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OF SYMMETRIC DERIVATIVES 

BY 
LEE LARSON 

ABSTRACT. A generalized Zahorski class structure is demonstrated for symmetric 
derivatives. A monotonicity theorem is proved and a condition sufficient to ensure 
that a symmetric derivative has the Darboux property is presented. 

l. Preliminaries. In 1950 Z. Zahorski [9) began a classification of the derivatives of 
continuous functions based upon the structure of their associated sets. He defined a 
descending sequence of subclasses of the Darboux-Baire one functions which form a 
stratification of the class of derivatives he considered. Kundu [6), in 1976, gener-
alized the Zahorski classes in order to extend the theorems of Zahorski to include 
symmetric derivatives which have the Darboux property and continuous primitives. 
Our purpose in this work is to replace Kundu's requirement that the primitives be 
continuous by the more general requirement of measurability and, when possible, to 
remove the requirement that the symmetric derivatives have the Darboux property. 

It will be assumed here that, unless it is specifically mentioned otherwise, all 
functions are finite valued and have their domains contained in R, the real numbers. 
If I is a function, then we denote 

C( I) = {x: I is continuous at x} 
and 

D(j) = {x: f'( x) exists and is finite}, 

where f'(x) is the ordinary derivative of I at x. If limh~o[/(x + h) - I(x - h») = 0, 
then I is symmetrically continuous at x. When 

I. I( x + h) - I( x - h) 1m 
h~O 2h 

exists, whether finite or infinite, then I is symmetrically differentiable at x and its 
symmetric derivative is denoted I S( x). 

The complement of an arbitrary set A C R is denoted by A C and its closure is A. 
For simplicity we write (AY as Xc. If A is measurable, then its measure is written as 
IAI· 
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The class of all functions f: R --> R such that C( f) is dense and f Sexists 
everywhere is denoted by m~. We write IE I for the functions of Baire class one and 
6D for the functions with the Darboux property. The intersection of function classes 
is denoted by juxtaposition; e.g., 6D n IE I = 6D IE I. 

Following Kundu [6], we present abstractions of the associated set definitions 
from Zahorski [9]. 

LetA CR. 
Mo( A) is the collection of all F" sets F such that for all x E A n F, x is a bilateral 

limit point of F. 
MI(A) is the collection of all F" sets F such that for all x E A n F, x is a bilateral 

condensation point of F. 
MiA) is the family of all F" sets F such that for all x E A n F and all 8> 0, 

I(x - 8, x) n FI> ° and I(x, x + 8) n FI> 0. 
M3(A) is the collection of all F" sets F such that if x E A n F and {In: 

n = 1,2, ... } is any sequence of closed intervals converging to x such that In n F = 
o for all n, then limn~oo[lInlld(x, In)] = 0, where d(x, In) is the distance between 
x and In" 

M4(A) is the collection of all F" sets F such that there is a sequence of closed sets 
F" and a sequence of numbers {''In} C (0, 1) such that F = U~=I Fn, and for every 
c > ° and every x E A n Fn there is an e( x, c) > ° such that for any two real 
numbers hand hI' satisfying hh I > 0, ch I > h and I h + h I 1< e( x, c), the relation 
IF n J I/IJ I> 1)n is true, whereJ is the interval with endpoints x + h and x + h + hI. 

Ms(A) is the collection of all F" sets F such that for all x E A n F, x is a density 
point of F. 

For i = 0,1, ... ,5, define the abstract Zahorski class ~;(A) to be the collection 
of all functionsfsuch that for any a E R, {x: f(x) > a} and {x: f(x) < a} are both 
in Mi(A). 

Define the class Z( A) to be the collection of all functions f E IE I such that for 
each x E A, each e > ° and each sequence of closed intervals {In} converging to x 
such that for each n,J(y) ;;. f(x) on In' or fey) ,,;;;;. f(x) on In' 

lim l{yEln : If(Y)-f(x)l;;'e}1 =0. 
n~oo IInl + d(x, In) 

(This is a pointwise characterization of Weil's class Z [8].) 
If A = R in any of the above definitions, then we omit the reference to A; e.g., 

M3(R) = M3. In this case, the classes mentioned above are the same as in the 
original definitions due to Zahorski or Weil, respectively. 

LEMMA 1.1. If A C R is any set, then 
(1) ~o(A):J ~I(A) :J 0lL2(A) :J ~3(A) :J Z(A) :J ~4(A) :J ~5(A). 

PROOF. All of the inclusions in (1) except Z(A) C ~iA) are obvious from the 
definitions. To prove that Z(A) C ~iA), let f E Z(A) and a E R. It must be 
shown that the sets B = {x: f(x) > a} and C = {x: f(x) < a} are in M3(A). We will 
prove BE MiA); consideration of -fthen shows C E M3(A). 
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From the definition of Z(A) we see f E IS I' so B is an Fa set. If A n B = 0, it 
follows vacuously that B E M3(A). So, suppose A n B =1= 0 and choose an x E A 
n B. Let e = f( x) - a and choose a sequence of closed intervals, {In}, converging to 
x such that In n B = 0 for each n. Sincef E Z(A) andf(y) ~f(x) for eachy E In 
and each n, we see that 

0= lim 
11-00 

I{y E In: If{Y) - f{x)l;;. e}1 
IInl + d{x, In) 

= lim IInl lim [1 + d{x, In) ]-1, 
n~oo IInl fl-OO 

from which it easily follows that 

andf E ~3(A). 
It will be useful to examine some properties of the functions in m~. For any 

f E m~, define 

and 

In Larson [7] the following theorems are established. (See [7, Theorems 4.2 and 
6.2].) 

THEOREM 1.2. Iff E m~ then /-tf E IS 1 and the following conditions are satisfied: 
(a) Mfis countable; 
(b) /-t/x) = lim SUPt~X (+ or -) /-tf(t) when x E Ml and fS(x) is finite; 
(c) C(f) C C(/-tf )(D(f) C D(/-tf)) andf = /-tf(f' = /-tj) on C(f)(D(f)); and 
(d) /-tj exists and equals ron MJ. 

THEOREM 1.3. Iff E m~ such that r ;;. 0 a.e. and r > - 00 everywhere, then /-tf is 
non decreasing. If, in addition, r < 00 everywhere, then /-tf is continuous. 

Using these theorems we can establish the following theorem, which is similar to 
Theorem 3.1 of [7]. 

THEOREM 1.4. Let f be symmetrically differentiable everywhere. The following 
statements are equivalent: 

( a) f is measurable; 
(b) D(f) has full measure; and, 
(c)fE m~. 
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PROOF. That (a) is equivalent to (b) is due to Khintchine [5, p. 217]. (b) implies (c) 
is obvious. To show that (c) implies (b), let I be a component of MJ. Then ILl is 
symmetrically differentiable and measurable on I according to Theorem 1.2. Using 
Khintchine's theorem again, we see that I ILjl< 00 a.e. on I. According to Belna, 
Evans and Humke [1, Theorem 2] there exists a set A C I of full measure such that 
when x E A, then 

f'(x) = min{D+f(x), D_f(x)} = max{D+ f(x), D- f(x)}. 

An application of the Denjoy-Young-Saks Theorem [2, p. 65] yields that D(j) has 
full measure on I. Applying this argument to each component of Ml and noting that 
Ml is countable by Theorem l.2(a), we see that D(j) has full measure on R, which is 
(b). 

K. Garg [4] has called a function f nonangular at x if 
(2) D+ f(x) ~ D_f(x) and D- f(x) ~ D+f(x). 

If (2) fails to hold, then f is angular at x. In particular, if f is differentiable at x, then 
it is nonangular at x. In general, it is not difficult to show that an arbitrary function 
can be angular on at most a countable set. (See, e.g., Bruckner [2, p. 63].) But, 
symmetrically differentiable functions can be angular. For example, consider f( x) = 
I x I in which case 1'(0) = 0, but f is angular at O. Also notice that in this case 
f E m~, but I' ti 6)). Observations such as this motivate the following theorem. 

THEOREM 1.5. If f E m~ such that f is non angular and symmetrically continuous 
everywhere, then f S E 6)) 18 I. 

PROOF. Since Theorem 2.1 of [7] ensures that r E ~11' it suffices to show 
(Bruckner [2, p. 9]) that for each x E R the following inclusion is true: 

(3) f'(x) E [l~~}~f r(t), lil~~~p r(t)] 

n [lim inf r( t), lim.sup r( t)]. 
I-X+ 1-<+ 

Suppose (3) fails to hold at xo; e.g., suppose 
(4) r(xo) < liminf f'(t). 

I-Xo+ 

Through the addition of an appropriate linear term to f it may be supposed without 
loss of generality that 

(5) f'(x o) < 0 < liminf f'(t). 
I--Xo+ 

This implies there is an f > 0 such that f'(t) > 0 whenever t E (xo' Xo + f). It is 
clear that the nonangularity of f implies that for each x E R, f must satisfy 

lim inf f( t) ~ f( x) ~ lim sup f( t ) . 

Therefore, according to Evans [3],fis strictly increasing on (xo, Xo + f). 
Suppose 

(6) 
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where the limit on the right exists because f is monotone on (xo' Xo + e). Then the 
symmetric continuity of f implies 

(7) f(xo»limsupf(t). 
t-xo-

From (6) and (7) we see that D+ f(x o) = - 00 and D -f(xo) = 00, which violates 
(2). Therefore, f(x o) <S; limr-xo+ f(t). In a similar manner it follows that f(x o) ;;;. 
lim t _ xo + f(t). Combining these two inequalities we see that f(x o) = lim t _ xo + f(t). 
Becausefis increasing on (xo' Xo + e) it is now evident that 
(8) D+f(xo) ;;;. 0. 

Since !'(xo) < ° and f(t) > f(x o) on (xo, Xo + e) there is a 8> ° such that 
f(t) > f(x o) on (xo - 8, x o). Therefore, 
(9) D- f(xo) <S; 0. 

Inequalities (2), (8) and (9) imply that 

(10) 

It follows from (10) that there is an increasing sequence xn ~ Xo such that 

lim f(x o) - f(x n) = ° 
n-oo Xo - xn 

and (8) implies 

Consider 

fS(x o) = lim f(2x o - x n ) - f(x n) 
n-oc 2(xo - x n) 

lim [f(2XO - x n) - f(x o) + f(x o) - f(x J ] 
n-oo 2(xo - xJ 2(xo - x n ) 

= liminf f(2x o - x n ) - f(x o) + lim f(x o) - f(x n ) 

n-oc 2(xo - x n ) n-X! 2(xo - x n ) 

;;;. 0. 
This is a contradiction of (5), so we are forced to conclude that (4) never occurs. 

The impossibility of the other assumptions which violate (3) is established 
similarly. 

Perhaps it is worth noting that the converse to Theorem 1.5 is false. To see this, 
consider Ix. I - sm - + x 3 x ' 

f(x) = 0, 
x . 1 -sm-3 x' 

x < 0, 

x = 0, 

x >0. 
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It is easy to show thatfEm~ andI'E6D~I' but D+f(O)=*<D_f(O)=~ 
violates (2). 

2. Symmetric derivatives and the class ~2' The main goal of this section is to 
prove the following theorem. 

THEOREM 2.1. If f E m~ such that I' E 6)), then I' E ~2. 

To prove this theorem we first prove the following lemma. 

LEMMA 2.2. Let f E m~ such that I' E 6D. If 1':;' 0 a.e., then J.l.f is nondecreasing. 

PROOF. According to Theorem 1.3 it suffices to show that A = {x: f'(x) = - oo} 
is empty. Define B = {x: I'(x) ~ -I} and C = {x: I'(x) = -2}. We claim that A 
is relatively dense in B. To see this, suppose it is not. Then there is an open interval I 
such that I n A = 0 and I n B =1= 0. Theorem 1.3 implies J.I. f is nondecreasing on 
I. Let x E I. Since C( f) is a dense Gs set, it is residual, so there exists a sequence 
{x II} C C(f) such that 2x - x n E C(f) for each n and x n increases to x. Using 
Theorem 1.2(c), it follows that 

f S{ ) - I· f{2x - xn) - f{x n) _ I· J.l.f(2x - x,J - J.l.f(x n) 0 x - 1m - 1m :;. . 
II~OCJ 2(x - xn) II~OCJ 2(x - xn) 

This implies I n B = 0, which is a contradiction of the choice of I. Therefore A is 
relatively dense in B. 

We now claim C is also relatively dense in B. To see this, let x E B. Since A is 
relatively dense in B, we may choose a sequence {xn} C A such that XII ..... x. By 
assumption, the set {x: I'(x) :;. O} is dense in R, so for each n there is a Yn such that 
I'(YII) :;. 0 and 1 xn - Yn 1< l/n. Finally,!s E 6D allows us to choose a zn between xn 
andYn such thatl'(zn) = -2. It is clear that {zn} C B n C and zn ..... x. Therefore, 
C is relatively dense in B. 

From Theorem 2.1 of [7] it follows that A, Band C are each Gs sets. According to 
the above arguments, A and C are disjoint residual subsets of B, which is a Baire 
space. This is a contradiction and forces us to conclude that A = 0. 

In order to prove Theorem 2.1, let f be as in the theorem and let A = {x: 
I'(x) > O}. Suppose there is an X E A and an e > 0 such that 

(11) I(x, x + e) n AI = O. 

Then I' ~ 0 a.e. on (x, x + e). Using -f in Lemma 1.2 it follows that I' ~ 0 
everywhere on (x, x + e). Since 1'( x) > 0, this is clearly a contradiction of I' E 6D. 

In a similar manner, it can be shown that 1 (x - e, x) n A I> 0 for each x E A 
and e > O. Therefore A E 0lL2. 

If A = {x: I'(x) < O}, then consider -fwith the preceding argument. If A = {x: 
I'(x) > c} or A = {x: I'(x) < c}, then use g(x) = f(x) - cx to reduce the problem 
to one of the preceding cases. 

The next corollary follows immediately from Theorems 1.5 and 2.1. 

COROLLARY 2.3. Iff E m~ such that f is nonangular and symmetrically continuous, 
then f' E 0lL 2• 
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Theorem 2.1 generalizes Zahorski's original theorem [9, p. 21]. It also improves 
upon the result of Kundu [6] which required / to be continuous and I' to be in 6j) 
and finite on a cocountable set. Since it was shown by Zahorski [9] that ~2 C Gj)1E I 

and that there exists an ordinary derivative which is not in~3' we see that Theorem 
2.1 cannot be substantially strengthened. 

3. Symmetric derivatives and the class ~3' Zahorski [9, p. 21] showed that any 
finite derivative is in ~3' From this and Theorem 2.1, one might conjecture that any 
/ E m~ such that I' is everywhere-finite and I' E 6j) is in ~3' Unfortunately, the 
situation is a bit more complicated, as can be seen from the following example. 

EXAMPLE. There is a continuous and nonangular / E m~ such that /s E 6j)1E I and 
II'(x)l~ 3 for all x, but I' tl ~3' 

For each positive integer n, let In = (rn - I , 3-n]. If X E In' then define 

( I 2 ) xE --
3n+ I ' 3n+ 1 - 32n + 1 ' 

32n + I ( 2) 2 2 2 
- -2- x - 3n+1 + 3n+1 - 32n+I' 

x E [ 3n+ I ~ 32n + I ' 3n+ I : 32n+ I ], 

= -2(X- J-.-) 3n ' x E( 3n + l : 32n + I ' ;n]. 
Using these functions, define a function/with domain R by 

{
(_1)n rn (x), xEIn, 

/(x)= 0, x=Oorlxl>1, 

( -I r rn( - x) - x, - x E In' 

It is an easy calculation to show that/is differentiable on R - {O} with 1f'(x)l~ 3 
whenever x =F O. It is also evident from the symmetry of its definition that 1'(0) = 1. 
Therefore,! E m~. 

For each n, rn attains its maximum value on In at 2/(3n + I ). Thus, 

32n + I ( 2 ) D+ /(0) = lim -2-r2" 2-=1 = lim (I - r2n) = 1. 
n~x 3 n n~x 

Similarly, D +/(0) = -l. From this and the definition of fit follows that D- /(0) = 0 
and D -/(0) = - 2. Thus, / satisfies (2) at x = O. It satisfies (2) everywhere else 
because it is differentiable away from x = O. Therefore, / is non angular. It is clear 
that / is continuous, so Theorem 1.5 implies I' E 6j) IE I' 

Let A = {x: I'(x) > O}. Since 1'(0) = t we see 0 EA. From the definition of 
rn(x), it is clear that r~(x) ~ 0 whenever x E In = [2/(3n+ I), 1/3n ]. Observe that 
12n n A = 0 for all nand In ..... O. Since 

lim 112nl 
n~x d(0,12n) 2' 

we conclude / tl ~3' 
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Notice that this example also invalidates the next natural assumption that a 
bounded symmetric derivative with the Darboux property is in 0ll4 . 

The following theorem somewhat clarifies the situation. 

THEOREM 3.1. Iff Em};, then f' E Z(D(}-tj ». 
PROOF. Let Xo E D(}-tj)' Since }-tj(xo) is finite by the definition of D(}-tj)' through 

the addition of a linear function it may be assumed that 

f'(x o) = }-tj(xo) = }-tj(xo) = O. 

Because Xo E D(}-tj) C ce}-tj)' there is as> 0 such that 1 }-tj(t) 1< 1 whenever 
1 t - Xo 1< S. Let [a, b] C (xo' Xo + S) be such thatf'(t) ;;;. 0 on [a, b] and let e > O. 
Define 

A = {t E [a, b]: f'( t) ;;;. e} . 
We claim that 

( 12) 

To see this, first note that the limits in (12) make sense because Theorem 1.3 
guarantees }-tjis nondecreasing on (a, b). Define 

(13) 

It is clear that if Y E D(}-tj)' then Fn(Y) ..... }-tj(Y)' so Theorem 1.2(c) and Khintchine 
[5, p. 217] imply F" ..... f' a.e .. Choose any interval [c, d] C (a, b) such that {c, d} C 
ce}-tj)' Sincefs is nonnegative and measurable on [c, d], 

el {x E [c, d] : f'( x) ;;;. e} 1 ~ ~d l~~ ~f Fn( t) dt 

~ l~~~f ~dFn(t) dt 

because }-tj is continuous at c and d. Now, choose two sequences, {cn} and {dn}, 
contained in ceJ-Lj)' such that cn decreases to a and dn increases to b. Then 

elAI = lim el{x E [cn' dn]:f(x);;;. e}1 
11-00 

which is (12). 
Since Xo E D(}-tj) and J-Lj(xo) = 0, we see that given an r > 0 there is an s E (0, S) 

such that 0 < t - Xo < s implies 
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Therefore, if [a, b] C (xo' Xo + s), then 

! I~~_ flj{t) - I~~+ flj{t)! 

~! I~~_ (flj{t) - flj{X o»)! +! I~~+ (flj(t) - flj{X o»)! 
~ lim erlt - xol + lim erlt - xol 

I-h- I-a+ 
= erlb - xol + erla - xol = er(2{a - xo) + (b - a» 

~ 2er(d(xo, [a, bD +I[a, b]I). 
Combining this with (12), we see that 

(14) IAI~2r(d(xo,[a,bD+I[a,b]I). 

In a similar manner, (14) can be established iff'(t) ~f'(xo) for all t E [a, b], or 
if [a, b] C (xo - l>, xo). Since r can be chosen arbitrarily, the theorem follows. 

The following corollaries are immediate from Lemma 1.1, Theorem 1.2(c) and the 
definitions of Z( A) and 0TL3( A). 

COROLLARY 3.2. Iff E m~, then f' E 0TL 3( D(fl j ». 
COROLLARY 3.3. Iff E m~, then f' E Z(D(f». 

COROLLARY 3.4. Iff E m~, then f' E 0TLiD(f». 

Theorem 3.1 is a generalization of Weil's original theorem [8], that an 
everywhere-finite derivative is in Z. Corollary 3.4 is Kundu's original theorem 
without the requirements that f be continuous and f' E GD. 

4. Symmetric derivatives and the class 0TL4 • The goal of this section is to prove the 
following theorem. 

THEOREM 4.1. Iff E m~ such that f' is bounded, then f' E 0TLiD(flj»' 

The proof is immediate from the following two lemmas. 

LEMMA 4.2. Iff E m~, (a, b) C Rand M ~ 0 such thatf' ~ M a.e., then 

flj{b) - flj{a) ~ MI{x E (a, b):f'{x) > Olio 

PROOF. For each positive integer n define Fn(x) as in (13). Theorem 1.3 implies flj 
is continuous, so each Fn is also continuous. As before, Fn ---> f' a.e .. Note that 

liminf jhFn(x) dx = liminfnjb(flj(X + ~) - flj(X») dx 
n~oo a n~oo a n 

(15) 
= liminfn(lb+l/nflj(X) dx - ja+l/nflj{x) dX) 

n- 00 b a 

.. lb+ lin . ja+ lin ~ hm mf n fl j ( X ) dx - hm SUp n fl j ( X ) dx 
n-oo b n-oo a 

= flj(b) - flj(a) 

because fl j is continuous. 
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Since ILf is continuous, it is also clear that Mf = 0 and, consequently, Theorem 
1.2(d) implies ILf E m~. Using this, the quasi-mean value theorem (Evans [3] or 
Larson [7, Theorem 7.1]) and (13) imply Fn(x),,;;; M for all nand x. For each n 
define 

Gn(X) = max(Fn(x),O). 

Then Gn is continuous for each n with 0 ,,;;; Gn( x) ,,;;; M and Gn( x) ---- max(f S( x), 0) 
a.eoO Applying the dominated convergence theorem yields 

lim inf Jh F,,( x) dx";;; lim Jh Gn( x) dx 
n--+x a n-ct:; a 

(16) 
= f . /,(x)dx";;;MI{xE(a,b):/,(x)~O}I· 

(xE:(a. h):j'(x»O) 

A combination of (15) and (16) yields the lemma. 

LEMMA 4.3. Iff E m~ such that /' is bounded above and a E R, then 

E = {x:/'(x) > a} E M4 (D( ILf))' 

PROOF. According to Larson [7, Theorem 2.1], E is an F(J set. With no loss of 
generality it may be assumed that a = O. Let Xo E En D(ILf) and ILf(xo) = a. 
Since Xo E D(ILf)' for h sufficiently close to 0, we may write 

(17) 

where 1/( h) -> 0 as h -> O. If hh I > 0 and I h + h I I is sufficiently small, then 

Choose c > 0 with 0 < hjhl < c. For h small enough, say I h 1< e(xo, c), (17) implies 

11/(h)1 < aj (4c + 2). 
Then, Ih + hll< e(xo, c) implies 

a ILf(xO + h + hi) - ILf(xo + h) 
(18) 0 < 2" < hi . 

Now, let M > I be an upper bound for /'. Lemma 4.2 implies 

(19) 
Ihl ) T(ILf(XO + h + hi) - ILf(xO + h) 

,,;;; MI{x E (xo + h, Xo + h + hl):/,(x) > all· 
It follows from (18) and (19) that 

(20) 
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For each positive integer n, the set {x: f'(x) > lin} is an Fa set, so we may 
choose for each such n a sequence of closed sets {Ell''',} such that {x: f'(x) > 1/n} 

U:= I EIl,m' It is clear that 
x { I} x x 

E = U x:f'(x) > -;; = U U EIl,m' 
1/=1 1/=1 m=1 

Since Xo E E there are integers nand m such that Xo E Ell,"" Then a> lin and 
from (20) we see 

l{xE(xo+h,xo+h+hl):f'(x»O}1 I 
hi >2nM>0, 

If we choose 1)11 = 1/2nM E (0, ~), then the definition of M4( A) is satisfied and the 
lemma is proved. 

The following corollary is an immediate consequence of Theorems 4.1 and 1.2( c), 

COROLLARY 4.4. II I E m~ such that I S is bounded, then IS E '~4( D( I ». 
Lemma 4.2 and Corollary 4.4 improve upon the original results of Kundu [6] 

which require I to be continuous and f' E Gj), 

5. Some examples. In this section several examples are presented which illustrate 
the relationship between the classes ~4' ~5' ordinary derivatives and symmetric 
derivatives. 

EXAMPLE. There is a bounded symmetric derivative, h E (~4' which is not a 
derivative. 

For each integer n let III = [2- 11 ,2- 11 + I]. Partition each Ill' n > 0, into 2n equal 
subintervals 1,7, k = 1, ... ,211. If we write [a, b] = I,~, for some k and n, then we 
may define a function g: such that g: == 0 on (a, br, 

g:(a+ b~a) = -1, g:(a+ 3(b;a)) = I 

and g: is piecewise linear. Using these functions we define 

{ 
1/2, 

I(x) = x 2" k k 
Il~O k~1 gil (x) - gn (- X) + X(-'X),O/X), 

x = 0, 

x *0, 

(If A is any set, then XA is its characteristic function,) 
To show that I E ~4' let a E R and define E = {x: I(x) > a}, If a ~ t then it 

is clear from the continuity of each g: that E is open and, consequently, E E '!)R,4' 
So, we suppose a < 1, We may write 

x 
E= U {x:/{x)~a+O-a)ln}, 

1/=1 

From the definition of I it follows that for each n the set 

En = {x: I{x) ~ a + ~ : a } 
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consists of the set {O} and a sequence of disjoint closed intervals converging 
bilaterally to O. This makes it clear that each En' and therefore E, is an Fa set. We 
choose the sequence {En} to be the sequence of closed sets in the definition of ~4. 
From above, we see that E] is closed and E] C En for each n. 

Choose c > 0 and let r be the smallest integer such that c < 2r~3. Pick e(O, c) E 
(O,Tr) and let hand h] be positive numbers such that h < chI and h + h] < e(O, c). 
There exists an integer s > r such that h E [2~s, 2~s+]). 

We claim there exist integers i and j such that lie (h, h + hI). To see this, 
suppose not. Then (h, h + hI) can intersect at most two of the intervals {I,~}. Using 
the fact that h < 2~s+1, we see 

h] ,,;;;II}'I +II}~]I = 5(T2S) < T2s+3. 

This implies 
h/h] > 2~s/2~2s+3 > 2r~3 > C 

by the choice of r. This contradicts the choice of h < ch]. Therefore, the claim is 
true. 

Now, let {f], ... ,lm} be the set of all intervals from {I:} such that 1; n (h, h + 
h]) =1= 0 and such that the 1; are arranged in increasing distance from O. It is clear 
from above that m ~ 3. Thus, h E J], h + h] E Jm and 1; C (h, h + hI) for 2 ,,;;; i ,,;;; 
m - 1. From the definition of g; we see that for 2 ,,;;; i ,,;;; m - 1, 

so that 

Statements (21) and (22) imply 

Choose 1) such that 0 < 1) < 1/24. Then (23) implies 

IE n (h, h + h])1 IE] n (h, h + h])1 
h ~ h > 1). 

] ] 

If hand h] are chosen to be negative such that h < ch] and h + h] > - e(O, c), 
then a similar argument may be used to show that 

IE n (h, h + h])I< -1)h]. 
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Therefore, in the definition of the class MiD(P,f », if we let 1)n = 1) E (0,14) for 
each n, then the definition is satisfied at x = ° with the set E. If x E E such that 
x =1= 0, then there is a neighborhood of x contained in E. From this it is evident that 
the criteria for the definition of M4 are satisfied at x. This argument shows E E M4. 

If E = {x: I(x) < a}, then it is similarly established that E E M4 . Thus,! E c:m.,4' 

Now let F(x) = fa l(t)dt. Since 1 is continuous on (-00,0) U (0, (0), F is 
differentiable with F'( x) = I( x) whenever x =1= 0. From the definition of 1 and F, we 
also see 

F( x) - F( - x) I IX F'(O) = lim = lim - (f(t) - I(-t))dt 
x~o 2x X~O 2x 0 

I iX = lim -2 dt = 1(0). 
x-a x 0 

It follows that F E m}; arid F' == f. 
Define the function 

x = 0, 

x =1= 0. 

In the same manner as above, it can be established that g E c:m.,4 and g IS a 
symmetric derivative. But, 

{
O, 

I( x) + g( x) = I , 
2, 

x> 0, 
x = 0, 
x < 0, 

which violates the Darboux condition at x = 0. Thus, either 1 or g is not a derivative. 
Let h be the one which is not a derivative. 

EXAMPLE. There exists an 1 E c:m.,s which is a symmetric derivative, but not a 
derivative. 

For each positive integer n let In = [2- n,2-n + 2- 2n ] and let gn be a nonnegative 
continuous function supported in (2-n, 2-n + 2 -2n) with fIn gn = 2- n - l . Define 

00 {g(X)' 
g(x) = ~ gn(x) and I(x) = 0, 

n-\ -g(-x), 

x> 0, 
x = 0, 
x < 0. 

Clearly 1 is continuous on (- 00,0) U (0,00). We must show that 1 is approximately 
continuous at x = 0. To do this, choose c > 0, let k be the largest positive integer 
such that Tk ;;;. c and let N = {x: I(x) = O}. Then 

I 00 I 00. 4 IN n ( - c, c) I ;;;. 2c - 2 i~ Ii = 2c - 2 ~k T21 = 2c - "3 (T 2k+ I ). 

From this it is clear that 

lim IN n ~~c, c)1 = l. 
c~o 
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Therefore, 0 is a density point of N. Since 1(0) = 0, we see that I is approximately 
continuous at x = O. 

Let F(x) = fO l(t) dt. Then F'(x) exists and equals/(x) when x =1= O. Also, 

P(O) = lim F(h) - F(-h) = lim It I(t)dt - Io-hl(t)dt 
h~O 2h h~O 2h 

_ l' IOh get) dt - It get) dt - 0 
- 1m 2h - . 

h~O 

Therefore, F E m~ with P = f. 
To see that I is not a derivative, we first note that 

2- n 

D+ F(O) ~ lim 2n1 I(t) dt 
n~oo 0 

00 

= lim 2" ~ r m - 1 > 1 > P(O) = 0 
m=1l 

so F'(O) does not exist. Since F is absolutely continuous it is clear that fJ F = F. 
Suppose G is an ordinary primitive for f. Then G = fJc' (G - F)' == 0 and Theorem 
l.3 implies there is acE R such that F( x) = G( x) + c. But, this implies F is 
differentiable, which is a contradiction. Therefore, I is not an ordinary derivative. 
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