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WEIGHTED LEBESGUE AND LORENTZ NORM INEQUALITIES
FOR THE HARDY OPERATOR
BY
ERIC SAWYER'

ABSTRACT. Characterizations are obtained for those pairs of weight functions w, v
for which the Hardy operator Tf(x) = [; f(s) ds is bounded from the Lorentz space
L"*((0,00), v dx) to LP9(0,c),wdx), 0 <p,q,r,s <oo. The modified Hardy
operators T, f(x) = x7"'Tf(x) for n real are also treated.

1. Introduction. We characterize weighted Lebesgue and Lorentz norm inequalities
for the Hardy operator Tf(x) = [y f(¢) dt and the modified Hardy operators 7, f(x)
= x"Tf(x), n real, x > 0 and f nonnegative. For Lebesgue norms much is already
known. For example if 1 <p < ¢ < oo we have the result of J. S. Bradley, K.
Andersen, B. Muckenhoupt, M. Artola, G. Talenti and G. Tomaselli (see[1, 3, 5, 6, 7
and 8]) which states that

1/p

(1.1) (fooch(x)qw(x)dx)‘/qSC(j:cf(x)pv(x)dx) forall f=0

if and only if the nonnegative weight functions w, v satisfy

(1.2) sup(fxw)l/q(foxv'_”')l/p,=A<oo.

x>0 "X

Moreover, A < C < p'/9( p’)'/P'A4 if C is the least constant for which (1.1) holds. As
usual we take 0 - oo =0, 0° =0 and interpret (f v'™7')"/7" as ||x, "l 1=y, In
the case p’ = oo. The theorems below contain characterizations of (1.1) for all p and
q satisfying 0 < p, g < oo.

Our first theorem on weighted Lorentz norm inequalities (see below for defini-
tions) for the Hardy operator 7 makes use of a condition (see (1.4)) suggested by a
recent work of H.-M. Chung, R. Hunt and D. Kurtz [2].

THEOREM 1. Suppose 0 <p,q < oo (where g = o0 if p=o0), | <r< oo and
1 <5 < o0. If the weights w, v = 0 satisfy

(1.3) WTF Nl Lr sy < CUf Nl ooy Sorall f=0,
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then the pair w, v satisfies

oo l/p 4
(1.4) sup(f_ w) X000 10y = 4 < 00

x>0

0
andv > 0a.e.on (0, x) 1ff w>0.

Conversely, (1.4) implies (1.3) if and only if ¢ = max{r, s}.

This theorem leaves open the cases where min{r, s} <1 or ¢ < max{r, s}. The
next two theorems give partial results in each case. The first shows that if the basic
index r is less than one, then (1.3) holds if and only if the weight pair w, v is trivial.
The second theorem characterizes (1.3) for ¢ < max{r, s} in the special case when
r=s.

THEOREM 2. If 0 <r <1 and 0 <p, q, s < oo, then (1.3) holds if and only if the
weight pair w, v is trivial in the sense that v = oo a.e. on any interval (0, x) such that
[ew>0.

THEOREM 3. Suppose 0 < p, g < oo (where q = o0 if p = o0)and 1 <r < co. Then

(1-5) ”Tf”LM(w) < C”/“L’(o) forallf=0
if and only if
© 1/p X I/r
1.6 su ( w) ( v'_") =A<
( ) .\‘>Ii')) '/; ‘/(;

in the case q = r and if and only if

(1.7) sup {2 [(fxww)l/q(f_“ vl_,,)‘/r] p}l/p e

X< Xpyy o k Xk Y-

where 1/p = 1/q — 1/r in the case 0 < q <r. The sup in (1.7) is taken over all
positive increasing sequences {x,} and

W(x) _ —dix('/;mw)q/p _ -Z—(me)(q/p)_lw(x).

We now turn to the modified Hardy operators 7, f(x) = x "Tf(x). Andersen and
Muckenhoupt have characterized weighted weak type inequalities for these operators
[S]. For 7 <0, T, f satisfies the following monotonicity condition—T7, f is nonde-
creasing for nonnegative f—and this allows us to replace weighted Lorentz norms of
T, f by weighted Lebesgue norms of 7f and Theorems 1-3 can now be used. Indeed,
for f= 0, (2.6) below shows that the L?-%(w) norm of T, f coincides with the LI(/,)
norm of 7f where w,(x) = x™"9W(x) and w is as in Theorem 3.

For n >0, T, does not satisfy the above monotonicity condition and, conse-
quently, weighted Lorentz norms of 7, f are harder to deal with (Lebesgue norms of
T, f are of course equal to weighted Lebesgue norms of Tf). There is, however, one
case in which a weighted Lorentz norm inequality for 7, f, n > 0, can be reduced by
duality to an inequality for an operator satisfying the monotonicity condition. The
case ¢ = oo of the following theorem is contained in [5].
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THEOREM 4. Suppose 1 > 0 and 1 < r < min{p, q}. Then

(1-8) ”T;;f”L”“’(w) = C”f”L’(v) forallf=0

if and only if
X A

(1.9) I XenrNersn| [©77) <€ forattx>o0,
0

where the second factor on the left side of (1.9) is interpreted as ||x(0'x)v"|| =) if
r=1.

Note that in the case ¢ = oo, (1.9) becomes
s \VP[ x AW
sup s"’(fw) (/ v‘_’) <C,
0<x<s<oo X 0

which is easily seen to coincide with the condition of Andersen and Muckenhoupt in
[S, Theorem 2]. It may be useful to point out that for ¢ < oo,

00 S 1/p|4 dS
-n q = -n e
HS X(x.oo)”L""'(W) nq,/; [S (/};W) ] s

We now give some definitions. If f denotes a measurable function defined on a
measure space (M, u), the distribution function f, and the nonincreasing rearrange-
ment f* of f with respect to u are given by (see e.g. [4, Chapter V])

£u(s) =1{1A1> s}, = f{ i (@) = ints; £(5) <1},

For 0 <p < 0, 0 < g < oo, the Lorentz space L?*9(p) consists of all functions f
satisfying || f|| £ r.¢(,) < 00, where

© 1/q
[/ it"/”“f*(t)"dt] for0 < g < o0,
(1.10) S llragy =10 P
supt'/Pf*(¢) for g = o0.

>0

Note that

1/ e = 1 rguy = ( Il du)'/p.

We shall need the following basic relationship between L”9 and L?"9, where
l/p+1/p=1=1/9+1/q’,1 <p<oo and | < g < 0. (See e.g. [2, inequality
(2.3)1)

(1.11) C—l“f”LP'q(p)S sup

llgler o<1t

J184/= U sreg:
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2. Proofs of theorems.
PROOF OF THEOREM 1. Applying the change of variable 1 = f_(s) to the right side
of (1.10) and integrating by parts we obtain [2, (2.4)]

x /4
[/ gsi7'f ()" ds for0 < g < o0,
(2.1) /W = 70 .
supsf,(s)"” for g = o0,
s>0

(or simply evaluate the two iterated integrals of gs? '(gq/p)t?/?~' over the set
{(1,5);0 <s<f*(t),0 <t}). We now prove (1.3) = (1.4). Let f be nonnegative on
(0, 0). Then T(x .., f) = J¢ fon[x,00)and so T(x .., )s(§) = [Fwlor0<§<
[5" f- Inequality (1.3), together with (2.1), yields

(22) I ey = €T Mmooy
S (VAR R Y
=) =) (e

and (1.4) now follows easily upon using (1.11) for 0 < p, ¢ < oco. The cases p = oo or
g = oo are established by simple modifications of this argument.

Conversely, fix f=0 in L™(v) and suppose ¢ = max{r,s}. If wZ 0, then
[& w >0 for some x > 0 and from (1.4) and (1.11) we have

Ry Ay
— -1 -1
/0 f= /O Jo70 SN Il o0t ey < 00

Thus we can choose x, such that Tf(x,) = [ f=2* for all k in Z satisfying
2% < [&° f. We suppose 0 < g < o, the case ¢ = oo being an easy modification of
the following argument. From (2.1) we have

. a/p
(23) ”Tf”‘II"“"(w) = q/ Sq—l(Tf)*(S)‘//l’ ds < CE 2""1(/ W)
A . (T7>2%)

< C% ([\::A_lfv"v)q(f:w)q/p

<
-1yy4
gCE”kaI?,"“(L‘)l'X(O..\“)v ”L’*"(c)(f W)
k

Ni

a/p

by (1.11), where

Fi = X xS < CAZN ooy < CANf N1
k

by the following lemma, which is a slight extension of Lemma 2.5 in [2].
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LEMMA 1 [2]. Let (M, n) be a measure space. Suppose ¢ = max{r, s} and {E,} is a
sequence of disjoint measurable subsets of M. Then

DX SNy S NNy
k

PROOF.

Sixe S = S [ ()05

q/s

q/s

N

(f:(;(xgkf)*(t)"/')wst“"'dz)

by Minkowski, since g = s
I e q/s )
< (/(; f.(1) st 'dt) = fllfrs sinceq=r.

It remains to show that if ¢ < max{r, s}, then (1.4) does not imply (1.3). We
consider two cases: g <sand s<g<r.If g<s,setv =1 on (0, 0) and let w be
such that the product on the left side of (1.4) is identically 1, ie. w(x) =
(p/r))x=?/"~1 Let

—a -B
fa.B(x) =X (1 +|10gx|) >
wherea = 1/rand ¢ < 1/8 <s.Nowif x, = t7"/%(1 + |log ) #/* then f,4(x,) ~ 1,
so using (2.1),

I fapllre, = s[)m'{fa,/} > t}r/rtr] dt
~fooxf/'ts_'dt :/x—dt_ﬂs< .
0 0 ¢(1 +|log1])
On the other hand,
Th,p(x) ~ x'/7(1 + log x/) *
and for y, = "(1 + 'logtl)ﬁr', we have Tfap(y,) ~ 1 Thus

o /
ol sy = 4 /0 (Thy > )| 0 e
o < p , q/p
%/ [/ *,X'”/'_'dx] PV dr
0 ¥ r
oc

f dt —
0

t(1 +|log 1] )%
so the weight pair (w, v) satisfies (1.4) but not (1.3).

Finally, if s < ¢ <r, set v(x) = f, 4(x), where « = 1 and 1 < <r/q, and let
w(x) = f, 5(x), wherey = p + 1 and § = Bp/r. Then

ES 1/p
o) et renny

X
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and for s < r we have

¢ 1
Sy« T Y ”
X 0,00 oy S WX 000 iy = A v'v

< Cx(1 +|logx|)ﬁ/r

so condition (1.4) holds for the weights w, v. With f = 1 on (0, c0) we have

. o |/
1l = ([ o) < o0

since 8 > 1, while
*® arp .-
1T n = af HTT> 000

~f ﬂ = o sinceﬁ<l,
0 1+|logtl v 4

so (1.4), but not (1.3), holds for the weight pair (w, v). This completes the proof of
Theorem 1.

PROOF OF THEOREM 2. Clearly (1.3) holds if the weight pair (w, v) is trivial in the
sense indicated in Theorem 2. Conversely suppose (1.3) holds for some r < 1. Let
F(x) = min{1, v(x)""/"} and set f, , = X(a.mF for 0 <a < b < co. Suppose for the
moment that » < s and p < co. With f = f, , in (1.3) we obtain, as in (2.2), that

1/p

@) ([F)([7%) " = Clsli

b 1/r
< Cllfasllrey = C(/ F’v) since r < s
< C(b—a)"" since F(x) v(x) <1 for all x.

Now divide both sides of (2.4) by (b — a) and let (a, b) shrink to a Lebesgue
point x of F to obtain F(x)( [ w)'/? <0, which yields v(x) = oo if [* w > 0. If
0 <s < r we can modify the above argument as follows. Let d = inf{x; [* w = 0}.
If v is not infinite a.e. on (0, d) then there is a set E C (0, d) of positive Lebesgue
measure satisfying [ v < co. Suppose, in order to derive a contradiction, that such a
set E exists. Let F(x) be as above but set f, , = X pra.p) F for 0 <a <b < d. Now
choose p such that d < p <1 and in (2.4) replace || f, | ;-5(o) < Cll f, 5/l Loy (Which
may fail for s <r) with || £, ;|| 1750y < Cll f,.4ll Lo(0)» Where C” depends on [ v and p
as well as on r and s. Arguing as before we obtain that x z(x)F(x)([& w)"/? <0
whenever x is a Lebesgue point of x o F. Since [* w > 0 for x < d we conclude that
v = oo a.e. on E. Thus [z v = oo, the desired contradiction. The case p = o0 is an
easy adaptation of these arguments and this completes the proof of Theorem 2.

PROOF OF THEOREM 3. In the case g = r > 1, the equivalence of (1.5) and (1.6) is a
special case of Theorem 1. If g = r = 1 the equivalence of (1.5) and (1.6) can be
established by the argument of Theorem 1 (see (2.2) and (2.3)) since the analogue of
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(1.11) holds in this case, i.e.

(2.5) W llrwy = sup forl <r< oo.

”g“l."(nsl

f fev

To handle the case 0 < g <r, we first observe that if 4 is nonnegative and
nondecreasing on (0, o0) then

(26) UG oy =L [ h(x)78(x) "7 w(x) i,
PJo

where g(x) = [ w. This equality is established by evaluating the two iterated
integrals of gs?~'(q/p)g(x)??~'w(x) over the set {(x,s); 0 <s < h(x), 0 < x}.
Performing the s integration first yields the right side of (2.6), and performing the x
integration first yields the right side of (2.1) since for fixed s, if

x(s) = sup{x; h(x) <s}
then

foo 9 o(x)"" " 'w(x) dx = g(x(s))"” = (foo w)q/,, = h,(s)"".
xs) P x(s)

Now suppose (1.5) holds and 0 < g <r. First assume r > 1. Fix a positive
increasing sequence ---x, <Xx,.,--- and, given a sequence of positive numbers
a,, set f=3,a,x,0, where x, =X, ., and o =10'""". Then with w(x)=
(q/p)8g(x)?/P~'w(x) we have

(2.7) ( r/ )q/r -
. > aj [ x,0 =
¢ p j(; ]f(x)qg(x)q/p—'w(x) dx by (2.6)

= CST/(x) [T L) w(x) dx
k Xk

s {r 11

Xk—1 Xk

- sl e L) o)

for all sequences {a,} of nonnegative numbers. Since the dual of the sequence space
["/49is [/9 (2.7) shows that the sequence, whose terms consist of the second factors
[---]in the final sum above, is in /*"/9”, Since q(r/q)’ = p, this proves (1.7). Note
that (1.7) persists even if [x,0 = oo for some k since then (1.5) easily implies
[&w = 0. Finally for r = 1 we modify this argument as follows. Let f = 3, a, f,,
where f, is supported in [x,_,, x,]. If now f, is allowed to vary within the unit ball
of L'(v), (2.7) and (2.5) yield (1.7) as above.

Now suppose (1.7) holds and 0 < g <r. Fix f= 0 in L'(v). As in the proof of
Theorem 1 we can choose x, such that Tf(x,) = 2* for all integers k satisfying

q
Saxio| = CIT N raom
k

L'(v)
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2% < [& f. Then (2.6) yields

”Tf”‘Ll,l'.v(w) = %_/(')wa(x)qg(X)q/p_lw(x) dx = 2 /xkﬂ
k Xk

<o) ([

X Xy X
Xk asr Xk , 7 Xk+1 17414
< 49 r, 1—r ~
cos( ) ) (s
' X1 k=1 k

<4qu(z/ ' f’o)w= (4Bl fll o)

k "Xk

by an application of Holder’s inequality with exponents r/q and (r/q)’. Thus (1.5)
holds and this completes the proof of Theorem 3.

PROOF OF THEOREM 4. Let f be nonnegative on (0, 0) and fix x > 0. Since
T, f(s) = s7"[y ffor s = x, we have, from (1.8),

X
-1 -
(070 s X lereims < T sy = O i

By duality we obtain

-1 _
1X©0.00" Moyl "X (x ol Loy < Cs

which is (1.9).
Conversely, we begin by noting that (1.8) is equivalent to the dual inequality

(2.8) o' T (gw)ll 1oy < Cligll rv(, forall g =0,

where Txf(x) = [ s7"f(s)ds. Suppose g =0 and ||g||.v(,, < co. Consider first
the case r > 1. Provided v Z o on (0, c0) we can, as in the proof of Theorem 1,
choose x, such that [ s™"g(s)w(s)ds = 2% for all integers k satisfying 2% <

J§° s "gwds.
Then with x; = x(,,.x, , We have

Xy

_ » Yk-1 r Xk
lv lﬂ;*(gw)”L"(u) < CE (/ s "ngs) (/ o' )
k 0

r - ’ -
ch”ng“LP'-q'(w)[”s nX(x‘,oo)(S)||LP-‘f(w)j(; o' ] by (1.11)
k
< C' ZlIxx8ll7re(w by (1.9)
k

< C’||g”2ﬂ'~4'(w)
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by Lemma 1 since r’ = max{ p’, ¢’}. Finally for » = 1 we have

||v—|7;7*(gw)”u°(o) < SupHX(O.X)U_l”L‘“(U)T;]*(gw)(x)
x>0

-1 x
:Sup”X(o.x)v “L"(u)/ s "g(s)w(s)a's

x>0 X
< SuP“X(o,x)U_l||L°°(u)||5-"X(x.oc)(s)”1."<‘l(w)||g“1.f’“‘/'( w) by (1.11)
x>0

< Cliglprve, by (1.9),

and this completes the proof of Theorem 4.
REMARKS. (I) Theorem 3 has a simple analogue in the case r = c0. If 0 < p, g < o0
(where ¢ = oo if p = 00) then
WA N ooy < CNfll =y forallf=0

if and only if /& w = 0 whenever |{tin [0, x]; v(¢) = 0}| is positive and |||, s,
< C, where h(x) = x for x > 0.

(I1) In the case ¢ = r of Theorem 3, one has 4 < C < ¢'/%(q")'/9A4 provided C is
the least constant for which (1.5) holds. These inequalities are sharp. That 4 < C is
obvious and to obtain the other inequality replace & by Tf in (2.6) and apply
Theorem 1 of [3] (i.e. the equivalence of (1.1) and (1.2) for p = ¢) to obtain (1.5)
with

, S 1/q X 1/q
Cc<q"9q)"" su ( Lo()" (s dt) ( o""')
a'/(q) " sup ([ e (0" w(0) /
= g/4(¢)"" 4.

To show that this latter inequality is best possible let w(x) = x 774~ and v(x) = 1
so that 4 in (1.6) equals (p/q")'/?. For 8 > -1/4 define fy(x) = x,o.,(x)x°, where ¢
is chosen so that ||fsl,. = 1, ie. 1= (1 + ¢8)"/'"%°. A computation using (2.6)
shows that

. , 1 ’ " n1/q
all_r?/q||T.f¢sl|L”*4(w) — (q /P) /qu/q(q )l/q — Aql/q(q ) /4 )
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