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CONFORMALLY INVARIANT VARIATIONAL INTEGRALS
BY
S. GRANLUND, P. LINDQVIST AND O. MARTIO

ABSTRACT. Let f: G — R" be quasiregular and / = [ F(x, Vu) dm a conformally
invariant variational integral. Holder-continuity, Harnack’s inequality and principle
are proved for the extremals of I. Obstacle problems and their connection to
subextremals are studied. If u is an extremal or a subextremal of 7, then u o fis
again an extremal or a subextremal if an appropriate change in F is made.

1. Introduction. A mapping f: G » R", G open in R", is called quasiregular if f is
continuous and ACL" in G with |f'(x)|" < KJ(x, f) a.e. in G for some K> 1. A
homeomorphic quasiregular mapping onto fG is called quasiconformal. If » = 2 and
K =1, f= u, + iu, is analytic or conformal, respectively. The functions u, and u,
are harmonic functions and hence extremals for the Dirichlet-integral. The coordi-
nate functions f|,...,f, of a quasiregular mapping f: G - R" are extremals of the
variational integral [ F(x, Vu)dm where F(x, h) ~|h|" and F depends on f. It is
well known that the Dirichlet-integral remains invariant under conformal mappings f
of the plane domain G, i.e.

f |Vu|2dm=f|v(u°f)|2dm.
G G

In space and in plane it is possible to rephrase this equality for general kernels F and
for quasiconformal mappings when an appropriate change in F is made. For analytic
and quasiregular mappings this invariance property has the counterpart which takes
into account the many-to-one character of these mappings. The capacity inequalities
of quasiconformal and quasiregular mappings, see [G, MRV1 and M1], form a
special case of this invariance property. This phenomenon can also be studied using
partial differential equations, the Euler equations of the corresponding variational
integrals, and the basic fact is that harmonic functions in plane remain harmonic
under composition with analytic functions. Yu. G. Re$etnjak [R4] has studied the
corresponding property of quasiregular mappings. A new proof for this result is
presented in a more general case.

Subharmonic functions form a natural generalization of harmonic functions. The
main purpose of this paper is to show that this class of functions has a generalization
to the nonlinear case in space as well. We call these functions sub-F-extremals since
for our purposes the extremality property expressed in terms of variational integrals
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is essential. If » is subharmonic and f analytic in plane, then it is well known that
u o f is subharmonic. The proof of this fact is usually based on the submean
property of subharmonic functions and the Taylor-expansion of analytic functions,
see [HK, p. 53]. It can also be derived using smooth subharmonic approximations of
a general subharmonic function. These methods are not directly available in the
general case and we present a proof for the invariance property of sub-F-extremals
based on certain integral inequalities. This principle clearly has an effect on the
theory of quasiregular mappings and the authors intend to return to these problems
in subsequent papers.

The paper is organized as follows. After preliminaries in §2 variational integrals
and their extremals are introduced in §3. The connection to differential equations is
studied in detail and the existence of continuous extremals up to the boundary is
proved. Here we use a simple compactness property introduced in [M2] and the
lower semicontinuity of variational integrals, especially no advanced Sobolev space
analysis on the boundary is needed. In §4 properties of extremals are studied. In the
case F(x, h) ~| h|" we present new and simple proofs for the Holder-continuity and
Harnack’s inequality of the extremals, cf. [Gr, Li2]. These proofs are based on F. W.
Gehring’s oscillation lemma. Moreover, these methods give effective numerical
bounds for the various exponents and constants involved. §5 is devoted to sub-F-
extremals. A sub-F-extremal u is called regular if u is ACL”. It turns out that this
corresponds to the class of plane C2-subharmonic functions and integral- and
differential inequalities characterizing this class are presented. §6 deals with the
invariance of integrals under quasiconformal and quasiregular mappings. The invari-
ance of extremals, sub-F-extremals and regular sub-F-extremals is then proved in §7.

The paper contains some new methods not previously employed in the calculus of
variations. The method of H. Lebesgue, the use of monotone functions, is extended
to obstacle problems under minimal assumptions on the kernel F in §5. The Schwarz
alternating process is applied to the general case in the same section. The fact that
the conformally invariant situation deals with the borderline case F(x, h) ~|h|" is
used to the full extent. Our methods cannot be used for F(x, h) ~|h|’, 1 <p <n,
in the same generality and we have tried to indicate those places where p = n is
needed.

2. Preliminaries.

2.1. Notation. For each set A in the euclidean space R" we let CA, A, and 34
denote the complement, closure, and boundary of A4, all taken with respect to R".
Given two sets A C B in R", A C C B means that 4 is compact in B. By x-y we
denote the usual inner product of two vectors x and y in R". For x € R" we use
representations x = (x,,...,x,) = 2x;e;. If x ER" and r >0, we let B"(x,r)
denote the open ball {y € R™ |y — x|<r}, and " !(x, r) is the sphere dB"(x, r).
We shall employ the abbreviations B"(r) = B"(0,r), B" = B"(1), S" \(r) =
S*0, r), S =8""(1).

The Lebesgue measure of a set A C R" will be written as m(A). The normalized
(n — 1)-measure in (n — 1)-dimensional spheres is written as S. We set w,_; =
S(s" Y.
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If A C R", then C(A) is the class of all continuous (real valued) functions on 4. If
U is an open set in R", we let C?(U) denote the family of all p times continuously
differentiable functions u: U —» R, and C§(U) the family of all ¥ € C?(U) whose
support spt u is a compact subset of U. The classes C?(A) are also defined for
smooth submanifolds 4 of R".

2.2. Sobolev space WJ,,l and ACL?-functions. If A is a Lebesgue measurab!e subset
of R", then L?(A), p = 1, is the Banach space of all functions u: 4 > R=R U
{ — o0, 00} with the norm

1/p
nmu=nmuA:(Luv@4 .

We also use the same expression for functions u: A - R™, i.e. ||ull » = lull,. Given
an open set G in R”, Wp'(G ) is the Sobolev space of functions u € L?(G) whose first
distributional partial derivatives D,u belong to L?(G) with the norm

lull, , = lull, + I vull,.

Here vu = (D,u,...,D,u) is the gradient of u. The space Wp‘,O(G) is the closure of
C(G)in VI;‘(G).

A mapping f: G - R™ is said to be ACL if f is continuous and if for each open
n-interval Q C C G, f is absolutely continuous on almost every line segment in Q,
parallel to the coordinate axes. An ACL-mapping has partial derivatives a.e. If these
are locally L?-integrable, p = 1, fis said to be ACL?. It is well known that f: G - R
is ACLP? if and only if f is continuous and belongs to Wp'(D) for each open set
D C C G. For basic properties of Sobolev spaces and 4 CL-functions see [Mor].

2.3. Condensers and their capacity. A condenser in R" is a pair E = (A4, C) where
A C R"is open and C is a nonempty compact set contained in 4. We set for p = 1

24 cap, E =cap,(A4,C) = inf d

(2.4) P, p,(4,C) o fAI vuf dm

and call it the p-capacity of the condenser E. The set Wy(E) = Wy(A4,C) is the
family of all nonnegative functions u € Cy(A) which are ACL and satisfy u(x) = 1
for x € C. It is well known that W,( E) can be replaced in (2.4) by W(E) N C§°(A).
We are mainly interested in the case p = n. Note that if p > r > 0, then

cap,(B"(xo, p),B"(xo, 1)) = @, ,(In(p/r))" "

2.5. Gehring’s oscillation lemma. If A CR" is a set and u: 4 - R we let
w(u, A) = sup, u — inf , u denote the oscillation of u on A.
For x € S""!(r),n =2, and for ¢ € (0, 7] let

C(x,9)={yeS"r):y-x>r’cosg)}.

Then C(x, @) is a spherical cap (possibly a punctured sphere) on $"~!(r) centered at
x. The following lemma was proved for n = 3 in [G, Lemma 1] and for arbitrary
n =3 in [Mos] when C(x, ¢) = S"~!(r). The case n = 2 is trivial and for C(x, ¢)
instead of $"~!(r) the proof is completely analogous.
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2.6. LEMMA. Suppose that u € C'(C(x, ¢)). Then

w(u,C(x,<p))"/r<AnfC( | vl ds
X, 9

and A, < oo depends only on n. Here v u is the gradient of u on S"~'(r).

We shall frequently consider the following situation. Let G be open in R” and u an
ACL"-function in G. Suppose that for r € (r|, r,) the spherical caps C(x,, ¢,),
x, € S""!(r), lie in G. If the function 7+ w(u, C(x,, ®,)) is measurable in the
interval (r,, r,), then by approximation and by Fubini’s theorem Lemma 2.6 yields

2.7. LEMMA.

/rzw(u, C(x,, )" /rdr< A,,/ | vul|"dm.
G

n

PROOF. If || vull,, = oo, there is nothing to prove. Suppose that || Vull, < co. By
Fubini’s theorem and by the invariance of the ACL"-property under smooth
transformations for a.e. r € (ry, 1,), [sn-1yng| V#|" dS < oo and the function u is
ACL in S"~!(r) N G. Observe that via the stereographic projection of $"~!(r) into
R""! the ACL-property in S$"~!(r) becomes the ordinary ACL-property in R"~!. By
approximation Lemma 2.6 yields for a.e.r € (r}, r,)

w(u,C(x,,9,))"/r<A4, | vulds<4,[ | vul*ds
s NG Nt Yalel
and the result follows by integration.

2.8. Monotone functions. Let G be an open set in R”. A function u € C(G) is called
monotone (in the sense of Lebesgue) if for each domain D C C G we have w(u, D) =
w(u,dD). If G is bounded and u € C(G), the condition D CC G may be replaced
by D CG.

2.9. Regular open sets. Instead of various conditions for Dirichlet-regular domains,
see 3.25(a), we shall employ a topological definition for regularity. This condition is
adequate for our purposes and satisfied in most applications. An open set G C R" is
called regular if it is bounded and dG contains no point components.

In [M2], the following equicontinuity lemma was proved for monotone functions
under a less restrictive condition on 9G.

2.10. LEMMA. Suppose that G C R" is regular and v € C(G). Let F be a family of
functions u € C(G) N W,(G) such that

(2.11)  w(u, D) < max(w(u,dD), w(v, D)) for each domain D C G
and

(2.12) [Ivurdn<M foralues.
G

Then F is equicontinuous if and only if %| 3G is equicontinuous.
q

PROOF. It suffices to show that the equicontinuity of ¥|9G implies the equicon-
tinuity of ¥. We first prove that this holds at a point x, € G. We may assume that
xo = 0. Let ¢ > 0. Choose p >0 such that B"(p) C G and w(v, B"(p)) <e. Let
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r € (0, p) and u € F. Pick € [r, p] with w(u, S"~!(¢)) = min{w(u, $""'(s)): s €
[7, p]}. Then Lemma 2.7 yields

w(u, S"“(t))"logp/r S/pw(u, §"7(s))" /s ds
<4,[|vul"dn<a,M.
G

Thus there is r € (0, p), independent of u € ¥, such that w(u, $"~'(#)) < e. Conse-
quently, by (2.11),

w(u, B"(r)) < w(u, B"(t)) < max(w(u, S"7'(1)), w(v, B(1))) <e.
This shows the equicontinuity of ¥ at x, € G.

Next consider a point x, € 3G. We may again assume x, = 0. Suppose that ¥ is
not equicontinuous at 0. Then there is ¢ > 0 such that for all 1 >0 there is
u = u, € ¥with
(2.13) w(u,G(1)) >e
where G(1) = G N B"(¢). Since G is regular and F | 9G is equicontinuous, there is
p > 0 such that

(2.14) $" Y t) N oG # &
forallt € (0, p] and

(2.15) w(u,9G N B"(p)) <e/16
for all u € % and, moreover,

(2.16) w(v,G(p)) <e/8.

Fix t € (0, p) and let u € F satisfy (2.13). Consider the function
w(x) =2 max(| u(x) = u(0) | —¢/16,0).

Then w € C(G) N W)(G). Write 4 = {x € G(p): w(x)>1}. Now 4 =4, U 4,
where
A, = {x€G(p):u(x)>u(0) +¢/8},
A, = {x € G(p): u(x) <u(0) — ¢/8}.
By (2.15), A does not meet 3G.
The set A meets S"~!(s) for all s € (¢, p). To see this let A(s) = A4 N B"(s) and

suppose that A(s) C C B"(s). If D’ is a component of A(s), then w(u, dD’) = 0 and
thus

w(u, D') < max(w(u,dD’), w(v, D)) <e/8
by (2.11) and (2.16). Hence
w(u, G(1)) < w(u,G(s)) < w(u, A(s)) + w(u, G(s)\ A(s))
<w(u, A(s) N 4)) + w(u, A(s) N A4,) + e/4+ ¢/4
<e/8+¢€e/8 +¢e/4+¢e/4=3¢e/4,
which is impossible by (2.13).
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For each s € (¢, p) choose a cap C(x,, ¢,), ¢, € (0, 7], on S"~!(s) N G such that
w(x,) = sup{w(x): x € S""!(s) N G} and C(x,, p,) meets dG. Then by (2.15),
w(w, C(x,, ¢,)) = 1. Since s > w(w, C(x,, ¢,)) is continuous, Lemma 2.7 yields

log p/t <fpw(w, C(x,,9,))" /s ds <Anf | vw|" dm
t G
< A,,(16/e)"f | vu|"dm < 4,M(16 /¢)".
G

Note that | vw|< 16| Vu|/e a.e. in G. The right-hand side is independent of ¢.
Letting ¢t — 0 gives a contradiction. This completes the proof.
If we choose v = 0 in G, Lemma 2.10 gives the following corollary, cf. [M2].

2.17. COROLLARY. Suppose that G is a regular domain and that ¥ is a family of
monotone functions u € C(G) N W(G) satisfying (2.12). Then ¥ is equicontinuous if
and only if 5| 9G is equicontinuous.

3. Variational integrals. Basic properties of conformally invariant variational in-
tegrals are introduced. We close with the existence of extremals.

3.1. Variational kernels. Although we are mainly interested in the case p = n, the
assumptions (a)-(c) on a variational kernel F are adequate for some auxiliary
considerations.

Let G be an open set in R” and let F: G X R” — R satisfy the assumptions:

(a) For each open set D C C G and & > 0 there is a compact set C C D with
m(D\C) < eand F|C X R" is continuous.

(b) For a.e. x € G the function 4 — F(x, h) is convex.

(c) There are constants 0 < a < 8 < o0 and 1 < p < oo such that forae.x € G

(3.2) alhfP <F(x,h)<B|hP forallh € R".

The constant p determines the type of F. The greatest a < 1, resp. the smallest
B =1, for which (3.2) holds is denoted by a( F), resp. B(F). The numbers a( F) and
B(F) are called the structure constants of F.

In the connection of some uniqueness problems we shall replace (b) by a stronger
condition:

(b") For a.e. x € G the function h — F(x, h) is strictly convex, i.e.

F(x,th, + (1 — t)h,) <tF(x, h;) + (1 — t)F(x, h,)

forO<t<landh,h, ER", h #*h,.

To connect variational problems with the solutions of the corresponding
Euler-equations we use the assumption:

(d) For a.e. x € G the function & — F(x, h) is differentiable.

Since, by (b), the function h + F(x, h) is convex a.e. in G, we may as well in (d)
assume that & > F(x, h) is continuously differentiable, see [Ro, Corollary 25.5.1]. It
turns out that condition (d) is not essential to our theory, however, its omission will
give technical difficulties. In all interesting cases, condition (d) is satisfied in a
natural way.
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Finally, to obtain a conformally invariant class we introduce the homogeneity
condition:

(e) Forae. x € G, F(x, Ah) =|APF(x, h) forallA € Rand h € R".

3.3. REMARK. If A: G - R" is a measurable function, then the function x
F(x, h(x)) is measurable. This follows from (a), since there is a Borel-partition
G = UZ,A4,. such that m(4,) =0 and F|4, X R", i=1,2,..., is continuous.
Define ®: G - G X R" as ®(x) = (x, h(x)). Then ® is measurable. If B is open in
R, then

0
o 'F'B=J @ '((4, X R") N F'B).
i=0
Since (4, X R") N F'(B)is a Borel set,i = 1,2,..., and
m(®~'((4o X R") N F~'B)) =0,
the set ® " 'F~'B is measurable.

Note also that if 4 is as above and F satisfies the assumptions (a)-(d), then the
function x - Vv, F(x, h(x)) is measurable. For this observe that since F|4; X R",
i=1,2,..., is continuous, the mapping Vv, F| A4, X R" is a Borel function and the
conclusion follows as above.

3.4. REMARK. Yu. ReSetnjak studied in [R3] kernels Fy(x, ) = (8(x)h-h)"/?
where : G - GL(R", R") is a Borel map such that for all x € G the linear map
0(x) is selfadjoint and there exist constants 0 < a < 8 < oo with

a|hP<O(x)h-h<PB|h[
for a.e. x € G and all A € R". It is easy to see that the kernels F; satisfy the
assumptions (a), (b’), (c)-(e) for p = n.
If F satisfies (a)-(d), then v,F has an additional property which will be
frequently used in the sequel.

3.5. LEMMA. Suppose that F: G X R" — R satisfies (a)—(d). Then there is y < o0
such that for a.e.x € G
(3.6) |, F(x, h)|< v [ AP~
for all h € R". The constant y depends only on n, p, and B(F).

ProoF. Fix x € G such that (b), (¢), and (d) hold. Let » € R". Choose i,
1 <i<n,and let p(t) = F(x, h + te;). Then ¢: R - R is convex and continuously
differentiable. Since ¢’(0) = D, F(x, h), it suffices to show | ’(0) |< 27B(F) | h P~ ".

The convexity of ¢ yields ¢(z) — ¢(0) = ¢’(0)¢ for all z. On the other hand ¢ is
nonnegative, hence ¢(t) = ¢’(0)z. By (¢)

o(t) <B(F)|h+te,p <277B(F)(|hP + |1F).
Thus
@' (0) <277 B(F)(|hP +|1P)

for all r. Setting ¢ = sign(¢’(0)) | & | yields | ¢’(0)|<27B(F)|h P~ if |h|# 0. If
h = 0, (3.6) is trivial by (c) since p > 1.
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3.7. Variational integrals. Suppose that F: G X R" — R satisfies (a)-(c). If u:
G — R has partial derivatives a.e. or distributional derivatives in Sobolev’s sense and
A C G is measurable, then there exists the variational integral

(3.8) Ie(u, 4) = /A F(x, vu(x)) dm(x),

see Remark 3.3. If A CC Ganduis ACL?in Goru € Wp‘(G), I(u, A)is finite.

3.9. Lower semicontinuity. For the existence theory and various convergence
problems the well-known lower semicontinuity property of (3.8) is useful. There exist
many proofs for this result under different assumptions, see e.g. [Mor, R2}]. For a
very simple proof based on Banach-Saks’ theorem under minimal assumptions see
[Li1).

3.10. THEOREM. Suppose that F satisfies (a)-(c) in an open set G C R". Let u,,
i=0,1,..., be Wp'-functions in Gand Vu;, > Vuyweakly in LP(G). Then

IF(uO’G) < li_mIF(ui’ G)

11— 00

3.11. REMARK. According to Banach-Saks’ theorem there are indices i, <i, < ---
such that

|'(Vui| + e +Vuik)/k - VuO”Lp(G) - 0.

Roughly speaking, this convergence feature, combined with Fatou’s lemma and
Jensen’s inequality

F(x, (V“i. + .. +Vu,-k)/k) < (F(x, V“i.) + .. +F(x, Vu,-k))/k

gives the desired result. Thus the only nontrivial part of the proof of Theorem 3.10 is
the establishing of Banach-Saks’ theorem in L?(G) X - -+ XL?(G) (n times). How-
ever, this question is trivial in the Hilbert space L2(G) X --- X L*(G) and in the
borderline case p = n = 2 the proof can be reduced to the L-case, since Vu, —> Vu,
locally weakly in L? if Vu, > Vu, weakly in L?, p = 2.

3.12. Extremals. Suppose that F satisfies (a)-(c) in a bounded open set G C R"
and v € C(3G). A function u € C(G) N W,((G), u= v in G, is called an F-
extremal with boundary values v for the variational integral I if I-(u, G) < Io(w, G)
for all w € C(G) N %‘(G) with w = v in 9G. If G is an open (not necessarily
bounded) set in R", then an ACL?-function u is called a ( free) F-extremal if for all
open sets D C C G, u| D is an F-extremal in D with boundary values u | dD. Clearly
an F-extremal with boundary values is also a free F-extremal, see 3.21.

3.13. REMARK. In the calculus of variations extremals are not usually defined as
above. In 3.21 we take an opportunity to clarify the connections between various
definitions in the continuous case.

3.14. Euler equation. There is an one-to-one correspondence between variational
kernels F satisfy (a)-(d) and corresponding Euler equations. For this purpose we
introduce a class of second order partial differential equations.
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Let G C R" be open and let A: G X R" —» R" be a mapping such that the function
x > A(x, h(x)) is measurable whenever h: G — R" is measurable and there are
numbers 1 < p < oo and y < oo such that for a.e. x € G

(3.15) |A(x, k) |<v[Ap!
for all A € R". An ACLP-function u: G — R is called a solution of the equation
(3.16) v -A(x,vu) =0
in G if
(3.17) fA(x, Vu) Vodm =0
G

for all p € C5°(G). If G is bounded and u € c(G)N Wp‘(G) is a solution of (3.16)
in G, then u is said to have boundary values v € C(0G) if u = v in 9G. In this case
(3.17) holds, by approximation, for all ¢ € W,'(G).

We give a proof of the following theorem. The proof is difficult to locate in the
literature.

3.18. THEOREM. Suppose that F satisfies (a)—(d). A function u is an F-extremal, free
or with boundary values, if and only if it is a corresponding solution of the equation

(3.19) V-V, F(x,vu)=0.

PROOF. By Remark 3.3 and Lemma 3.5 the mapping A(x, h) = Vv, F(x, h) satis-
fies the required assumptions. We may only consider the free case. Let an ACL?-
function u: G — R be an F-extremal and let ¢ € C;°(G). Choose an open set
D C C G with spte C D and set for t € R, Y(t) = Ip(u + te, D). Since u is an
F-extremal Y(t) = (0) for all z. We show that y has a derivative at 0.

To this end let |e¢|<1, e # 0. Choose x € G such that h+> F(x, h) has a
continuous derivative and (3.2) holds. Write AF = F(x, h, + eh) — F(x, hy), h, h,
€ R". By the mean value theorem AF /¢ = h- v, F(x, hy, + ¢'h) and ¢ lies between
0 and e. Lemma 3.5 yields

|AF/e|<|h|| v, F(x, ho + €h) |<y|h||ho + P
<y2r (k[ R~ + | RP).

Sethy = Vuand h = ve¢. Then fora.e. x € D

|AF/e|<g=v2""!(| vo|| vup ' +| voP)
and Holder’s inequality gives g € L'(D). On the other hand, for ae. x € D,
lim, ,(AF/e = v, F(x, Vu)- Vo. Now Lebesgue’s dominated convergence theorem
implies
(3.20) ¢’(0) = lim f A—Fan =f v, F(x, vu) vodm

e~0Jp € D

and ¢ has a derivative at 0. Since ¢ also has a minimum at 0, {’(0) = 0 and (3.20)
gives the required result.
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To prove the other half of the theorem suppose that u is a solution of (3.19). Let
D C C G be open. Since for a.e. x € G the function h > F(x, h) is convex and
continuously differentiable, a.e. in D

F(x,h,) — F(x, hy) = Vv, F(x, hy)- (hy — h,)

for all h,, h, €R". If wE€ C(D) N W,(D) and w=u in 3D, then p=w —u €
W,)y(D), see e.g. [M3, Lemma 2.2}, and ae. in D, F(x, Vu + Vo) — F(x, Vu) >
v, F(x, Vu)- Vo. By integration

I(u+ @, D)~ Ic(u, D) >fDVhF(x, Vu)- vedm =0

since u is a solution of (3.19) and ¢ € W,'y(D). Thus Ix(w, D) = Ip(u + @, D) =
Ir(u, D) and u is an F-extremal in D with boundary values u | dD. This completes
the proof.

3.21. REMARK. In the calculus of variations extremals are usually defined with
respect to the space Wp'(G). Suppose that F: G X R" - R satisfies (a)-(d) and
v € W,(G). A function u € W,(G) is called an F-extremal in the W,'-sense with
boundary values v if u — v € W,\((G) and I(u, G) < Ir(w, G) for all w € W,(G)
such that w — v € W,}((G). A function u € loc W,(G) is called a (free) F-extremal
in the Wp'-sense in G if for all open sets D CC G, u| D is an F-extremal in the
W,'-sense with boundary values u| D in D. It is well known that F-extremals in the
Wp'-sense are actually continuous, see e.g. [S, or Mor], and thus 4ACL?-functions.
Here we show that an ACL?-function u is a free F-extremal if and only if it is free
extremal in the W,'-sense.

To this end suppose that an ACL?-function u is a free F-extremal in the Wp'-sense
in G. Let D CC G and w € C(D) N W,(D) with w =u in 3D. Then w — u €
Wpl,o(D)’ see [M3, Lemma 2.2], and thus I (u, D) < Ip(w, D). Hence u is a free
F-extremal. For the converse, let u be a free F-extremal in G and D C C G an open
set. Pick w € W,(D) with w —u € W,'((D). Choose a sequence of functions
@, € C°(D) with @, > w — uin W,(D). Then ¢, + u € C(D) N W,\(D)and g, + u
= uin 0D. Thus Ip(u, D) < Io(u + ¢;, D) and it remains to show I.(u + ¢;, D) —
Ic(w, D) as i - oo. For this note that the mean value theorem and Lemma 3.5 give
C < oo such that a.e. in D

| F(x, v(u + @) = F(x, vw)|
<C| V(“""Pi_ W)|(| V(“""Pi) lp_l + | VWP—I)'

Since [[V(u + ¢, —w)ll, >0 as i > oo, Holder’s inequality gives the required
result.

The above reasoning also shows, if G is bounded, that an F-extremal u € C(G) N
W,'(G) with boundary values v € C(G) N W,(G) is an F-extremal in the W,'-sense
with boundary values v.

3.22. Existence of extremals. In 1907, H. Lebesgue observed that a kernel satisfy-
ing (a)-(c) allows the use of monotone functions, see 2.8. Lemma 3.23 is essentially
due to him [L}]. Its proof follows from a more general principle considered in 5.6.
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3.23. LeMMA. Let G be a bounded open set and let F satisfy (a)—-(c) in G. If
u € C(G) N W)(G), then there is v € C(G) N W,{(G) such that u = v in 3G, v is
monotone in G, and Ip(v, G) < Io(u, G).

Next we combine Corollary 2.17, Theorem 3.10, and Lemma 3.23 to construct
F-extremals. The proof is essentially the same as in [M2, Theorem 5.9] and applies
only to the borderline case p = n, however, see Remark 3.25(b).

3.24. THEOREM. Suppose that F satisfies (a)-(c) in a regular open set G C R" with
p=n. If v € C(G) N WX(G), then there is an F-extremal u in G with boundary
values v.

PrOOF. Let u;, i =1,2,..., be a minimizing sequence, ie. Ip(u;,,G) - I, =
inf {I(w, G): w € 9,} where §, = {(w € C(G) N W,X(G): w = v in 3G). By (c) we
may assume that || Vu;ll,, < M < oo for all i. By Lemma 3.23 the sequence ; can be
replaced by a minimizing sequence w; € %, such that |vw;ll, < M and each w;, is
monotone. By Corollary 2.17 the family {w;} is equicontinuous and since it is
uniformly bounded by sup,;|v|, Ascoli’s theorem gives a subsequence, denoted
again by w;, which converges uniformly on G to a function u € C(G). On the other
hand there is a subsequence of w;, denoted again by w;, such that vw; converges
weakly in L"(G) and its limit is the distributional gradient of u. Thus u € W,'(G).
By Theorem 3.10

Ip(u,G) < lim In(w,, G) = I,.
11— 00

Since u € ¥, this completes the proof.

3.25. REMARKS. (a) In [M2] it was shown that the topological regularity condition
on 3G in 3.24 can be replaced by a weaker condition M(x, CG) = oo for all x € 3G.
Note that, see [MS], the condition M(x, CG) = oo is equivalent with the condition

(3.26) Lﬂ9w=w

where @(¢) = cap,(B"(x, t), CG N (B™(x, t/2)\ B"(x, t/4))). The condition (3.26)
requires more CG than the Wiener criterion

1/(n—1)
(3.27) Lﬂif—w=w

Y(t) = cap,(B"(x,t), CGN B"(x, t/2)). The Wiener criterion (3.27) is in a natural
way connected with the continuous boundary values for solutions of the equation
V - V,F(x, vu) = 0, see [Maz, GZ].

Observe, however, that the use of (3.27) requires some additional assumptions on
F. On the other hand, for p = n the condition (3.26) is weaker than the usual
capacity density condition on CG, see [MS].

(b) The reasoning in Theorem 3.24 can also be used for p > n, but in this case all
the results become easy to obtain by other methods. Note that the method fails for
p < n because of Corollary 2.17.
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(c) For all p > 1 it is easy, by using Sobolev space methods, to prove the existence
of an F-extremal in the Wp‘-sense, see Remark 3.21. However, we are mainly
interested in continuous extremals up to the boundary since they play a central role
in the theory of subextremals.

3.28. Extremality as a local property. Suppose that F satisfies (a)-(d) and let u be
ACLP? in G. Then u is an F-extremal in G if and only if each point x € G has a
neighborhood U C G such that u| U is an F-extremal in U. In other words, the
F-extremality is a local property. This follows from Theorem 3.18 since by the
partition of unity the same question for solutions of v - v, F(x, Vu) = 0 is trivial.

4. Properties of F-extremals. Holder-continuity of solutions of the equation
v - A(x, vu) = 0 has been extensively studied, see e.g. [Mor, S]. In the borderline
case p = n we employ a new method which gives a good estimate for the Holder-
exponent of F-extremals under minimal assumptions on F. The same method also
gives Harnack’s inequality. We close the section with some uniqueness problems and
convergence of extremals.

4.1. Hélder-continuity. Let G be an open set in R" and suppose that F: G X R" - R
satisfies the assumptions (a)-(c) of §3 for p = n in G. With obvious changes the
following lemma remains true for all p > 1.

4.2. LEMMA (STANDARD ESTIMATE). Suppose that u is an F-extremal in G. If (D, C)
is a condenser in G, then

fc | vu " dm < n"(B(F)/a(F))w(u, D)" cap,(D,C).

Proor. Let ¢, 0 < ¢ <1, be admissible for the condenser E = (D, C), i.e.
@ € W,(E), see 2.3. Choose an open set D’ such that spto C D’ CC D. The
function v = u — ¢"u belongs to W,'(D’) N C(D’) and v = u on 9D". Set B = B(F).
Since vv = (1 — ¢")Vu — n¢" 'uve, the assumptions (b) and (c) give

(43) F(x,vo(x)) < (1= ¢(x)")F(x, vu(x)) + Bn"|u(x) |'| vo(x)|"

for a.e. x € G. As u gives the minimum, the inequality (4.3) yields
I-(u, D') < Iz(v, D) </ (1 —¢")F(x,vVu)dm + Bn”f |ul*| v |"dm
D’ D’
and since ¢ | C = 1, we have
(4.4) 1p(u,C) < B [ |ul"| vo|"dm <pn" [ |u]"| vo|" dm.
D’ D

To prove Lemma 4.2 we may assume w(u, D) < co. If u is an F-extremal, u — inf, u
is also, and since | u — inf, u|" < w(u, D)" in D, the inequality (4.4) implies

(4.5) Ip(u, C) < Bn"w(u, D)"/D| veo " dm.

Taking the infimum over all admissible ¢ for the condenser (D, C), the assumption
(c) and (4.5) give the inequality of Lemma 4.2.
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4.6. REMARK. If u is an F-extremal in G, then u is monotone. For if this is not the
case, then u can be replaced by a constant function in some subdomain D C C G
and since u is not constant in D,

Ig(u, D)= a(F)/D| vul|"dm > 0.

Hence u cannot give a minimum in D.
A combination of Lemmas 4.2 and 2.7 yields the Holder-continuity of F-
extremals.

4.7. THEOREM. Suppose that u is an F-extremal in G. If B"(x,, r) C B"(x,, R) C G,
then
w(u, B"(xy, r)) <e(r/R)*w(u, B"(x,, R)).
Here e is Neper’s number, x = c,(a(F)/B(F))'/" and c, depends only on n.

PROOF. We may assume r < R. For ¢t >0 set B(t) = B"(x,,t) and 'S(t) =
S"Y(x,, t). By Remark 4.6, u is monotone and hence for r < R

w(u, B(t)) = w(u, S(1)).

For0 <r, <r,<Rsetp=(rr)"/% Thenr, < p <r, and Lemma 2.7 yields
(4.8) w(u, B(rl))"log£<A,,f | Vul|"dm.
d B(p)

Lemma 4.2 applied to the condenser E = (B(r,), B(p)) implies together with (4.8)

(49)  w(u, B(r)))" < c(B(F)/a(F)) cap, E(log(p/r,)) 'w(u, B(r,))"
= c'(B(F)/a( F))(log(ry/n)) "w(u, B(r,))"

and c and ¢’ depend only on n.

To complete the proof we iterate (4.9). Set k = (¢'B(F)/a(F))!/" and A = e*~. If
R > Ar, choose an integer m = 1 such that A"r < R < A"*!r. An iteration of (4.9)
using the radii r, Ar, Ar,...,N"r gives

w(u, B(r)) < (k/log\)"w(u, B(N"r)) = (r/N"r)""® & (u, B(N"r))
< N/*(r/R)""*w(u, B(R)) = e(r/R)"*w(u, B(R)).

If r < R <Ar, then e(r/R)/** = e(1/\)/¢* = 1, and the above estimate is trivial.
This completes the proof.

4.10. COROLLARY. Suppose that u: R" — R is an F-extremal and F satisfies (a)—(c)
in R" for p = n. If k is the constant of Theorem 4.1 and

)]

K
xX— 00 |x|

0,

then u is a constant.
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4.11. COROLLARY (LIOUVILLE’S THEOREM). Let u and F be as in 4.10. If u is
bounded, then u is a constant.

4.12. REMARK. Liouville’s theorem is usually proved via Harnack’s inequality, see
[R3, p. 661; Gr].

4.13. REMARK. It can be proved that every F-extremal u where F satisfies (a), (b’),
(c) and (d) for p = n belongs to loc W', (G) and & > 0 depends only on n and
B(F)/a(F), see [ME]. Sobolev’s imbedding theorem then gives the Holder-continu-
ity of u. However, the proof for the n + e-integrability result requires more advanced
techniques than those applied here.

4.14. Harnack’s inequality. Harnack’s inequality for general second order quasilin-
ear elliptic equations is well known, see e.g. [S]. For F-extremals we present a simple
proof in the borderline case p = n. We assume that F satisfies (a)—(c) in G for p = n.
This proof is based on [Gr]. For our purposes the following form is adequate.

4.15. THEOREM. Let u be a nonnegative F-extremal in G. If B*(x,, R) C G, then for
al0<r<R

sup u < eUBR/M inf .
B"(xq, 1) B"(x0.7)

The constant ¢ depends only on n and B(F)/a( F).

For the proof an auxiliary result is needed. Let u be as in 4.15 and, in addition,
positive. Set v = log u.

4.16. LEMMA. There is a constant c, depending only on n and B(F)/a(F) such that
Jc| vo|"dm < c,cap, E for each condenser E = (D, C) in G.

PrOOF. We may assume that D CC G and that u>=(n — 1)!/" in D since
otherwise consider Au for large A. Observe that Au is an Fj-extremal for the
variational kernel F\(x, h) = XN'F(x, h/A) with the same structure constants as F.
Let ¢, 0 < ¢ < 1, be admissible for E. Set h = u + ¢"u' . Then h = u on 0D and

vh=(1—=(n—1)g"/u")vu+n(e"'/u""")ve.
By convexity and (c) a.e. in D

F(x, vh) < (1= (n = 1)¢"/u")F(x, vu) + B(F)n"(n = 1) " | vo "
and since ¥ is minimizing in D
I1:(u, D) < I.(h, D) <I(u, D) — (n— 1)[ (@/u)"F(x, Vi) dm
D
+B(F)n"(n — 1)'_"f | vo|" dm.
D
This yields

(n— l)fD((p/u)"F(x, vu)dm < B(F)n"(n — 1)]_"fD| ve | dm.
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The lower bound in (c) gives together with the fact ¢ | C = 1
(n = 1)a(F) [ (| vul/u)" dm < (n—1) [ (¢/u)"F(x, Vu) dm
C D

<B(F)(n=1)"""[ | vo["dm.

This yields the required estimate.

PROOF OF THEOREM 4.15. Let ¢ > 0 and set v = log(u + ¢€). Since u + ¢ is an
F-extremal, the function u + ¢ is monotone, see Remark 4.6. Thus v is also
monotone and we apply Lemma 4.16 to the condenser E = (B"(x,, R), B"(x,, p)),
p = (Rr)'/2,in G. Write B(t) = B"(x,, t), t > 0. Lemma 2.7 yields

(v, B(r))"log(p/r) S/pw(v, B(1))"/tdt = ["w(v,3B(1))" /1t
<4,[ |vo|"dm<c,A,cap, E
B(p)

= COAnwn—I(log(R/p))l_"'
This implies
. _ 1/n -1
log( supu + s) - log( inf u + e) <A =2(cod,w,_,) "(log(R/r)) .
B(r) B(r)
Thus sup u + ¢ < e’(inf u + ¢) and letting & — 0 gives the result.
4.17. Uniqueness of extremals. If the condition (b) is replaced by (b’), then it is

easy to derive the uniqueness of F-extremals with given boundary data. In fact, this
result follows from the following comparison principle.

4.18. THEOREM. Suppose that u, and u, are F-extremals in a bounded open set G and
belong to C(G). If u; = u, in 0G, then u; = u, in G.

PROOF. Suppose that #,(x,) < u,(x,) at some point x, € G. If 0 < & < u,(x,) —
u,(xg), then there is a domain D C C G such that x, € D, v =u, + ¢ = u, in 0D
and v < u, in D. Consider w = (v + u,)/2. Now v is also an F-extremal and hence
Io(uy, D) <Ig(w, D) and Ip(v, D) <Ig(w, D). If E= {x € D: Vuy(x) #
vov(x)}, then (b’) yields for a.e. x € E

F(x, vw(x)) < (F(x, Vuy(x)) + F(x, vo(x)))/2
and this holds as equality for a.e. x € D\ E. Thus

IF(Wa D) < (IF(u2’ D) + IF(O9 D))/2 < IF(W’ D),

if m(E)> 0. This shows m(E) =0 and hence u, — v = const. = 0 in D. Thus
u, = u, + ¢ in D and especially u,(x,) — u)(x,) = e. This contradiction proves the
theorem.

4.19. COROLLARY. Let u, and u, be as in Theorem 4.18. If u, = u, in 3G, then
u, =u,inG.
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4.20. Convergence of extremals. Using the comparison principle in Theorem 4.18 it
is easy to prove that the set of F-extremals is closed under uniform convergence.
Observe that the same question for solutions of the equation Vv -A(x, Vu) =0
offers additional difficulties, see e.g. [Maz]. We assume that F satisfies (a), (b") and
(c) in an open set G with p = n. The same proof applies to all cases p > 1 but then
the standard estimate 4.2 for these values of p is used and Theorem 3.24 is replaced
by a deeper result.

4.2]1. THEOREM. Let u;, i = 1,2,..., be a sequence of F-extremals in G and suppose
that u; — u, uniformly on compact subsets of G. Then u, is an F-extremal.

PROOF. Let D C C G be a regular domain. Lemma 4.2 shows that u, € C(D) N
W(D). Let € > 0. By Theorem 3.24 there is an F-extremal v, € C(D) N WD)
with boundary values u, in dD. The function v, + ¢ is also an F-extremal. By the
uniform convergence u; < v, + € in 0D for i = i;. By Theorem 4.18, u;, < v, + ¢ in
D and hence u, < v, + &. This shows u, < v,. The same reasoning shows that
u, = v, in D. Consequently, 4, = v, in D. Since this holds in each regular domain
D CC G, uyis an F-extremal in G.

If an increasing family of F-extremals is considered, Harnack’s principle is
obtained.

4.22. THEOREM. Suppose that F satisfies (a), (b") and (c) in a domain G of R" with
p = n. If u, is an increasing sequence of F-extremals in G, then either

(1) u; = ugy uniformly on compact subsets of G, and u, is an F-extremal in G, or

(i1) u,(x) — oo at each point x € G.

PROOEF. Suppose that lim u,(x,) < oo for some x, € G. Since on a compact subset
E of G the sequence u; is bounded from below by m = inf; u, and u; — m is again
an F-extremal, Harnack’s inequality 4.15 and an obvious covering of E U {x,} show
that ¥, <M < oo in E. From this it follows that for each x € G and 0 <R <
dist(x, 9G) there is M’ < oo such that w(u;, B"(x, R)) < M’ for all i. Theorem 4.7
shows the equicontinuity of the family {u;} at each x € G. Since u; is increasing, the
convergence must be uniform on compact subsets of G. Theorem 4.21 now gives the
result.

S. Sub-F-extremals. An upper semicontinuous function u: G - RU {— o} in a
plane open set G is called subharmonic if for all domains D C C G and all harmonic
functions h € C(D) in D the inequality #=>u in 3D implies h=u in D. A
subharmonic function is called regular if u € C*(G). It is well known that u is a
regular subharmonic function in G if and only if Au =0 in G. This section is
devoted to the corresponding functions in plane and in space when the classical
plane Dirichlet kernel F(x, h) =|h|* is replaced by a more general kernel F(x, k) in
the borderline case p = n.

In comparison problems the uniqueness of an extremal with given boundary data
plays an essential role. Hence in the main result of this section, Theorem 5.17, we
shall use the condition (b’). It turns out that regular sub-F-extremals have a natural
interpretation as ACL" functions which obey the comparison principle.
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We also study an obstacle problem in the calculus of variations. The method
based on monotone functions, due to H. Lebesgue, has a certain extension even to
this situation and yields a relatively easy existence proof in our case p = n.

5.1. DEFINITION. Suppose that F satisfies (a)—(c) in an open set G C R”". An upper
semicontinuous function u: G - R U { — oo} is called a sub-F-extremal in G if for all
domains D C C G and all functions h € C(D) such that h is an F-extremal in D
h = uondD implies A = uin D.

The following lemma is obvious.

5.2. LEMMA. Suppose that u and v are sub-F-extremals in G. Then max(u, v) and
u+ A, A € R, are sub-F-extremals in G. If, in addition, F satisfies (€), then Au, A = 0,
is a sub-F-extremal in G.

In order to check the comparison condition of Definition 5.1 it suffices to look at
regular subdomains of G and rather regular functions A.

5.3. LEMMA. Let u: G » R U {— oo} be upper semicontinuous. Then u is a sub-F-
extremal in G if and only if for all regular domains D C C G and all functions
he Cc(D)N Wp'(D) which are F-extremals in D the condition h = u in 0D implies
h=uin D.

PrOOF. The above condition is clearly necessary. To show the converse let
D CC G be a domain and h € C(D) an F-extremal in D with h = u in 3D. Let
xo € D and ¢ > 0. Since  is upper semicontinuous the set A = {x € D: h(x) + ¢ >
u(x)} is open in D and contains 9D. Thus there is a regular domain D’ C C D such
that 9D’ C A and x, € D’. Now h € (D) N Wp'(D’) and since h + ¢ is an
F-extremal in D’, the condition of Lemma 5.3 gives h +e=wu in D’. Hence
h(xoi + e = u(x,) and since ¢ >0 and x, € D were arbitrary, we have proved
h=uin D.

5.4. DEFINITION. Suppose that F satisfies (a)-(c) in an open set G C R". A
sub-F-extremal u: G — R is called a regular sub-F-extremal if u is ACL”, i.e.
u € C(G) N loc W)(G).

5.5. REMARK. Since ACL?-functions form a lattice, Lemma 5.2 is also true for
regular sub-F-extremals.

Super-F-extremals and regular super-F-extremals are defined in a similar way.
Thus a lower semicontinuous function u: G - R U {0} is called a super-F-extremal
if for all domains D C C G and all F-extremals h € C(D) in D the condition h < u
in 9D implies 2 < u in D. It is clear that Lemmas 5.2 and 5.3 remain, with obvious
modifications, true for super-F-extremals.

Next we characterize regular sub-F-extremals using variational and differential
inequalities in the case p = n. To do this we solve a variational problem with an
obstacle.

5.6. A modification process with an obstacle. Let G C R" be a bounded open set
and u, v € C(G). For a € R we define two functions T, (u, @) and T, (4, a) on G
as follows: T, (4, a)(x) = a if there is a domain D C G such that x € D, u(y) > «
=o(y) for all y €D and u(y)=a for y € 9D. In other points x € G set
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T, (u, a)(x) = u(x). The function T, (u, a) is defined similarly. If there is a
domain D C G such that x € D, u(y) <a <v(y) for all y € D and u(y) = a for
y € 0D, then T, (u, a)(x) = a and T, (u, a)(x) = u(x) otherwise. Observe that if
supg v < inf; u, the function T, (u, «) does not depend on v and we write T (u, &)
=T, (u, a). Similarly, if inf; v = sup; u, we write T~ (u, a) = T, (u, a). We shall
only employ the functions 7" (u, a) and T, (u, a).
For each domain D C G we set
“(u, D) = minu — minu, p*(u, D) = maxu — maxu.

p~ (u, D) niny — miny p* (u, D) laxy — maxu

It is easy to see that the following lemma is true, cf. [Mor, Lemma 4.3.2].

5.7. LeMMA. (a) T (4, o) < w in G and T* (4, «) = u in 3G.
(b) For each continuum S C G
o(T* (u,a),S) <w(u,S)

and thus T* (u, &) is continuous on G.

©p (T (u,a), D)< p™ (u, D), p* (T* (4, a), D) < p* (u, D) whenever D C G
is a domain. _

dIfue C(G)N Wp'(G), then T (u, @) € C(G) N W;,‘(G) and I(T* (u, ), G)
< I(u, G).

Here the kernel F satisfies (a)—(c) in G.

A similar lemma holds for T~ (u, a). However, we need a corresponding obvious
lemma for T, (u, a) where v(x) = u(x) for all x € G. Write w = T, (u, a).

5.8.LEMMA. (@) w = uinG,w = uin 3G, andv = winG.

(b) w(w, S) < w(u, S) whenever S C G is a continuum.

(©) p~(w, D) <p~ (u, D), p* (w, D) < p* (u, D).

(d) If in a domain D C G, min,, w = a < inf, v, then inf, w = a.

(e) If u € C(G) N W(G), then w € C(G) N WX(G) and Ip(w, G) < Ix(u, G).

5.9. LEMMA. Ler G be a bounded open set in R" and let F satisfy (a)-(c) in G.
Suppose that u € C(G) N W (G) and v € C(G) and that u < v in G. Then there is a
function w € C(G) N W (G) such that (i) w|9G = u|0G, (i) w<wv in G, (iii)
I(w,G) < I(u, G), and(lv) if D C G is a domain, then

w(w, D) < max(w(w,dD), w(v, D)).

5.10. REMARK. This lemma extends a result of H. Lebesgue [L], cf. Lemma 3.23. It
reduces to Lemma 3.23 if the obstacle v has no effect, i.e. w can be chosen to be
monotone by taking v(x) = supg; u for all x € G and then w(w, D) = w(w, dD) by
@iv).

PROOF OF LEMMA 59. Let M = supg u and m = inf; u. For i=1,2,... set

=M-2"(M - m), j=1,.. .,2' = 1. Define a family w, Wi i=12,..., )=
1,.. ,2/ — 1, of functions in C(G) N W (G) inductively as follows
- T+ (u’ all)’
=T+(w, 12— @), i=2,3,...,

w =T (w o),  i=2,3,...,2<;<2-1
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Set f; = w;,. Lemma 5.7 gives the following properties of the functions f,.
Du=f=f,=>---inG,f =uindG.

(II) The family { f;} is equicontinuous and bounded.

(1) £, € C(G) N W,(G).

(IV) Ix(f;, G) < Ix(u, G) and by the assumption (c) of 3.1 the sequence || V£l , is
bounded.

Let f be the uniform limit of the sequence ( f;). It is not difficult to see that by the
construction

(5.11) W (f, D) <27 (M — m)

for every domain D C G. Thus f€ C(G) N W(G), f<v in G, f=u in 3G,
pt (f, D) =0 for every domain D C G, and by the semicontinuity Theorem 3.10,
]F(f’ G) < IF(u’ G)

Next we employ the same construction but using the function 7, and starting
with f. For i=1,2,... and j=1,...,2' — 1 we define new numbers a;; and
functions w; ; inductively as follows:

a,;=m+275(M—m),
wy =T, (f, ),

wil:n_(wi—l,z"'—l’ail)» i=2,3,...,

WUITv_(w,-J_l,aij , i=2,3,...,j=2,...,2" — 1.

Set again f, = w;;, i = 1,2,.... Then Lemma 5.8 and (5.11) yield:
Wf<fi<f,<---<v0inG,f =uindG,
(II) the family f; is equicontinuous,
(1) £, € C(G) N Wp'(G), It(f,, G) < Ir(u, G) and hence the sequence || V£l , is
bounded, and
(IV) p* (f, D) = 0 for all domains D C G.
By construction it is easy to see, using Lemma 5.8(d), that

5.12 inf £, > min( inf £, info) — 27 }(M —
(5.12) inf / rmn(lal;)f,lgv) (M —m)

for each domain D C G. Let w be the uniform limit of the sequence f;. Now w clearly
satisfies the properties (i)—(iii) and it remains to verify (iv).
To this end let D C G be a domain. Then (IV) and (5.12) yield
,D)= —infw<s — min| infw, info }.
w(w, D) Slll)pw infw :l?w rmn(lal})w in v)
If ¢ = min(inf,,, w, inf, v) = inf,, w, we have proved (iv). If ¢ = inf, v, then since
w<o,
w(w, D) <supw — infv < supv — infv = w(v, D).
3D D D D
Thus (iv) again follows. This completes the proof.
5.13. REMARK. Lemma 5.9 can be used in obstacle problems in a similar fashion as
monotone functions in free variational problems. The next subsection contains an
application of this type.
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5.14. Variational problem with an obstacle. Suppose that F: G X R" — R satisfies
(a)-(c) in a regular bounded open set G of R"” with p = n. Let v, h € C(G) and
suppose that the set

F(v,h) ={we C(G) N WNG):w<vinG,w = hindG}
is nonempty.

5.15. THEOREM. There is u € (v, h) such that Ip(u,G) = inf {Ip(w,G): w €
% (v, h)}.

PrOOF. The proof is based on Lemmas 5.9 and 2.10. By Lemma 5.9 there is a
minimizing sequence w; € ¥ (v, h) such that on each domain D C G

w(w;, D) < max(w(w;,dD), w(v, D)).

By Lemma 2.10 the sequence w, is equicontinuous. The rest of the proof is similar to
the proof of Theorem 3.24.

5.16. Variational and differential inequalities for regular sub-F-extremals. Assume
that F: G X R" — R satisfies (a), (b’), (c) and (d) of 3.1 in an open set G of R" for
p=n.

5.17. THEOREM. Let u be an ACL"-function in G. Then the following conditions are
equivalent:
(1) u is a regular sub-F-extremal in G.
(ii) For all nonnegative ¢ € C3°(G)

(5.18) f

F(x,vu)dm <[ F(x,v(u—g))dn.
spt @ spt o

(iii) For all nonnegative ¢ € C§°(G)

(5.19) [ ViF(x, vu)- v dm <.
G

PrOOF. We first show (i) = (ii). Let u be a regular sub-F-extremal in G and let
D C C G be a regular domain. Write $(u) = {v € C(D) N W(D): v <u,v = uin
dD}. By Theorem 5.15 there is w € F(u) with

Iz(w, D) = inf{Iz(v, D): v € F(u)}.
If Ip(u, D) <Ig(w, D), then for all nonnegative ¢ € C{°(D), I(u, D) <
I(u — @, D) and (5.18) follows. We show that the case Io(u, D) > I.(w, D) is
impossible.

To this end let 4 be a component of the open set {x € D: w(x) < u(x)}. Now
w = u in 34. Let n € C5°(4), [n|< 1, and set A = min, ,(u(x) — w(x)) > 0. Let
|e|<A. Then en <u —win A4 and hence w + £ < u in 4. By the definition of w,

I(w, A) < I(w + en, A) for all | ¢|< A. But now we can use the proof of Theorem
3.18 to conclude

(5.20) [ VuF(x, vw)- vndm =0
A
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for all n € C°(A4), |n|<1. Clearly (5.20) then holds for all n € C5°(4). By
Theorem 3.18 the function w is an F-extremal in 4. By (i), w = uin 4, hence A = <.
Consequently, w = u in D and thus w = u which shows I.(w, D) = I(u, D) and
the second case is impossible.

Next we prove (ii) = (iiii). Let ¢ € C§°(G) be nonnegative and ¢ > 0. By (ii)

02]- F(x,vu) — F(x,v(u— ep)) dm.

spt @ €

Thus, cf. the proof of Theorem 3.18,

F — F _
fV,,F(x, Yu)- Vo dm :f lim (x, vu) (x, v(u — ep)) i
G sptp e=0 €

dm < 0.

— lim f F(x,vu) — F(x,v(u — ep))

e—0 spt @ €

This shows that (5.19) holds.

To complete the proof it remains to show (iii) = (i). Suppose that (i) is not true.
Then there is, by Lemma 5.3, a domain D C C G and an F-extremal h € C(D) N
W,!(D) such that A = u in 3D but h(x,) < u(x,) at some point x, € D. Choosing a
smaller subdomain of D we may assume that # = u in dD and A < u in D. Setting
¢ = u — h in D we obtain a function ¢ € W,,',O(D) with ¢ = 0. Since (5.19) clearly
holds for nonnegative functions in W,'(G), it is true for the function ¢. On the other
hand, (b”) and (d) of 3.1 imply for a.e. x € G

F(x, hy) = F(x, h)) < v, F(x, hy)- (h, — h)).

Hence I.(u, D) — Ig(h, D) < [, V,F(x, Vu)- Vo dm < 0. This means that u is a
minimizing function in D with boundary values u| 3D = h|dD. Now Theorem 4.18
yields u = h in D and the case h < u in D is impossible. This completes the proof of
the theorem.

5.21. REMARK. Let u be an ACL"-function in G. The following fact can be easily
derived from (iii) of Theorem 5.17. The function u is a regular sub-F-extremal in G if
and only if for every x € G there is a neighborhood U such that u| U is a regular
sub-F-extremal in U. In other words, regular sub-F-extremality is a local property.

5.22. Sub-F-extremality as a local property. In the last section we need the sub-F-
extremality as a local property. This is well known in the classical subharmonic case.
The celebrated method of H. A. Schwarz is used to prove a result of this type.

We assume that G is an open set in R" and F satisfies (a), (b"), (c) and (d) for
p=ninG.

A family % of domains ¥ C C G is called a regular base in G if for all domains
D C G and compact set K C D there is a finite subfamily V,,..., ¥, in % such that
K C UV, C D and any union of the sets V},..., V, is a regular open set in the sense
of 2.9. The subfamily {V;} is called a regular cover of K in D.

Let u: G > [ — 0, 0) be an upper semicontinuous function and D C C G an open
set. We say that u satisfies the F-comparison principle in D if for each F-extremal
h € C(D)N W(D) in D the condition & = u in 9D implies A = u in D. By Lemma
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5.3, u is a sub-F-extremal if u satisfies the F-comparison principle in all regular
domains D C C G. The next lemma still restricts the class of domains D needed.

5.23. LEMMA. Let B be a regular base in G. If u satisfies the F-comparison principle
in each V € B, then u is a sub-F-extremal.

PrOOF. By Lemma 5.3 it suffices to show that u satisfies the F-comparison
principle in each regular domain D CC G. Let h € C(D) N WD) be an F-
extremal in D and h = u in dD. Fix ¢ > 0. By the upper semicontinuity of u the set
K = {x € D: u(x) = h(x) + &} is compact in D. Since B is a regular base, there is a
regular cover {V,,...,V,} C% of Kin D. Set V= UV, If x € oV, then u(x) <
h(x) + € and it remains to show that the same holds in V. By induction it suffices to
prove the following lemma.

5.24. LEMMA. Suppose that U, V and U U V are regular domains in G. If u satisfies
the F-comparison principle in U and in V, then it satisfies the same principle in U U V.

PrOOF. For the proof the method of H. A. Schwarz is used. Set W = U U V. Let
¢>0and let h € C(W) N W) (W) be an F-extremal in W with A = u + ¢ in 3W.
Pick ¢, € C(W) N W(W) such that ¢, = u in W and @, = h in 3W. To complete
the proof we construct an F-extremal w € C(W) N W,}(W) with boundary values &
and w = u in W. Theorem 4.18 then implies » = w and thus 4 = u.

Consider the set

F={yeCc(W)NW(W):y=hindW,y =g, in W}.

Now Theorem 5.15 holds, by symmetry, as well if the obstacle ¢, restricts the
functions ¥ from below. Hence there is y, € 9 with

Ip($, W) = inf{Ie(y, W): y € F}.

If now ¢ € C°(W), ¢ =0, then Io(y,, W) < Iz(y, + ¢, W) and by Theorem 5.17
for regular super-F-extremals, ¢, is a regular super-F-extremal in W. Starting from
¥, we construct a sequence of functions v;,, i = 0,1,2,..., as follows. Set v, = ¢,.
Let v, € C(W) N W,(W) be the F-extremal in U with boundary values v and in
WU, v, = v, and continue by induction: v,, is the F-extremal in ¥ with boundary
values v,;_, and in W\V, v,; = v,,_,, U,;4, is the F-extremal with boundary values
vy, in Uand v,,,, = v,,in W\U,i = 1,2,.... Thenv, € C(W) N W(W) and

(5.25) Ie(0, W) = Ip(v;4, W).

On the other hand, each v, is a super-F-extremal and v, = v, = v, = - - - = u since
the comparison principle holds in U and in V. Hence the limit w = lim,_, ,, v; exists
in Wand w > u.

Next we show that the sequence v, tends to w uniformly. For this it clearly suffices
to show that the sequence v, is equicontinuous in W. Let x, € W. Since v, = v, = - - -
and the sequence v; is bounded and either v, or v;,,, is an F-extremal in a
neighborhood of x,, Theorem 4.7 implies the equicontinuity of v,’s at x,. If
xo € AW\(OU N V), then each v;, i = 2, is monotone in W N B, where B is a fixed
neighborhood of x and since I.(v;,, W) < M < o0, we can use the proof of Lemma
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2.10, see also Corollary 2.17, to conclude the equicontinuity at x,. Finally, let
xo € AW N dU N dV. We may assume x, = 0. Suppose that the sequence v, is not
equicontinuous at 0. Then there is ¢ > 0 such that for each r > 0 there is some v,
i =2, with w(v;, B w ﬂB"(r)) = e. Pick p > 0 such that for 7 € (0, p), "~ '(£) N W
# & and w(Y, W NB"(p)) <e/8.Forr € (0, p) let w(v;, W NB"(r)) = ¢ and set

u(x) = ;(‘Pl(o) —¢e/4— Ui(x))~

Write A = {x € W NB"(p): u,(x) > 1}. Then A N B"(r) # @ and 4 C W. Now
A meets each S"~!(¢), t € (r, p), since if B is a component of 4 in B"(¢), then
v,(x) = ¢,(0) — 3e/4 in 9B and v,(x) <¢,(0) — 3¢/4 in B. Since v, i =2, is a
super-F-extremal, it cannot have an essential minimum. Thus B = @.

We can now proceed as in the proof of Lemma 2.10. With suitably chosen
spherical caps C(x,, ¢,) C $"~'(¢) N W, t € (r, p), w(u,, C(x,, ,)) = 1 and

e n
log(p/r) < [ (u,, C(x,, )"/t at
<4,[ | vu"dn=a,2/¢e)"[ | vv,|" dm
w w

<Ad,a(F)"'(2/e)"Ip(v,, W) < A,0(F)"'(2/€)"M < oo
where Lemma 2.7 has been used. Letting » — 0 gives a contradiction.

Thus w € C(W) and w = h in dW. Since I (v, W) < M,w € W,}(W). Since v, is
an F-extremal either in U or in V, Theorem 4.21 implies that w is an F-extremal in U
and in V. Since the F-extremality is a local property, w is an F-extremal in W. This
completes the proof.

6. Quasiregular mappings and variational integrals. This section is devoted to the
invariance of variational integrals under quasiconformal and quasiregular mappings.

6.1. Quasiregular mappings and variational kernels. Let G and G’ be open sets in
R" and f: G- G’ a continuous map such that the partial derivatives of the
coordinate functions of f exist a.e. in G. Suppose that F: G’ X R" — R satisfies
(a)-(c) for p = nin G’. Define f* F: G X R" > R as

 Fx ) = | FUG I D7) ), it (x 1) #0,
|h|", ifJ(x, f)=0orJ(x, f) doesnot exist.

By 4* we denote the adjoint of a linear mapping 4: R” — R".
A continuous mapping f: G — G’ is called quasiregular (qr) if f is ACL" and for
some K = 1
(6.2) 17" < KI(x, f)
a.e.in G. Here | 4 | is the sup-norm of a linear map 4. The smallest K for which (6.2)

holds is denoted by K( f), the outer dilatation of f. The inner dilatation K,;( f) of f
is defined as the smallest for which the inequality

(6.3) KI(f'(x))"=J(x, f)
holds a.e. in G. Here I( f'(x)) = inf, -, |f(x)h|.
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For the theory of qr mappings we refer to [MRV1]. For later applications we
recall some basic properties of these mappings. If G C R" is a domain and f: G —» G’
is qr, then f is either a constant or a discrete, open, and sense-preserving mapping
[R3]. In the latter case a domain D C C G is called a normal domain of f if
foD = 9fD. Then f defines a closed mapping D — fD which is finite-to-one. From
[MRV1] it follows that N(f, D) = Z,c/1,)np i(x, f) for all y € fD. Here N(f, D)
= sup,cg-card(f~ I(y) N D) < o0 and i(x, f) is the local topological index of f at
x. Note that for each x € G there exists r, >0 such that for 0 <r <r, the
x-component U(x, f, r) of f'B"(f(x), r) is a normal domain of f with the addi-
tional property U(x, f,r) N f'(f(x)) = {x}. Then U(x, f, r) is called a normal
neighborhood of x. We shall also use the analytic properties of f e.g. if A C G, then
m(A4) = 0if and only if m( f4) = 0 and fis a.e. differentiable, see [MRV1].

A mapping f: G —» G’ is called quasiconformal (qc) if it is quasiregular and
injective. Observe that if f: G - G’ is a qc homeomorphism, then f~': G’ - G is also
aqcmap and Ko(f) = K,(f') and K;(f) = Ko(f ™), see [V].

The connection between F and f™ F is given by the following lemma.

6.4. LEMMA. Suppose that f: G — G’ is qr and F: G’ X R" - R satisfies the
assumptions (a)—(c) for p = n in G'. Then ™ F satisfies the same assumptions in G for
p = nand

o f[*F)=Ko(f) 'a(F), B(f*F)<K,(f)B(F).
Moreover, if F satisfies (b"), (d) or (€) in G’, then ™ F satisfies the same assumptions in
G.

ProOF. Considering separately the components of G we may assume that G is a
domain. If f is a constant map, then Ky (f)=1=K,(f), and the result is
immediate. Suppose that f is nonconstant. Let 4 = {x € G: J(x, f) >0 and f is
differentiable at x}. Since m( fC) = 0 if and only if m(C) = 0, see [MRV1, Theorem
8.4], the assumptions (a) and (b) for f* F follow easily. For a.e. x € 4 and all
h € R"

(6.5) f* F(x, k) = F(f(x), J(x, /)" f(x)""h)
<B(F)J(x, £)|f(x)" "h|"<B(F)I(x, f)|f(x)""|"|h]"

where the assumption (c) for F has been used. On the other hand

(6.6) 1) <K (f)der( £1(x) ") = K, () I(x, )7
a.e. in A. Thus (6.5) yields f* F(x, h) < K,(f)B(F)|h|".

Since m(G\ A) = 0, see [MRYV, 2.26 and 8.2], this holds a.e. in G. The lower
bound follows similarly using the inequality /( f'(x)™")" = Ky(f) "det(f'(x)™")
a.e. in G. The assumptions (b’), (d), and (e) for f* F are immediate. The lemma
follows.

6.7. Invariance of variational integrals. If f: G — G’ is a conformal mapping, then
F and f” F are essentially of the same character whenever F satisfies (a)—(c) for
p=nin G'. If F, in addition, satisfies (¢), then this invariance property can be
expressed in terms of the integrals I and /- .
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We start with a well-known fact, see [V, p. 113; RR, Theorem 2, p. 363; G,
Theorem 6.3]. Suppose that f: G - G’ is a q¢c homeomorphism and 4#: G’ - R a
measurable function. Then for each measurable 4 C G’

(6:) [ram= [ k(NI 1) dmx),

if one of the integrals in (6.8) exists.
We shall frequently use the following lemma. We assume that F: G’ X R" - R
satisfies (a)—(c) for p = nin G'.

6.9. LEMMA. Suppose that u is an ACL"-function in G’ and that f: G - G’ is gr.
Thenv =wuvo fis ACL" in G and

(6.10) vo(x) = f/(x)*vu( f(x))

a.e.in G. Furthermore, if D C C G is a normal domain of f, then

©11) [ F(SGx), Tul ) (x, 1) dm(x) = N(£, D) [ F(y, wu(y)) dm(»).

PROOF. We may assume that G is a domain and f is nonconstant. Since f is a.e.
differentiable, (6.10) holds. Next we prove the formula (6.11). For this express
fD\ f(D N By), B, being the branch set of f[MRV1, p. 7], as a countable union of
essentially disjoint closed cubes Q,. Using then the fact that m(B,) = 0 = m( fB,),
see [MRV1, 8.3 and 2.27], and that there exist exactly N( f, D)-components of f~'Q,
in D, the formula (6.11) follows from (6.8).

For the rest of the proof observe that v is clearly continuous. Since the ACL"-
property is local and every point of G belongs to some normal domain D, it remains
to show that v € W(D).

To this end, choose a sequence u; € C*(G’) such that u; - u uniformly in fD and
Vu;,— Vu in L"(fD). Set v, =u;° f. Then v, is cleartly ACL in G. Choose
F(y, h) =|h|"in (6.11). By (6.10) and (6.11)

[ vorldm = [ () vu(f(x)) [ dm(x)
< Ko() [ | Vi [ [9(x, 1) dm(x)

= KNS D) [ | wu " dm

where the quasiregularity of f has also been used. This shows that the sequence (Vv,)
is bounded in L"(D). Since v, — v uniformly in D, v € W,\(D). Thus v is ACL".
This completes the proof.

The next lemma shows the invariance of variational integrals in the gqc case. We
assume that F satisfies (a)-(c) and (e) for p = nin G’.

6.12. LEMMA. Suppose that u is an ACL"-function on G’ and that f: G — G’ is a qc
homeomorphism. Then Ir(u, A) = I+p(uco f, f~ '4) for each measurable set A C G'.
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PROOF. Since J(x, f) > 0 a.e. and I-(u, A) certainly exists, we may apply (6.8).
Then by (6.10) and (e)

Ipr(ue £ 4)= [ F(G). ICx ) 71() "1 () 9u( f(x)) dm()

= ff_,AJ(x, FYFF(x), vul f(x))) dm(x) = I(u, ).

This proves the lemma.
In the gr case the following counterpart of Lemma 6.12 is adequate for our
purposes.

6.13. LEMMA. Let f: G = G’ be a nonconstant qr mapping and G C R" a domain. If
D CC G is a normal domain of f, then I p(u o f, D) = N(f, D)Ig(u, fD) for all
ACL"-functions u in G'.

ProoF. By Lemma 6.9, v = u © fis ACL" in G and thus I;» (v, D) is finite. Since
J(x, f) >0 a.e., see [MRV], 8.2], the formulas (6.11) and (6.10) and the definition
of f* F yield as in the proof of Lemma 6.12

Iep(v,D) = /D J(x, £)F(f(x), vu( f(x))) dm(x)

=N(f, D) ff _F(y, vu) dm(y) = N(f, D)Ig(u, fD).

This completes the proof.

7. Quasiregular mappings and F-extremals. Harmonic and subharmonic functions
remain invariant under composition with analytic functions. This section is devoted
to the corresponding invariance properties of F-extremals and sub-F-extremals with
respect to quasiregular mappings. The case of F-extremals has been studied by Yu.
Resetnjak [R4] in a special case, see Remark 3.4. However, our method is different.

We first consider the quasiconformal case.

7.1. THEOREM. Let F: G’ X R" = R be a variational kernel satisfying (a)-(c) in an
open set G’ C R" forp = n. If f: G » G’ is a qc homeomorphism, then a function u in
G’ is a sub-F-extremal, a regular sub-F-extremal or an F-extremal if and only if u o fis
a corresponding f* F-extremal in G.

PRrROOF. For a.e. y € G’,f"#f* F(y, h) = F(y, h) for all h € R". Thus it suffices
to prove the only if part. Suppose first that u: G’ - R is an F-extremal. Let D CC G
and set D’ = fD. Fix v € C(D) N W(D) with v |9D = u o f|dD. An application
of Lemma 6.12 twice and the extremality of » in D’ yield

Iep(uo f, D) =Ip(u, D) <Ip(vo f', D)
=Inp(vof'of,D)=1Isp(v, D).
This shows that u o fis an f* F-extremal in G.

Suppose next that u: G’ > R U {— o0} is a sub-F-extremal. Let again D C C G be
a domain and D’ = fD. If h € C(D) is an f~ F-extremal in D with A = u o fin 0D,
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then, as we just have seen, ho f~! is an F-extremal in D’. On the other hand,
ho f'=uin 9D’ and since u is a sub-F-extremal, # o f ! = u in D’. This proves
h=uo fin D and since u o f is clearly upper semicontinuous, u o f is a sub-F-
extremal in G.

In view of the above considerations the case of regular subextremals is clear, since
if uis ACL" in G’, then by Lemma 6.9, u o fis ACL" in G. The proof is complete.

7.2. Quasiregular mappings. It is well known that if f: G — G’ is analytic from an
open set G C R? into an open set G’ C R?, then u o f is harmonic or CZ2-sub-
harmonic in G whenever u is a similar function in G’ and the proof for these two
facts is elementary. If u is subharmonic, then u o f is also subharmonic. The proof
usually employs the submean property of subharmonic functions and the local
behavior of analytic functions at a point, cf. [HK, p. 53]. Here we prove that all
classes of F-extremals remain invariant under composition of quasiregular map-
pings.

To study the above problems a certain “lifting” of functions defined on G to G’ is
needed. These studies have their origin in [M1].

Suppose that G is a domain and G’ an open set in R” and f: G- G’ is a
nonconstant qr mapping. Let D be a normal domain of f and let v: D - R be a
function. For y € fD set

(7.3) v*(y) =N/ D) 2 ilx, fu(x).

1
N(f, D xef')HND

In the following three lemmas we study the properties of the function v*. We assume
that F: G’ X R" — R satisfies the assumptions (a)-(c) and (e) for p = n.

7.4. LEMMA. Suppose that v € C(D) N W(D). Then v* belongs to C(fD) N
W,(fD) and

(1.5) N(f, D)Ip(v*, fD) <Inp(v, D).

PROOF. We first show that v* is continuous on fD. Fix y € fD. Let ¢ > 0. Then the
continuity of v and [MRV1, 2.9 and 2.10] show that there is r € (0, dist(y, 3fD))
such that for all x € f'(y) N D the x-component U(x, f,r) of f 'B"(y,r) is a
normal neighborhood of x and | v(x’) — v(x)|<e for all x" € U(x, f, r). Fix such
anr. Set U= U(x,, f,r) for x, e f(y)ND,i=12,...,k, and U= UU,. Let
y’ € B"(y,r). Thenf '(y’) N D C U and

k

2 i(x', f)o(x') — 2 i(x;, fo(x,)

x'&f'oHnD i=

|o*(y') — o*(y)|=

1
N(f,D)

1

K
= N(f—,D) > ( > i(x', f)o(x) —i(x,, f)v(xi))

i=1 x'Ef'(y’)ﬂU,

since 2, 1(yynp, (X f) = i(x,, f) and T i(x,, f) = N(f, D), see 6.1. This
proves the continuity of v*.

<eg,
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Suppose for a moment that v* is ACL in fD. We show that (7.5) holds in this case.
For this we follow [M1]. Since m( fB,) = 0, we may express the open set

D\ f(B,N D)
as a union of essentially disjoint closed cubes Q,,i = 1,2,..., and m(fD\ U Q,) =
0. Set k = N(f, D) and Q? = int Q,. Then each D N f~'Q? consists of k disjoint

domains D/, j = 1,2,...,k, and D/ is mapped quasiconformally by f onto Q?. It
suffices to show

k
(7.6) kI-(v*, Q?) < Iﬂ(o, U D,J).
j=1
To this end fix i and set g, = (f| D/) ™. Fory € @7, v*(y) = +Zk_, v(g,(y)) and
vo¥*(y) = %Ele V(veg;)(y)ae. in Q?. Since F is convex,

|k
F(y, vor(y)) <7 Z F(y,v(v°g,)(»)
J=1
a.e. in Q7. Thus by Lemma 6.12

k k
kIp(o*, Q) < 3 Ip(v°8;, Q) = T Iwe(veg o g7, DY)

Jj=1 J
k .
= 3 Ip(v, D/).
J=1
This proves (7.6). Since
o F) [ | vo*|"dm < I.(v*, /D),
1D

(7.5) and Lemma 6.4 imply that v* € W,\( /D).

If v € C*(D), then the proof of [M1, Lemma 5.5] shows that v* is ACL in fD.
Suppose now that v € C(D) N W,)(D). Then there exists a sequence v, € C*(D)
such that v, - v locally uniformly in D and Vv, - Vo in L"(D). Since for each
y€fD

[o¥(y) —o*(¥)[<  sup  |olx) —o(x)],
x€f '(»ND
v} — v* locally uniformly in fD. On the other hand we have just shown that (7.5)
holds for v;, hence by Lemma 6.4

1
* |7 < I.(o* < ;
a(F)ffD| vol [dm < I(of, /D) < o b (0, D)

_BOK) [
\W/Dl V0i| dm.

Since the sequence || Vv, |l , is bounded, passing to a subsequence, if necessary, Vo*
converges weakly in L"(fD) to vo*. Consequently, v* € W!(fD). But if v* €
C(fD) N W,)(fD), then we have showed that (7.5) holds. This completes the proof.
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7.7. LEMMA. Suppose that v € C(D) and v = u o f on 3D for some u € C(ofD).
Then v* has a continuous extension to dfD, denoted again by v*, and v* = u on 3fD.

Proor. By Tietze’s extension theorem we may assume that u € C(R"). Let (y;) be
a sequence of points in fD with y, — y, € 9fD. Using the fact that f is discrete and
open and that D is a normal domain of f, it is easy to see that for each £ > 0 there is
8 > 0 such that for E C /D, dist(E, 9fD) < § implies dist(f'E N D,9D) <e. Let
€>0. Since v = u © fon 0D and u and v are continuous, it is possible to apply the
above fact to the set E; = {y;, ;1|,...} and obtain i such that | v(x) — u( f(x)) |<e
for x € f~!(E; ) N D. Then for i = i,

|o*(y,) — u(y) I<|o*(y) —u(y) |+ u(y) —uly) |

_—1- i(x vlx)—u X u(y,) — u(y,
- N(f,p)xer%)m)( ) (o(x) = u(f(x))|+ [u(r) = u(yo) |

<e+|u(y) —uly)]-

Thus lim v*(y;) = u(y,) and the lemma follows.

7.8. REMARK. If D is a normal domain for f, then it is possible to define v,:
fD - R using the formula (7.3) in 7D. However, this v, is not always continuous in fD.
To see this consider the plane analytic function f(z) = z2 and a normal domain D of
f such that fD = B*(1,1). Let v(x) =1 for all x € R%. Then v,(0)=2+ 1=
lim,_o v,(y), y € fD. Observe that if v has compact support in D, so has v* in fD
and the above situation cannot occur.

7.9. LEMMA. Suppose that v € C(D) N W, (D) and v is an f* F-extremal in D. If
v = u o f for some u € C(fdD), then v* is an F-extremal in fD.

PROOF. Let w € C(fD) N W,( fD) be such that w = v* on 3fD. By Lemma 7.7,

wo f=v*o f=wue f=v in 9D, thus Lemma 6.13, the extremality of v, and
Lemma 7.4 yield

N(f, D)Ig(w, fD) = I/‘*F(W °f,D)= If*F(D’ D) = N(f, D)I(v*, /D).
Hence Io(w, fD) = I.(v*, fD). This completes the proof.

7.10. THEOREM. Suppose that f: G — G’ is quasiregular and F. G’ X R" - R
satisfies the assumptions (a), (b’), (c)-(e) in G'. If u is an F-extremal, a regular
sub-F-extremal or a sub-F-extremal in G’, then u o f is a corresponding f* F-extremal
in G.

PRrOOF. By Lemma 6.9 it suffices to consider the cases: (i) u is an F-extremal and
(it) u is a sub-F-extremal. Clearly we may assume that G is a domain and f is
nonconstant.

Case (i). Let u be an F-extremal in G’. Set v = u o f. Then, by Lemma 6.9, v is
ACL" in G. Since the f* F-extremality is a local property, see Remark 3.28, it
suffices to show that v is an f* F-extremal in a normal neighborhood U = U(x,, f, r)
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of x, € G. Since a normal neighborhood is a normal domain, we may apply the
previous lemmas. Let w € C(U) N W,(U) with w = v on dU. Consider w*: fU - R.
By Lemma 7.7 w* = u on dfU and by the extremality of ¥, Lemma 7.4, and Lemma
6.13

I p(w,U) = N(f,U)Ip(w*, fU) = N(f,U)(u, fU) = I=£(0,U),

which proves the f* F-extremality of v.

Case (ii). Let u be a sub-F-extremal in G’. Set v = u o f. First we show that v
satisfies the f* F-comparison principle, see 5.22, in each regular normal domain D of
f.

Let D be a regular normal domain of f and e > 0. Let A € C(D) N W,\(D) be an
f* F-extremal in D with h = v + & in 3D. There is a function ¢ € C(fD) N W,\(fD)
with A=y o fin 9D and ¢ = u in 3fD. Let h, be the f* F-extremal in D with
boundary values o fin dD. Then h = h, in D and it remains to show A; = v in D.

To this end observe that by Lemmas 7.7 and 7.9, ¥ = on dfD and A} is an
F-extremal in fD. Thus At = u in fD and by the uniqueness of f* F-extremals,
h, =h} o f.Hence hy = h} o f=uo f=vin D. We have shown that v satisfies the
comparison principle in D.

By Lemma 5.23 it now suffices to show that G has a regular base consisting only
of regular normal domains. In G’ we first introduce a simple regular base %’.
Consider for j = 1,2,... the standard subdivision of R” into open disjoint cubes Q
parallel to the coordinate axes and side length 27/, For each such Q let Q’ denote the
enlargement of Q with side length 527/ /4 and with the same center. Let 4 ; be the
set of all cubes Q’ in G’. Then B’ = U4, is a regular base in G’ and it has the
following property: If D’ C G’ is a domain and K’ compact in D’, then there is j,
such that for j = j, the finite collection {Q" € 4;: Q" N K’ # &} is a regular cover
of K'in D’.

In G we proceed as follows. Let B be the family of all normal domains D in G
such that D is a component of f'Q’ for some Q’ € %B’. We show that % is a regular
base for G. Let V' C G be a domain and K compact in V. It is easy to see that there
is ji, such that for j = j, the finite collection

CG={DERB:D=Q', 0 €A,DNK+ &}

covers K and UC, C V. Letj=j, + 1 and C, = {D,,...,D,}. If U is a union of
some subfamily of C;’s, say U= U/_, D, 1 <p <k, it remains to show that U is
without point components.

To this end let x, € 0U. We may assume that D,,...,D,, 1 <[ < p, are those D,’s
whose closure contains x,. Write Q; =fD,, 1 <i</, and P = Ule Q;. Then
f(x,) € 9P and there is at least one cube Q’ € 4, such that f(x,) € Q" and Q' # Q]
fori = 1,...,I. Choose a nondegenerate curve vy starting at f(x,) inside Q"\ P. A lift
v* of vy starting at x,, see [MRV1, Lemma 2.7], is inside the x,-component of f~'Q’,
which is a normal domain of f. On the other hand, y* is outside U!_, D,. Thus at
least a short piece of y* near x,, is outside U. Hence {x,} is not a point component
of aU. This completes the proof.
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