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DECOMPOSITIONS OF THE MAXIMAL IDEAL SPACE OF LX) 
BY 

PAMELA GORKIN 

ABSTRACT. In this paper we show the existence of one point maximal antisymmctric 
sets for If'" + C. 

Let X be a compact Hausdorff space and A be a closed unital subalgebra of C( X). 
There are several decompositions of X relative to A. We shall be primarily concerned 
with the Bishop and Shilov decompositions for the case where X = M( L 00) and 
A = HOC + c. We first present a summary of our results. Definitions and further 
details are presented in § 1. 

In [14] D. Sarason shows that the Bishop decomposition of M( LX) into maximal 
antisymmetric sets for HX + C is a proper refinement of the Shilov decomposition. 
In [13] Sarason refined Bishop's theorem to support sets for representing measures 
of multiplicative linear functionals in M(HOO + C). In [13 and 14] Sarason asked for 
the precise relation between support sets and sets of antisymmetry for HOC + c. Is 
every maximal antisymmetric set for H X + C the support set of the representing 
measure of some multiplicative linear functional on H X + C? This question is still 
open. In fact it was unknown whether any maximal antisymmetric set equals the 
support set of a multiplicative linear functional on HOC + c. We shall show the 
existence of a maximal anti symmetric set consisting of a single point. It is easy to see 
that a maximal antisymmetric set consisting of a single point must be a support set. 
We shall give many examples of one point maximal antisymmetric sets and shall 
show that many of these are contained in QC level sets consisting of more than one 
point, extending a result of Sarason's that will appear in [14]. 

These results were part of the author's thesis. I would like to express my gratitude 
to Sheldon Axler for his help. 

1. Preliminaries. The space of essentially bounded, measurable, complex valued 
functions on the unit circle 3D with normalized Lebesgue measure will be denoted 
by L 00. The space L OC! is a Banach algebra when it is given pointwise multiplication 
and the essential supremum norm. Let/ E Loo • We define/in the unit disc by 

o 1 f7T /(re i ) = 27T _/(t)Pr(O - t) dt 

where 
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The space of continuous, complex valued functions on aD will be denoted by C. By 
H oo is meant the space of bounded analytic functions on the unit disc D. We will 
frequently identify a function in H OO with its boundary function on the circle. When 
we do this, we may view H OO as a (uniformly closed) sub algebra of L 00. The algebra 
H OO + C = {! + g:f E: H oo , g E: C} is a closed subalgebra of L 00 [12]. Finally, the 
largest C*-subalgebra of H oo + C will be denoted by QC. 

The maximal ideal space M( B) of a commutative Banach algebra B with a unit I 
is the set of multiplicative linear functionals of B. We give M( B) the weak-* 
topology. With this topology, M(B) is a compact Hausdorff space. For f E: B, the 
Gelfand transform of f is the complex valued function IE: C( M( B)) defined by 
I( cp) = cp(f) for all cp E: M( B). In the cases we are interested in here, the Gelfand 
transform is an isometry and we write f for I, since the meaning will be clear from 
the context. 

In the case of M( L 00), L oc is isometrically isomorphic (via the Gelfand transform) 
to C( M( L 00 )). In [7 and 9] it is shown that M( L 00) is an extremally disconnected, 
compact Hausdorff space. For these and other relevant facts about the topology of 
M( L 00) the reader is referred to [7 and 9]. 

We will also use facts about M(Hoo). Further information is available in [7~9]. As 
usual, we regard D as an open subset of M( H oo ) and write 

M(Hoo) = D U {cp E: M(Hoo): Icp(z)1 = I}. 
The Corona Theorem [4] states that D is dense in M( HOC!). 

For each cp E: M( H oo ), there is a unique positive Borel measure t-tcp on M( Lex;) 
such that 

cpU) = f f dt-tcp for allf E: H CO • 

M(F') 

If cp E: M(HOO +- C) the closed support of t-tcp is denoted supp t-tcp' or simply supp cpo 
Let B denote a closed subalgebra of L 00 containing the constant functions which 

separates the points of M( L (0). A closed subset S ~ M( L OC) is called a peak set for 
B if there is a function f E: B such that f equals one on S and I f I is less than one off 
S. The function f will be called a peaking function for S. A closed subset S of 
M( L (0) is called a weak peak set for B if it is the intersection of peak sets. If S is a 
weak peak set for B, the restriction algebra B I S is a Banach algebra [7, p. 57]. 

Let B denote a closed sub algebra of L OO containing the function z. For A. E: aD we 
let MA(B) = {cp E: M(B): cp(z) = A.}. We call MA(B) the B-fiber over A.. We note 
that 

M(HOC! + C) = U {cp E: M(Hoo): cp(z) = A.} = M(HOC) ~ D. 
AEao 

The L oo-fiber over A. is a weak peak set for H oo , hence for H CO + c. A functionf in 
C is constant on each fiber and its value on the fiber over A. is simply f( A.). Therefore 
HOC! + ClMA(LOO ) = H OO IMA(Loo). 

The sets in the Shilov decomposition are called QC level sets. Thus for I/; E: M( L 00) 
(or I/; E M(QC)) we let 

Elj; = {cp E: M( L 00): cp( q) = 1/;( q) for all q E: QC}. 
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We call E", the QC level set corresponding to 1/;. Each QC level set is a weak peak set 
for HOC! + C and is contained in some L 00 fiber. In this context a theorem of Shilov 
[15] specializes to give: 

THEOREM 1.1. Let f E L 00. Iff 1 E", E HOO 1 E", for each QC level set E"" then 
f E HX + c. 

The sets in Bishop's decomposition are called antisymmetric sets. A set S ~ M( L 00) 
is called an antisymmetric set for H OO + C if whenever f E HOC + C and f 1 S is real 
valued, then f 1 S is constant. A maximal antisymmetric set for HOC + C is a weak 
peak set for H OO + c. It is easy to see that each antisymmetric set is contained in 
some QC level set. A special case of Bishop's theorem [2] says the following: 

THEOREM 1.2. Let {Sa} denote the maximal antisymmetric sets for HeY) + c. If 
f E LX is such that f 1 Sa E H oo 1 Sa for each maximal antisymmetric set Sa' then 
f E H OO + c. 

Sarason [14] has given an example of a QC level set that is not an antisymmetric 
set for HOC) + c. Thus Bishop's decomposition for M( LX) is strictly finer than 
Shilov's decomposition for M( L 00). 

The third theorem along these lines is due to Sarason [13]. 

THEOREM 1.3. Let f E L 00. Iff 1 supp <p E HOC) 1 supp <p for each <p E M( HOC; + C), 
then f E Hoo + c. 

It is not difficult to show that for <p E M( HOC + C) the support of <p is an 
antisymmetric set for H OO + C. Therefore Sarason's theorem is a refinement of 
Bishop's theorem. This paper is concerned with the relation of Theorem 1.3 to 
Theorem 1.2. 

2. The main result. 

THEOREM 2.1. Let p. n} be a sequence of distinct points of a D ~ {1} with An -> 1. 
Let I/;n EM}, (LX) and I/; E Nn}M(F) n M,(L'XO). Then N} is a maximal antisym-

" metric set for HOC! + c. 
An unpublished result of K. Hoffman shows that any point of M( L oc,) in the 

closure of a sequence of points from distinct L 00 fibers is a maximal support set. Our 
proof is independent of this fact, although Hoffman's result follows easily from 
Theorem 2.1. 

In order to prove Theorem 2.1, we need the result given below. 

THEOREM 2.2. Let {A n} be a sequence of distinct points of a D ~ {1} such that 
An -> 1. Let {In} be a sequence of intervals of aD with in n U m*Jm = 0 and 
All E In" Then there exists q E QC satisfying: 

(1) q is continuous except at A = 1; 
(2) 1 arg q(An) - 'IT 1< t for all n; 
(3) largq(A)I< t forA E aD ~ UIn. 

Before proceeding with the proof we prove a lemma which will be used in the 
proof of Theorem 2.2. 



36 PAMELA (JORKIN 

Let C ~ denote the space of real valued. continuously differentiable functions on 
a D. Each function u in C ~ has a unique extension to a harmonic function on D 
(which we continue to denote by u) whose boundary values are the given function. 
The harmonic conjugate u of u is harmonic on D and extends continuously to D. 

LEMMA 2.3. Let I be an open interval contained in aD and let wEI. Then given 
E > 0 and Ao E R+ , there exists u E C~ with Ilull", < E, I u(z) 1< E for z E aD ~ I 
and u(w) = Ao. 

PROOF. By choosing 8 > 0 sufficiently small and rotating, we may assume w = I 
and I = {e iO : -28 < 8 < 28}. It is enough to show that there exists v E C~ with 
II vII < 1.lv(z)l< 1 for z E aD ~ I and v(l) = Ao/E. for then u = Aov/v(l) satisfies 
!luIL", < E, I u(z) 1< E for z E aD ~ I and u(l) = Ao. 

It is not hard to show that 
( k) Ilx 

lim I - 1/ . = In k for k > O. 
x~oc I/x 

We use this fact below. To find v, let E > 0 and Ao E R+ be given. Choose k so that 
In k > 27TAo/(E tan h Choose an odd integer m satisfying (i) m[1 - (l/k)l/m] > 
27TAo/(Etan ~), (ii) I/m < 8 and (iii) cos(l/2m) > 1/2. 

Let 

10 
v(z)= I 8 (-2 tan 2 )(mt)l/m 

if z E aD ~ !.. 
2' 

. . {.. I I } If z = ell E e": km < s < m ' 

and extend v so that v E C~, v(l) = 0, v(e is ) ~ 0 for 0 ~ s ~ 7T, vee-is) = -v(e IS ), 

and Ilvlloc < tan ~ ~ 1. 
Writing v(8) for v(e iO ) we have [9, p. 79] 

V(O)=j1T V (-t)-v(t) ~=211Tv(-t) ~ 
-'TT 2 tan). 27T 0 tan ~ 27T 

j l/mv(-t) dt 
~2 ---

l/Am tan). 27T 

j l/m U tan ~)(mt)l/m t dt = 2 cos - -
l/knl sin). 2 27T 

~ ! jllm tan ~ml/mtl/m dt 
2 I/km ). 27T 

Hence v(O) > Ao/E. 
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Suppose z = eiO t1. I. Since the (closed) support of v is contained in 1/2 we have 

Iv(8)1 ~ tTl v(8 + t) - ~(8 - t) I!!!... 
-1T 2 tan 2 2w 

= f I v( 8 + t) - v( 8 - t) I !!!... 
1'1';;0 2 tan ~ 2w 

+1 IV(8+t)-V(8-t)l!!!... 
o<ltl';;1T 2 tan ~ 2w 

= 1 IV(8 + t) - v(8 - t) I !!!... ~ IIVII~ ~ 1. 
o';;ltl';;1T 2 tan ~ 2 w tan 2 

Therefore I v( z) I ~ 1 if z E a D ~ I, as desired. 
PROOF OF THEOREM 2.2.. Given intervals In with In n U IlFt=n 1m = 0,"An E In and 

"An ~ 1, choose functions un E C~ with Ilunll oc < 1/2n+3 , I Un(Z) 1< 1/2,,+3 for z E 
aD ~ In and un("An) = (2n + l)w. Let u = ~~=1 un. Then u E CR and since the map 
T: I} ~ L 2 defined by T(f) = 1 is continuous, U = ~~= 1 Un in L 2 norm. Since each 
un E C~, Un E CR. It is easy to see that {~;;'= 1 Un}m converge uniformly to U on 
compact subsets of a D ~ {I}. Hence U is continuous except possibly at "A = 1. 

Let q = eiii. Then 

q = eu+iiie- u E H'X + C and if = e-u-1iie" E HOC + C. 

Therefore q E QC. 
F or any n we have 

largq(An) -wi =largeiU('\n) -wi 

= I arg exp {i ~ U m ( "A n)} - wi 

=larg exp{i[(2n + l)w + m~nUm(An)]} - wi 

=Iarg( -exp{i m~n Um("A n)}) - wi < i, 
and if "A E aD ~ U In' then 

I arg q ( "A ) I = I arg exp {i ~ U m ( "A) } I < i· 
Before we present the proof of Theorem 2.1 we prove a proposition that will be 

used frequently. 

PROPOSITION 2.4. Let t E M 1(QC) and {"An} be a sequence of distinct points of 
aD ~ {1} such that t is in the M(QC) closure of a sequence of points {tn}, where 
tn E M'\JQC) and "An ~ 1. Then E, <: UnM'\JLoo ). 

PROOF. Suppose <p E M(Loo) ~ Un M'\,(Loo ). If <p E M(UO) ~ M 1(L OO ), then 
<p E M( L (0) ~ E,. Therefore we may assume <p E M 1( L 00). Since M( L (0) has a basis 
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of elopen sets (sets that are both elosed and open), we can find a elopen set 
Fe M(LOO) with q; E F ~ M(UO) ~ U M" (Loo). For each n, M" (PO) ~ M(LOO) - n 1/ /I 

~ F and therefore 

Since F is compact, there exists N such that 

is contained in M(Loo) ~ F. Thus there exists an interval I" with A" E I" satisfying 
M,,(L OO ) ~ M(Loo) ~F for all A E T". By choosing I" sufficiently small we may 
assume T" n U m*n 1m = 0. Note that 

11 

Thus there is a QC function q satisfying conditions (I )-(3) of Theorem 2.2. 
For any n and any 1/; EM" (U") we have, by (1) and (2) of Theorem 2.2, that 

largq(l/;) - 7T1~~· Passing to" M(QC) we have 1 arg q(t) - 7T1~~. Therefore for 
any '1" E Et we have 1 arg q('I") - 7T I~ ~. 

To see that q; E M(L 00) ~ Ep we shall show that 1 arg q( q;) I~ ~. Choose E > 0 
and let £. = {1) E M(Loo): 1 arg q;(q) - arg 1)(q) 1< E}. Then £. n Fis an open set in 
M(LOO) containing q;. Since M1(L OO ) has no interior in M(P::) there exists AO '* I 
such that M"JLoo ) n F n £. '* 0. 

Choose AO E aD satisfying AO '* I and M}, (Loo) n F n £. '* 0. By (*), Ao E aD 
-- 0 

~ U Ill' Hence 1 arg q(Ao) I~ ~. Let I/;E,O E M"o(LOO) n F n £.. Then 1 arg I/;E,O(q) I~ ~. 
Therefore largq;(q)l~ ~ + E. Since E was arbitrary, largq;(q)I~~, Therefore q; E 
M(Loo) ~ Ep so 

which implies the result. 
PROOF OF THEOREM 2.1. Choose q; E M( L 00) with q; '* I/; such that q; and 1/; are in 

the same QC level set. If no such q; exists, then E", = {1/;} and hence the maximal 
anti symmetric set containing 1/;, S"" satisfies S", = {I/;} and we are done. We assume 
then that such a q; exists. Since q; '* 1/;, there exists a elopen set F with q; E F and 
I/; E M(LOC;) ~ F. Thus passing to a subsequence of N,J if necessary, we may 
assume Nil} ~ M(Loo) ~ F. By a theorem ofAxler [1], for each n we can find 
f., E HOO + C with Ilfnlloo = 1 such that II/;n(fn) 1= I and 1)(1.,) = 0 for all 1) E F. 
U sing an idea of Sarason, we let Gn denote the open ellipse with major axis [-I, I] 
and minor axis [-i/n, i/n]. Let Tn denote a conformal mapping of the open unit disc 
D onto G such that Tn(O) = 0, and by [11, p. 309] we may assume Tn E C. Choose 
zn E D with IZnl> n/(n + 1), T,,(zn) real and Tn(zn) > n/(n + I). By multiplying In 
by a constant of modulus one, we may assume 1 zn Il/;nCln) = Zn' 
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Since HOO + C! M;>..J L (0) = H OO IM;>..J L (0), there exists an HOO function whose 
restriction to M;>..JLOO ) is InIM;>..JLOO). Multiplying that function by a suitable 
peaking function for M;>..JLoo ), we obtain a function gn E H X such that Ilgnlloo < 
1/1 znl and gn I M;>..JLOO) = In I M;>..JLOO ). Thus To (I zn I gn) E Hoo . Let 1/ E M(LOO). 
We claim that 

To see this, note that Tn is a uniform limit of polynomials Pm.n' If IE Hoo with 
11f1lx < 1, then 

1/(Tn 0 I) = 1/( lim Pm.n(f)) = lim Pm.n( 1/(f)) = Tn( 1/(f)). 
m m 

Therefore for each n we have 

I/;n(Tn 0 IZnlgJ = Tn(lznll/;n(gn)) 

= Tn(lznll/;n(fn)) = Tn(zn) >n/{n + 1). 

If T E F n M;>..JL OO ) for some n, then 

For each An choose intervals In centered at An with In n U m*n 1m = 0, where the 
Lebesgue measure of In' IInl, satisfies IInl< 1/2n+4 and 1 E aD~(Unln)' Let 
'S(In) = {z E O:lz - Anl<IInI/2} and let hn be a peaking function for M;>..(Loo). 
By raising hn to a sufficiently large power, we may assume Ilh n I 0 ~ 0(Ijoo < 
1/211+4. 

Let Kn be a linear fractional transformation such that IIKnll"" = 1, Kn(1) = 0 and 
Kn(An) = 1. Let In = hn(Tn 0 IZnlgn)Kn' Then 

(1) 

and 

(2) 

Let Lm = ~~'= 1 'n and L = ~':= 1'11" It is easy to see that Lm converges to L uniformly 
on compact subsets of 0 - {1}. Furthermore, IILml1 ~ 2 and thus L E Hoo(D). 

To see that L I Ey is real valued, let e > 0 be given. Choose N such that 
~~=N 1/2n < e/3. Let I be an open interval of aD containing 1 such that 
maxhj,;;NIIKj I III"" < e/3N. Then Illj I 11100 < e/3N,j = 1,2, ... ,N. Choose 1/;0 in the 
QC level set corresponding to 1/;, E>j;. Let 

V= {1/ E M{LOO ): 11/{L) -l/;o(L)I<-j-} n U M;>..(LOO). 
;>"EI 
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Then V is an open set about 1/;0' By Proposition 2.4 there exists an integer m 
satisfying m>max(N,3/e) and such that VnMA(LX)=I=- 0. Let CPoE vn 
Md LOO ). Since L,J/l converges uniformly on 1m, we hav~ 

Ilmcpo(L)I=llm~cpo(/,,)I= ~ Imcpo(t/l) + Imcpo(!",) + ~ Imcpo(t,,) 
/l ,,=1 ,,=N+ 1 

n*m 
N x 

,;;;; ~ 11m CPo(t/l) I +!lmcpo(Tm 0 (Izmlgm))! + ~ IImcpo(l,,)\ 
11=1 II = N-'- 1 

"*111 
N 

,;;;;~ 3~+!Jm(Tmo(cpo(lzmlgm)))!+ ~ 
11=1 I1=N+1 

n;:f=m 

< e/3 + l/m + e/3 < f. 

Therefore 1 1m I/;o( L) 1< 4e/3. Since e was arbitrary, I/;o( L) must be real valued. 
Recall that we chose cP to be a point in M( LX) with cP =I=- I/; such that cP and I/; are 

in the same QC level set and F was a clopen subset of M( LX) with cP E F and 
I/; E;: {f,,}M(C") C M(LX!) ~ F. Since {1) E M(LOO): 11)(L) -I/;(L)I< 1/8} is an open 
subset containing 1/;, there exists n with n ~ 7 and 1/;" E MAJ L (0) such that II/;/l( L) -
I/;(L) 1< 1/8. Thus 

Therefore 11/;( L) 1 ~ 1/2. 
To determine cp(L) note that U = {1) E M(LOO): 11)(L) - cp(L) 1< 1/8} n F is an 

open set in M( L (0) containing cpo By Proposition 2.4 there exists m such that 
MdLCC) n U =I=- 0. Let CPm E MdLoo) n u. Then we have 

ICPm(L)\=lcpm(/m) + ~ CPm(l/l)I';;;;\CPm(/n,)l+ ~ \CPm(!/l)\';;;;O+*' 
l1*m lI*m 

Therefore 1 cp(L) I';;;; 3/8 and I/;(L) =I=- cp( L). 
The maximal anti symmetric set Sf containing I/; is contained in Ef , so LIS is real 

valued. Thus LIS is constant. Therefore cP fl S. Since cP was an arbitrary point of Ef 
distinct from 1/;, S = {I/;} and the proof is complete. 

We will show that many of the points that are in the M( LXi) closure of a sequence 
of points from distinct LOCo fibers are contained in QC level sets consisting of more 
than one point. We will also show that not every QC level set contains such a point. 

We call a sequence {Zj }j= 1 of distinct points in D an interpolating sequence if 
whenever {Wj}~ 1 is a bounded sequence of complex numbers, there exists a function 
1 E HOC) with I(z) = Wj for all j. It is well known [4] that a sequence {zJj= 1 is an 
interpolating sequence if and only if there exists a constant S > 0 such that 
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A Blaschke product with zeroes {Zj }j= 1 <: D is a function b E Hoo(D) of the form 

b( z) = AZk II -zJ ( Z - zJ ) 
1',1*0 Izjl 1 - ZjZ 

for zED, 

where I A 1= 1 and ~n(l - I Z n I) < 00. If the zeroes of b form an interpolating 
sequence, b is called an interpolating Blaschke product. We will use the theorem 
stated below. The proof is given in [9, p. 205]. 

THEOREM 2.5. Let {z;Jj= 1 be an interpolating sequence and let b be the Blas~hke 
product with zeroes {zJ/'= I' Then {zJ;= 1 M(H"-) is homeomorphic to the Stone-Cech 
compactification of {z)}/,= 1 and every zero of b in M( HOC) ~ D is in the M( H oo ) 
closure of {z;J/,= I' 

The following lemma was proven by K. Clancey and J. A. Gosselin [5] and by 
R. G. Douglas [6]. 

LEMMA 2.6. Let u be an inner function. If t E M(QC) with u I Et invertible in 
H oo I El' then u I Et is constant. In fact {t E M( QC): u I Et is constant} = {t E 
M( QC): u I Et is invertible in Hoo lEt} is an open set in M( QC). 

Using Lemma 2.6 together with the following result of D. E. Marshall [10, p. 15], 
we prove a similar result about characteristic functions. In what follows, HOO [f] 
denotes the closed subalgebra of L 00 generated by HOO and f. 

THEOREM 2.7. Let X F be a non constant characteristic function in L 00. Then there is 
an inner function u such that HOO[X E] = HOO[u]. 

THEOREM 2.8. Let X E be a nonconstant characteristic function in L 00. If X F I Eto E 
H X I Eta for some QC level set Eto' then X E I Eta is constant. 

Sarason has given a proof of Theorem 2.8. Since his proof is unpublished we 
include a proof below. Our proof is different from Sarason's; his did not use 
Theorem 2.7. 

PROOF. By Theorem 2.7 there exists an inner function u such that HOO[X E] = 
HX[u]. Therefore M(HOO[X ED = M(H""[uD. Thus 

M( H OO I EtJ <: M(HX[X ED = M(HOO[ul). 

Hence I <pC u) I = I for all <p E M( HOO lEt). Therefore u I Et is invertible in HOC! I Et. By 
Lemma 2.6 there exists (9 open in M( QC) containing to with u lEt E H oo I Et for all 
t E 8. Let q E QC with q(to) = I, q(s) = 0 for s E M(QC) ~ (9 and 0 ~ q ~ 1. 
Choose I/; E M(H"" + C). If supp I/; <: Es and s E M(QC) ~ (9, then ql supp I/; = 0 
and therefore qX E I supp I/; = O. If supp I/; <: E t and t E (9, then u I supp I/; E 
HOC I supp I/; and, hence, X E I supp I/; E H oo I supp 1/;. By Theorem 1.3 qX E E H OO + c. 
Since qX E is real valued, qX E E QC. Thus qX E I Eto is constant. Since <pC q) = 1 for 
all <p E Eto we must have X E I Eto constant, as desired. 

By the Shilov Idempotent Theorem we obtain the corollary below, answering a 
question of R. G. Douglas in [6]. 
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COROLLARY 2.9. If t E M(QC), then M(Hoo I E() is connected. 

It is a consequence of the following result of T. Wolff [17] that any function 
f E L 00 is constant on some QC level set. 

THEOREM 2.10. Let f E L 00. There exists an outer function q E QC n HOC such that 
qf E QC. 

We will show that for any >-. E aD and any clopen set F contained in M,,(LOC ) 
there exists a QC level set contained in F. By [9, p. 171] we see that for f E L 00 and 
>-. E aD,fis constant on some QC level set contained in M,,(LX). 

THEOREM 2.11 [14, 16]. Let f and g be functions in L oc. If for each cp E M( H OO + C) 
either f I supp cp E H OO I supp cp or g I supp cp E H OO I supp cp, then for each QC level set 
E( either fl E( E H oo I E( or gl E( E H oo I E(. 

This theorem, together with the following unpublished result of K. Hoffman, 
provides us with much more information about the points in M( L 00) that are in the 
closure of a sequence of points from distinct L 00 fibers. 

THEOREM 2.12. Let {Zj }j'=] be an interpolating sequence such that 

lim II " '" = 1. I Z - Z I 
Il~oo l1F/=n 1 - zm z" 

--M(H OO ) If cp E {z,,} and cp E M( HOC + C), then supp cp is a maximal support set. 

THEOREM 2.13. Let E be a nonempty clopen subset of M1(L OC ). Then E contains a 
QC level set that is not a maximal antisymmetric set for HOC + c. 

As we remarked earlier Sarason [14] has shown that each L 00 fiber contains a QC 
level set that is not a maximal anti symmetric set for H OO + c. Some of the ideas 
used to prove Theorem 2.13 are similar to techniques communicated by T. Wolff 
(private communication). 

PROOF. Let F be a clopen subset of M(LOO) such that E = F n MI(LX). Then 
there exists a measurable subset G of aD of positive measure such that X F = X c' Let 
{>-.,,} be a sequence of distinct points of aD with >-'n = eiO" ..... I and limr_1 X c(re ie ,,) 

= 1. We claim that there exists an interpolating sequence {zm} with the following 
properties: 

(1) 

lim II " '" = 1. I Z - Z I 
Il~OO m¥=11 1 - zm z " 

(2) {zm} is the disjoint union of interpolating sequences {z",.,,};:;'=1 such that 
zm.1l = rm.ne iO" for suitable choices of rm.n and 

(3) Xc<zm) --- I as m ..... 00. 

We construct such a sequence as follows: Let ZI = zl,I = r],1e iOI , where 0 < rl,l < 1. 
Choose Z2 = z2.] = r2.l e iO , such that XC(Z2) > 1 and I (z2 - ZI)/(l - Z2Z]) I> e- I/ 2. 
Choose z3 = ZI.2 = rue iOI such that XC(z3) > I - t and I(Z3 - zj)/(I - zjz3)1> 
e- I/ 2 3+J , j = 1,2. We choose Z4 = z2.2 = r2.2e ie , satisfying X C(Z4) > I - * and 
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I (Z4 - Z)/(l - ZjZ4) I;;;. e-I/24~J,} = 1,2,3. We continue to choose Zn satisfying (2) 
such that X G(zn) > 1 - 1/n and I (zn - z)/(l - ZjZn) I> e- I/ 2"+/ for} < n. It is not 
hard to see that (1) and (3) also hold. 

Let m E {z }0Ci_ M(ffOc+C). Then (j! EM (HOO). Let m E {(j!} M(HOC+C) n 
'1"'n m,n m-l n An 'YO n 

M1(HOO). By Theorem 2.12 we have that, for each n, supp (j!n is a maximal support 
set. Let b be the interpolating Blaschke product with zeroes {zm}. Choose I/J E 
M( HOC; + C). If b I supp I/J fl H oo I supp I/J, then II/J( b) 1< 1. Since b I supp I/J is not 
invertible in HOC; I supp I/J, there exists r E M( H OO I supp I/J) = {1/ E M( HOO): supp 1/ 
C suppl/J} with reb) = O. By Theorem 2.5, r E {zm} and hence by Theorem 2.12, 
supp r is a maximal support set. Therefore supp r = supp I/J. Since X G( Z m) -> 1 as 
m ---> 00, we have r(xd = L Thus supp reG, so supp I/J C G. Thus for any 
I/J E M(HX + C) either bl supp I/J E H OO I supp I/J or X FI supp I/J E H OO I supp I/J. By 
Theorem 2.11 on each QC level set Et we have bl Et E H X I Et or X F lEt E H oo lEt. 
Consider the QC level set Eto containing supp (j!o. Since bl supp (j!o fl H OO I supp (j!o, 
we must have X F lEt E HOC! I Et . By Theorem 2.8, X F I Et is constant. By (3) above, o 0 0 

we must have Eto C F. 
Let {(j!nJ be a sub net of {(j!n} such that (j!n a ---> (j!o. Choose I/Jn E supp (j!n. Then 

some subnet of Nn} converges. We may assume without loss of generality that 
I/Jn" ---> I/Jo· Therefore I/Jo I QC = (j!o I QC. Hence I/Jo E Eto. By Theorem 2.1, No} is a 
maximal antisymmetric set for H oo + c. Since (j!o E M( H OO ) ~ M( L 00), supp (j!o 
consists of more than one point. Since I/Jo E Eta and supp (j!o C Eto' Eto is not a 
maximal anti symmetric set for H oo + c. 

One may ask whether every QC level set contains a point that is in the closure of a 
sequence of points from distinct L 00 fibers. The answer to this question is no, as we 
shall see. We first state a lemma due to Sarason that appears in [14]. 

LEMMA 2.14. Let b be an inner function. If (j! E M(HOO + C) and blsupp(j! is 
nonconstant, then b(supp (j!) = aD. 

EXAMPLE 2.15. Let {Zn};:"=1 be an interpolating sequence with Zn -> 1 and let (j! 
E {zn} M(l/xl, (j! E M(HOO + C). Let E", denote the QC level set containing supp (j!. 
Then E", does not contain a point which is in the closure of a sequence of points 
from distinct fibers. 

PROOF. Suppose not, that is, suppose (j!o E E", and (j!o E {(j!n} M(L OC
), where (j!n E 

M>-.JL OCi ) and An i= Am for n i= m. Let b be the interpolating Blaschke product with 
zeroes {z n };:"= I. By assumption, Z n -> 1. Thus b is continuous at A for A i= 1. Hence 
b I M>-.(F") is constant for A i= 1. Let U = N E M(LOO): II/J(b) - (j!o(b) 1< -!}. Then 
U is an open set in M(LOO) containing (j!o. Therefore (j!o E {(j!n: (j!n E U} M(F'). By 
Corollary 2.4, 

E", = Ecpo C U {M>-.JLn)L (j!n E M>-.,(LOO ) n U} M(L OC ). 

Hence Ecpo C U. If b I Ecpo were nonconstant, then by Lemma 2.14 w:...have b(Ecpo) = 
a D. Therefore there exists 1/ E Ecpo with 1/( b) = -(j!o( b). Hence 1/ fl U. Thus b I Ecpo is 
constant. Therefore I (j!( b ) 1= 1 and, hence, (j! cannot be in the closure of the zeroes 
of b. This contradiction implies the result. 
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