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THE FREE BOUNDARY OF
A SEMILINEAR ELLIPTIC EQUATION'
BY
AVNER FRIEDMAN AND DANIEL PHILLIPS

ABSTRACT. The Dirichlet problem Au = Af(u) in a domain £, ¥ =1 on 9Q is
considered with (1) = 0if 1 < 0, f(1) > 0if t >0, f(t) ~ 7 if 1 10,0 <p < I; f(1)
is not monotone in general. The set {# = 0} and the “free boundary” 3{u = 0} are
studied. Sharp asymptotic estimates are established as A — oo. For suitable f, under
the assumption that @ is a two-dimensional convex domain, it is shown that {¥ = 0}
is a convex set. Analogous results are established also in the case where du/dv +
w(u—1)=0o0n Q.

Introduction. In this paper we study the Dirichlet problem
(0.1) Au=Af(u) inQ (A>0),
u=1 ondQ
where € is a bounded domain in R” and

f(t)=0 ift<0, f(t)>0 ift>0,
f(t) ~t? astl0, 0<p<l;

f(2) is not assumed to be monotone. The motivation for this problem comes from
reaction-diffusion models in which

()1 f0o<r<iy,, flr)l ifrg<t<l

for some ¢, € (0, 1); see [2,3,7,18,19].

The solution of (0.1) has, in general, more than one solution. We are interested
primarily in those solutions which are either minimal, or maximal, or minimizers of
the functional

(0.2) fg(%l Tof + AF(v)) dx (F(t) -——fo’f(s)ds)

subject to the boundary condition v = 1.
We shall study the nature of the “dead core” N, = {u, = 0} (u, is a solution of
(0.1)); if p = 1 then the dead core is empty, by the maximum principle. One of the
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main results is that if £ is a two-dimensional convex domain then N, is a convex set
provided f satisfies

(0.3) f’(t)+li(_i)—t>0 for0<t<1,

i.e. every tangent line to y = f(¢) intersects the line {+ =1} in {y >0} (this
condition is satisfied for some reaction-diffusion models). Convexity of level surfaces
{u, = ¢} was proved by Caffarelli and Spruck [4] in case f(¢) is monotone increasing
and negative for 0 <t < 1, and f(1) = 0; our results and methods are unrelated to
theirs; see Remark 5.1.

In §1 we show that for any two minimizers u, and u,, either u, = u, or u, = u,
and one of the sets N, , N, is contained in the interior of the other. We also establish
comparison theorems for minimal solutions, maximal solutions, and for minimizers
corresponding to different f ’s and different Q’s.

In §2 we establish uniqueness of solutions of (0.1) under the assumption (0.3).

In §3 we show that, for A large and any solution u, of (0.1), 0N, is a smooth
surface parallel to 09 at distance y/ VA + O(1/)), y constant.

In §4 we specialize to domains £ with 0§ having nonnegative mean curvature and
establish a convexity type property of the boundary dN,. For a smooth portion of
dN, it asserts that the mean curvature is nonnegative.

In §5 we establish, for two-dimensional convex domains, the convexity of the
components of N,; under the assumption (0.3) N, is shown to have at most one
component.

Next, in §6 we shall consider the limit case p = 0, i.e., f(#) = X[, and establish
convexity of the coincidence set for some variational inequalities.

Finally, in §7 we extend the results of the preceding sections to the case of the
Robin problem, replacing the condition ¥ = 1 on 9 by

%-Fu(u—l):O ondoQ  (u>0).
It is actually this case which primarily arises in applications [2,7]; the Dirichlet
problem is viewed as a limit case when p — oo.
1. Comparison theorems. Let f(¢) be a function satisfying
_[ePf(t) if0<t<oo,forsome0<p<1,
flay = {0
0 if —o0 <1<0,

m<f(t)sM, 0<ms<M< o, 5 (1)< K

(1.1)

where m, M, K are positive constants; f(¢) is not assumed to be monotone increas-
ing. We are interested in solutions of the Dirichlet problem
(1.2) Au=f(u) inQ,

u=1 onadQ

where € is a bounded domain in R” with C>** boundary 3. One can easily show
that there exists a solution u of (1.2) and it belongs to C*"%(Q), where a =
min( p, ag).



SEMILINEAR ELLIPTIC EQUATION 155

Since Au = 0 in £ and # = 1 on 0%, the maximum principle gives

(1.3) u<l inQ.
We also have
(1.4) u=0 inQ.

Indeed, otherwise v takes negative minimum in the nonempty open set G = {u < 0}
N €. Since, however, Au = f(u) = 0 in G, the maximum principle gives ¥ = const in
G, which is impossible.

Set F(t) = [;f(s) ds and consider the functional

(1.5) J(v):j;z(%|Vvlz+F(v)) dx

over the class of admissible functions
(1.6) K={veH"?*Q),v=10n0dQ}.

Problem (J). Find u € K such that J(u) = min . J(v). If u is a solution of this
problem then u is clearly also a solution of (1.2).

DErFINITION 1.1. A solution of Problem (J) is called a minimizer solution of (1.2).

We shall need some standard comparison lemmas.

LEMMA 1.1. Ler w € C%(Q),
Aw +bw, +cew=h inQ,
w=4¢ onodQ

where b, are bounded functions, and suppose that Q C {x <x, <X+ a} and
supg c(x) < (e — 1)™' wherey > 1, y? > (supg | b, )y + 1. Then

ming, ¢ —(supg h)(e™ — 1)
(1.7) W= 1 — (supgc)(e™ —1)
max,o|¢| + (supg|k|)(e™ — 1)
1 — (supg c)(e™ — 1)

For the proof see [6, p. 330]. Notice that ¢(x) is not required to be continuous or
bounded from below in €.

(1.8) max |w|<
Q

COROLLARY 1.2. Suppose

Au—h(u)|Vul <hy(u) inQ,
Av — hy(v)| Vol = hy(v) inQ,

u=v ondQ
where h(t) are monotone increasing in t. Then u = v in Q.

Indeed, the function w = u — v satisfies

Aw = hy(u)v(u+o) vw— (| Vo +¢,)w=<0
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where
hi(u(x)) — h,(v(x))
c(x)= u(x) — v(x)
0 ifu(x) = o(x).

ifu(x) # o(x),

Since ¢; = 0, we can apply (1.7).

Lemma 1.3. If
Av+c(x)o<0 inQ,
v=0 inQ, vZ0,
then v >0 in Q.
Indeed, writing ¢ = ¢t — ¢~ and noting that ¢ v = 0, we get Av — ¢ (x)v <0 in
{2, so that v > 0 by the strong maximum principle.
We now return to Problem (J).

THEOREM 1.4. If u, v are two minimizers and u Z v, then either u > v in {v > 0} or
v>uin {u>0}.

PROOF. Notice that ¥ A v = min{u, v} and u V v = max{u, v} belong to K and
therefore J(u N\ v) = J(u) = J(v), J(u V v) = J(u). Since, as easily seen, J(u N v)
+ J(u V v) = J(u) + J(v), we conclude that J(u A\ v) = J(u). Consequently, the
function w = u A v satisfies Aw = f(w) in Q.

Next, u —w =0 in Q and A(u — w) = f(u) — f(w) = c(u — w), where ¢ = ¢(x)
is a bounded function in any compact subset of {w > 0}. By Lemma 1.3 we then
have

eitheru —w>0in {w>0},i.e.,v <uin {v >0},
oru—w=0in{w>0},ie,u<vin {u>0}.

In the second case we repeat the preceding argument with v, u (instead of u, w) and
deduce that v > u in {u > 0}.

THEOREM 1.5. If w, w, are two solutions of (0.1) corresponding to A, and A,
respectively, and if A\ < \,, w, < w, then either w, = w, and A\, = X, or w, < w, on
{w, >0).

PROOF. Suppose there exists a point x, € € such that 0 < w (xy) = wy(x,). If
A, <A,, then

A(wy — w)(xg) = (A; = A f(wy(x4)) >0

which contradicts the fact that w, — w, attains its maximum at x.
If A, = A, then A(w, — w)) = Aye(x)(w, — w;), where

f(wy) — f(w))
C(X)z Wy, — W,

0 ifw, —w, =0.

ifw, —w, #0,
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By Lemma 1.3, w, — w; = 0 in a neighborhood of x,. Hence the set {x; w, = w,} is
open and, consequently, w, = w,.
DEerFINITION 1.2. The set N, = {u =0} N Q is called the dead core of u; this
terminology is taken from the reaction-diffusion problem which is modelled by (1.2).
Notice that (1.1) implies that
(1.9) ~  f(¢) is strictly increasing in some interval 0 <t <e,.

THEOREM 1.6. If u, v are two solutions of (0.1) with u<v, u Zv, and if N, is
nonempty, then N, C int N, i.e.,

(1.10) dist(N,, R"™\N,) > 0.

PrOOF. Set G, = {u <t} for some small > 0. By Theorem 1.5, v = u + § on 9G,,
for some & > 0. Suppose (1.10) is not true. Then for any € > 0 there is a unit vector e
such that the function v(x) = v(x + ee) satisfies

(1.11) v, =0 <u atsome point x, € G,.

Now, if € is small enough (depending on §) then

(1.12) v,=Zu+68/2>u ondgG,.
Also,
(1.13) Au=f(u), Av,=f(v,) inG,

and f(s) is monotone increasing in s in the range of u(x) and of v(x), x € G,,
provided ¢ is sufficiently small at the outset. Thus Corollary 1.2 (with A, = 0) can be
applied to (1.12), (1.13), and we conclude that v, = u in G,, which contradicts (1.11).

We shall denote the functional in (1.5) also by J,(v) in order to emphasize the
dependence on f; the corresponding Problem (J) is denoted by (J;).

THEOREM 1.7. Suppose f satisfies the same properties as f in (1.1) and let u, i be
minimizers of (J;) and (J;) respectively. If f(t) > f(1) for all 0 < t <1 then it < u in
(@ > 0} and dist(N,, R"\ N;) > 0.

PROOF. Denote J;(v) by J(v) and J7(v) by J(v). Let F(1) = [jf(s) ds. Then we
have F(1) — F(s) < F(t) — F(s)if 0 < s <t < 1. Consequently,
(1.14) FluNa)+ F(uVa)<Fa)+ F(u)
at each point x for which @(x) > u(x). If 4(x) < u(x) then equality holds in (1.14).
Thus, provided the set {@# > u} is nonempty we have

Fluna)+ [ F(uVa)<|Fa)+ [ F(u
JFuna)+ [Fuva)<[Fa)+ [ F(u)

and, consequently, also
(1.15) JuNa)+I(uVa)<J(a)+ J(u).
Since, however, u A @ and u V i belong to K, we must have J(u A @) = J(i) and
J(u V it) = J(u), contradicting (1.15).

We have thus proved that ¥ = @ in €. We can now proceed as in Theorems 1.4
and 1.5 in order to deduce that u > @ in {@ > 0} and that N, C int N,.
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DEFINITION 1.3. A solution u, (u,) of (0.1) is called maximal (minimal) if for any
solution u, of (0.1) there holds i, = u, (respectively, u, < u,).

THEOREM 1.8. For each A > 0 there exist maximal and minimal solutions of (0.1).

PrOOF. We shall apply a monotone iteration method as in Keller [10]. Choose
M > 0 such that the function A(u) = A f(u) — Mu? satisfies

(1.16) h(u)<0 if0o<u<Il,
W(u)<0 if0<u<l.

Introduce the functional

Hq(v) :L[%| VU'Z +

for a given function ¢ € C'(Q), 0 < ¢g(x) <1, and consider the problem: Find z
satisfying

(1.17) ?].gir,éHq(v):H"(z)‘ z €EK.

M 1 [olP*! + h(g(w)) v| dv

Since the functional is lower semicontinuous, there exists a solution z = z_ of (1.17),
and since the function
PP M
A(p.z,x) =77+ Syl + h(q(x))z

is convex in ( p, z), the solution is unique.
The inequality & < 0 implies that H (max(z,0)) < H (z); hence the minimizer z is
nonnegative. Finally, since /4 is nonincreasing, if z > 1 then

A.(p,z,x)= Mz’ + h(q(x)) = Mz? + h(1)
= MzP — M+ A f(1) > 0.

Therefore H, (min(z, 1)) < H,(z), so that z <1. We have thus proved that the
minimizer of (1 17) satisfies

(1.18) 0<:<l1.

Clearly also

(1.19) Az — MzP = h(q(x)) inQ,
z=1 ondQ

and z € C>T4Q).
We now take w, = 1 and define inductively w, as the solution of (1.17) with
q= m 1 By (1 18)

(1.20) w, < w,.
Assuming inductively that w, < w,_, for i < m — 1, we proceed to show that
(1.21) W, S W, .
First
A(W,, = W) = M(wh —wh_)) + h(w,,_ )~ h(w,—,) inQ,

W, — W,_, =0 onaf.
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Since & is nonincreasing we get
A(Wm_wm—l)>M(wr£—wr£—l) an,

hence w,, — w,,_, cannot take a negative minimum in £, and (1.21) follows.

From (1.20), (1.21) and (1.18) we get
(1.22) o<w,<w, <1l
By elliptic estimates, |w,, |c2eg, < C. Hence w,, > u in CX(Q), u € C?**%(Q), and
Au = Mu” + h(u) = Mu? + A f(u) — Mu” in Q, i.e., u is a solution of (0.1).

We claim that u is a maximal solution. Indeed, if v is any solution of (0.1) then
v <1 = w,. Writing

AW,y —v) = M(why — 0P) + h(w,,) — h(v)

we easily deduce (cf. the proof of (1.21)) that if w,, = v in £ then w,,,, = v in Q. It
follows that ¥ = limw,, = v.

Similarly, starting with z, = 0 solve (1.17) successively withg = z,,_,, z = z,, and
obtain a sequence 0 <z, |, <z, < 1 withz = lim z,, a minimal solution.

Added in proof. It has been brought to our attention that Theorem 1.8 is a special
case of a result of H. Amann (Indiana Univ. Math. J. 21 (1971), 123-146).

THEOREM 1.9. If A| < A, then

u

i, <i, on{di,, >0}, N; Cint N,
1
ur,<up, on{u, >0}, N, CintN, .
- - - =M A2
PROOF. Let w,, be the sequence constructed in the preceding proof for A = A,.

Then i,, <1 =w, We can proceed inductively to show that w, ., —u,, =0.
Indeed, if w,, — i, = 0 then, since A — A, <0,

A(Wm+| - axz) = M(Wr£+] - '7;\72) + h(w,) — h(‘zxz) +(A) — Az)f(ﬁxz)
sM(w,ﬁ,’H —ﬁfz),

and the maximum principle yieids Wyi1 — #y, = 0. It follows that i, = u, .
Similarly one shows that u, = u,,, and the rest follows from Theorems 1.5 and
1.6.

THEOREM 1.10. (i) If Q@ is a ball Bg(0) and u a minimal or a maximal solution, then
u(x) = u(| x1);

(i1) if u is a minimal or a maximal solution of
(1.23) Au=Af(u) in={R, <|x|<R,},
u=1 if[x|=R,,
u=0 if|x|=R,
where 0 < R, < R,, then u(x) = u(|x|).

Notice that the existence of minimal and maximal solutions of (1.23) is established
as in Theorem 1.8.
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Proor. If T is an orthogonal transformation and w, is the sequence which
converges to a maximal solution (as in Theorem 1.8) then by uniqueness w,(Tx) =
w,(x). Hence also u(Tx) = u(x) for the maximal solution, so that u(x) = u(|x|).

THEOREM 1.11. Let u, u be the maximal and minimal solutions of (0.1) and v, v the
maximal and minimal solutions for a ball Bg(x°) in @ and a shell Sk, r y9 =
Bg (y°)\Bg (y°) with Bp(y°) C R"\Q and zero boundary values on the outer
surface. Then
(1.24) #<v inBg(x°),

(1.25) v<u inSg g(y°)NQ

PRrOOF. To prove (1.24), we take as usual the sequences u,,, 0,, which converge to
and ¥, respectively, and assume inductively that &, <, on Bg(x?) (trivially
iy, =0y = 1). Thus

A("7m+l - 6m+l) = M(ﬁr[:H-l - Erngl) + h(ﬁm) - h(am)
> M(ap, ) — 0hyy) inBg(x°)

+1 <0 on 0Bg(x°). It follows that i, ,, — 0,., <0 in Bg(x°).

n

and ﬁm+l - 6m
Taking m — o0, (1.24) follows. The proof of (1.25) is similar.

REMARK. Theorem 1.11 can be extended to minimizers as well as to general
comparison domains (instead of just balls and shells). However, only Theorem 1.11

will be needed later on.
2. Uniqueness of solutions.

THEOREM 2.1. If
(2.1) f’(t)+1f(—_t)t>0 O0<r<1)
then the solution of (1.2) is unique.

This theorem is due to Cohen and Laetsch [5] whose proof depends on the concept
of maximal solutions. We give here another proof which can be extended to general
Dirichlet boundary conditions.

PROOF. Let u be a solution of (1.2) and define a function w by u = g(w), where
g(t)=1—1tF(B>1).Thenw = (1 — u)"/2 for 0 < u < 1. We compute

g"(w) flg(w)) _
(2.2) Aw + prew )|v - ()

If

o () ()

then, by Corollary 1.2, there exists at most one solution w of (2.2) with w = 0 on 9€;
this gives the assertion of the theorem. To prove (2.3) we easily check that

g,—U):u, solhat(g—,)/so.
g'(1) t 8
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The second inequality in (2.3) reduces to (f(1 — t#)/t# 'y <0 or, withs = 1 — %,
to
, B—1 f(s)
7o)+ B 2
But this is a consequence of (2.1) if 8 is large enough.

REMARK 2.1. If f(¢) is concave then f(1) — f(u) < (1 — u)f'(u); consequently
f'(u) + flu)/(1 — u) > f(1)/(1 — u). Thus if f(1) > O then f satisfies (2.1) and thus
(1.2) has at most one solution. If f(1) = 0 then the solution is not unique, in general.
Indeed, if n = 1, € = {-a < x < a} then (1.2) reduces to

u’ =f(u) for0<x<a,
w(0)=0, u(a)=1.

If a is sufficiently large then the solution satisfies: #(0) = 0 and «’ = y2F(u) and
we can construct a concave f(u) such that (1.1) holds with m = 0 and u(0) = 0,
u(a) = 1. Another solution is given by u = 1.

REMARK 2.2. We can also construct two solutions of (2.4) in case f(1) > 0, with
f(1) as in (1.1), monotone increasing for 0 < ¢ < §, and monotone decreasing for
6, <t<1. Indeed, let 3 <@ <6, <1 and choose f(¢) concave for 0 <t <4,
f(0) =26 e<f(t)<2 and f/(1)<0 for §<:<0,, f(1)=¢if 0, <t<I1. A
solution of (2.4) with #(0) = 0 exists provided a is suitably chosen; a depends on ¢,
but 0<a<a<a<oo where a, a are independent of ¢, if ¢ is small enough.
Another solution of (2.4) is given by

= 0.

(2.4)

2 2
ea EX
_ + _

2 2
provided e is sufficiently small so that 1 — ea?/2 > 6,.

REMARK 2.3. If f(¢) is strictly concave with f(1) = 0, then one can still prove
uniqueness for the minimizer. Indeed, if ¥ and v are two minimizers, set w(¢) = tu +
(1 — t)v and suppose 4 = v. We compute that

21w = [{f+ (1= 0)0) =[() + (1 = )f(0)]}(u = v) >0,

so that J(u) > J(v), a contradiction.
REMARK 2.4. Theorem 2.1 can be applied to the case

(23) ) =rep|-gi—g|  (1>0.8>0)

which arise in reaction-diffusion [2,3, 7, 17]. The condition (2.1) is satisfied for some
range of the parameters S, v.

u(x)=1-

THEOREM 2.2. If A is sufficiently small then there exists a unique solution u of (0.1)
and u >0 in Q.

PrOOF. By (1.1),
f(1) = fi(1) + £i(1),

2.6
(26) f,(¢) monotone increasing, |f;(¢)|< C.



162 AVNER FRIEDMAN AND DANIEL PHILLIPS

Suppose u, v are two solutions of (0.1). Then

A(u —v) = M fi(u) = fi(v)) = M A(u) = £(v))
and f(u) — fy(v) = —cw where w = u — v and ¢ < 0. Since also |f,(u) — f(v)|<
Clu — v|, we see that
Aw + Acw = H, |H|<AC|w| in £,
w=0 indS.

Applying Lemma 1.1. we get |w|; =g, < CA|w|; =g, hence, if CA <1 then w =0,
which proves uniqueness.

By Lemma 1.1 we also have u = 1 — CAsupg f(u) > 0 if A is small enough, since
flu)<constif 0 <u<1.

3. Asymptotic behavior as A — co. Let v = u, be any solution of (0.1) and set
N, = N,,. We shall study the behavior of N, as A - oo.

Set

Qs = {x € Q,dist(x,0Q) > 8},
Bp(x°) = {|x —x°|< R},  Bp = Bg(0).

THEOREM 3.1. There exist positive constants v, ¢,, ¢, such that for any solution u,
(3.1) 2y +em © N C 8y R
provided \ is large enough.

PROOF. It is easy to establish the crude estimates

where C, ¢ are positive constants independent of A. Indeed, to prove the second part
it suffices to show that | Du, |< CYX . Since the function wy(x) = u,(x/ VX) satisfies
Aw, = f(wy) in €5{x/ VA; x € @} and 0 < f < 1, by elliptic estimates | Dw, |< C in
€,. so that, indeed, | Du, |< CVA.

To prove the first inclusion in (3.2) we proceed as in [7] and consider the function

v(x) =A|x — x, /P (A >0)

where x, € &, and set d = dist(x,, 02). Then Av < gg4' 7v”in @ and v > 1 on 3Q
if Ad2/(~P) =1, where a, is a positive constant independent of 4. Since Au, =
Ac(uy)? (¢ > 0),if a,A' 77 = Ac then, by comparison, u, < v; thus

a, )1/2

Uy(x0) < 0(xy) =0 ifd= (H

and the assertion follows.
The system

n'(s) = y2F(n) fors<D0, 7(0) =1
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has a unique solution as long as n(s) > 0; it determines a unique positive number y
such that n(—y) = 0. Letting {(s) = n(y + s) we have

$(s)=y2F() for0<s<y,
(3.3) $(0)=0, ¢s)>0 for0<s<y,
$(v) =1
Let y € 02 and let B, be a ball in € with y € 9Bg. Let U be a maximal solution
for Bg. By Theorems 1.10, 1.11, U= U(r), u, < U: Furthermore, since U is

subharmonic and differentiable at r = 0, U’(r) = 0.
The function U satisfies: U” + (n — 1)U’ /r = A f(U ) and the function

Yo N .
Z(s) = U(R— — + —) (7, to be determined)
Y ’
satisfies
Yo

n—1 , _n_ Yo
oA 1L =/(2) (pVR L/X).

Since U'(r) = 0, the support of Z(s) consists of one interval, namely 0 < s < y,.
From (3.2) (applied to U in Bg) we have

(3.4) zZ" +

(3.5) Yo <c¢, cindependentof A.
Multiplying both sides of (3.4) by Z'(s), we get
1 (n—1)27?
5(Z27?) + —=—"— = (F(2)).
2 p\/x +s
Hence
C

2 =~ i2/ ’
(Z2) + 2 >2AF(Z)), C>0,

where C is independent of A, by (3.5). From this we obtain

(72 / MY = 25/ N(F(Z)).
Integrating and using the relations Z’(0) = 0, F(Z(0)) = 0, we get

27(s) 2 20/ [N (F(Z(1)) ar
0
C [ _.se
=2F(Z)(s)) — —= [ e~/ NE(Z(1)) dt.
(2)() == | (2(1))

Recalling that Z'(1) =0 we get Z'(s) = (1 — C/VX)"/%/2F(Z(s)). On the other
hand, the function

12
f(s)=§(s(1— ) ) (¢ asin (3.3))

=10
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satisfies {'(s) = (1 — C/VX)"/?/2F({ (s)) . By comparison we then deduce that

_ c 12
(3.6) Z(s)/f(s(l \/X) )

Since U(R) = 1 means Z(y,) = 1, we conclude that y,(1 — C/VX)'/? < y. Recal-
ling that u, < U we deduce that

Ny 2 Qpyo /8 2 Broy/k -

Thus the first part of (3.1) follows.

To prove the second part of (3.1), we introduce the following shell ©: The inner
boundary is a sphere S, in R"\, with radius R, which contains a point y on 92,
and the outer boundary is a sphere S, containing Q.

Let ¥ be the minimal solution for the shell & (cf. (1.23)). By Theorems 1.10, 1.11,
V = V(r), V < u,; further, V'(r) < 0 since V' is subharmonic. The function Z(s) =
V(R + ¥/VA — s/ VX) can be analyzed similarly to Z(s). Thus we find that

C )1/2 C )1/2

(3.7) Z(s)<t¢|s|1+ —= 1+ —

i\ N
and this yields the second part of (3.1), if we let y vary over 0 in the above
construction.

DEFINITION 3.1. The set I’y = 0{u, > 0} N Q is called the free boundary of u,.

s ’ 7 >‘Y~

LEMMA 3.2. If v is any solution of (1.2) then
(3.8) | Vo <2F(v) +av inQ

where a = 2(n — 1)max , c,o[| VO(X)| - K(x)]™ and K(x) is the mean curvature of 9§
at x (K =0 if Q is convex).

For a proof see [12, 13, 14,17, 18].

THEOREM 3.3 (a) Suppose u is a solution of Au = f(u) in B,(0) with f satisfying (1.1)
and 0 € d{u > 0}. There exist positive constants, a, 8 = 1, o, 7, and C depending on
n and the function f such that {x; x,>ap} N B,(0) C {u =0} with 0 <o, and
p < 0” implies that B, ,,(0) N 3{u >0} is a graph of a C'* function g in the
direction e,; moreover, with x' = (x,,...,X,_,) there holds

| vg(x')I< Co for|x'|<
(3.9)

’ ’ |«

)

| vg(x]) — vg(xy)|< Co

for|xil,Ixz|<

|

d)Ifn=2and
: |{u=10} NB0)]
YY) TR

where | E|= n-dimensional measure of E, then there exists a p > 0 such that B,(0) N
3{u>0}isa C' ™ graph.

0




SEMILINEAR ELLIPTIC EQUATION 165

For a proof see [1].

In the next theorem we improve Theorem 3.1. Let x = A(¢) (¢ = (¢,...,¢,_,)) be
a C'*"* local parametrization of 9§ in a neighborhood of a point x° = A(0), and
denote by »(¢) the inner normal to 9 at h(¢).

THEOREM 3.4. There exist positive constants o, 6, such that for any A sufficiently
large and for any solution u, of (0.1), T is a C'*®' surface; furthermore, in terms of
local coordinates x = h(t), I'y N Bg(h(0)) can be represented ( for small enough R) in
the form x = h(t) + k(¢, N)v(t) with k(t, N) satisfying, as a function of t,

(3.10) |Dk|< C/N  (t € Bg(0)),
(3.11) [k lcr+os oy < C-

Here Bg(0) is a ball of radius R in the (n — 1)-dimensional space. Notice that, by
Theorem 3.1, | k(t, ) — v/ VA |< C/A.

PROOF. Consider first the case where
(3.12) h(t)=(t,h(2)), h(0)=0, vA(0)=0.

We introduce the mapping
(t,s) > x=(x',x,) =®(t,s) =h(r) +sv(z).

Since 9% is in C**e, thisisa C' " diffeomorphism from {(z, s);|¢|< 4R,0 < s < ¢}
onto some {-neighborhood V of

30 N {x=(x,x,); x’ € By(0), x, € (¢, ¢)}
for suitable ¢, c.

From Theorem 3.2 it follows that

rnuc {(I)(t, s);|t|< 4R,

s-——z— S—q}

N

Since 2(0) = 0 and VA(0) = 0, x = (x/, x,) = (2, 8) + O((| 1] +|s])' "), i.e.,

13 w= e ol +s) ™), =5+ of(1 +s)' )

Consequently, T N [B,,,x(0) X (0 <s <2y/VX)]is contained in

{x;|x1|< L L — CA—(I-F&())/Z < X, < l + CA—(|+a0)/Z}‘

LN n

Let Q) = {x; x/ VA € @}, v(x) = u(x/VA) (x € Q,) and denote the free boundary
of v by I'y. Thus Av = f(v) in §, with {B(0) X (v/2 < x, <3y/2)} C Q,. More-
over

l."y N {x;|x’|< %,—27 <xn<27}

is contained in {x;|x’|<y,|x, — y|< CA™%/?},
Let x” € B, 4(0). Then there is clearly at least one value £, with | %, — y|< CA\ /2
such that (x’, ,) € I,.
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Now set 6 = A"%/®) and p = co” where B is as in Theorem 3.3. We deduce that,
for some Ay, >0, if A > A, then Theorem 3.3 can be applied about each point
(x’, %,). We conclude that %, is unique, X, = g(x’),

Ty N {B,4(0) X (-2v,27)} = {x; x, = g(x'),|x'|< %}
and
(3.14) |Dg(x)|< Co for x" € B, ,4(0),
(3.15)  1Dg(x}) = Dglx3)|< Co'™*Plx{ —xif if|x{ = x3|< co’.

Using (3.9) we see that the last estimate remains valid if « is made smaller. Thus we
may assume that a8 < 1,
If x{, xj € B, ,4(0) with | x] — x4|> co”, then, by (3.14),

| Dg(x7) — Dg(x5)|< 2c0'?|x] — x5 [,
Combining this with (3.15) and (3.14), we obtain
|g(x’) _ YlC'*"(B_Y/.,(O)) < cg'/2 = O\ /168
The corresponding portion of T, is given by x, = z(x") = A"/ ?g(A'/%x"), so that

(3.16) |Dz(x')|< co = CX™% forx’ € B, ,,5(0),

< Co'/ 2N/,

C'* (B, 4400

(3.17) 2(x) ——=

y
A
Decreasing « again so that 88a < a, we obtain

(3.18) [2(x") crvac, whon < C-

We now express z in terms of ¢ W_ritc v(t) = (¥(¢), v, (t)) with »(z) =

(y(1),...,v,4(1)). We claim that for ¢ € B, ,5x,(0) the function k(z, A) is well
defined. Indeed, if (x}, z(x])) = h(t) + s;p(¢) (i = 1,2) for s, # s, then

2(x3) = (x| _ [%(0)]
lx3 = xil 17 (1)]
Since v,(t) ~ 1 and | #(¢) |< 1, this contradicts (3.16).
We can now write

(x', z(x)) = (¢t + k(e, M7 (2), h(2) + k(2, N, (1)),

so that
(3.19) x'=t+k(t,\)v (1),
(3.20) z2(x)=h(t) + k(t, \)p,(2).

Since »,(0) = 1 we can substitute k(¢, A) from (3.20) into (3.19) and thus deduce that

z2(x") — k(1) _
ORI

x'=t+
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from which we conclude (since #(0) = 0) that x” = ¢(¢) with ¢ € ¢'*= Using this in
(3.20) we can estimate the C' " norm of (¢, A), and thus deduce that

(3.21) Lk (2, M) lervacg, gy <C  (8>0).
Moreover, using (3.16),
(3.22) |Dk(t,A)|, < CX % fort e By, ,4(0).

In deriving (3.21) we have assumed that (3.12) holds. The first assumption in
(3.12) is not restrictive since it can be achieved by renaming the variables x; as ;.
Next we can perform an affine transformation ¢ — 7 in order to satisfy the restric-
tions on / in the new coordinates. This affine transformation is dilatation in the
tangential variables but preserves distances along the normals (up to an error term).
After deriving (3.21) for k = k(7, A) we return to the original coordinates ¢.

Notice that (3.10) is a consequence of (3.16).

Finally, to prove (3.11) it suffices (in view of (3.22)) to estimate

|k, (t, ) — k,(ty,A)| when|t—t,|> CX/2

Using (3.10) this expression is estimated by CA™% < C|t — ¢, ° with suitable § > 0.
We can take 4, in (3.11) as the minimum of « in (3.21) and § above.

4. Domains whose graphs have nonnegative mean curvature. For any x € 9%}
denote by K(x) the mean curvature of 92 at x. In this section we assume that

(4.1) K(x)=0 forall x €99Q;
this is true, for instance, if 2 is convex. From Lemma 3.2 it then follows that
(4.2) |VuP <2F(u) inQ,

where u is any solution of (1.2).
The function g(u) = [4*ds/ J2F(s) will play a fundamental role in the sequence.

Setting w, = dw/dx,, w;; = 3*w/dx, dx, etc., we compute, in {u > 0},

(g(u(x))), = g'(w)u;, (g(u(x))), =g (u)u? + g'(u)f(u),

’ — 1 " — _3/2
u) = , u) = —f(u)(2F(u .
g'(u) 2 Ea) g"(u) = ~f(u)(2F(u))

Hence
_ 1 —|vg(u)f
(4.3) Ag(u) = l(u)—————g(u)
where
_fwg(u) __f(w) e ds
9 ) V2F(u) VZF(u)/O 2F(s)

Notice that /(¢) is a positive C' function of ¢ away from ¢ = 0, whereas near t = 0
I(t) ~ const > 0, since f(u) ~ u”.
By (4.2),

(4.5) | ve(u)|<1,
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and thus
(4.6) Ag(u)=0 in{u>0}.
We shall need the Hausdorff measure estimate of [1] which is valid for any
solution u of (1.2):
1 —|vg(u)f
g(u)

where d is absolutely continuous with respect to dH" 'L T (T is the free boundary);
more precisely,

(4.7) Ag(u) = d\ + Iyoo,l(u)

A\ =dH" LT,y + 8(x) dH" 'LTy,,
4.8 1 — 2
“.8) I(u>0}l(u)M e L'(Q), 0<6(x) =< const,

g(u)

where I, denotes the characteristic function of a set 4, and “L” means “restriction
to.”
Observation. If T is smooth and x, € T then by Green’s formula,

f Ag(u) :/ vg(u) - vdH"!
{u>0} N Bg(xg) T'N Bg(

r(Xp)

+ vg(u) - vdH" ",
{u=>0}NABR(xp)
Using (4.5), (4.6) and the relation | vg(u(x))|— 1 if dist(x, I') — 0 (which is implicit
in (4.8)), we obtain
H" YT N Br(xy)) < H" '[{u>0} N9B(x,)].

This estimate is equivalent to I' having nonnegative curvature and, if n = 2, to I’
being convex. In this and in the next section we shall make this observation rigorous,
exploiting (4.8) and some elementary facts from geometric measure theory, as well as
Theorem 3.4 (for proving that I is convex if n = 2).

LEMMA 4.1. Let G be any subdomain of & with piecewise smooth boundary 9G C §
and with H"~'(T' N 0G) = 0. Then

(4.9) fGAg(u) :fm{m}vz;(u) vdH"",

PRrOOF. This is just Green’s formula for a function g(u(x)) whose Laplacian is a
measure; we shall establish it by approximation.
Let g(u), be a mollification of g(u(x)). Then, since Ag is a measure,

(4.10) A(g(u),) » Ag(u) as measures.

Recalling that (Ag(#))(dG) = 0 (by (4.7), (4.8), and the assumption H"~'(I' N 3G)
= 0), we deduce from (4.10) that

(.11) [ ACg(w).) - [ Ag(w).
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By Green’s formula for smooth functions we have

(4.12) fG A(g(u),) = /a (g(w),) - vaH.

For any small § >0, let K be any open neighborhood of I' N dG with
Jxrae @H" ™' < 8. On (3G\K) N {u >0} we have v(g(u),) —» vg(u) uniformly
as ¢ — 0. On the other hand,

(0G\K) N {u = 0} is compactly contained in int{u = 0};
hence, if € is small enough,
v(g(u),) =0 on(dG\K) N {u=0}.
From (4.5) we deduce that | v(g(u),)|< 1 and, therefore, if ¢ is small enough,

<3.

fKnaGV(g(u)e) ~ydH"!

We now break the integral on the right-hand side of (4.12) into 4G N K and 0G\ K
and use the preceding remarks; we obtain, letting ¢ — 0 and then § — 0,

(4.13) [ v(g(w),)-var"" = [ vg(u) - dH"".
3G 3G N (u>0)

Taking ¢ — 0 in (4.12) and using (4.11), (4.13), the assertion (4.9) follows.
Combining (4.9) with (4.7), (4.8) we have

COROLLARY 4.2. If G is as in Lemma 4.1, then

(4.14) / dH"' + 0 dH"""
GN Ty GN Ty,

= Ag(u)dx+j;(m{ >0}Vg(u)-vdH"_'.

fGﬁ {u>0}

THEOREM 4.3. Every C? portion of T has nonnegative mean curvature.

PROOF. Suppose a smooth portion of I' is given by x, = A(x'), x' = (x},...,x,_))
varies in a ball By, and u > 0 if x,, < h(x"). Since
(4.15) Ag(u)=0 in{u>0}, |vgu)|<l,
(4.14) gives
(4.16) / dH" ' < dH" !,
Gnr 3GN (u>0)

Take 3G N {x, < h(x")} to be x, = h(x") — &§(x"), § =0, € CF(Bg), € > 0, where
By is the ball {| x"|< R}. Then (4.16) yields

f_¢1+|vh|2<f§ﬂ|w,_ev§|2.
R

Bg

From this we deduce that v - vh/ |1 + | vh[* = 0, and the assertion follows.
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Let P be an open half space with H" (3P N I') = 0 and denote by 7 the outward
normal along dP. Let G be a convex domain in P with piecewise smooth boundary,
such that G N P #* ¢, u = 0 in an open neighborhood of G N P.

LEMMA 4.4. Under the foregoing assumptions,

(4.17) dH""! <f dH"™
TaNG

-l;u>0}macmap
with strict inequality if L"({u >0} N G) > 0.
PROOF. By Green’s formula [8, 4.5.6]

0= divdx = v-ovdH" '+ Vv,
‘/;u>0}ﬂG ‘/ll,cdﬁG '/;LI>O}GBGGEP

Hence

/ dH" "= 5 [ ydH"'=-p-y*,

{(«=>0}NIGNIP T NG
This gives (4.17). Further, if L"({u >0} N G) > 0, then by an isoperimetric inequal-
ity [9] »* # 0 and then the normal at each reduced boundary point is in the direction
v. It follows by [9, Theorem 4.8] that I' N G is a plane normal to ¥, which is
impossible.

5. Two-dimensional convex domains. In this section we shall study the dead core
N, of a solution u, assuming that

(5.1) Q is a two-dimensional convex domain.

By a component of N, we mean a maximal connected subset of N,; it is necessarily
a closed set.

THEOREM 5.1. If T is a component of N, with nonempty interior, then T is a closed
convex domain with C'*P boundary, and

(5.2) dist(T, N\T) > 0.

PROOF. Let O be an interior point of 7 and let /|, /, be rays initiating at O and
forming an angle < #. These rays intersect 07 for the first time, say, at P, P,. We
form the triangle G = {P,, P,, O} and claim that
(5.3) (u>0}NG=2.

Indeed, otherwise Lemma 4.4 gives (assuming first that H"~'(P,P, N T') = 0)
/_ dH' < dH".
PP, N {u>0} TeaNG
On the other hand, from Corollary 4.2 and (4.15), we obtain [5~r  dH I'<
J3Gngu=0y, dH ', a contradiction. L

If H""'(P,P, N T') > 0 then since H{'; '(I') < oo we can find P,, P, with P, € OP,
and | P, — P,| arbitrarily small so that H""'(P,P, N T) =0 and {P,, P,, 0} still
violates (5.3) (since {u > 0} is open). The previous argument can then be applied to
(P,, P,, 0} in order to derive a contradiction.



SEMILINEAR ELLIPTIC EQUATION 171

Having proved (5.3), we now denote by T, the union of segments OP, when /,
varies over all possible directions. From (5.3) it follows that T, is convex; in
particular, 87; is Lipschitz continuous. Since n = 2 we can apply Theorem 3.3(b). It
then follows that 37 is in C'*# and u > 0 in some (2\ T, )-neighborhood of 37,
Hence T = T and (5.2) holds.

COROLLARY 5.2. If A is sufficiently large then N, is a closed convex domain with
C'*® boundary.

Indeed, by Theorem 3.4, N, is a closed domain with C'*# boundary; now apply
Theorem 5.1.

THEOREM 5.3. Let (2.1) and (5.1) hold. Then the null set N, of the solution of (1.2) is
either a closed convex domain with C'** boundary, or a single point, or empty.

ProOOF. The proof is by continuity with respect to the parameter A. For any A
there is a unique solution u, (Theorem 2.1) and, by Theorem 1.7, u, increases and

(5.4) N, decreases as A decreases.

Further, if A, — A then u, (x) — u,(x) uniformly with respect to x € €.
By Corollary 5.2,

(5.5)

N, is a closed convex domain with C'*# boundary,
provided A is large enough.

By (5.4) and Theorem 2.2 there is a number A, > 0 such that
(5.6) int N, # @ ifA>A,, int Ny = @ ifA<A,.

The continuity A — u,(x) implies that Ny D limsup, _ N, . Recalling (5.4) we then
deduce that, whenever A, | A,

(5.7) M= lim Ny = ﬂ Ny
notice that if each N, is a closed convex set then the same is true of NN, , i.e., N, is
also a closed convex set.

We next prove that

if N, is a closed convex domain then N, is also a closed
(5.8) convex domain for all A, — n <X <A, provided 7 is small
enough.

Once this is proved, we conclude, upon recalling (5.5) and (5.7), (5.6) that N, is a
closed convex domain with C'*# boundary if and only if A > A,.

To prove (5.8), let N, , = {x € N, ; dist(x, 9N, ) > 8}. If u,\(xo) >0 for some
x% € Ny, then, by nondegeneracy (15,16] sup,, .0, uy = ¢8>/ ~7) provided § < r,,
where r,, ¢ are small positive constants independent of A, x°. Hence, if Ay — 7 <A
< A, and 7 is small enough depending on §, say n < 1(d), then

c _
sup u, = 582/“ P >0,
Bs(x%)
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and consequently x° & N),.s- We have thus proved that Ny D N, 5if Ag — n(8) <A
< Ao. This implies that T, lies in the region N\ N, , of “width” & and, conse-
quently (recalling that 9N, is in C'*#, by Theorem 3.3), the flatness condition holds
along I', provided § is small enough. Consequently, by Theorem 3.3, T, is a locally
C'*# graph that can be parametrized by T\, and, then, by Theorem 5.1 N, is a
closed convex domain. We have thus completed the proof of (5.8).

It remains to show that N, consists of a single point; Theorem 1.6 then implies
that Ny = @ if A <A,. Since N, = M,_, Ny, Ny, is closed convex set. Thus it
consists either of a single point or of an interval I. We shall assume the latter and
derive a contradiction. For simplicity we take I = {(x,,0); —a < x, < a}. Set

. |[u inBf=B,Nn{x,=0},
““o in B;,

and notice that # € C2. The free boundary of i is 1. By [1], the flatness of the free
boundary implies that g(i#) isin C'*#in B} , and | vg(ii)|=lonx, =0 + .

Consider now the subharmonic function w = g(#) — x, in B, . Since w(x,,0) = 0
and | vg|< 1, w <0 in B, . Hence, by the maximum principle, either (i) w =0 or
(ii) aw(x,,0)/dx, < 0. The second case implies dg(#)/dx, <1 at (x,,0), a con-
tradiction; hence g(ii) — x, =0in B, .

In @, =9 N {x, >0} we can write (4.3) in the form Ag = k(g)(1 — | vgP).
Since also Ax, = 0 = k(x,)(1 — | Vx,[*), we can write Aw =4 - Yw + ew in £,
with smooth coefficients 4, e. Hence, by unique continuation, w = 0 in £ , which is
a contradiction since w = g(1) — x, on 3 N {x, > 0}.

REMARK 5.1. Consider Aw = A(w) in @\ K, w = 0 on 02, w = 1 on 9K, where
and K are convex domains in R” and K C Q. Caffarelli and Spruck [4] proved that if

h(t)=0, h(t)=0 Vi, h(0)=0,
then the sets K U {w > ¢} are convex for all c € (0, 1). If we set w =1 — u in (1.2),
then (1.2) reduces to

Aw=h(w) inQ, w=0 ondQ,

with w = 1 in the dead core, where h(z) = —f(1 — t). The assumptions on f made in
Theorem 5.1 are, in terms of A:

h(t) <0, h(t)+|h(t)|/t>0 forO<r<],
h(t) ~-c(1—1)" ast11(c>0), h(t)=0 ift>1.
The basic difference in the respective assumptions on 4 is in the signature of A.

REMARK 5.2. Denote by 2 the set of A’s for which the variational problem (Jj )
does not have a unique solution. We claim that

(5.9 2 is countable.

Indeed, for any large 4 >0 choose x° € €, x° near 9 such that u,(x%) >0 if
0 <\ < 4, where u, is a minimizer of (J,,). By Theorem 1.7, if A <A” < 4 then
uy(x?) > u,(x°). By Theorem 1.4, if uy, v, are two distinct minimizers for Jj ; then
uy(x%) # v,(x%). We conclude that there is a monotone graph A — ®(A) (0 <A < A)
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such that ®(A) is a real number in (0, 1) if A & = and ®(A) is a nonzero interval if
A € Z. The assertion (5.9) now readily follows.
In the next result we drop the condition (2.1).

THEOREM 5.4. Let 0 < Ay <A, < o and suppose that for A € [Ay, ), A = uy isa
family of solutions of (0.1) which varies continuously with X (i.e, A = uy(x) is
continuous for each x € Q) and uy < uy, if A= N Then (i) if K, , and K, , are
distinct components of N, then they are contained in distinct components of N, for
Ao <A <Ay; (il) each component of N, is either a point or a closed convex domain,
(ii1) the number of components of N,  is finite.

If for any A € (Ay, A,) there is a unique minimizer u,, then u, satisfies the
assumptions of Theorem 5.4. Indeed the monotonicity follows from Theorem 1.7,
and the continuity in A of u, is assured by the uniqueness. Another natural
candidate is the family of minimal (or maximal) solutions; here one must first
establish their continuous dependence upon A.

PROOF. From the monotonicity assumptions and Theorem 1.6, K, ; C int N, for
Ao <A. Hence K, , C int K, where K, is a component of N,. Since int K, # & it
follows from Theorem 5.1 that K, is a closed convex domain. Using the monotonic-
ity and continuity assumptions on u, we can argue as in the proof of Theorem 5.3 to
conclude that Ny N K, is either a point or a closed convex domain. In particular, it
is connected. Hence (My\ K, ) N K, = @, which proves the assertion (i). Thus we
have Ny N K, = K, and from the above it follows that this is either a point or a
closed convex domain. Hence we have the second assertion.

Finally suppose that N, has an infinite number of components K. Then there
exists a sequence of points X; € K, such that X; — X, € K, a component of N, .

Since K, C int N, for any A > A, there is a component K, of N, with X, € K, C
int K,. But then we have K; N K, # @ for i sufficiently large, which contradicts (i).

From Theorem 5.4 we deduce

COROLLARY 5.5. For each A € [Ay, A|), N, has a finite number of components,
where each component is either a point or a closed convex domain. If one such
component is a point then

(a) it disappears from N, for ' <A,

(B) it develops into a closed convex domain of N,. for A’ > A.

Finally, the number of components is finite and increases as A increases.

6. The coincidence sets for variational inequalities. Consider the variational
inequality

-Au=0
(6.1) u—¢=0% ae.inQ,
(u—¢)Au=0
(6.2) u—¢=1 onoQ.

THEOREM 6.1. If Q is a convex set in R? with C*** boundary (0 < a < 1) and if
A¢p = —c for some positive constant c, then the coincidence set {u = ¢} is convex.
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A related result was proved by Lewy and Stampacchia [11] (by an entirely
different method) namely: If (6.2) is replaced by

(6.3) u>¢ onof
and A¢ = —c is replaced by

(6.4) ¢ is strictly concave and smooth,
then
6.5) {u= ¢} is a simply connected closed domain with Jordan

boundary.
Let us show that

the conditions (6.3), (6.4) (or even (6.2), (6.4)) do not yield, in

(6.6) general, the assertion that {# = ¢} is convex.

PROOF OF (6.6). Consider the case where ¢ describes a pyramid whose base is a
square having diagonals on the x- and y-axes. If ¢ = 0 on 9§ and ¥ = 1 on 9% then
{u = ¢} is nonempty provided supg ¢ > 1 (otherwise Au = 0 and ¥ = 1 in , so that
u < ¢ at some point in ).

The set {# = ¢} cannot include points of faces of ¢. Indeed, if u(x,) = ¢(x,) and
(xg, $(x;)) lies on a face of the pyramid, then —-A(u — ¢) = -Au = 0 in a neighbor-
hood N of x, and, since u — ¢ = 0, the strong maximum princple gives u — ¢ > 0 in
N.

We conclude that

(6.7) {u = ¢} consists of points lying on the edges of the pyramid.

This gives the counterexample asserted in (6.6) in case of a ¢ which is not smooth.
To get a counterexample for a smooth obstacle we approximate ¢ by strictly concave
mollifiers ¢; and denote the corresponding solutions by u;. By [11], the set C; = {u;
= ¢;} is a simply connected closed domain. We assume that

(6.8) C, is convex for each j

and derive a contradiction.

By 6.7)u—¢>0on {x= *y, y# 0} N Q. Hence, for any & > 0, u,— ¢, >0
on {x = *y,|y|= ¢} N Q provided j = j(¢). If (6.8) holds then we conclude that the
diameter of C; is < y2'e. Hence

A(u—¢) = limA(u; — ¢;) =0 (weak limit)
J

if x2 + y? > 4¢%, ie., A(u — ¢) = 0 a.e. which contradicts the facts that u € C"',
- c
PROOF OF THEOREM 6.1. Theorem 5.3 holds for f(¢) = ct” with 0 < p < 1. Going
over the details of the proof we find that the proof extends to the (limiting) case
f(t) = exyop; here the functional J is J(v) = [o[}| Vo[ + cv* ]dx. Thus the
coincidence set for the variational inequality
-AU = —¢

(6.9) U= 0} ae.inQ,
U(-AU +¢) = 0
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(6.10) U=1 ondQ

is convex. Setting u = U + ¢, we have
Au=-AU—-Ap=-c—Ap=0 ifU=0,
Au=-AU—-—Ap=-c—Ap=0 ifU>0,

and (6.1), (6.2) follow.

COROLLARY 6.2. Let Q be a bounded convex domain in R? with C*** boundary and
denote by  the solution of

AYy=-1 inQ, v=0 onodfd.
Then there exists a unique point X° € Q such that Y(X°) = maxg y.

PROOF. Set M = maxgy, U= M — ¢. Then U satisfies (6.9) with ¢ = 1 and
U=M on 92. It follows that the set K= {U =0} = (¢ = M} is convex. By
analyticity of ¢y, K has no interior and thus it consists of either one point (as
asserted), or an interval I. Suppose the second case occurs and take for simplicity
I C {y = 0}. Applying the Cauchy-Kowalewsky theorem to U — y?/2 we find that
U — y?/2 =0, a contradiction.

7. The third boundary value problem. In this section we shall extend the main
results of the previous sections to the third boundary value problem. Thus we
consider

(7.1) Au=f(u) inQ,
(7.2) %—:— +p(u—1)=0 onaQ

where f(¢) is a function satisfying (1.1), » is the outward normal, and u is a given
positive number. We shall imbed this problem in the family of elliptic problems

Auy = Af(uy) inQ,

7.3 d
(7.3) ai;‘+u\/}r(u,\—l)20 on 99

where 0 < A < 0.
The existence of a solution of (7.1), (7.2) follows by minimizing the functional

_((1 2 1, ) 1
Ju(v)—fﬂ(zlvw+F(v))+ufm(zv v|, v€H(Q).
One can also construct minimal solutions and maximal solutions as in §1.

THEOREM 7.1. For any solution of (1.1), (1.2) there holds

(7.4) O<u<l1 inQ,
du
(7.5) > >0 ondQ.

PrROOF. If the set K = {u >0} is nonempty then 9K N 99 contains an open
portion of 3% (otherwise # = 0 in K, since Au = 0 in K) and u takes in K negative
minimum at an interior point X of 4K N 0$. But then du/d» <0, u — 1 <0 at X,
and (7.2) is contradicted.
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If u takes maximum in € at Y, and u(Y) =1 then Y € 99 (since Au =0 in Q)
and du/dv >0, u — 1 = 0 at Y, again contradicting (7.2). We have thus completed
the proof of (7.4); (7.5) follows from (7.4) and (7.2).

THEOREM 7.2. If f satisfies (2.1) then the solution of (7.1), (7.2) is unique.

PrOOF. Setting u =1 — wf (8>0) we find that w satisfies (2.2), (2.3), and
dw/0dv + p/Bw = 0 on 9. The uniqueness result of Corollary 1.2 easily extends to
the present case.

From now on we assume that

(7.6) Q is a convex domain in R? with 9Q in C**,
We shall denote points in R* by X = (x, y).

LEMMA 7.3. Any solution of (7.1), (7.2) satisfies
(7.7) |vulf <2F(u) inQ.

PROOF. Set ® =| Vu [ — 2F(u). As in [12] ® cannot take its maximum in & at an
interior point, since

__f
| vul

~Vu-v®=>0 in{vu+0}.

Thus, if (7.7) is not true then ® takes positive maximum at a point X° € 3Q. Take
for definiteness X° = (R,0) with x = R — ay? + O(y3) = g(y) describing 0§ near
X°, and the segment {(x,0),0 < x < R} in ; since § is convex, a = 0.

By (7.5), u, > 0 at X°; further, by the maximum principle, ® (X°) > 0, i.e.,

(7.8) uu g, tuu, —fu, >0 atX°

The boundary condition (7.2) can be written in the form

(7.9 u(g(»), ¥) = g(P)u,(&(y), ) + plu— DY1 + (g'(»))* =0.
Since ®(g( y), y) takes maximum at y = 0,d®/dy = 0,d*®/dy>* <0Oaty = 0, i.e,
(7.10) ® =0 atX°,
(7.11) “2a®, + @, <0 atX°.

Differentiating (7.9) and taking y = 0, we get u,, + 2au, + pu, = 0, that is,
(7.12) u,=-Qa+pu,.

Next, (7.10) can be written in the form u
(7.12) and (7.1),

(7.13) u,[(a +p)u, +u, ] =0 at X°

u, +u,u, — fu, = 0,so that, after using

xy%x

Consider first the case u,(XO) # 0. Then we get from (7.13), u, . = —-(2a + p)u,
< 0; hence u,u,, <0. Since, further u,u,, <0 by (7.12), the left-hand side of (7.8)
is negative, a contradiction. o

Consider next the case u,(X°) = 0. Then, by (7.12), also u, (X°) =0 and, by

(71.8), u,, — f>0,u,, <0at X°
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Differentiating (7.9) twice and substituting y = 0 we then obtain
(7.14) 20u,, tu,,, +4au,, + 4’ (u—1) =0 at X°
From (7.11) we also obtain

—2a( Uty — f“x) tuu + uiv - fuyy <0

Xyy

at X°. Substituting u, ., from (7.14) into the last inequality, we get

uﬁv fuvv
2a(u,, —f)+ L 2w~ dau, 4a’p(1 —u) <0,
X X
or
u?, u,,
20f + u—” L 4au,, +4a’u(l —u) <0

which is a contradiction since all the terms on the left are nonnegative (recall that
a = 0) and the second and third ones are positive.
We shall now study the null sets N,. Using Lemma 7.3 we can establish as in §5

LEMMA 7.4. If a component of N, has nonempty interior then it is a convex set.
LEMMA 7.5. There exists a positive number y such that

(7.15) Q(y+o(|))/ﬁ C Ny C 800y 00

where o(1) — 0 uniformly as A — 0.

PROOF. We begin with the crude estimates
(7.16) Q.5 CNC & (¢cy>0,c>0).

To prove the left-hand side we can use the same supersolution

o(X)=A|X - X, /0P
as in Theorem 3.1, since v(X)=1>u, on 9Q2. To prove the right-hand side of
(7.16) we set wy(X) =u,(X/VA) and @, = {X/VA; X € Q). Since 0w,/d» +
w(wy, — 1) = 0 on 0%, elliptic estimates give | Dw, |< C, i.e., | Du,|< CyA. Thus it
suffices to establish a uniform lower bound
(7.17) uy=c ondf, ¢>0.

If this is not true when we can find sequences A, — oo, X” € 0Q such that
uy (X™") =0, X™ - X as m — co. Suppose for simplicity that the tangent to 9% at X
is horizontal and set w,(X) = u, (X — X™))/ /A,,. Then

Aw,, = f(w,,) in Qm‘R ={-C<y<¢,(x),-R<x <R},
ow

a_llm + .U'(Wm - 1) =0 ony= ¢m(x‘)’ ¢m(0) =0,

Osw,<1 in{Q, g,

for any C >0, R > 0 and m = my(C, R), and w,(0,0) — 0 as m — oo. Notice that
Y = ¢,(x) is a translate of 3R, , and, | D’¢,(x)[<n(A,) = 0if m — 00 (0 <, <3),
uniformly with respect to x € (-R, R).
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By elliptic estimates we may assume that w,, — w uniformly in compact sets and

Aw=f(w) inT= {—% <y<0,—§<x<§},
(7.18) g—; +pu(w—=1)=0 ony=0,

Osws<1 inT.

Since w(0,0) = 0, if follows that w, + u(w — 1) < -u < 0 at (0,0), a contradiction
to the second equation in (7.18).
Having proved (7.16) we now proceed to establish (7.15). For any point X € 98

we consider
XX HQA:{X—X;M}.

A i

We shall assume for simplicity that the tangent to 9§ at X is horizontal. Notice that
the 9Q-neighborhood of X is mapped into y = ¢,(x) with ¢,(0) = 0 and for any
R>0

(7.19) |Dgy(x)|<n(A) if|x[<2R, 0<j<3,
where n(A) — 0if A — oo. From (7.16) and its proof we have, for A = A ( R),

wi( X) = uy

wy=c>0 if-c, <ys<Q, |x|< 2R,

(7.20) wy=0 if —¢c; <y < —c,, |x|<2R,

where 0 < ¢, < ¢, < ¢4, and ¢, are independent of A, R. By Lemma 7.4 the compo-
nent N, of {w, = 0} which contains the point (0, —c,) is convex. Setting

O or={-c;<y<exx),-R<x <R},

the set Q,\‘R N N, is bounded by the lines {y = —c;}, {x = =R} and a curve
y = ky(x), where k,(x) is concave for | x |< 2R. Since —c, < k,(x) < —c,, we deduce
that | k;(x)|< C a.e. for | x|< R. Hence for any subsequence of A’s converging to oo
there is a subsequence for which

(7.21) ka(x) = k(x),  w(X) = w(X)

uniformly in compact subsets in R?, and k(x) is concave and —c, < k(x) < —¢,. It
follows that

(7.22) k(x) = const = —y,.
Recall also that
(7.23) Awy, = f(wy) in ;.

From (7.21)-(7.23) and nondegeneracy [1] it follows that {y = —y,} lies in the free
boundary of w. Applying Lemma 7.6 below we deduce that w is a 1-dimensional
solution w(x). To compute it, we need to solve {'(¢) = 2F({(z)) for 1<0,
$(0) + p($(0) — 1) = 0. §(0) is determined by —u($(0) — 1) = y2F({(0)), ie., 0 =
¢(0) is the solution of x(o) =0 where x(x) = y2F(s) + p(s — 1). Noting that
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x(0) <0, x(1) >0, x’(s) > 0, there is indeed a unique solution 0. Denote by y the
smallest positive number such that {(=y) = 0. Thenw = {(z — vy + y,) and vy, = 7.
Since w is uniquely determined, we conclude that as A = 0.

(7.24) wi(X) = §(x).

Hence for any € > 0 the free boundary of w, in Q)\. z lies in the strip |y + y|<e
provided A = A(e, R). Finally, since A(e, R) can be taken uniformly with respect to
the initial point X on 9§ (otherwise we construct sequences X,, € 92 and A,, — o
and derive a contradiction by working with w (X) = u,((X — )?m )/ VA,,)), (7.15)
follows.

LEMMA 7.6. Let
Tog={-b<y<0;-R<x<R} (b>0,R>0)
and let u be a solution of
O0<u<l1, Au=f(u) inTyg,
u(x,y)=0 if-R<x<R, b<y< -y, (v, €1(0,0)),
{(x,~¥y); -R <x <R} C3{u>0},
satisfying (1.7) in Ty g. Then u(x, y) = u(y) and u(y) >0 if -y, <y <0.
PROOF. By [8, 2.10.19(4)], for any h € L'(R"), s > 0,

(7.25) limr‘_"f h(x)dx =0
B.(y)

r-0

except for y in an H" °-null set. Recalling (4.8) and /(u) — const >0 as u — 0, we
see that [(1 — | vg(u) ) /g(u)l];,~0) € L', so that

1 — 2
(7.26) liml M

dY =0 fora.a.¢{€ (-R,R).
=0 T JB (¢, ~y) N (u>0) g(u)

Fix such £ and consider, for any small 7 > 0,

0(X) = Tg(u(rX + (£, 1)) in By0),

Notice that

(7.27) v(x,y)=0 ify<0,
L= vo ()P 1| vg(u(¥)F
(7.28) o(X) T gu(r)

where Y = 17X + (§, —-v,). By (7.26),

) 1—-|v Y)) P
(7.29) 0= lim¢! | ve(u(Y))]
—0 Bt ypn=0y  g(u(Y))
_ 1= |vo(X)F
= lim _
7—07B,0)" (0,>0) v,(X)

dY

dX.
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Since, by (4.5), | Vv, |< 1, there is a sequence 7, L0 with v, (X) — vo(X) uniformly in
B\(0) and (7.29) gives (using Fatou’s lemma) | Vvy|=1 in B,(0) N {v, > 0}. Since,
by (4.3), (7.28), | Av, |< C(1 — | Vv, [*)/v,, we also have Av, = 0 in B,(0) N {v, > 0}.
By (7.27) vy(x, y) = 0if -2 < x < 2,y <0, and, by nondegeneracy [1],
(0,0) € 3{v, > 0}.
It now easily follows that vy(x, y) = y™ in B,(0).
Consider the function z( X) = g(u( X)) — (y + v,)* in T}, ;. From (4.5), (4.6),

(7.30) Az=0 inD(T, ),
and

0z _ 3g(u)

oy dy
Also z(x, -y,) = 0, so that

—1<0 inTy N (3> %)

z<0 inTyr, z=0 InTy N {y<-y}.
Next for any £ as in (7.26),

lim Z(gv_‘YO + TI) = lim g(u(g**YO + Ti))
7,—0 T 7,0 T;

limo, (0,1) — 1= 0,(0,1) — 1 = 0.
-0 '

-1

Thus dz/0y = 0 at (£, —y,). Recalling (7.30) and using the strong maximum princi-
ple, we deduce that z = 0, i.e., g(u(x, y)) = (¥ + v,)" , and the assertion follows.
We shall need the following comparison result.

LEMMA 7.7. If (2.1) holds and
f(1)

then, for any A, > 0, if A > Ay and A — A is small enough

Ao
A
(7.33) int Ny D Ny .

PROOF. Set 8 = (A,/A)'/2. Then A(fuy) = h(uy)A,f(0uy) where
) 1A
Ao f(6r) 8 f(61)
by (7.31), provided § < 1, 1 — 6 is small enough. Thus

A(Ouy) > Ao f(0uy), Auy, = Ao f(uy,).

By Corollary 1.2 (working with (1 — uy )'/2, (1 — 6u,)'/?) we find that fuy — uy,
cannot take positive maximum in . Thus, if (7.32) is not true then there is a point

>0 forall0<t<l],

(7.32) Uy < uy

0

h(t) =
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X € 0Q where u, — u,_attains its positive maximum in €, and

B du
Ouy > uy,, % > WA" at X°.
But then, at X°,
du 9 OJu
0—:———1 Ro +u(u,\0-1)<——}\ +p(0uy — 1)

m dv \/}\_0 v

1 au)\ _ ..
< V_/X = + p(uy, — 1) =0, a contradiction.
Having proved (7.32), the proof of (7.33) is then similar to the proof of Theorem

1.6.
We can now state the main result of this section.

THEOREM 7.8. Assume that (7.6) and (2.1), (7.31) hold. Then there exists a A, >0
such that N, is a closed convex domain with C'*F boundary for any A > A,, Ny,
consists of a single point, and Ny = & if A <A,.

PROOF. For A large enough Lemma 7.5 implies the flatness condition and thus, by
[1], 9N, is a C'™# curve which can be parametrized by 3. Lemma 7.4 then shows
that N, is a convex domain. We can now use the monotonicity of N, (in A)
established in Lemma 7.7 in order to proceed as in the proof of Theorem 5.3. Notice
finally that N, = &, by the maximum principle; hence N, = @ if A is small enough,
that is, A, > 0.
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