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ABSTRACT. Let P be a right-invariant pseudodifferential operator with principal part
P, on a simply connected two-step nilpotent Lie group G of type H. It will be shown
that if m( P,) is injective in &, for every nontrivial irreducible unitary representation
« of G, then P has a pseudodifferential left parametrix. For such groups this
generalizes the Rockland-Helffer-Nourrigat criterion for the hypoellipticity of a
homogeneous right-invariant partial differential operator on G. If, in addition, #( P)
is injective in §, for every irreducible unitary representation of G, it will be shown
that P has a pseudodifferential left inverse. The constructions of the inverse and
parametrix make use of the Kirillov theory, their symbols being obtained on the
orbits individually and then pieced together.

1. Introduction. Let § be a two-step nilpotent Lie algebra: § = G, @ G, where
[6, 6] C 6, and [6,, §] = 0. Let G be the corresponding connected, simply connected
Lie group. Identifying §* with 6} X GF we will frequently denote an element ¢ € §*
by ¢ = (n, {) withn € 6}, { € G}. We assume that some norm is given on §*. Define
® on §* by ®(n,¢)? =|nP + (¢ + 1)'/2 As in [17)], for x € § and a function p
defined on G*, let

D.p(£) =2 p(& + (ad 1x)7€) |

when the derivative exists. Note that D, p(§) is a derivative of p in a direction
parallel to O, where O, denotes the orbit of £ under the coadjoint action of G on §*.
Given m € R and Q an open subset of §* S™(Q) is the set of complex valued
functions p defined on § such that, for every k and every choice of x,,...,x, in &,

D, --- D, p exists and is continuous on {, and
k

(1.1) D, - D, p(&)| < C&(¢)" “II|ad x3¢|
1

for all £ € Q.

S§(G*) is the set of p € S™(8*) such thatp = p, + p, wherep, € S™%(6* — (0})
for some & >0 and r~"py(rn, r’¢) = py(n, §) for r > 0. Let S~*(G) be the set of
complex valued functions u defined on G such that F~!(u o exp) € S¥(9*) for all
k € R. Here F denotes the Fourier transform and exp: § — G is the exponential
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map. For p € S™(8%), A p): S 2(G) - S™™(G) is defined by A(p)u =
(Fp o log) * u. As shown in [17], given p € S™(8*) and g € S*(5*), there is an
element, denoted p#gq, of S™**(9*) such that A\( p#q) = A(p)A(q).

If £ € 6*, V C § is a subalgebra maximally subordinate to £ and V is a subspace
of § complementary to V, let 7 = 7 v be the irreducible unitary representation of
G on L*(V') as defined in [8, 16 or 17]. Every irreducible unitary representation of G
is unitarily equivalent to at least one such representation. For x € § let

. d
7(x) = —:Ew(exp 1x),_-

Then #(x) is a differential operator on V' for which the symbol is a real affine
function on ¥ X V* Define y,: V X V* - G* by

<\,b,,(t, 7). x> =syma(x)(z, 7).

Y, is a symplectomorphism of ¥ X V* onto that orbit _ of the coadjoint action of G
on §* which corresponds to 7 in the Kirillov theory (see [17]). If p € S™(8*), define
«( p) to be the pseudodifferential operator on ¥ with Weyl symbol p o .. In [17] it
is shown that 7( p#q) = 7(p)7m(q) for p € S™(6*), ¢ € SX(9*) and furthermore
a( p) agrees with the usual definition of #(P) when P = A( p) is a partial differential
operator, i.e. when p is a polynomial.

For { € 6} define the alternating bilinear form B on &, by B.(x, y) = {{.[x, y]).
Following Lévy-Bruhl [12] we say that ¢ is of type H if rank B, is constant for { # 0.
Note that this is less restrictive than the statement of type H or hypothesis H as
given in [14 or 19], where § is said to be of type H if B, is nondegenerate for { # 0.
For example, if § is the free two-step Lie algebra on three generators (a six-dimen-
sional Lie algebra), then rank B, = 2 for { #* 0, while dim §, = 3. The primary
obstructions to developing the main results of this paper for general step two groups
lie in proving Lemma 8 and Corollary 1, in general.

In the following theorems the “trivial representation” is the one-dimensional
identity representation. S_ is the space of C® vectors for #: &, = S(V) when

T = 'IT&VJ;.

THEOREM 1. Let S be of type H and let p € S{'(S*). If w( p) is injective on S, for
every irreducible unitary representation w of G, and m( p,) is injective on S_ for every
nontrivial irreducible unitary m, then there is a ¢ € S™"™(6*) such that N\(¢)A\(p) = I.

THEOREM 2. Let G be of type H and let p € SJ'(§*). If w( py) is injective on S_ for
every nontrivial irreducible unitary representation w of G, then there is a ¢ € S™"(6*)
such that g#p — 1 € S™X(8*) for all k, and hence A\(¢)\(p) — I: &*(G) - &(G).

Since A( p) is the formal adjoint of A( p), and 7( p) is the formal adjoint of 7( p)
for each 7, the above theorems, when applied to p, give sufficient conditions for the
existence of a right inverse or right parametrix for A( p).

The statement that ¢ € S™(6*) is not strong enough to imply that § €
C*(§ — {0}), i.e. that A(q) be pseudolocal. (For example, when G is abelian,
g € S%8*) if and only if g is continuous and bounded.) We introduce the following
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more restricted classes of symbols: p € S™(8*) if p € 6(9*) and there is an e,
0 < e < 2, such that for all a and 8

ID2DEp (1. )| < Copo (. £)" 1~

for all (0, {) € 9*. In connection with Theorem 2, we prove that if p € S:(;"(Q*), then
g € S™™(8*), hence A(q) is pseudolocal and A( p) is hypoelliptic. We also have the
following converse.

THEOREM 3. Let G be step two nilpotent. Suppose p € S™(8*) is homogeneous in the
sense that for some ¢ >0, p(rn, r’) = r™p(n,{) for all (n, $) such that |q| +|¢|'/?
=c and all r=1. If N(p) is hypoelliptic, then w(p) is injective on S, for every
irreducible unitary representation m for which min{|n| +|¢|'/% (9,§) €6} = c.

Note that the homogeneity condition is needed, for there exist polynomials
p € S§'(8*) for which A( p) is hypoelliptic but #( p,) is not injective for all nontrivial
m, for example p(7,,M,,¢) =} + in, on the Heisenberg group. (A(p) is hypo-
elliptic by Hormander [10] or Miller [16].)

Theorems 2 and 3 are, of course, analogs of the following theorem of Helffer and
Nourrigat: If P is a homogeneous left invariant partial differential operator on a
nilpotent group G, then a necessary and sufficient condition for P to be hypoelliptic
is that 7(P) be injective on S, for all nontrivial irreducible unitary representations 7
of G. This theorem was proved in full generality in [9]. It was first given for the
Heisenberg group by Rockland in [18]. Other proofs of various degrees of generality
are given in [4, 3, 7, 15, and 8]. The necessity of the given condition was proved in
full generality by Beals [3], and our proof of Theorem 3 is only a modification of his
proof. For the Heisenberg group H”, in studying local solvability, Geller [6] has
carried the analysis further and shown that if P is elliptic in the generating directions
(i.e. w( P) is invertible for the nonzero one-dimensional representations), then there
are homogeneous distributions £ and R such that PE =8 — R, u — u * R is the
projection in L>(H") onto [PS(H")]*, and E is real analytic away from 0. Melin
[13] recently gave a parametrix version of this result, which incidentally allows for
the treatment of some situations when P is not homogeneous. His construction
makes use of the Weyl pseudodifferential operator calculus at the orbit level, as does
the construction in the present paper.

When G is step two nilpotent the existence of a pseudodifferential left parametrix
for all left-invariant homogeneous hypoelliptic partial differential operators was
proved in [16]. That proof was based on certain a priori estimates which, by a
general theorem of Beals [2], imply the existence of a parametrix. A similar proof
could be given for those invariant pseudodifferential operators for which the symbol
p is smooth and satisfies estimates of the form | D*p(£)|< C,®(¢)™ ™ for partial
derivatives in all directions.

The present constructions of an inverse (Theorem 1) or a parametrix (Theorem 2)
are more direct. The idea for Theorem 1 is, in fact, quite simple: Each of the
operators 7( p) has an inverse which is a pseudodifferential operator on ¥ (Lemma
7). Let g, be its Weyl symbol. Define g on €, by qls. = ¢, © ¢, !. The difficulty is to
show that ¢ € S-"(G*).
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To construct a parametrix for A( p) under the hypotheses of Theorem 2 it does not
suffice to simply let gly = g, © ¢, ! where g, is a parametrix for 7( p). The problem
is that the remainder terms obtained by the standard parametrix construction
behave badly as the orbits get far away from 0. Indeed, as we show below, there is a
parametrix g, for #( p) for all infinite-dimensional = under the weaker hypothesis
that #( p,) be invertible for all nontrivial one-dimensional representations o, which
is not a sufficient condition for the hypoellipticity of A(p). The hypotheses of
Theorem 2, however, imply in addition that there is a C such that #( p) is invertible
for those representations for which |, |= C. (If O is the orbit for 7, then {, = £|; is
independent of the choice of ¢ € 0.) The symbol of the parametrix in Theorem 2 is
then obtained by piecing together orbitwise parametrices for those orbits for which
| <, | is small together with orbitwise inverses for those orbits for which |{, | is large.

2. Lemmas. We begin by deriving some coercive estimates for the symbol and
principal symbol. Let (¢)= (¢ + 1)'/2 and [0, {| =[] +|¢ |/

LEMMA 1. If p € SJ(6*) and m( p,) # O for all nontrivial one-dimensional represen-
tations m of G (i.e. py(m,0) # 0 for all n € ¥, 1 # 0), then there exist C and c,
0 <c <1, such that

(2.1) lpo(m. )= cllm g™ if 161 < clln. €1 # 0
(2.2) p(n. )= clln, 81" if 1< clln. §1° and n, §1> C:
(2.3) ulpo(m, §)| = c®(n,§)" if (§)<c®(n,¢)%;
(2.4) (0. )= c®(n, )" if ({)<c®(n.{)"

PROOF. By the continuity of p, there is a ¢, 0 < ¢ < 1, such that
(2.5) lPo(n. §)[= ¢ if [, ¢ = T and [§[<c.

For (7, ¢) € 8*, (0, {) # (0,0), let r = ||n, {||”". Then (2.1) follows from (2.5) and
the homogeneity of p,. Since r~"p(rn, r’{) converges to py(n, §) uniformly on the
compact set {(n,¢): |Im,¢$Il=1, |§|<c} as r— oo, there is a C such that
remp(rn, r3) = cif |In, ¢l = 1, |$|< ¢ and r = C. This implies (2.2). For ¢ and C
satisfying (2.2) let ¢, = min{c, C™2}/2. Suppose ({)< c,®(n, $)% Then |y} =
(c;' = 1){¢)=(¢™' — 1)|¢|, which implies both ||n, || = C? and |{|< c|n, {|I*.
Thus, |p(n, ¢)|= c|n, §||™ and, moreover, since ||, {|| is bounded below, there is a
C, such that ®(n, {)™ < C\|n, §||™. This proves (2.4). Similarly, (2.1) implies (2.3).

LEMMA 2. If p satisfies the hypotheses of Lemma 1 and, in addition, w( p) # O for all
one-dimensional representations m of G, then there is a ¢, 0 < ¢ < 1, such that

(2.6) Ip(n. )= c®(n, §)" if ¥ < c®(n.§)".

Proor. This follows from (2.4) and the fact that given C there exists ¢, > 0 such
that | p(n, )= ¢, if [§|< ¢, and [|< C.
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Let V be a d-dimensional real vector space with a linear coordinate system. If
P, q € C®(V X V*), define

d 92 92 J
@1 = | (55~ s )| P 000 e

i=1
Let p € S™(9*), ¢ € SX(9*). For any orbit ¢ of the coadjoint action of G on §*,
define { p, g}, on O by

(P}l ={Potn.qod,} 0¥,

where 7 = 7, , ;7 is an irreducible unitary representation corresponding to O in the
Kirillov theory. The definition is independent of the choice of the particular
representation =, since iy, is a symplectomorphism and (2.7) is a symplectic in-
variant. Let = G} X (85 — {0}). As shown in [17], it follows from Theorem 4.2 of
Hormander [11] that -

(2.8) 517 {p. q}, € 874 2(Q),

and, furthermore, givenJ > 0,

(2.9) p#q= 2 (2i)"{p.a},/i'+n,
J<J

where [{[/r, € S™TE2/(Q).

LEMMA 3. Let @ = §F X (8} — (0)). If p satisfies the hypotheses of Lemma 2, then
there is a b € S™"(Q) such that |§[/(b#p — 1) and |{|/(p#b — 1) are in S2(Q)
for all J = 0.

PrOOF. The proof is a modification of the standard parametrix construction.
Choose F € C*(R) such that F(r) = 1if |r|= 2 and F(r) =0if |r|< 1. For |{|# 0,
define ¢,(n, {) = F(e;®(n, { )21¢["), where {¢;)3 is a decreasing sequence of posi-
tive numbers such that ¢, < ¢ (the ¢ of Lemma 2) for all j >0 and lim € = 0.
Further restrictions will be placed on {¢;} in the course of the proof. Let by = ¢, p~'
and define b, recursively by

J
(2.10) by=-¢p" 2 {b_,.p}, (20) /K.
k=1

By Lemma 2, b, € S™"() and by induction, |{[/b, € S 2/ for all ;. Because
g - 0 we can define b = 3 j=0bj € §™™(R), since the sum is locally finite on Q.
Given k, J and j > J there is a C, ; such that

J+1

k
[Py, - Doby(n, )] < Gl @(n, ) T Jad xx(n, €]

i=1
for any x,,...,x, €G. On the support of b;, [$1®(n, §)72 <¢;, so by choosing
¢, <2/min{C;};: k <j,J <} we obtain
(2.11) 57 3 b € sm2(g)

j>J
for allJ.
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For any a and j, D;¥(1 — ¢;) is a linear combination of terms of the form
k

FO(e,0(n, Vi) TT (117 D0 (n, 7).

i=1
where Sa(i) = a. If |a|>0, |{['®(n, {)? is bounded above and below on the
support of D%(1 — ¢;); thus for any J

ID(1 = ¢,)(n, §)| < C,y®(m, )™ (18] @(m, £)?)

-J

Hence,
(2.12) K17(1 = ¢,) € S/(Q) foralljand.J.
For anyj, J = 1, (2.10) and (2.12) imply
J J
- - J oo
S (bwp) D) k= (1—¢) T {b_,.p}, i) /k1ER] S(Q).
k=0 k=1
Hence,
J J J ” ;
2 (b#p)= 3 2 {b_s.p},(20) /K1 + ([ S(Q)
Jj=0 Jj=0 k=0
J
= ¢y +¢'S2(Q) = 1 +¢'s(Q).
It now follows from (2.11) that
57 (b#p — 1) € S7(@)
for all J = 0. By a similar argument, there is a b € S~"(Q) such that | { [/( p#b — 1)
€ S2(Q). Hence |¢[(p#b — 1) € S™H(Q), for all J = 0.

LEMMA 4. If p satisfies the hypotheses of Lemma 1, then there is a b € S™™(8*) such
that ($)~/(b#p — 1) and ({) I(p#b — 1) are in S™*/(8*) for all J. If, in addition,
p € $™(8*%), then b € S~™(8*), and for all a, B and J, ($)'D:DE(b#p — 1) and
($)'DeDE(p#b — 1) are in S7 7 B(G¥),

PRrOOF. The proof is the same as for Lemma 3, replacing |{| by ({) and € by 6*
throughout.

We next give a parametrization of the infinite-dimensional irreducible unitary
representations of G. Since § is of type H there is a d such that the bilinear form B;
has rank 2d for every { # 0, { € 8}. As in [16], given { € §F — {0}, there is an
orthonormal basis B(§) = {Yi($),..., Y2,(8),..., Yu($)} for G, such that

(2.13) (6. [Y2a(0). Y(O)])=A,(8) >0 forj<d, and
<§, [);({), Yk(g‘)]>: 0 for all otherj and k, k <.

Given {, € 95 — {0} we may assume that the elements of the ordered basis B({) are
chosen smoothly on some open neighborhood of §,. Also, if r > 0, then we may
assume that

(2.14) Y(r8) = Y,(5) and A,(r§) = rA, ().
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Thus, 8% — {0} can be covered by finitely many open cones I'"’,...,T") such that
there are smooth functions X: T*) > R and Y*: T®)  §, for which $({) =
(YI(E),..., YER(§)) satisfies (2.13) and (2.14) for all { € T%) and such that

(2.15) AOR) =g forl<j<d,§€TH,

where ¢ > 0 is constant, for 1 < k <.

Let T be any one of the cones just described. As shown in [16], given { € T' and
p € RY7? there is an irreducible unitary representation, which we denote 7, of G
on L*(R?) such that

(2.16) w (GO =N /(). 1<j<d,
i (Ya(9))f(1) = -idf/ot, 1<j<d,
(Y 2a ) () =K1 P, f(1),  0<j<N-2d.
Let Uy f(1) = fN() 211, A ()72 )2 A (£)/* and let m,, = U;'#, U Then

@17) T (L)) =N (), 1<j<d,
7 (Y a(§)) = =iN,(8)%0f /01, 1<j<d,
WPC(Y/'+24($°)) :|§'I/ijf(t), 0<j<N-2d.

Define the smooth bijection ¢: R?Y X RV 724 X T - §¥ X T by

2d N—2d
§(w, P,{) = 2 M{,Y;({)* + 2 P/);'+2d(§)*’§
j=1 j=1
where {Y,($)*,..., Yy($)*} is the basis dual to B({). Given p € S™(§F X I') define
p' onRY X T by
(2.18) P'(w,p,8) =p(&(w,p,¢)).
Given (w, p, {) € RV X T the unit vectors {Y,()*,. .., Y,,($)*} form a basis for the

subspace parallel to the orbit containing £(w, p, ). Hence, there exist x; = x;(§)
such that Y,(§)* = (ad x,)*(w, p, {). Since D, p'(w, p,{) = D, p(£(w, p,{)), it
follows that p € S™(8F X T) if and only if for all « € N2¢, D2p’ is continuous on
8¥ X T and

. 2 2 (m—la))/2
(2.19) Dzp(w, 0. < CfIwl + ol + 8] +1) :

If @ C6* let S™(Q) denote those functions p for which (1.1) holds (i.e. (2.19)
holds for p”), but for which the derivatives D, --- D, p are not necessarily continu-
ous.

Lety,; =y, for 7 =« ;. Then y,,;: R** - §* is given by

e (w) = £(A) w180, ¢).
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Let p,, be the symbol of the pseudodifferential operator 7,.( p); that is, p,(w) =
P o (W) = p'(ME)?w, | £/ %0, §). p’ satisfies (2.19) if and only if

2 _ m—ial)/2
D)= A il M) ]+ 17+ 14107 )|

for all (w, p, {) € R¥ X T.
Since Aj(§/|§|)_=|§’|")\j(§‘) and }\j(§/|§|)" are both bounded on T" by (2.15) it
follows that p € S™(8F X T') if and only if for all « € N2 there exists C, such that

« m/2 2 2 -1\ (m—la)/2
(2.20) [Dpoc(w)| < CRI™ (™ + lel™ + 1 +131)

for all (w, p, ) € RY X T.
Givenc>0,weletI', = {{ €T:|{|>c}and [ = ({ €T |§|<c}.

LEMMA 5. Given ¢ > 0, the following are equivalent:

@) |¢[*r € S72%(8* X T,) forall k € N.

(b) Forallm € N, {{p)"n,.(r): p € R" >4 ¢ €T} is an equicontinuous family of
operators from S*(R?) to S(RY).

PROOF. By (2.20), (a) is equivalent to

|D°‘rp§(w)|< Ca,k(|W|2 i |p|2 n l)—(2/(+|azl)/z

for all a, k and (w, p, {) € RY X T.. This, in turn, is equivalent to

|Darpf(w)| < Ca‘/.m<w>-j<p>_m

for all a, j, m and (w, p, {) € RY X T, which is equivalent to {(p)™r,;: p € RV 29,
{ €T} being bounded in S(R??) for all m. The lemma now follows from the
Schwartz kernel theorem and the Banach-Steinhaus theorem.

LEMMA 6. Given ¢ > 0, the following are equivalent:

@) |§[*r € S7H(8* X I7) for allk € N.

(b) Forallmand k € N, {{p)"|{[*m,(r): p € RN"24 ¢ € I} is an equicontinu-
ous family of operators from $*(RY) to S(RY).

PROOF. By (2.20), (a) is equivalent to

2 “1\ -k +a) /2
[Ders(w) < CoalIwl” + lo” + 1 +[17)

for all a, k and (w, p, {) € RY X T. Since | {| is bounded on I, this is equivalent to
k 2 2 -m
IDa’pg(W“ < Ca.k.m|§| (|W| + |P' + 1)

for all &, k, m and all (w, p, {) € RY X T. The remainder of the proof is the same
as for Lemma 5.
For p € R¥ 724 define x, on R? X R’ by

2 2 2 1/2
X, (1) =l +Ir" + |0 +1) 7",



INVERSES AND PARAMETRICES 729

Then (x,, 1) is a pair of global coercive weight functions as defined in Beals [1]. For
k € R let Sy(R*?) be the set of smooth functions p defined on R?? such that for all
a € N“and B € N¢

(2.21) |DEDEp(1, 7)< Cox (1, 7)< ™.

Let H)fp(R" ) be the corresponding Sobolev space, with norm denoted || ||, ,. We will
simply write x for x,.

For { € 8% — {0} and p € R¥ "2 there is a ¢ > 0, depending on p and ¢, such
that

ex(w) < ®(w,e(w)) < 'x(w).

If p € S§"(6*) satisfies the hypotheses of Lemma 1, then by (2.4) there exist C and
¢ > 0 depending on p and { such that

(2.22) |pc(W)|= ex(w)™ if [w|= C.
The next lemma follows from (2.22) and theorems in §7 of [1].

LemMa 7. Let p € S§'(9*) satisfy the hypotheses of Lemma 1. Let w = m, for
§ €8 — {0} and p € RY™*“. Then ( p) is a Fredholm operator from HJ***(R?) 10
HY(R’) for all k, and the kernel of m(p): H**(R?) — HX(R) is contained in S(R*).
If m( p) is injective on S(R?), then w( p) has a left inverse which is a pseudodifferential
operator with symbol in S;™(R*“).

LEMMA 8. Suppose m =0 and ¢ > 0. Let p € S§"(6*) satisfy the hypotheses of
Lemma 1. Suppose that both m( p) and m( p,) are injective on S, for all m = m,, such
that | {|= c. Then there is a C such that

-m/2
(2.23) lull < CIET™ 17,5 ( p)u
forallp € RN ™24 £ € 8% |¢|= c, and u € LY (R?), where || || denotes the L*-norm.

PROOF. Let b € S™™(9*) have the properties stated in Lemma 4. Let Py = m(p),
B, =m(b)and R, = I — B, P,,. By Lemma 5 there is a C; such that [p[||R . ul|
< C)|jul| for all |{|= c and all p. It follows from (2.20) that |{ ["/2b,, is bounded in
S,?(Rz“ ). Thus,

-m/2

-m/2 m/2
Jull < IS 8177 B Poga| + | Ryl < CIST™ 1By + ]2

if | p|= 2C,. Hence, it suffices to prove (2.23) for |p|< 2C,.
Suppose (2.23) does not hold. Then there exist sequences u € L% ¢ € G, |§j|> c,
and p, - p,, € RY"??such that ||u;|| = 1 and

(2.24) 51" s (p)u)| < 1.

Choose F € C*(R) such that F(r)=1if |[r|=2 and F(r) =0 if |r|< 1. Let
¢’ = ce(1 + ¢*)™'/* where ¢, is the ¢ of Lemma 1. If {§;} is bounded let ¢(n, {) =
F(c'®(n, $)*1€["), while if {§;} is unbounded let ¢(m, {) = F(c||n, $I2|1¢"). By
(2.2) there is a C, > ¢’ such that p(n,{) = c®(n, £)™ if |In, ¢I121¢"' =1 and
[§]1= C,. If {{;} is unbounded, by passing to a subsequence we may assume that
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I$;1=C, for all j. Let I' = {{ €6: |{|>C,} in the unbounded case and let
I' = {{ €65:|{|= ¢} in the bounded case. By (2.2) and (2.4) in either the bounded
or unbounded case a = ¢p~' € §~"(8F X I).

In either case let r = 1 — a#p. Then [{['r € S72(§} X T). If {§;} is bounded, by
passing to a subsequence we may assume that there is a { such that {, > ¢_, in
which case we let

-m/2

(2.25) AN pElL T P e,

m/2
ajzlgjl ao 11/5 'j,: 1 ——aj#p_/7

for 1 <j<oo. If {{;} is unbounded, then, by passing to subsequence we may
assume there is an w,, such that {,/|{;|— ,, in which case we define m;, p;, a; and r;
by 2.25)for 1 <j< oo and letw, =m, , ,p, =po° ¥, ,a, = (ép;')° ¥, , and
ro =1—a,#p,. Let P, A; and R, be the pseudodifferential operators with
symbols p;, a; and r; for 1 <j < 00. By (2.20), in both the bounded and unbounded
cases { p;} converges weakly to p,, in S7"(R*?) in the sense that { p;} is bounded in
S;"(RZ" ) and converges to p, in the topology of &(R*?). Also, {a ,} converges weakly
to a,, in S;"(R*), hence {r,} converges weakly to r, in S;*(R**). Thus {r}
converges to r,, in the topology of SY(R*?) and, consequently, |[R; — R_|| - 0 for
the operator norm on L2. Now

u;=A;Pu; + (Rj - Roo)uj + R u,,

where ||4;Pu || < C||Pu|| — 0 by (2.24) and |(R; — R,)u,|| - 0 by the preceding
remark. Since R, is a compact operator on L? (Theorem 6.11 of [1]), by passing to a
subsequence we may assume there is a u,, € L* such that u; — u_, in L. It follows
from (2.24) that ®_u_ = 0. Lemma 7 implies that ker P, CS, hence, by the
hypotheses of the lemma, u_, = 0. This contradicts ||u || = 1, which proves Lemma 8.

3. Inverses.

PrOOF OF THEOREM 1. We first show that it suffices to prove the theorem for
m = 0. Note that ®? satisfies the hypotheses of Theorem 1. Let ®,, = ®2# --- #®?
(k times). If p € S{'(8*) satisfies the hypotheses of Theorem 1, choose k so that
2k + m = 0. Then ®,,#p satisfies the hypotheses of Theorem 1. If A(g) is a left
inverse for A(®,,#p) = AM(®,,)A( p), then A(g#®,, ) is a left inverse for A( p).

Likewise, it suffices to prove the theorem under the assumption that =( p):
H7 RY) > HXR?) has a two-sided inverse with symbol in S, "(R*“) for all k and
each infinite-dimensional representation =. For if p € SJ'(§*) satisfies the hypothe-
ses, then so does p#p € S;™(6*). By Lemma 7, n( p#p) = n(p)*n(p): H*(RY) -
H *72"(R?) has a left inverse Q with symbol in S_>"(R*“). Hence, Q* is a right
inverse for #( p)*=(p) and Q* = Q when both are considered as operators from
HI" (R?) to HX(RY). If N(q) is a left inverse for A(p#p), then A(g#p) is a left
inverse for A( p).

Suppose £ = (n, §) € G} X 65 with { = 0. Then €, = (£} and 7,( p) is multiplica-
tion by p(#, 0), which is nonzero by hypothesis. Let g(7,0) = p(n,0)"".
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Recall that every infinite-dimensional irreducible unitary representation of G is
equivalent to exactly one of the representations 7,, with { € 6F — {0} and p €
RY 724 Given an orbit O of the coadjoint action of G on §*, O containing more than
one point, let 7 = 7, be the corresponding reprcsentation Let g,; be the Weyl
symbol for the inverse of 7,.( p). Define g on O by g|y = ;pp}‘. We shall show
that ¢ € S~"(6*).

Let @ =GF X (6F — {0}) and let b € S~™(Q) have the properties stated in
Lemma 3. Let r = 1 — p#b and r' = g — b. Let P, Q ., B,;, R, and R/ be the
pseudodifferential operators with Weyl symbols p,;, q,., etc., where p,. = p o y,,,
etc. Then

(31) R:;{ = Qp{(l - prBpi‘) = Qp{RPi"

Let T be any of the cones I'",..., T as described before (2.15). Choose any ¢, > 0
and let I‘(fl ={{ €Tl |¢|<c]). By Lemma 6, {|§|"Rp§: pERV Y te I/} s
equicontinuous from $* to §, where § = S(RY), and hence from L? to L%. Thus
IRl < C|{]|, and consequently there is a ¢, 0 <c¢ <¢,/2, such that if { €T,
then / — R,;: L? » L? has an inverse and {(/ — R,;)": p RV 2 ¢ €T} } is
equicontinuous from L? to L2. Since (I — R,;)™" = R,.(I — R,;)™" + I it follows
from Lemma 6 that {(I — R,;)™": p € R 724 ¢ €T} } is equicontinuous from § to
S. Since b € S™, it follows from (2.20) that {|"/%h,;: p ERY 724 { €T} } is
bounded in S;"(R*?). Hence, {|{["/*B,;: p € R¥"2¢ { € I3} is equicontinuous
from S to S. Note that

-1
B, (1= Ry) = QuPBy(I—Ry) = Q.

By 3.1),

o) I R =10 B (1= Rye) ™ (o) IR

Thus, for all positive integers j and k, {{p)’|§[**"/?R,;: p ERV >4, { €T3} is
equicontinuous from §* to §, and, hence, by Lemma 6

-k+m/2

(3.2) I£] r € §7K(6r X T3,)

for all k.

Let I,={{ €T: [¢|>c). By Lemma 8, {|{|"/?Q,;: p ER' {eT,)
is equicontinuous from L? to L. Let R ot = =1— B, P,,. By Lemmas 3 and 5, for
all k, {(p)kRpg' p ERY"2 ¢ €T} is equicontinuous from S* to S. Thus
(1$1"*{p) QxR p ERY™ 2" { €T,} is equicontinuous from §* to §* and,
hence, {|§|’"/2<p>"Rp§Q ¢ PE RN M eel,)is equicontinuous from & to §, for
all k. Since Q,; is a two-sided inverse for P,;, Q,c = R,;Q,; + B, . Thus, {|{|"/ 20,

p ERY? (€T} is equicontinuous from $ to &. Since |¢["/%( PYR, =
|§|’"/2Qp§(p)"Rp§, it follows from Lemma 5 that [§[**™/2r" € §-2K(GF X T,), for
all k. Therefore ' € S~™(Q) and, hence, g = r’ + b € S~"(Q).

It remains to be shown that D, --- D, g is continuous for all x,,...,x, € §. On
G¥ X T the continuity of the functions D, --- D, pisequivalent to the continuity of
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the map (p, {) - p,; from RY72¢ X T to &(R*). If { and {’ are in T, then
Qo ~ Goy = Qs (Poy = Do) #p-
Since the map (p, {) - p,; is continuous from R¥ 724 X T to &(R?), it follows that
the map (p, {) > g, is likewise continuous.
Finally, we show that D, --- D, qis continuous when { = 0. By (2.9), 1 = q#p =
gp + r, where | r,(n, $)[<|¢|®(n, §)2 for § # 0. Thus,

lim  g(n,¢) = p(n,0)”" = g(ny,0).
(1.8)—=(10.0)

Hence g is continuous. Given x € §, 0 = (D,q)p + ¢D.p + D,r,, from which it
follows that lim , ¢, _(n,.0D:9(n, §) = 0 = D,q(n,, 0). By induction,

lim D ---D q(n,{) =0,
(n.8)—(n0.0)

and, hence, D, --- D, q is continuous when { = 0, for all x,,...,x, € 6.

4. Parametrices and hypoellipticity.

PROOF OF THEOREM 2. Let ¢ be any positive number. By Lemma 7, if | {|> ¢ and
p € RY724 7..(p,) has a pseudodifferential inverse; let a,; be its Weyl symbol.
Define a on the orbit O corresponding to 7, by alp = a,, ° \pp‘{‘. It follows from the
proof of Theorem 1 that @ € S™"(8} X {|{|> c¢}). By (2.20), {|$"/%a,;: [$]> ¢} is
bounded in Sx'p'"(Rz“'), uniformly in p. Thus, there is a C such that

o < CIE1" % (o)

for all u € H'(R), p € RY > and |{|> c. Now p = p, + p, where

(m—e¢)/2
“'”pg( Pl)u“ < C1|§| “u”m.p-

It follows that there is a C such that if | {|= C, then
-m/2
ledlm.o < CIET™ e (p )]

For [{|= C, let §,, be the symbol of the inverse of 7,¢( p) and define §|o = g, ° Yt
where O is the orbit corresponding to 7. Let b € S~"(5*) have the properties stated
in Lemma 4. Choose ¢ € C{°(55) with ¢ = 1 for |{|< 2C. Define g € S~"(5*) by
q = ¢b+ (1 — ¢)4g. Since ¢ is constant on each orbit, g#p — 1 = ¢(b#p — 1) €
S-k(8*)for allk € N.

Let r = g#p — 1. To complete the proof of Theorem 2 we must show that A(r):
&*(G) - 5(G). For this purpose we will give a very rudimentary treatment of the
even integer Sobolev spaces for G. More complete treatments of Sobolev spaces on
nilpotent Lie groups appear in [18 and 20]. Since ®? satisfies the hypotheses of
Theorem 1, there is a ®_, € S72(6*) such that A(®_,) = A(®?)™". (It seems reasona-
ble to expect that #(®°) is injective for all s =0, in which case the following
treatment of Sobolev spaces would be valid for all s € R.) For integer £ > 0 let
o, =®2# .- #02and ®_,, = O, # --- #d_,. For integer k, let H2*(G) be the
completion of 5(G) with respect to the norm ||u||,, = |[A(®,,)u|, where || || is the
L%*norm. Let H*(9) denote the standard Sobolev space on the vector space 9:
¢ € HX(S) if and only if (1 + | ¢ P)*/%b(&) € L2
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If p € S¥/(8*), j an integer, then it follows from Theorems 3.1 and 4.1 of [17] that
A(®,,—2 )M P)N(®_,, ) is a bounded operator on L*(G). Hence, p € S*/(§*) implies
A p): H*(G) » H*~%(G).

In particular, u € H**(G) if and only if Pu € L*(G) for every left-invariant partial

differential operator which is homogeneous of degree 2k when k = 0. It follows that
if u € H**(G). k >0, then u o exp € Hf (). As usual, the pairing

(u, v>:fu6dg =/)\(¢2k)u)\(®_2k)vdg

establishes an isomorphism between H?*(G) and the dual of H?*(G). Since
N HE () C&(9), it follows that A(r): &*(G) - &(G) for any r € S™°(8*) =
N S-k(s).

Define the following class of symbols: p € $”(8*) if p € &(6*) and there is an ¢,
0 < & < 2, such that for all « and

(4.1) |DEDEP(n. §)| < Cop®(m. §)" A

COROLLARY 1. If p € SJ'(6*) satisfies the hypotheses of Theorem 2, then the q
constructed in Theorem 2 is in S™™(5*) and A( p) is hypoelliptic.

PROOF. Let b, § and C be as in the proof of Theorem 2. By Lemma 4, b € §~"(8*).
Let I' be any of the cones TV ..., I described in §2, and let I'. = {{ €T:
|$]> C}. For any p € S™(5} X I+) define p’ by (2.18) and let Lp = p’. Then L is a
bijection of S$™(&¥ X T-) onto a set of functions which will be denoted S™(R" X T,).
Define # on S"(RY X T.) X S*(RY X T.) by pi#p; = (p,#p,).

Denote elements of R by (w, p) where w € R*? and p € RV 724 For h € RV %4,
let g,(w,p,§)=q'(w,p+ h,§). As in the second paragraph of the proof of
Theorem 1, we may assume 7(§) is a two-sided inverse for #( p) for all irreducible

unitary representations 7 = 7, | {|> C. Hence,

—§ =q#(p —p,)#4q,
and, therefore,
(4.2) 9 _ 540wy
dp; dp;
Thus 33'/3p; € S~ (R X T;). Repeated application of (4.2) shows that Df§’' €
S§—m- I’*'(R"' X T'r), which yields the desired estimates (4.1) for all derivatives of § in
directions parallel to §}.
For { derivatives, (4.2) is not valid, but we may proceed as follows. m,.( p) has
symbol p,, where p,(w) = p'(A(§)"/*w,|{]'/?p, §). Hence for 1 < k < dim §,,

a ’
(4.3) a’;"() f’a%(m)‘”wm'”p,;)+p;(>~(:)'”w,|:|‘”p,§)

where

25w, 0,8) = ZA, () a—a—"— SRI78e 32
J
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Letp, = L 'p;and T, p = p, + 9p/d$,. It follows from (4.3) that
(4.4) T,(a#b) = T, a#b + a#T,b.

Since each A | is homogeneous of degree one in §, using (2.15) we see that if p satisfies
| Dyp(n, §)I< C@(n, §)™ ¥ for alla € RV and all { € T, then

(4.5) 8P € S™(8F X I¢).
Thus, if p € S™(8* X T,) then
(4.6) 57 Tep € S™(87 X T).

As before we may assume that p#§ = §#p = 1 for |{|= C. It follows from (4.4)
that 9§/0%, = -G, — §#T, p#4. Hence |{[/?0G/0$, € S™™(8F X T,). It follows
from (2.20) that

(m+e)/2 - _
(151" 7,(T,q): p € RV ¢ € T}

is equicontinuous from L2 to L? and, hence, by the same argument as in §3, is also
equicontinuous from & to &. Let ' = § — b = §#r, where r = 1 — p#b. Since

(m+e)/2 i N | p(mte)/2 ~ j
Iy (p) 7 (Tir') =] o (TeG) (P ) m (r)

m/2 . ite1€/2
+ m (§) o) 81 7 (Tyr)
for all j, it follows from (4.6) and Lemmas 4 and 5 that
1§ T,r' € S7(8r X I)
for all j. From (3.2) and (4.5) it follows that

<1 (r) € S_Zj(gf X FC)
for all j. Taking j = (m + ¢)/2, it follows that 9r’/3¢, € S—“'"_E(Q;" X I') and,
consequently, 3§/0¢, = 9b/3§, + 9r'/d5, € S™™¥(8* X T,). Proceeding by
induction, we obtain the desired estimates (4.1) for all { derivatives of §. Thus § €
$-"(8* X T,) and, hence, ¢ € S~"(§*).

Since g € S="(8%), y°zP4(y, z) € CK(8) for la| +e|B|> 2(n + k) — m, where
n=dim§ and y €6, z €6,. Thus § € C®(§ — {0}) and consequently A(g) is a
pseudolocal operator. Therefore A( p) is hypoelliptic.

PROOF OF THEOREM 3. The proof is a modification of that given by Beals in [3] for
partial differential operators.

Suppose 7 is an irreducible unitary representation of G such that ||, || = ¢ for all
(m,$) €0,, and v is an element of S, such that #(p)v = 0. For g € G, define
u(g) = (v, m(g)v), where (, ) is the L*-inner product.

For r > 0, define §,: §* - §* by §,(n, {) = (rm, r*¢). The transpose of 8, is an
automorphism of §, also denoted §,, and the exponential map pulls this over to an
automorphism 8, of G. Let #, = 7 o §,. If ¢ € S(§*), then

Ng)(u°8,)(g) = [q° log(h)(g™'h)o(1)5() dh dt

= (7,(g 2 log)v, 7(g)v) = (7,(q)v, 7,(g)v).
The last equality follows from Proposition 1.2 of [17].

|—j+(m+e)/2

—-j+(m+e)/2
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Given any g € S¥(8*) there exists a sequence {q,} in 5(§*) such that {q,} is
bounded in $¥(8*) and converges to g in &(§*). By a simple approximation
argument it follows that

(4.7) AMg)(ue8)(g) = (m(q)v,m(g)v)

for all ¢ € S¥(§*) and all r > 0. In particular, u € C°(G).

We may assume that « is one of the representations 7, ,, > as defined in [8 or 17],
since every irreducible unitary representation is equivalent to one of these. For
r=1,4,(t,7)=8,(t, 7) and ||y,(¢, 7)|| = c for all (z, 7) € V' X V*. Hence, p ° ¥,
=r"p orxp,, for r = 1, by the homogeneity hypothesis. Therefore, for r = 1,

Ap)(uod)(g)=r"(n(p)o,m(g)v)=0.

Since P is hypoelliptic, {w € C)(G): A(p)w = 0} C C'(G), where C)(G) is the
space of bounded continuous functions on G with the uniform norm and C!(G) is
the space of differentiable functions with the topology of uniform convergence of
functions and first derivatives on compact sets. The inclusion is continuous by the
closed graph theorem. Since {u 8 r =1} is a bounded subset of {w € CJ(G):
A(p)w = 0}, given a compact subset K of G and x € G, there is a C such that

(4.8) A(x)(u°8)(g)|<C forallg € K.

Ifge Gandx €6, k = 1or2, then r*A(x)u(g) = AM(x)(u  8,)(8'g). For fixed g,
{8, 'g: r = 1} is relatively compact; hence, it follows from (4.8) that r* | A\(x)u(g)|< C
for all r = 1. Therefore, A(x)u(g) =0 forallx G, UG, and g € G. Since §, U &,

spans §, it follows that u is constant. Thus (v, 7(g)v) = (v, v), and since 7(g) is
unitary it follows that #(g)v = v for all g. The irreducibility of = implies that v = 0.
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