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SELFADJOINT REPRESENTATIONS OF
POLYNOMIAL ALGEBRAS
BY
ATSUSHI INOUE AND KUNIMICHI TAKESUE

ABSTRACT. In this paper we will investigate the selfadjointness of unbounded
*-representations of the polynomial algebra. In particular, it is shown that the notion
of selfadjoint representation is equivalent to that of standard representation in the
case of the polynomial algebra generated by one hermitian element. Although the
notion of standardness implies that of selfadjointness, the converse is not true in
general. Therefore, we consider under what conditions a *-representation is stan-
dard.

Introduction. In [8] Powers investigated unbounded *-representations of a *-alge-
bra and pointed out that there exists a pathological relation between subrepresenta-
tions and commutants which does not occur in the bounded case. Over ten years has
passed since he introduced the notion of selfadjoint representation in order to take
out such a phenomenon. During this time many mathematicians have studied
unbounded *-representations [1, 4, 6, 8-10]. The notion of selfadjointness has been
indispensable in order to make a detailed study. However, since the great difficulty
lies in the judgment of selfadjointness, it seems that sufficient study has not been
done. From this viewpoint, we will study conditions under which a *-representation
is selfadjoint. Even on the *-representation of the polynomial algebra generated by
finite commuting hermitian elements, we have obtained interesting results, which we
state here.

1. Preliminaries. We introduce some notions which are used in this paper, for
example, Oy -algebra, representation, etc.

Let ) be a dense subspace of a Hilbert space 5. By £(“D) we denote the set of all
linear operators of 9 into ). Then £(9) is an algebra under the usual operations.
By £% (%)) we denote the set of all linear operators A in £(D) such that D(A4*) D D
and the restriction A ™ of A* to 9 is contained in £(D), where A* is the adjoint of 4.
Then £ (D) becomes a *-algebra under the usual operations and the involution
A - A™ . For a subalgebra 9 of £(D), (I, D) is said to be an O,-algebra, and for
a *-subalgebra M of £+ (D), (I, D) is said to be an OF-algebra. Let (M, D) be an
O,-algebra. We define a seminorm || ||, on D for 4 € M, by |||, = ||4£|l, where
M, is the O,-algebra obtained by adjoining an identity operator to 9. The induced
topology ts; on 9D is the locally convex topology generated by the collection of
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seminorms {|| || ;; 4 € 9, }. If 9 is complete in the induced topology oy, then
(I, D) is called closed. The closedness of I is equivalent to D = M, o D( A),
where 9D(X) denotes the domain of the closure X of a closable operator X. Let
(9N, D) be an Of-algebra. If D, (IM) = N, o D(A4*) = D, then (I, D) is called
selfadjoint; if (9N, D) is closed and A * = 4 for all 4 € 9N, then (I, D) is called
standard. We next define a commutant N’ of an Of-algebra (9N, D) as follows:

M = {C € B(h); (CAE|n) = (C&|A" ) forall4 € Mand £, € D},

where B(bh) denotes the set of all bounded linear operators on h. If C € 9, then
CD C D (M) and (A7 )*CE{ = CA¢ forall A € OM and £ € 9. The commutant I’
of 9N is not necessarily an algebra; however if 9 is selfadjoint, then 9N’ is a von
Neumann algebra and ON'9D = 9D [8].

Let @ be a *-algebra. A homomorphism (resp. *-homomorphism) = of @ onto an
O,-algebra (resp. an Oy-algebra), on ) is said to be a representation (resp. a
*_representation) of @ on h with domain D(7) = ). A representation 7 of @ is
closed if the O,-algebra (m(®), D(7)) is closed; and a *-representation 7 of @ is
called selfadjoint (resp. standard) if (7(& ), D(w)) is selfadjoint (resp. standard).

Let 7, p be representations of @ on a Hilbert space §. If %D(p) C %D(7) and
p(x)¢ = m(x)¢ for all x € @ and &€ € D(p), then we say that 7 is an extension of p,
denoted by p C .

Let 7 be a representation of a *-algebra @ on a Hilbert space ). Then we define
closed representations of ( as follows:

D(#)= N D(n(x)), 7(x)=n(x)/D7)

xe@

D(r*) = N D(7(x)*), 7*(x) = 7(x*)*/D(7*)

xeR

forx € .

If SD(7*) is dense in b, then the closed representation 7** of & is defined by

D(a**) = () D(a*(x)*),  7**(x) = 7*(x*)*/D(7**) forx € Q.
xEQ
Then we see that if 7 is a *-representation, then # and #** are *-representations
satisfying the condition # C # C 7** C 7*.

2. Selfadjointness of %(A4). We consider the problem mentioned in the Introduc-
tion for *-representations of the polynomial algebra generated by one hermitian

element.

THEOREM 2.1. Let ) be a dense subspace of a Hilbert space ), A an hermitian
element of L*(D) and P(A) the polynomial algebra generated by A. Suppose the
Oy -algebra (P(A), D) is closed. Then the following statements are equivalent.

(1) (P(A), D) is standard.

(2) (P(A), D) is selfadjoint.

(3) P(A)D = 9D. B

(4) A is essentially selfadjoint and ) = N7_ D(A").

(5) A" is essentially selfadjoint for n = 1,2,. ...
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Prookr. The implications (1) = (2) = (3) are clear.

(3) = (4): We first show that P(A) is an algebra. Let C,, C, be elements of P(A)’.
Since P(A)*C,¢ = C,P(A)¢ for each ¢ € D and P(A) € P(A), and P(A)D = D,
we have P(A)C, & = C,P(A)¢. Therefore, C,C,P(A)¢ = C,P(A)C,¢ = P(A)C,G,é.
Hence, P(A) is an algebra. By [8, Lemma 3.2], 4 is essentially selfadjoint. Let
A = [ A dE(X) be the spectral resolution and x an element of N%_ )(A"). Then
there exists a sequence {£,} in ) with lim,_ £, = x. We put E, = [" dE(X). Then
E, € P(A4). Hence, E ¢, € P(A)D = 9. Furthermore, since lim,_, E ¢, = E,x
and lim, A, E,¢ = A, E,x (n,m=1,2,...), and (P(4), D) is closed, we have
E,x € 9. Since lim,_, E,x = x and lim,_  A"E x = A"x for m=1,2,..., we
have x € 9.

(4)=(1): Let 4= [ NdE(\) be the spectral resolution of the selfadjoint
operator A and E, the projection defined by E, = [" dE(X\) (n = 1,2,...). Let P(1)
be a polynomial. Then P( A) is defined by

P(A) = [T P(\)dE(N)
[ee]

and
domain D(P(4)) = {x Eb; /_Z|P()\)|2a'||E(}\)x||2 < oo}.

It is well known that P(A4) is a closed operator. Clearly we have P(A4) C P(A). Let x
be an element of D(P(A)). Then E,x € 9D for n = 1,2,.... Since lim,_  E,x=x
and lim,_  P(A)E,x = P(A)x, we have x € )(P(A)). This means that P(4) =
P(A). Consequently, we have

P(A)*= P(A)*=P(A)*=P(4)= P(4).
Therefore, (P(A), D) is standard.
(1) = (5): This is trivial. B
(5) = (4): Since 9 is closed, we have %) = N%_, D(A"). By the assumption,
A" = A" forn = 1,2,... and, hence, D = n>_, P(A™). O

LEMMA 2.2. If A is an element of £(°D) and n is a natural number, then

D(A*") = () D(A**) and A* &= A**¢
k=1

for £ € D(A*"Yand k = 1,2,...,n. In particular, we have
o0 0
N D(A*") = N D(A"™).
n=1 n=1

PROOF. We prove this by induction. It is clear for n = 1. We suppose it holds for
n. Since (A*)"*! C (A""")*, we have
n+1
D((4%)""") € M D(4**)

k=1

and
(47 )= (4%)"™'g forg € D((4)™).
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For each £ € N7} D(A**) and n € D we have
(An|a*g) = (An|a™g) = (4" 'n|€) = (] (4"")*¢),

which implies that A4*"¢ € D(A*) and A*A4*"¢ = (A*)"T1E = (A" H*¢. O
LEMMA 2.3. If m is a *-representation of a *-algebra @, then 7**(Q) = #n(Q)'.

PROOF. It is clear that 7**(@) C #(&)'. Let C be an element of 7(&)". For each
x €EQ, & €D(w)and n € D(7**) we have

(Ca**(x)n|§) = (7**(x)n| C*¢) = (7*(x*)*n| C*¢)
= (n|7*(x*)C*¢) (by C*¢ € D(n*))
= (n|C*n(x*)¢) (by C€n(@))
= (

Cn|7r(x*)§).

Hence, Cn € (7*) and Cr**(x)n = 7n*(x)Cn for each x € @ and n € D(7**),
which implies that C € 7**(®)'.

THEOREM 24. Let P(x,) be the free commutative algebra generated by one
hermitian element x, and m a *-representation of P(x,) on a Hilbert space. Then ©* is
selfadjoint if and only if m(x,) is essentially selfadjoint.

PROOF. Suppose that 7* is selfadjoint; that is, #* = #**. Then 7*(P(x,)) is an
algebra. By Lemma 2.3 m(%(x,))’ is an algebra. It therefore follows from [8, Lemma
3.2] that =(x,) is essentially selfadjoint. Conversely, suppose that 7(x,) is essentially
selfadjoint. By Lemma 2.2 we have

a7) = O D(r(x5)") = () (x0)*).

n=1

Since m(xy)* =7*(xo) = m(x,), we have

D(7*) = fj\@(ﬂ(xo)") = f_ﬁ@(w*(xo)").

It follows from Theorem 2.1 that #* is selfadjoint. [J
We next give a suggestive example.
ExaMPLE 2.5. We deal with L2[0, 1] as the fixed Hilbert space. Let S be a closed

operator defined by

D(S) = {fe clo,1]; f(x) — f(0) = Lxg(t)dt for some g € L?[0, 1]},

sf=-ig forfeD(s) [ f(x)=0)= [ sy a).
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We introduce closed operators obtained by S as follows:
D(T) = {f€D(S); f(1) = f(0) = 0},
NT,) = {f€DS); /(1) = f(0)} forcEC,
NT,) = {f € D(S); £(0) = 0},
T=S|%9(T),
T.=S|9(T,) force CU{o0}.
Among these operators the following relations hold: T* = S, T* = T 5 (¢ # 0),
T¢ =T, and T C T, C T*. These show that T, is selfadjoint if and only if | c|= 1.

Let @ be the free commutative algebra generated by an hermitian element x,. We
now define representations of € on L2[0, 1] by:

N(w) = ﬂGD(T")— {fec=[o,1]; (1) =f"(0) =0,n=0,1,2,...},

n=1

D(r) = N DT) = (f€ C2[0,1]; /(1) = of™(0),n = 0,1,2,...)

n=1

forc € C,

D(m)= N VTL) = (f€ C=[0.1]: f(0) = 0,n=0,1,...},

m(x9) = i /D(m). mx) = i3 /Nm) (e €CU()).

Then we have the following results:

(1) D(r*) = C=[0.1].  7*(xy) = —I—/‘“(W*)-

(2) 7 Cam Ca* forc €ECU {o0}.

(3) m**=a, wr=as (c#0), #t=mu, wf=m.
(4) m, is a *-representation if and only if |c|= 1.

In this case, 7, is selfadjoint.

() m(xo) =T, 7*(xo) =T* 7(x,) =T, (c € CU {}).

6  Am) = N7g)"). A== N (7 m)),
n=1 n=1

D(m,) = ﬁ@(w‘.(xo)") forc € CU {o0}.

n=1

We next define subrepresentations of 7, (c € C U {0}) by:
D(,m) = {f€D(m); fR(1) =fP0) =0,k=n,n+1,..},
T x0) = 7(x0)/D(,m.) forn=1,2,....
Then we have the following results:
(7 TCM G GG O

€ # Fne * ¢
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(8) LT =a¥ forn=1.2,....
9) 7. 1s a *-representation if and only if |c|= 1.
(10) JTAxo) =T, forn=1,2,....
< o —
(11) D,m) e M2 ,mlxe) ) =Dm,).
k=1

REMARK. Let @ be the commutative algebra generated by an hermitian element x,,
and 7 a closed *-representation of & on a Hilbert space.

(1) Although 7* is selfadjoint if 7(x,) is essentially selfadjoint, 7 is not always
selfadjoint (see Example 2.5 (7), (9), (10)).

(2) The condition % = M*_ D(m(x,)") does not always imply that m(x,) is
essentially selfadjoint (see Example 2.5(1), (6) and Theorem 2.1).

(3) The essentially selfadjointness of 7(x,) does not always imply the condition
o) = MN%_, D(w(xy)") (see (1) and Theorem 2.1).

(4) The essentially selfadjointness of 7(x,) does not always imply that of 7(x,)"
forn =1,2,... (see Example 2.5(7), (10) and Theorem 2.1).

(5) Let 7 be a closed *-representation of a *-algebra @. Although #(&) is a von
Neumann algebra if the condition #(& )®D(7) = °D(7) holds, the converse does not
always hold (see Example 2.5(7), (8), (9), Theorem 2.1 and Lemma 2.3).

3. Standardness of (A4, B). In §2 we have shown that (P(A4), D) is selfadjoint if
and only if (P(4), D) is standard. But in the Oy-algebra (9(4, B), D) generated by
two commuting hermitian operators A and B, selfadjointness does not always imply
standardness [8, Example 3, §V]. In this section we investigate the standardness of

P(A, B).

THEOREM 3.1. Let P(x, y) be the free commutative algebra on two hermitian
generators x and y. Let my be a *-representation of P(x, y) on a Hilbert space V). Then
the following statements are equivalent.

(1) There exists a standard representation w of P(x, y) on by which is an extension of
-

(2) There exists a normal operator C on Yy which is an extension of m(x + iy).

In this case, we can define 7 as follows:

a(m)= N (e = () (D47 1 D(B7))

n=1
and
m(x) =A4|D(7), a(y)=B|D(r),
where A = 3(C + C*) and B = % (C — C*).

PROOF. (1) = (2): Let 7 be a standard representation stated above. Then 7(x + iy)
is a normal operator satisfying the condition mentioned in (2).

(2) = (1): Let C be a normal operator on h which is an extension of my(x + iy).
We put 4 = 3(C+ C*) and B= 5,(C— C*). Then 4 and B are selfadjoint
operators with mutually commuting spectral projections. Let 4 = [ A dE () and
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B = [ A dEg(A) be the spectral resolutions of 4 and B. We put E(A,p) =
E (N)Eg(p). Then for each polynomial P(A, ) of two variables, we can define a
closed operator P(A, B) on }) as follows:

WP(4,8) = (€€ b3 [ 1PN )P AIER W& < o .

P(A, B)t = /P()\, p)dE(N, p)¢ foré € D(P(A, B)).

In particular, putting P(A, p) = A + ip, we get C = P(A, B). When we put P(\, p)
= P(A, p) for any real A, p, it is known that P(A4, B)* = P(A, B). When we put
D(w) = NZ_,D(C"), it is clear that

D(m) CD(w) and D(m)= () D(P(4,B))= () (D(4") N D(B")),
p(A.p) n=1
for we have D(C") = D(A") N D(B"). We define an Oy-algebra ¥(4,, B;) on
() as follows:
Ay= A|D(x), By=B|D(x), P(Ay. By) = P(A. B)|D(r).
P(Ay, By) = {P(4y. By) | P(X, p) : polynomial}.

The involution * on (4, B,) is defined by P(A,, By)™ = P(A,, B,). It is clear
that (P(4,, B,)., ®D()) is closed. Now we show that (P(4,, B,), D()) is standard.
We put

E, = (En) = E,(-n))(Eg(n) — Eg(-n))
for any natural number n. Let P(A,pn) be a polynomial and £ an element of
“D(P(A. B)). Since E,§€Nn), lim,_  E¢=¢ and lim,_,P(A,, B))E,¢ =
P(A. B)t. we have £ € “)(P(A,, B,)) and P(A,, B,)¢ = P(A, B){. This means
that P(A,. B,) = P(A. B). Consequently,

P(A,.B))* = P(A,.B))* = P(A,B)* = P(A, B)
= P(Ao~ Bo) = P(Ao’ Bo)+ .

Therefore, (“P( A4, B,), “D(m)) is standard. Now it is almost clear that the *-represen-
tation 7 of %P(x, y) on b defined by #(P(x, y)) = P(A,, B,) satisfies the condition
mentioned in (1). O

THEOREM 3.2. Let %) be a dense subspace of a Hilbert space Y. Let A and B be
hermitian elements of £ (D) satisfying AB = BA and (A, B) the commutative
O, -algebra on %) generated by A and B. Then the following statements are equivalent.

(1) (P(A, B), D) is standard.

(2) (P(A, B), D) is selfadjoint and there exists a normal operator C which is an
extension of A + iB.

(3) A4 and B are essentially selfadjoint, D = N>_ (D(A") N D(B™)) and there
exists a normal operator C which is an extension of A + iB.

(4) 4 and B are selfadjoint with mutually commuting spectral projections and
(P(A, B), D) is a closed O}-algebra satisfying F(A, BYD = 9.
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PROOF. (1) = (2): Suppose that (P(A4, B), D) is standard. Then (P(4, B), D) is
selfadjoint and A + iB is normal.

(2) = (3): Let m, be the identity representation of P(A4, B) on §). Then by the
assumption and Theorem 3.1, there exists a standard representation 7 of (A, B) on
b, which is an extension of m,, with D(7) = N¥_ (D(A}) N D(BY})), B)), m(4) =
A, |D(w) and m(B) = B, |D(7), where 4, = 2(C ¥ C* )and B, = %(C — C*). On
the other hand, the selfadjointness of m, shows that =, is identical to 7, for the
selfadjoint representation of a *-algebra is maximal. Therefore 4 and B are essen-
tially selfadjoint. Furthermore, A C A4, (resp. B C B)) and the selfadjointness of 4,
(resp. B,) shows that 4 = 4, (resp. B = B,). Therefore,

o0
D=(z) = N (DA") N D(B)).
n=1

(3) = (4): As in the proof of (2) = (3) we see that A and B are selfadjoint
operators with mutually commuting spectral projections. The selfadjointness of
(A, B) implies that (A4, B) is closed and P(A4, B)D = 9.

(4) = (1): Since the spectral projections E,(A) and Eg(p) of the selfadjoint
operators A and B are mutually commuting, we have E ()), Ez(p) € P(A, BY =
P(AY N P(B)Y for —oo <A, p< oo. Hence, P(A4, B’ C P(A, B). Furthermore,
since (A4, B)YD = 9D, it follows that P(A, B)'D =D and P(A, B) is affiliated
with the von Neumann algebra ¥(A4, B)” for each P(A, B) € ¥(A, B). Then the
Oy -algebra (A, D) generated by P(A4, B) and P(A, B)” becomes a closed EW*-
algebra on 9 over P(A, B)”, so that ¥ is standard by [5, Theorem 2.3]. Hence,
(A, B)is standard. O

REMARK. We note that we can prove a theorem similar to Theorems 3.1 and 3.2
for the *-algebra %P(x,,...,x,) generated by n commuting hermitian elements

XisenesXy
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