 which we have used implicitly in the proof of

Theorem 7.

Proof of Lemma 6. Let y E Y = N(L), y ¥= 0. We have, for / > 0, b(ty)/t =

fc G(ty)/t and | G(ty)/t | < const. By Lebesgue's Theorem using our hypotheses

Jb(y) = liminîb(ty)/t =    lim  b(ty)/t
t— + 00 Í— +00

/   lim  G(ty)/t= f(y+y++yj_).
J    t— +00 J

If (un) is as in our hypotheses, the sequence (w„) = ((/? + P + S)un) has the same

properties since Pm„ = Pwn. Passing to a subsequence, if necessary, we may assume

w„/|| wn || -► w,        PwJW Pwn || -> w,

(w„/||wj|)(x, t) -> w(x, t)     for a.a. (x, t) E C,

(PwJ\\Pwn\\)(x,t) -*w(x,t)     for a.a. (x,t) E C.
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Since  M wM = 1   and w G N(L) we infer by  the unique continuation property

meas([w ^ 0] n C) — meas(C) and

.       Í + oo     on \w > Ol,
Pw„(*,0- j'

[-oo      on [w < OJ;

f+oo     on[w>0],
w„(x, t ) -* { , n

"V      '      [-oo      on[w<0].

Moreover, for v„ = Pw„,

&(«„)- A(P«„)=/(H'J-/ft(PwJ

= /(»„) -/6(«„) +/(w„) "/(«J

>/(»„) -/»(«„) -IIPII SUp ||(ld-P)Mj|

= /(»«) -Jb(vn) + const.

We have, therefore

b(u„) -Jb(Pun) > f [G(v„) -y+vn)xlVn>o]
Jc

+ (G(vn) - Y-»n)xto„<o] - const

- ( (at + a~n) -const.
Jc

By our hypotheses, a+ -» +oo on [w > 0] and û~ -» +oo on [w < 0]. By Fatou's

Lemma

lim(b(un) - Jb(Pu„)) = +*o.

Now observe that

*(«„) - (*"„>"„) =fM -(Fwn>wn)-

Again by Fatou's Lemma lim(A(M„) — (Bun, un)) = + oo.    D

Next we study the case where G has bounded range. The result will be an easy

application of Theorem 6. We impose the following hypotheses on g:

(F2)(i)lims^oag(s) = 0;

(ii)Hm^+00G(s) = lim^^G» = Gx E R+ ;

(iiOG^ >G(i) for alls G R.

We need, as before, a lemma which shows that b and B verify the hypotheses of

Theorem 6. The proof of this lemma is similar but easier than the proof of Lemma 6

and is left to the reader.

Lemma 7. Assume g verifies (FO) and (F2) and let B and b be as defined before. Then

we have for all sequences (un) C H with ((Id — P)m„) bounded, || Pun || -» + oo,

lim Bun = 0,

limA(u„) = A=  ÍG00 = Gxmeas(C),
Jc

b(u) < A   for all u G H.
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We have the following theorem:

Theorem 8. Assume g verifies (FO) and (F2). Then there exists an open neighbour-

hood UofN(L)1- such that

(i) (17) possesses for A G cl(U) at least one weak solution,

(ii) (17) possesses for A G U\N(L)± at least two weak solutions,

(iii) R(L — F) is closed.

Proof. By the preceding discussion $ verifies the hypotheses of Theorem 6. As in

the proof of Theorem 7 we immediately find that (i) and (ii) hold ((i) is proved for

the case h EU). It remains to show (iii). By Theorem 6(iii), Û = (A G H\ $h

possesses a critical point} is closed. Now observe that T~X(U) = R(L — F). Since T

is continuous and U closed (iii) follows.    D

Results similar to Theorems 7 and 8 hold for (variational) elliptic problems

without the monotonicity assumption on g + ddR. In that case we obtain strong

extensions of results given in [13,14]. For example we can treat the problem

-Am = Xnu + g(M) + A in S2, m = 0 on 3ß, where g(s) = s(l + | s \a)'x, a > 1, which

could not be treated in [13] for a > 2 and could be studied in [14] only for a < 3 and

Xn = X,. Clearly Theorem 8 is also an extension of results given in [12].
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