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THE ILL-POSED HELE-SHAW MODEL AND
THE STEFAN PROBLEM FOR SUPERCOOLED WATER'
BY
EMMANUELE DI BENEDETTO AND AVNER FRIEDMAN

ABSTRACT. The Hele-Shaw flow of a slow viscous fluid between slightly separated
plates is analyzed in the ill-posed case when the fluid recedes due to absorption
through a core G. Necessary and sufficient conditions are given on the initial domain
occupied by the fluid to ensure the existence of a solution. Regularity of the free
boundary is established in certain rather general cases.

Similar results are obtained for the analogous parabolic version, which models the
one-phase Stefan problem for supercooled water.

Introduction. The Hele-Shaw flow arises when a slow incompressible viscous fluid
is moving between slightly separated plates. After certain approximations in the
Navier-Stokes equations, the pressure p = p(x, y) satisfies

(0.1) Ap =0 in the fluid.

If we denote the projection of the moving boundary of the fluid on the plane by
f(x, y,t) = 0, then

d
(0.2) p=0, a—{:vp-vf onf=0.
A domain G (the “core”) surrounded by the fluid is given so that the pressure can be
increased by injection of further fluid or decreased by suction of the fluid along G,

causing the fluid blob to advance or recede:

ap

(0.3) o —-Q along 9G (pressure is increased),
(0.4) g—f = Q  along 0G (pressure is decreased)

where » is the outward normal to G and Q > 0.

The model (0.1), (0.2) has been proposed by Saffman-Taylor [24] and McLean-
Saffman [20], who studied the displacement of one viscous fluid by another in an
infinite strip. Richardson [22, 23] studied the problem (0.1)-(0.3) with injection from
a finite number of sources.
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One of the interests in the Hele-Shaw model is its mathematical analogy to the
flow of viscous fluid in porous medium. It also appears in the theory of electrochem-
ical machining (McGeough-Rasmussen [19]) after suitable scaling; it was studied by
variational inequalities methods by Elliott [8].

Elliott and Janovsky [9] and Cizek and Janovsky [6] reduced the problem
(0.1)-(0.3) to a variational inequality with a parameter 7, and established existence
and uniqueness. Numerical work was carried out by Crowley [7].

However, in the case of the boundary condition (0.4) (instead of (0.3)) the
character of the problem is entirely different. As pointed by Elliott and Ockendon
[10, p. 162] numerical work indicates that the problem is ill-posed and experimental
evidence shows that initial small protuberances of the fluid’s boundary grow into
lengthening fingers. (For the boundary condition (0.3) there is the reverse phenome-
non, namely, initial protuberances of the free boundary decay as time increases.)
Furthermore, finite time “blow up” occurs for suction problems (Richardson [22]).

The one-phase Stefan problem for supercooled water consists of finding a temper-
ature 6(x, t) and a free boundary ®(x, t) = 0 (x = (x,, x,, X3)) such that

(0.5) c, — A9 = 0 in the water (¢ > 0)
(0.6) 6 =0, 00/t =vl- v® on® =0;
further, if the water surrounds a core G, then

(0.7) 90/9v =Q ondG,Q=0;
finally @ satisfies an initial condition

(0.8) 6(x,0) = 6,(x) <O.

Notice that the conditions (0.6), (0.7) are the same as (0.2), (0.4). In the standard
one-phase Stefan problem one prescribes 6, = 0, Q < 0 and, consequently (by the
maximum principle) § > 0 and the free boundary is advancing in time. In the
supercooled problem, Q = 0 and then 6 < 0 and the free boundary is receding.

The problem (0.5)-(0.8) was studied in the literature only in the case n = 1 and,
even then, global existence (in time) for classical solutions was established only
under some restrictive assumptions on ,; see van Moerbecke [21], Friedman [13],
Jensen [18] (some properties of the free boundary were derived by Friedman-Jensen
[16] and Fasano-Primicerio [11]). The case n = 1 is discussed in Remark 7.4 in more
detail.

Notice that (0.5)-(0.7) reduce to (0.1), (0.2), (0.4) if ¢ = 0. Thus the Hele-Shaw
model (with (0.4)) may be considered as the one-phase Stefan problem for super-
cooled water with zero specific heat.

In this paper we study both the ill-posed Hele-Shaw problem (0.1), (0.2), (0.4) and
the Stefan problem for supercooled water (0.5)—(0.8). The methods we use for the
two problems are interrelated.

For the Hele-Shaw problem we establish the existence of a weak solution
(roughly) if and only if the initial domain @ belongs to a certain class (J}) of
domains; uniqueness does not hold in general. We further show that any fingering
configuration can arise from a suitable initial domain §2 whose boundary is smooth
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and nearly spherical; this explains then the fingering phenomenon mentioned above.
We also derive regularity results for the weak solution.

For the Stefan problem (0.5)-(0.8) we show that a weak solution exists (for all
t > 0) if and only if © belongs to some class which depends on 6,; here again the
solution is generally not unique. This result is established under the assumption that
Q >0, [*Qdt < o0, and the solution tends to zero as t — 0.

For the ill-posed Hele-Shaw model there is a “ terminal phase” £ of the solution as
it disappears in finite time 7 the same is true for the supercooled problem (however
the terminal phase might occur at a finite or infinite time). The function § represents
a limiting “mushy” region for the latter problem. In case Q = 0 and £ = 0 we show
that the supercooled water has a finite extinction time, for which we give estimates
from above and below.

We finally note that all our main results are established in R” with any n = 1.

CHAPTER 1. THE HELE-SHAW MODEL

1. Classical formulation. Let D and G be two open sets in R" with C2*«
boundaries 3D and G (for some 0 <a < 1). We assume that G C D and set
Q=D\Gand 2, =Q X (0, T] for any 0 < T < c0.

We wish to find T € (0, ), u: 2, — R and ®: Q,. — R such that, setting

Q1) = {x € Q; d(x,1) <0}, 9,2(2) = 9R(1)\0G,

the following conditions are satisfied:

(1.1) Au=0 inQ(),0<t<T,
(1.2) u=0 ondyQ2(¢),0<t<T,
(1.3) du/dv=Q ondG X {0<t<T},
(1.4) v.u-N. =N, ondyQ(1),0<t<T,
(1.5) u<0 inQ;, u(x,00<0 inQQ,
(1.6) u(x,T) =0,
where » is the outward normal to 9G and Q is a given positive number, and
v, o )
=2 N=——.
*ve| Ve

If u is a classical solution of (1.1)—(1.6) then, by the maximum principle, v, .u # 0 on
0,€2(¢), and we can take ® = u in the above. Then (1.4) becomes

2
(1.7) |Vl = u,.
By the maximum principle it then follows that u, = 0; hence the free boundary is
decreasing in the sense that
(1.8) Q(r,) C Q1) ift;>1,.
Notice finally that (1.5) is actually a consequence of (1.1)-(1.3) and the maximum
principle.
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2. Weak formulation. Assume that u € C>'(Q,) is a classical solution of (1.1)—(1.6)
with free boundary ®(x, ) = 0 of class C*'.

Let ¢ € C3°(2;) be such that supp ¢ N (S_Z X {T}) is empty, and denote by (-, - )
the distribution pairing in £,. Then

(-Au,¢)= —ffﬂ uA¢=/f[u<Ol Vou- V.o dxdl

= j(;TLOQ(r) v.u-N¢do — f[u<0]Au - o dxdr.

Using (1.1) and (1.4) we get
(2.1) (-bu,¢)= [Ngds
r

where

r= U ((x,1); x €9,2(1))

0<!<T

is the free boundary.
We introduce the graph
1 if s <0,
H(s)=4[0,1] ifs=0,
0 ifs >0,

and compute
d
<5;H(u)’ ¢> - <H(u)’ —-$,)= ’"f‘[[u<01¢rdx dr = _/]_‘IVI(P ds.
Comparing with (2.1) we conclude that
22) S H(u)~ Au30 in V().
Introduce a new unknown function

o(x, 1) Z[Tu(x, T)dT

and observe that if u is a classical solution then, by virtue of (1.8), H(u(x, 1)) =
H(v(x, t)). Integrating (2.2) from ¢ to T we then obtain

(2.3) -Av € H(v) — &(x) Vvte[0,T]

where £(x) € H(u(x, T)) is to be determined.
In order to determine T we integrate (2.3) over Q(¢) for 0 <t < T. This gives

(24) O(T - t)|8G|—j;Qm v,0 - N, do =f9[y(u(x,t)) — ¢(x)] dx

where | 3G | denote the H'(3G) measure of G and H(v) is interpreted as a selection
of a function from the graph H(v).
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Next we observe that

(2.5) [ vwo-Ndo=o.
3pR(1)

Indeed, writing 9,$2(¢) as a union of two parts
[(t) =3,2(1) NQ, T,(r) =9,2(r) N 3D
we have

v,o=0 onT(z)

(since v takes interior maximum on I',(¢)); further, on I',(¢),

2
|valz =Urvxu(x,'r)d'r <(T - l)fTIqulsz: (T - t)fTu, =0
t t t

by (1.7) and the fact that u = 0 on I',(¢) C 9D.
Using (2.5), we obtain from (2.4)

QPG(T—1)= [ (H(v) =§)dx  VO<I<T,
Q1)
and, taking ¢ - 0,

(2.6) QIBGIT:fQ(l — £&(x)) dx.

The formulas derived for v, under the assumption that T, u, ® represent a classical
solution will now be used to define the concept of a weak solution.

We seek T € (0, 0), & © — [0, 1] and v: ﬁr — R such that the following condi-
tions hold:

(2.7) v<0,
(2.8) v € C°([0, T]; HX(R)),
(2.9) -Av € H(v) — ¢ ae.inQ,vr€[0,T],
(2.10) v=0 ondD X[0,T],
(2.11) %:Q(T—t) ondG X {r},0<t<T,
(2.12) o(x,T) =0,
(213) OGIT = [ (1 = &(x)) dx,
Q
(2.14) v(x,0) <0 inQ.

Equation (2.9) has to be interpreted in the sense that
-Av =7n(x,1) — §é(x) ae.inQ;
where 7 is a selection out of the graph H(v). Notice that (2.11) is understood here in

a weak sense; however we shall prove later on that v, is Holder continuous in
Q X (0, T'), and thus (2.11) will be satisfied in the classical sense.
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DEFINITION 2.1. A triple (7, £, v) satisfying (2.7)-(2.14) is called a weak solution
of the Hele-Shaw problem (1.1)—(1.6); § is called the terminal phase.

Notice that (2.13) is the “balance of energy” equation, and (in view of (1.8)) (2.14)
means that u(x,0) < 0in £, i.e., the fluid is initially occupying the domain .

If a weak solution v and the free boundary 3{v < 0} N &, are sufficiently smooth
then u = —v, is a classical solution of (1.1)-(1.6).

Notice finally that (2.9) and (2.12) imply that
(2.15) &(x) = H(v(x, T)).

3. Existence of solutions.

LEMMA 3.1. If (T, &, v) is a weak solution then
(3.1) %(x,O)ZO on dD.

PROOF. Integrating (2.9), for t = 0, over £ and using (2.11) and (2.13), we get

fw%%(x,o) do = 0.

On the other hand, since v <0 in £, and v = 0 on 9D, we have dv/dr = 0 on 9D,
and (3.1) follows.
From Lemma 3.1 we deduce

COROLLARY 3.2. If there exists a weak solution (T, &, v) of the Hele-Shaw model
then the function V(x) = v(x,0) is a solution of the variational inequality

AV <1-—-¢
(3.2) V<0 a.e.in R"\G,
V(-AV —1+¢)=0
(3.3) oV/dv = QT ondG,
and
(3.4) Q= {x;V(x) <0}.

DEFINITION 3.1. Suppose { = x5 where 2 is a disjoint union of open sets =, in
R”\G such that each 3=, contains an open subset of 3G; then we say that ¢ belongs
to class (S,).

DEFINITION 3.2. Suppose § € C*(R"\G) (for some 0 < a < 1), ¢ has compact
support, 0 < £(x) < 1; then we say that £ belongs to class (S,).

DEFINITION 3.3. Suppose § = §, + £, where §, € (S;), §, € (S;) and 0 < §(x) <
1; then we say that § belongs to class (S).

Notice that £ = 0 belongs to ().

Let ¢ € (S) and consider the variational inequality (3.2), (3.3). It is well known
that this problem has a unique solution ¥V, and V has compact support [15, p. 9];
further,

Ve WX (R\G) Vi<p<ow, VEW>@K),

for any open set K with K C R"\(G U 3Z), where { = §, + £, &, € (S), & = Xs-



THE ILL-POSED HELE-SHAW MODEL 189

DEFINITION 3.4. For any £ € (S) and A > 0, denote by (&, A) the open set
{V <0} where V is the solution of the variational inequality (3.2), (3.3) with
QT = X. The class of all (£, A) will be denoted by (J().

In view of Corollary 3.2, if there exists a weak solution of the Hele-Shaw model
for an initial domain £, then € must belong to (JC).

We shall now prove the converse.

THEOREM 3.3. If £ € (S) and Q@ = Q(&, N) € () then for any 0 < T < o there
exists a unique weak solution (T, &, v) of the Hele-Shaw model with Q = A\/T, and v
satisfies the following properties:

(1) 0 < v, < C (C constant);
(i) |Av|< 25
(iii) v v is Hélder continuous in x, with exponent a, uniformly in @, Va € (0, 1);
(iv) v, is Holder continuous in t, with exponent B, uniformly in Q,, VB € (0, 3);
W) ifE=¢,+ & with, €(S), & = X then, if 2 + O,
o(x,1) <0 fxeZ,0<t<T,
if, further, 3= € C? then
o(x,1)<0 ifx€Z,0<r<T.
PrOOF. The proof of uniqueness is standard since H(v) is monotone decreasing.
To prove existence we introduce C* functions B(s) (¢ > 0) satisfying
Bi(s)<0, B/'(s)<0 Vs€ER,
(3.5) B(s)=1 ifs< e, B.(0) = -1,
B(s) —» -0 ifs>0,e—0,
and a domain D with C?** boundary such that D D D. Set = D\G and consider,
for each t € [0, T'] the “penalized” problem
_ADE = BE(DE) - gs’
9
(3.6) EUEIQ(T—I) on 3G,
v*=0 ondD
where £° is a mollification of £. By the maximum principle we find that v < 0 and,
by a standard argument we can also estimate the minimum of B(v,), obtaining
-1 < B(v®) < 1. Hence
(3.7) |Ave| < 2.
The function z = dv®/d¢ satisfies
Az = B/(v)z inQ
d9z/dv = -Q onadG,
z=0 ondD.
Hence, by the maximum principle, z = 0. It follows that ~Az < 0 in Q and then, by
comparison, z < C where C is independent of ¢. Thus

(3.8) 0 <dvt/dr < C.

Il
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Taking ¢ — 0 we obtain a solution v of (2.7)-(2.11) with & replaced by @ and with
v(x,0) <0 in . Since v, = 0 (by (3.8)), v actually satisfies (2.7)—(2.11) in €. Next,
(2.13) follows by integrating —~Av = 1 — £ over @ (for ¢ = 0) and using (2.11).

From (3.7), (3.8) and the fact that the v* are bounded in L*(0, T; W2>?(Q))
Vp € [1, oo] we see that (i), (i1) hold and then (ii1) follows by elliptic estimates. We
next prove (iv).

Let x, y be any two points in £ with xy in  and let / be the direction of E and
0 <1, <t, <T. Using (iii) we have

v [0 d v a
[ [av(z,tz)—-&u(y,t.)]dl"zh“ —(n,tz)—av(y.t,)'

(3.9)

v dv «
=l —{| S 0n ) = S0t e -

where 7 is a point in the interval xy.
On the other hand

v [ dov av v[dv v
[5G - Fomw|a= [5G =560
v
e -G @
=1 +1,
In view of (iii) | I, |< y|x — y['** As for the first integral we have
L <[|o(y,1;) = o(y, t,))[ +]o(x, 1) —v(x, 1,)]
<2(supv,)|t2—t||.
Qr
Putting these estimates in (3.9), we get

dv dv 1+a
‘—()’»tz)_'a_l(yvll)ls?’(lx_yi +|t2—t,|),

|x —
or

dv dv a |, — 4]
610) %00 - S| <[l ol ).

lx =yl
For a fixed y in € we choose x such that xy is in € and the right-hand side of
(3.10) is minimized; this gives

a/(|+a)

()’» t,) — a[()’»’)<Y|tz—t|

which completes the proof of (iv) since « is an arbitrary number in (0, 1).
It remains to prove (2.12) and (v).

LEMMA 3.4. There holds
(3.11) o(x,1)<0 ifxeZ,0<t<T.
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PROOF. Since H(v) —¢(=H(v) — 1 <0ifx € 2,

Av <0, v=<0 ifx€eZ.
Hence for each t € [0, T') either (3.11) holds or else v = 0 in some component =, of
2. Since however

g—::Q(T—I)#O on 93, N oG

and 02, N G is a nonempty open portion of dG, the second latter case cannot arise.
LEMMA 3.5. If 3= € C? then
(3.12) o(x,1)<0 ifx€Z,0<t<T.
Indeed otherwise v(x,, t,) =0 for some 0 <1, <7, x, € 0Z. By the strong
maximum principle we have that
0
EU(XO, tO) #0,
which is impossible since v(x, t,) take an interior maximum at x = x,,.
LEMMA 3.6. There holds
(3.13) H(v(x,t)) —¢&(x)=0 if0<t<T.

PROOF. By Lemma 3.4, (3.13) certainly holds if x € =. In Q\ 3, £ = £, €(S)) and
therefore

(3.14) 1 —¢,>0 on the free boundary in Q\ =.
This nondegeneracy condition implies (see [1, 4 or 15, p. 156]) that
(3.15) meas(9,2(1)\ ) = 0.

Now, on the set {v(t) < O0}\Z clearly H(v(t)) — £ =1 — §, =0, whereas in the
interior of the set {v(z) = 0}\ 2=
H(v(1)) — £¢=-Av(r) = 0.
In view of (3.15) it then follows that
H(v(t)) —¢=0 ae.inQ.

From Lemma 3.6 it follows that v(¢) satisfies ~Av =0 in 9D'(R). Since v is
continuous in £ X [0, T'], o(T) is also superharmonic. Recalling that v < 0 and

dv(T)

5 =0 onadG, o(T)=0 onaD,

we deduce that v(T) = 0. Thus (2.12) holds. Finally (v) follows from Lemmas 3.4
and 3.5.

REMARK 3.1. If § =§,+ £, & € (S)), £, = xs then, since ~AV <0 on =, the
maximum principle yields (cf. the proof of Lemma 3.4) ¥ <0in Z, i.e., 2(¢, A\) D .
Further if 32 € C?, then V<0 on 3 (cf. the proof of Lemma 3.5), so that
Q¢ N DS,
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REMARK 3.2. A domain € in () may have the form (&, A) = Q(¢’, X’) for some
£ # ¢, which means that two distinct weak solutions may develop from the same
initial domain £, having the same Q. We give such an example in case n = 2,

D= {0<r<R,}, G={0<r<p,} withp,<R,,
taking § = x5, 2 = {0 <r < p} withany p, < p < R, and

T= (in accordance with (2.13)).

RZ 2
2POQ( 0 p )
We get a 1-parameter family of solutions (with parameter p)

r 1 1 (1)
V(r,t) = T — tlog — — — | ¢*(t) — 2 0%)| + =p*log ————
(r.1) POQ( )Og o(1) 4[¢( ) max(r p )] 2P og max(r,p)’
¢*(1) = p* + 2p,Q(T — 1)
with free boundary r = ¢(z).
4. Regularity of the free boundary; the fingering phenomenon. We shall establish
regularity of the free boundary under some conditions on G and £. For simplicity
consider first the case where § = x5 and

(4.1) Gisaball B, = {x;|x|<pp},

0= is of class C? and it is star-shaped

(4.2) . . .
with respect to any point x, in B,,

for some ¢ € (0, p,).

THEOREM 4.1. If (4.1), (4.2) hold and § = X, then, for the solution constructed in
Theorem 3.3, the free boundary 9,80(t) is star-shaped with respect to any point x in
some ball By with 0 < 8 <¢; further, I = U _ .1 {(x,1); x € 0,8(¢)} can locally be
represented in the form

(4.3) X; = f(X (e s Xy X psee s Xy 1)

where f is analytic in the x; and uniformly Hélder continuous in t, with any exponent
B € (0,).

PRroOOF. For simplicity let us prove the star-shaped property for n = 2 (the proof
for general n is similar). In polar coordinates

L(r), + St =&~ 1 in {0(r) <0).
r r

Differentiating in r we get
(7o), + (10, + 5 (000 = re

Since 2 is star-shaped, 9¢/0r <0 in D[v(z) <O0]; since = C {v(¢) <0}, also
E—-1<0. Consequently,

+2(¢-1).

(rv,),, += (rv) + (rv)ao\O in'[v(r) <0].
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On the free boundary we have v, = 0; further,
(4.9) v, = Q>0 ondG.

Applying the maximum principle to rv, we find that v, >0 in [o(¢) < 0]. This
establishes the star-shaped property with respect to the origin.

Similarly we can establish the star-shaped property with respect to any point x,, in
a ball B with & small enough so that § < e and

0

. —v>
(4.5) % v>0 ondG
where p is the radial direction with x, as center.

The star-shaped property with respect to any point x, in By implies Lipschitz
continuity of ,§(¢) (for each r). By Lemma 3.5 we also have

—Av =1 in Q(t)-neighborhood of 3,2(¢).

We can therefore apply a general theorem of Caffarelli [1, 2] to deduce that 9,$2(¢) is
locally analytic, for each .
Since v, € L*(L5),

o(-.t+h) —o(-, )] 1=, < Clhl.

By a general stability result of the free boundary [3] we then deduce the Holder
continuity in ¢, for any exponent 8 € (0, 3).

REMARK 4.1. Theorem 4.1 can be extended to the case where G is not a sphere
but close to a sphere in the C?* sense; for this will ensure that (4.5) still holds. The
theorem extends also to £ = x5 + &, where 2 is as in (4.2) and 3¢, /9p < O for any
radial direction p with respect to x,, x, € B,; if £, € C™** (analytic) then 9,Q(¢) is
in C™* 1+« (analytic).

REMARK 4.2. If the functions f in (4.3) are in C'*# in ¢, then u = —v, is a classical
solution of the Hele-Shaw problem.

We shall now explain the phenomenon of fingers. Let G be a ball as in (4.1) and
let A = QT be a large number. We can compare the V' (with a given £ € (S)) with
radial solutions ¥, and V, of the variational inequalities (3.2), (3.3) corresponding to
¢ =0and £ = x> respectively, where By O supp £ Then Vi(x) < V(x) < V,(x).
We can compute the V; explicitly. Taking n = 2, we find that the free boundary

1

r = R, of V;is given by

R, =c,N"(1 + O(1/)));
hence
(4.6) R, — R, = O(X"71/m),

Since the free boundary 9,8 of V lies in the shell R, <r < R|, the estimate (4.6)
shows that 9,9 satisfies a “flatness condition”. Using this property in the proof of
Caffarelli’s theorem [2] (see also [15, §2.5]) we deduce that 9,2 has the form

r=p(60) with p analytic.
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Further, since r = p(#) lies in a shell of width O(A™"~"/") and since | D% |< C,
using Taylor’s formula we find that (cf. [15, p. 155]) | Dp(8)|< CA"~V/2" Thus

(4.7) r = 9(0) = C,,Al/ﬂ(l + 8(0)), lg(0)|< CA_]’
'Dg(o)l < CA_("+1)/ZM.
We summarize:

THEOREM 4.2. Given any & in (S), one can choose Q and T with QT sufficiently large
such that there exists a weak solution of the Hele-Shaw problem with Z, Q. T and with
9,9 analytic and nearly spherical in the sense of (4.7) (with p(8) analytic).

REMARK 4.3. Take, in particular, £ = x5, 2 in (S;) with any number of fingers
protruding from 9G. Since {v(¢) <0} is connected to dG (by the maximum
principle) and contains 2, and since {v(¢) < 0} decreases to £ as ¢ 1 T, the domain
{v(r) < 0} exhibits approximately the same fingers as , for ¢ near T. Nevertheless,
the initial domain is nearly spherical in the sense of (4.7).

REMARK 4.4. The methods of this chapter also yield new results in the case of
Hele-Shaw with increasing pressure (or advancing fluid) considered by Elliott and
Janovsky [9].

Suppose the initial domain £, occupied by fluid has fingers. Then, after a
sufficiently long time the advancing free boundary is nearly spherical; in fact, it is
given by

r=p(0)=C1'/"(1 +g,(0))
with
g ()< Cr™'. |Dyg, ()< Crrnr /2,
Indeed we simply compare the radial solutions and use the same analysis which led
4.7).

We finally mention that the analog of Theorem 4.1 also holds for this case; if 3%,
is star-shaped with respect to any point in a ball B,, then the same is true for the free
boundary 9,(#) at any time ¢. The proof can be given, for instance, by first working

with the one-phase Stefan problem with specific heat ¢ (for which the result is indeed
valid; cf. [17]) and then taking ¢ — 0.

CHAPTER 2. THE STEFAN PROBLEM FOR SUPERCOOLED WATER

5. Classical formulation. Let D and G be open sets in R” such that G C D, with
C?**« boundaries 3D and 9G, respectively (for some 0 <a <1). Set Q = D\G,
Q=X (0,T),0<T<o0. Weseek T € (0,0], u: @ —» R and ®: 2, — R such
that if

Q1) ={xeQ; ®(x,1) <0},  3,2(r)=932(s)\3G,
then the following conditions are satisfied:

(5.1) u,—Au=0 in U (2>) % (1)),

0o<i<T

(5.2) u=0 ondyQ(r),0<r<T,
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(5.3) %:Q(x,t)>0 ifx€9G,0<1<T,
(54) v.u-N, =N, ondQ(),0<r<T,
(5.5) u(x,0) =ug(x) ifx€Q, uy(x)<0 inQ,
(5.6) u<0 inQ,
(5.7) u(x, T) =0;
here » is the outward normal to 0G, u,, and Q are given functions, and
v.® (0]
N =——, =—L.
vl LVl

Notice that (5.6) is actually a consequence of the maximum principle and the other
conditions; in fact u < 0 in [® < 0]. Thus we can take ® = u in (5.4), which reduces
it to

(5.8) u,=|v.u’ ondQ(r),0<r<T.
Consequently the domains §2(¢) are decreasing in ¢.

6. Weak formulation. Assume that u € C>( S_ZT) is a classical solution of (5.1)7(_5.7)
with free boundary [® = 0] of class C*'. For any ¢ € C{*(2,) with supp ¢ N (2 X
{T}) = @ we have

(u, )+ (u,-0¢) = (u,—¢,>+/fu<01 V.- V. dxdt
= ~<u,¢,>+forfammvxu-qubdo—fj[’Ko]Au - dx dt

ff[u<0](u, — Au)é dx dt +f0TfmmN,¢ do dr.

I

Since

(LH(w).o)

~(H(u),¢,)= —f_{u<o]¢,dxdt

["[  Nedodi (Hasing2),
0 Y3,Q(1)

we find that (u, — Au, ¢ )= —( H(u),, ¢ ), that is,

6.1) S (ut+ Hw) — u3 0 inD(Qy).

Introduce the new unknown function

vo(x,t) = fru(x, T)drt
t
and observe that if u is a classical solution and the free boundary decreases (cf. §5)
then H(u(x, t)) = H(v(x, t)). Integrating (6.1) over (¢, T') we then obtain

u(x, T) —u(x,t) — Av(x,t) = H(v(x, 1)) — &(x)
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where £(x) is a selection out of the graph H(v(x, T)). Using (5.7) we then get

(6.2) v,— Av=H(u) — &(x) inD'(Q;).
We now integrate (6.2) over {2, for any 0 < ¢ < T, and obtain
(6.3)

T
[oax+ [" [ o(x.1)dodr~ [ ww-Ndo= [ [H(o(x.1)) = &(x)] dx.
Q ¢ JoG 3R 1) Q@
As in the Hele-Shaw case, if u is a classical solution then we must have
[ vo-Ndo=0 0<i<T
382(1)

Therefore, letting 1 — 0 in (6.3) and using (5.5) we get the “balance of energy”
equation

/Orfacg(x,f)dodf :fﬂ[l + up(x) — £(x)] dx.

which is analogous to (2.6).
We summarize the conditions on 7, £ and v obtained from (5.1)—(5.7):

(6.4) v=<0,
(6.5) v € C(0,T; L¥(Q)) N L*0,T; H'(R)) VT €(0,T),
(6.6) v,— Av € H(v) — ¢ inD'(Q;),
(6.7) v=0 ondD X(0,T),
(6.8) %E:fTQ(x,T)dT ifx€3G,0<1<T,
(6.9) o(x,T) =0,
T
(6.10) fo /aGQ(x, ) dodr —fQ(l + uy — &) dx,
(6.11) “Av(x,0) =14 u,— ¢ ifxeQ; v(x,0)<0 inQ.

Notice that (6.10) is a consequence of (6.6) and the assumption that u,(x) <0 in
. Notice also that (6.9), (6.6) imply, if v is classical solution global in time,

(6.12) £(x) = H(v(x,T)).

DEFINITION 6.1. A triple (7, &, v) satisfying (6.4)—(6.11) is called a weak solution; &
is called the terminal phase, and T the extinction time.

7. Existence of solutions. We shall assume
Q € C***(0G) in x, uniformly in 7,
(7.1) Q. € C*dG X[0,0)) forsome0 <a <1,
0<Q<c, j:cQ(x,t)dtsC (C < ),
and

u, € C*(R"\G) forsome0 <a <1,

7.2
(7.2) u, has compact support, u, < 0.
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Suppose there exists a solution of (6.4)—(6.11) with T'= oo. If we integrate (6.11)
and use (6.10), (6.8), we obtain

3D aV

Since however dv/dv = 0, we conclude that dv(x,0)/d» = 0 along 9D. Hence
v(x, 0) must coincide with the solution V of the variational inequality
AV <1+u,—¢§
(7.3) <o a.e.in R"\G,
V(-AV =1 —uy+¢)=0

(7.4) %%:/OOQ(x,t)dt on 3G.
0

DEFINITION 7.1. We denote by & = Q(£) the open set {V <0}, where V is the
solution of (7.3), (7.4). We denote by (‘}Cuo) the class of all 2(£) when £ varies in (S).

As shown above, if there is a solution of (6.4)~(6.11) with T = co then £ must
belong to the class (‘JCuO). We shall now prove the converse.

THEOREM 7.1. If £ € (S) and Q@ = Q(¢) € (I, ) then there is a unique solution

(00, &, v) of the Stefan problem (6.4)—(6.11), and v satisfies the following properties:
(1) 0 < v, < C (C constant), v, is subcaloric;

(i) |Av|< C;

(i) v, is Holder continuous in x, with exponent a, uniformly in @_, Va € (0, 1);

(iv) Vv, is Holder continuous in t, with exponent 3, uniformly in Q_, VB € (0, 3);

W IfE=§&,+ & withE, €(S)), &, = xx then, if 2+ @,

o(x,1) <0 fxEZ,0<t<o0;
if, further, 9E € C? then
o(x,1) <0 fxEZ,0<t<o0;

(Vi) if §=0, Q =0 and uy € CX(Q), Auy =0, then v,, <0 in D(Q,).

PROOF. Let v, be the unique solution of the variational inequality (7.3), (7.4) (i.e.,
v, = V). By standard results [15] there exists a unique solution v(#) of the parabolic
variational inequality (6.4), (6.6) with boundary conditions (6.7), (6.8) (T = o) and
initial condition v,. Since ¥, < 0in £,

-Avyg =1+ u,—§ inQ.
Integrating this equation over { we obtain (6.10).

To establish regularity we use the penalty method. We introduce B, as in (3.5) and

D, @ = D\G where D D D, 3D € C?>** and consider the parabolic problem:
of — Aot = B(vf) — & inQ X (0, 0),

9 00
av‘ =f O(x,7)dr ondG X (0, 0),
t

v*=0 ondD X (0, ),
v*(x,0) = v5(x) inQ,
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where £° is a mollification of £ and vf is the solution of

~Av = B(vg) +u, — & inQ,

ovg o

-5-”——./0 O(x,7)dr ondG,
v5=0 ondD.

By the maximum principle we find that vg < 0 and, similarly, v < 0. Next, consider-
ing the points where B(v°(x, t)) takes its minimum we find that -1 < 8, < 1. Hence

(7.5) lof — Av?|< 2.

Set z = dv°/0t. Then
(7.6) z,—Az=B/(v)z inQ,
and

0z/9v = -Q ondG X (0, 0),
z=0 ondD X (0, ),
z(x,0) = —up(x) onQ.
Since B/ < 0 the maximum principle can be applied to yield

av*
at

= 0.

(1.7)

Consequently, from (7.6),

z,—Az<0 inQ,.

Comparing z with a solution of the heat equation in _ satisfying the same initial
and boundary conditions we find that

do°

3 <C.

We now take ¢ — 0. Since v = lim v* (uniform limit) is a solution of (6.4)-(6.8)
with @ replaced by £, and since v, =0 (by (7.7)), v is actually the solution of
(6.4)-(6.8) (with & = Q). Further, (ii) and the first part of (i) follow from (7.5), (7.7)
and (7.8). The proof of (iii), (iv) is as in §3.

Notice that, by Minty’s lemma, lim B(v°®) = H(v) (weak limit). Since

a &
aﬂf(v ) <0,

(7.8)

we then have

(7.9) SH(o(x,1)) <0 inD(R,).

From this and (6.6) it follows that v, is subcaloric, i.e.,

(7.10) (v,),— Av,<0 InD'(Q,).
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It remains to prove (6.9) and (v), (vi).
Since v, = 0,

(7.11) -Av < H(v) — ¢.
Hence the proofs of Lemma 3.4, 3.5 immediately extend to the present case:
(7.12) v(x,1) <0 ifxEZ,0<1< c0;
(7.13) v(x,1) <0 ifx €F,0<1< oo provided 3= € C2.

The proof of Lemma 3.6 is based on (3.14), (3.15). The extension of (3.14) to the
present case is immediate since it only requires the inequality (7.11). As for (3.15), it
also extends to the present case; in fact the proof applies to any parabolic

variational inequality for which the nondegeneracy condition (like (3.14) holds) (see
[1 or 15, §2.9]). We conclude that

(7.14) H(v(x,t)) — &(x) =0.

Integrating (6.6) over §_ we find that
[7 [ (H(o(x, 1) = £(x)) dx dr < oo,
0o g

Using (7.9), (7.14) we deduce that
H(v(x,1))1&(x) astto,ae. inQ,

i.e., (6.12) holds.
From (7.14) we have v, — Av = 0 in € _. We compare v with the solution w of

w,—Aw=0 inQ_,
w=0 ondD X (0,00),
aw

EwaQ(x,‘r)d'r on 3G X (0, ),
t

w(x,0) =vy(x) ifx €Q.

Clearly w < v in §_,. Since however w(x, t) - 0 if x € Q, t — o, the same is true
for v; hence lim,_ , v(x, t) = 0 if x € Q, and the proof of (6.9) is complete.

The assertion (v) follows from (7.12), (7.13).

Finally, to prove (vi) we differentiate (7.6) with respect to ¢. The function
¢ = 0%0° /912 satisfies

§o— A= BI(v*)z? + B(v°)§ < B(v)8

and
%——— on 3G X (0, 00),
{=0 ondD X (0,00);
further,

$(x,0) = Az + B(v°)z = -Duy — B/(v*)uy <0 inQ
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since Auy, =0, B/ <0, uy,<0. If { is bounded then the maximum principle gives
¢ < 0 and then, letting ¢ — 0, (vi) follows. However, since { need not be bounded, we
use, instead, the representation

Sx) =~ [ K(Br2) + [ K(x. 5 9,008(.0)

where K is Green’s function for {, — A{ — B/{ with K, = 0 on 9G X (0, ©), K = 0
on 0D X (0, ). To establish this representation, we first write it in 2\, 6 > 0,
and then show that, as 6 — 0,

[ K12 9.8)6(5.8) dy = [ K(x. 15 y,0)¢(1.0) dy:
Q Q

this last step is accomplished by substituting

{=z,=Az+ Bz

and integrating by parts in

fK(x, t; y,8)Az(y,8)dy,
Q

then taking § — O and integrating by parts in the reverse direction.

REMARK 7.1. As in §4 one can show that 0Q is star-shaped if &, u, satisfy
appropriate conditions. However the proof does not carry over to 9,€(?), since v, has
the wrong sign.

REMARK 7.2. It may occur that Q(§) = Q(¢’) where £ # ¢’; this means that there
will be two solutions (with different terminal phases) corresponding to the same
domain Q. Consider for example the case » = 1 and let £ be any function in () such
that

(7.15) /"'(1+u0—g)dx<>\ ifo<x<L,A>0,
0

[+ ug— ) de =2
0
Then the solution V of

V'=1+uy—§ (0<x<L)
V) =X, WV(L)=0

satisfies V'(x) >0 if 0 < x <L, V'(L) =0, and therefore V(x)<0if 0 < x < L.
But clearly one can find, in general, many functions £ satisfying (7.15). Thus there is
no uniqueness for v.

REMARK 7.3. Theorem 7.1 does not extend to the case of finite time 7. We give a
counterexample with n =1, = (0, L), Q = 1, and §,u, satisfying (7.15) with A
small. We can evidently choose u, — £ such that V(0) = ¢ > 0 where ¢ is a fixed
positive constant independent of A. Since for a solution (7, £, v) we must have
T = A, whereas by continuity we have v(0, A) > c¢/2 > 0 if A is small enough, we
cannot achieve the assertion (7)) = 0.
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REMARK 7.4. If n = 1 and
(7.16) (ug — &) =0,
then, by the maximum principle, v (x, t) = 0. It follows that there is a curve
x = (1) such that
v(x,1) <0 ifandonlyif0<x <s(z).

We can now apply the method of [15, p. 248, Exercise 3] in order to conclude, in
case £ € (S,), that s(¢z) is Lipschitz continuous for ¢ > 0. It then follows by
well-known arguments [5, 25] that s(¢) is C* for ¢t > 0; if £ = 0 then s(¢) is analytic

[14].
If, in addition to (7.16), we assume that
1+ uy
(7.17) lim 1+ uglx) exists, uy(0) =0,

=L up(x)

then there is a unique classical local solution which can be obtained by the methods
of nonlinear integral equations (see [12]); for this solution s’(¢) is continuous up to
t=20.

Our method provides weak solutions v. Their free boundaries are C* curves
x = s(t) for t >0, but we get no information on s(¢z) for t = 0; nor are these
solutions uniquely determined (see Remark 7.2).

For the Cauchy problem existence of global classical solutions was established in
[21, 13] and more generally in [18]. The results in [18], when specialized to our
model, assume that Q =0, £ = 0 and (7.16), (7.17) hold.

8. Finite extinction time. The results of §7 extend to the case Q = 0 (instead
Q > 0) provided £ € (S,). In fact, the condition Q >0 was needed only for
establishing (7.12). Let us now consider the case

(8.1) Q=0, £§=0.
Then (6.10) becomes
(8.2) /9(1 +ug)dx = 0.

We would like to know whether v(7) vanishes for ¢ sufficiently large.

THEOREM 8.1. If (8.1) holds then the solution v (constructed in Theorem 7.1) has
finite extinction time, i.e., v(x, T) = 0 for some 0 < T < 0.

PROOF. Integrating (6.6) we get

/ v,dx = meas[v(z) < 0]
[v(1)<0]
so that
|v,| L=(q, meas[v(#) < 0] = meas[v() < 0].
Consequently o(z) = 0 if
(8.3) IDIILw(Q) < 1.
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Thus it suffices to prove (8.3) for some ¢ < oo.
Differentiating (6.6) in ¢ and recalling that (H(v)), < 0, we get, for z = v,, the
inequality
z,—Az<0 inD(Q,).

Also z =0 on 3D X (0, 00) and 9z/dv = 0 on dG X (0, o). If U satisfies the same
boundary conditions and

U—-AU=0 inQ,_,

U=z on@ X {0},
then, on one hand,

sup |U(x, )= 0 ift— oo,
XEQR
and, on the other hand, 0 <z < U in Q_, by comparison. Hence (8.3) holds for ¢
large enough.
REMARK 8.1. Theorem 8.1 clearly extends to the case where Q(x,t) = 0if t = T,
for some T, < oo.
We shall derive estimates on the extinction time 7. The lower bound will involve
the function ¢ defined by

(8.4) A¢=0 inQ, —d¢/9v =1 onaG, ¢=0 ondD.
For the upper bound we shall assume that
(8.5) G is a ball B.
Let ii,(r) be a radial function satisfying
do(r) < uy(x), i, =0, Ay = 0.

) Denote by & the domain Q(£) corresponding to i, and ¢ = 0 (then 2 D Q) and by
¢ the solution of
(8.6) Ap=0 inQ, -3¢/0v=1 ondG, é=0 ondD
where D = Q\G.
THEOREM 8.2. (i) There holds

Jo(1+ug)¢

8-7 = - 5
®-7) 193G |1 4ol 2

(i1) if (8.5) holds then

(8.8) T< 5G|

ProOF. The function z = v, satisfies

(8.9) z,—Az=%H(v)SO in Q

00

(8.10) —g—% =0 ondG X (0,00), z=0 ondD X (0,0),

(8.11) z(x,0) = ~uy(x) inQ.
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It follows that
(8.12) |2l =a,) <|uol o0 q-

Multiplying (8.9) by ¢ and integrating over {2, we get

fﬂu0¢+forj;62dodt=—fﬂ¢dx,

1.€.,

(8.13) j:/aczdodfz-fg(l + uy) dx.

Using (8.12) we obtain (8.7).
To prove (8.8) we work with the solution ©(r, t) corresponding to éy(r). Analo-
gously to (8.13) we have

(8.14) j:facfdod'r-———fﬂ(l + iy ) dx,

where T is the extinction time for &.
By applying r"(d /9r) to
,— A =1 in {6 <0}

and using the maximum principle we find that 6, = 0. Hence the free boundary of &

is given by r = §(¢) and 6(r, 1) >0 if R <r<3§(t), 0 <t < T. Further, §(T) =0

for otherwise we also have ¢,(r, T)<0if R < r < §T), contradicting 5(r, T') = 0.
From the proof of Theorem 8.1 (see (8.3)) we have that

sup Z(r,t)=1 ift<T.

R<r<i(1)
Since §(t) - 0if t —» T, using (vi) of Theorem 7.1 we deduce that
i(R,t)=1 ifo<t<T.
Substituting this into (8.14) we obtain

T< _ffz(l + ‘10)&’
|9G|

But v = & by comparison and, consequently, 7 < T, so that (8.8) follows.
REMARK 8.2. If n =1, & = (0, L) and uy(x) =0, ug(x) = 0, then we can take
ity = ugand thus
1

|u0|oo

fL(l tuy)p<T< _fL(l +up)é.
0 0

Notice that (8.2) implies that |u |, = 1.
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