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ABSTRACT. Let A (x. y) be the number in the title. There is a function h: [0. ex;) ~ 
[0.2]. decreasing and convex. with h(O) = 2 and limr~och(r) = O. such that if 
r = log ylVlogx then as x ~ ex; with r fixed. 

_ C(r)xexp( h(r)vlog x) ( -1/4 
A(x.v)- 1/4 I+O(logx)). 

(log x) 
The estimate is uniform on intervals 0 < r ,,;;; Ro. As corollaries we have for 
log y = O(log X)I/4. 

I . A (x. y) 0'/2 1m = e 
\~:x: A(x.I)l.v . 

and if log y = o(log X )1/4 then A( x. y) "" A( x. 1 )/v. 

1. Introduction. In counting factorizations we make no distinction between 2 . 2 . 3, 
2 . 3 . 2 and 3 . 2 . 2, and list four factorizations of 12: 12,6 . 2,4· 3 and 3 . 2 . 2. 

Let a( n) denote the number of such factorizations of n. MacMahon observed, 
about 1920, that L~=la(n)n-S = TId'=2(l - d-sr l . Shortly thereafter Oppenheim 
considered the average and maximum values of a( n), 1 ,,;;;; n ,,;;;; x. He found 

x 
(1.1) A(x):= ~ a{n) ~xexp(2Vlogx )1 (2y';(1ogX)3/4), 

11=1 

as did Szekeres and Turan somewhat later [2, 3]. Recently the question of the 
number of factorizations of numbers n ,,;;;; x using only divisors d ,,;;;; y was discussed, 
and estimated to within a factor of (log xt(l) [1]. Here we are concerned with 

[xl 

A(x, y):= ~ ay{n), 
11=1 

where a,.(n) is the number of factorizations of n into divisors d > y. We make the 
conventional assumption that a/I) = 1 for any y, so that A(x, y) = ° for x < 1, 
andA(x, y) = 1 for 1,,;;;; x ,,;;;;y. 

We prove the following results. 
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THEOREM 1. There exists C 1 > 0 such that if y is an integer, 0 < E ~ I and 
I ~ log y ~ E(lOg X)I/4 then 

yA(x, y)/A(x) E (I - C1E2 , 1+ C1E2). 

To state Theorem 2 we need some notation. For x > y > I let 

r = r( x, y) = log y / Ilog x . 

Let q = q( r) be the unique solution in 0 < q < I of 

2 log q - log(l - rq) + rq/ (1 - rq) = O. 

REMARK. In this paper, r is the reciprocal of the r used in [1]. 
Let h(r) = 2q + rq2/(l - rq). Let qr) = {47T(l - rq + ~r2q2)}-1/2. 
THEOREM 2. Uniformly in (log X)I/5 ~ log y ~ R(log X)I/2, 

A(x, y) = C(r)x(iogxr3/4eh(r)viJogx (I + OR(I/(iogX)I/4)), 

for any fixed R > O. 

COROLLARY. For arbitrary real 0> 0, with log y = O(log X)I/4, 

lim yA(x, y)/A(x) = efJ2/2. 
X-IX 

REMARK. This explains the I + 0(E2) when logy ~ E(lOgX)I/4 in Theorem I; no 
better result is possible. 

The proof of Theorem I is an exercise in complex analysis and presents no great 
novelty. For the most part it follows Oppenheim's original proof. 

The proof of Theorem 2 uses some of the techniques of [1]. The novelty here is 
that for the case at hand we can dispense with grouping factorizations according to 
the number of divisors from various intervals (a i - I, ai ), and we can evaluate 
explicitly the probabilities that arise in a temporary reformulation of the problem as 
a question of chance. This permits accuracy to within a factor of I + O(log x t l/ 4 
instead of (log x)O(1) which we got in [1]. I think the new techniques might succeed 
with the old K(x, y) and give similar improvements in accuracy. The hard step will 
be to evaluate more accurately the probabilities that arise in the K( x, y) reformula-
tion. (K(x, y) is the number of factorizations using divisors ~y.) 

2. Complex analysis. Before we get into the matter too deeply we note that for 
fixedy E Z, 

lim A(x, y)/A(x) = ljy 
.\-00 

by an elementary inclusion-exclusion argument based on (1.1) and the fact that 
II d=2(l - ljd) = ljy. 

To start the analysis now, let fJs) = II::'=y+l(l - n-sr l, for s = a + it, a> 1. 
ThenfJs) = ~::'=laJn)/ns for a > I, where al'(n) is, as in §l, the number of ways 
in which n is the product of integers greater thany. 

Let B(x, y) = ~n";x(x - n)a.(n), and recall A(x, y) = ~n,,;xar(n). 
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As in Oppenhiem [2]let/(s) = n~=2(l - n-sr l (0 > I) and let 
r 

11=2 

Thenf..(s) = /(s)gJs). 
We have from [2] that there is an expansion 

(2.1 ) 

valid for Is - 11< 1/2, and that /(s) = 0(1/1') for any positive E, uniformly for 
I 1 I;;' lo( E) and 0 > 1. 

We require an estimate for the growth of the coefficients Ck(y) in the expansion 

(2.2) g, ( 1 + ~) = l IT (1 - (I - n -I / w ) / (n - I)) 
Y 11=2 

LEMMA 2.1. For k ~Y, ICk(Y)I~ (4Iogyfk, while ICk(y)l~ (4Iogy)2y (k;;' y). 

PROOF. Expanding the product in (2.2) using n- I / w = ~j=o(-l)i(jlrl(log n/w)i, 
we get 

y -
(2.3) Ck(y) = ~ (_l)k II (n - I)-Pn(V)(logn(n/v"l, 

VES(k) n=2 

where 

and where f3n( V) = 1 if Vn ;;. 1, else O. Thus 

k Y ( 1 ) Pn( V) 1 
ICk(Y)I~(Iogy) _~ II n-I Vl· 

VES(k) n=2 n 
(2.4) 

For any fixed T s {2, 3, ... ,y} with #T = r ~ k, the sum over the terms of (2.4) in 
which Vn ;;. 1 if and only if nET is 

r 

II (n - I)-I ~ II 1/Pj l, 
nET P(k.r)j=l 

where P(k, r) is the set of ordered partitions of k into positive integers P I' P2'· .. ,Pr' 
and this 

nET nET 
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Summing over all T with r elements, we get 

(rkjk!) //10;6//2:" 0;6//, II (n i - I)-I.;;;; (rkjk!) ( * (n - lfl r 
.;;;; (rkjk!)(I + logy)". 

Summing over the possible values of r gives ~;."~n/Y.k}(rkjk!)(l + log yr. For k.;;;;y 
this yields 

1 C k (y ) I.;;;; (k ~k I)! (1 + log y ) k (log Y ) k and 1 C k (y ) I.;;;; (41og y ) 2A 

while for k > y, I Ck(y) I.;;;; (4 log y)21". 
After this we can copy [2]. We have 

(2.5) 1 12+ioc x s + I 
B(x, y) = ~ (x - n)a,,(n) = -2 ' (/(s)g,(s) ds. 

//.,;;;" 7T1 2~ioc S S + 1 

From the definition of g,(s) clearly I g/s) I';;;; y for 0' = 1. Thus in analogy with [2], 
(2.6) . . 

1 1 x s + 1 
B(x,y)=J(x,y)+o{x2y), whereJ(x,y)=-2' ( /(s)g,(s)ds 

7T1 r s s + 1 . 

and r half-encircles 1 to the right at radius a > O. Further, by Cauchy's theorem, for 
b>O 

(2.7) 
_ I h+i X 2+ I/ w 2 

J(x,y)--2,r ( )(2 )f.(I + Ijw)dw+O(xy), 
7T1 Jh~i w + 1 w + 1 . 

on the change of variable s = I + Ijw. Now 

(2.8) /0 + Ijw) = l..ew ~ 0 w-2~// 
(w+l)(2w+I) 2//=0// 

uniformly on 0' = b, with 00 = I and all certain constants, with 10//1';;;; K// for some 
K > 2 and all n [2]. 

If we set Co(Y) = 1 we have 

/(1 + Ijw)g,(I + Ijw) = ~ ~ ~ -//~2 
(2.9) (w + 1)(2w + 1) 2y //~o j~O o//~jS(y)w . 

Let d//(y) = ~j=oo//~jC;(y). Then by Lemma 2.1, do(Y) = 1, and for log y ;;;. 2K, 

(2.10) Id//(y)I';;;;2(4Iogy)2// forn';;;;y, 

Idl1(y)I';;;;2K//~Y(41ogy)2v forn;;;'y. 

As in [2] we now have 

+ _1_ r h + ioo 1.. x 2 eW +(Iogx/w) ~ dv(y) dw 
27Ti Jh~loo 2 y v= I WV w 2 ' 
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If we take b = /log x (;;;. 32K(log yf by assumption) and let w = b + it then 

I V~I dv~:) I = O((log y )2/l wl) on w == b + it 

so the absolute value of the integral in (2.11) is 

O( x 2(log y)2 /y ) LX) Iwl-3 exp{ b + b log x/ (b 2 + t 2») dt 
o 

= O( x 2e2,IJogx (log y)2 / (y log x») 

·loc (1 + h 2 r 3/ 2 exp( -h2Vlog x /(1 + h 2 ») dh 
o 

with h = t//log x = O( x 2e2v'logX(log y)2/(y(log X)5/4)). Thus 

1 x 2 
(2.12) J{x, y) + O{x 2y) = 2" ~ II (2Vlog x ) 

y logx 

+ O( x2e2v'log x (log y)2 / (y(log X )5/4)), 

and since II(z) = (2'ITZrl/2e z(l + O(1/z)), 
x2e2v'log x 

(2.13) B{X,y)=,;:;; 3/4(I+O((logy)2/Vlogx)), 
4 'IT y(log x) 

uniformly in (2 K)2 .;;; (log y f .;;; /log x /(32 K ). 
Now 

aJ 1 X I + I / w 

-a = -2 ·f ( /JI + Ijw)dw, x 'IT I CW W + 1 -

and 
a2J 1 Xl/w 
-2 = -2 ·f -2 fv(1 + I/w)dw, ax 'IT I c w -

where C is the half circle to the right of 0 about 0 at radius I/a. 
ExpandingJ..(l + I/w)e- W /w(w + I) as a series in I/w gives 

263 

aJ x e2~ { ((lOgy)2)} a2J (I e2~ ) 
ax = y 2';:;; (log X )3/4 1 + 0 Vlog x and ax 2 = 0 Y (log X )3/4 . 

both uniformly in (2K)2 .;;; (log y)2 .;;; (32K rl/log x . The details parallel those of 
(2.7)-(2.12 ). 

Finally for this range of y by an exact copy of the Tauberian argument in [2] from 
B(x) - J(x) to A(x) - JI(X) we have 

A(x, y) = JI(X, y) + O(xe(I+I/2Klv'logx) 

= ~ d2~ 3/4 (I + o( (l~~t)), 
y 2 'IT (log x) Vlog x 

which proves Theorem I. 
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3. Elementary methods. Our proof of Theorem 2 is based on a counting principle 
set in the language of probability, and on the calculus that boils down the resulting 
estimate of A(x, y) to the form C(r)xlog-3/ 4 xe h(r)y'logx(1 + 0R(lOg-I/4 x». The 
devices used here seem to be considerably stronger than the standard complex-ana-
lytic approach of §2. Indeed one purpose of §2, aside from treating the case when y 
is too small for the approach of this section, is to highlight the advantage here of real 
methods. 

We start with a reformulation of A(x, y). 
(3.1 ) 

A(x,y)= #{~: {y+ l,y+2, ... ,x} --.{O,I,2, ... }1 ~ ~dlOgd";;;;IOgx}. 
d>r 

Let u = log x/log y and r = log y / /log x = /log x /u. Let XI' X 2 , •.. be inde-
pendent random variables uniformly distributed on {y + I, ... ,x}. For n";;;; u, let x 
denote an n-tuple of integers. Then 

(3.2) Prob( ~ log Xi ,,;;;; log x ) 

= (x - yr"#{xIY < Xi";;;; x for I,,;;;; i";;;; n and ~ log x, ,,;;;; log x}. 

Associate with each x the (x-y)-tuple ~=(~y+I,~y+2""'~x) with ~d=the 
number of times d occurs in x. Then ~:-~+ I~d = n. 

The number of times a given ~ occurs among the set of all n-tuples x is 
n !Il~=)'+ I( ~d WI. 

Letll~11 = rr~+ld~d, anda(~) = ~~+I~d' Then 

(3.3) Prob(±IOgXi";;;;IOgx) = (x-yr"n! ~ IT (~d!r', 
I Ilgll--x. 0(0=11 r+ I 

and 

(3.4) ~ IT (~d !)-I = (x - y r(n !rIProb( ± log Xi";;;; log x). 
IIgll--x. 0(0=11 y+ I I 

Now A(x, y) = ~11~II __ xl, so with the notation PI1 = Prob(~llog Xi";;;; log x), 

(3.5) 
n=S;;;;u 

The inequality is quite sharp, for, in fact, also 

(3.6) 
Il~U 

For the proof we need a lemma. 

LEMMA 3.1. For any integer t ~ 1 and any real s ~ t, 2A(s, t) ,,;;;; A(2s, t). 

PROOF. For t > 1, A(s, t - 1) = ~:=oA(s/tm, t). Also A(s, t) = ° for s < 1, 1 for 
1 ,,;;;; s ,,;;;; t, and s - t + 1 for IS ,,;;;; t ,,;;;; s. Fix T> I and s";;;; T, and make the 
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inductive assumption that 2A(p, q)";;;; A(2p, q) for p,,;;;; T and q;;;. s. This is clear if 
s = T. Let M = [log T flog s]. Then for p < s, evidently 

A(2p, s - 1) - 2A(p, s - 1) ;;;. 0, 
while for T;;;. p ;;;. s, 

M 

A(2p,s-I)-2A(p,s-I);;;' ~ A(2p/sm,s)-2A(p/sm,s) 
m=O 

;;;. (I - 2) + (2p/SM-1 - S + 1) - 2(p/SM-1 - S + 1)) 
M-2 

+ ~ (A(2p/sm,s)-2A(p/sm,s)) 
m=O 

;;;. -1 + (s - 1) + 0 

by the inductive assumption, ;;;. 0 for s - 1 ;;;. 1. 0 
We now continue with the proof of (3.6). Let 

A I (x, y) = # { g Illgll ,,;;;; x and g d = 0 or 1 for all d}, 

and let A 2(x, y) = A(x, y) - AI(x, y). Then Aix, y) ,,;;;; l,d>yA(x/d 2 , y). From 
Lemma 3.1 applied repeatedly, A(x/d 2 , y) ,,;;;; (2/d 2 )A(x, y). Thus 

(3.7) ~ A(x/d 2 , y),,;;;; 2A(x, y) ~ Ijd 2 < (2/y)A(x, y). 
d>y d>y 

Let H(x, y) = 1,1I~II"xrr~+I(gd!tl and let HI(x, y) be the same sum taken only 
over g counted in AI(x, y). Clearly 

1 ;;;. HI (x, y ) / H( x, y) ;;;. A I (x, y ) / A (x, y ). 

Also HI(x, y) = AI(x, y). Since AI(x, y)/A(x, y) > (1 - 2/y) by (3.7) we con-
clude that 

A(x, y),,;;;; (1 - 2/ytH(x, y) = (1 - 2/yr l ~ (x - yr(n!tpn, 
n~u 

which proves (3.6). 
In view of (3.5) and (3.6) any estimate of l,n"ix - ynnWIPn gives an estimate 

of A(x, y). 
For an upper bound we replace Xi in Pn = Prob(1,7log Xi ,,;;;; log x) with random 

variables Y; independent and uniformly distributed on the real interval (y, x), and 
set Pn+ = Prob(1,7log Y; ,,;;;; log x) ;;;. Pn. The probability density function for log Y; 
has the form eCt+DI(log y, log x) and the convolution of n copies has the form 
eCt+ D'S( t), where S( t) is a spline which is zero for t ,,;;;; n log y and is D"( t - n log y t 
for n log y < t ,,;;;; log x. Explicit calculation now gives 

(3.8) Pn+= (IOgX-IOgy)n x 11-(n-I)/(u-l)h+(t)dt, 
x - y (n - I)! 0 

where 
h+ (t) = tn-I exp(-C(1 - (n - 1)/ (u - 1) - t)) 

and 
C = (log x - n log y ) / (1 - (n - 1)/ (u - 1)). 
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Let 1,7 be the definite integral in (3.8). Now with random variables Z, independent 
and uniformly distributed on (y + I, x), we put 

P,; = (1 - (x - y r I r Prob ( ~ log Zi ,,;;; log x ) ,,;;; PII . 

and calculate in the same way 
(3.9) 

P,;= (log x -Iog(y + I))"(x - y - Irll(x/(n - I)! (1 - (x - yrT')I,;. 

where __ 11-(II-Il/(V-I) _ III - h (t), 
a 

v = log x/log(y + I), 

K = (log x - n log( y + 1)) (1 - (n - 1)/ (v - I) t 
and 

h-(t) = t ll - l exp(-K(l- (n - I)/(v - I) - t)). 
This simplifies to 

(3.10) P_= (IOgX -Iog(y + 1))11 X I-
II x-y (n-I)! II' 

Next we have a lemma about 1,7 and I,;. 
LEMMA 3.2. Uniformly in integers n ;;" 2 and in real 0 ;;" O. 

11 1 SIl-le Il8s-118 ds = (I + 0(1og2 n/n)). 
a n + nO 

PROOF. Since es - I - 1(s - 1)2,,;;; S ,,;;; es - I for 0,,;;; s ,,;;; 1. 

1Isll-leIl8(S-I) ds ,,;;; 11 e(II-I)(s-I)+1I8(s-l) ds ,,;;; fl e(II+1I8-I)(s-l) ds 
a a -oc 

_ I _ I ( (2 )) - ( 0) - + 0 I + 0 log n/n . n 1+ -I n n 

Also 

[SIl-leIlIJ(S-I) ds;;" f exp(s - I - log2 n/2n2 )(n - I) + On(s - I) ds 
a I-log II/II 

;;" fa exp(n(1 + O)r - r - ~(IOg2 n/n)) dr 
-log II/II 

;;"(1-1.IOg2n/n)( I )O-e-(I+8)IOglI) 
2 n + nO - 1 

I 
= n + nO (1 + O(log2 n/n)). 0 

Now 

( n-l)lI( 1 ) 1,7 = 1---1 + I I (I + O{log2 n/n)) u - n og x - n og y 
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by Lemma 3.2, while 

1-= 1 - -- 1 + 0 log2 n/n . ( n-I)"( 1 ) 
" v-I n + log x - n log( y + I) ( ( ) ) 

Thus 

p+ = ( log x - log y )" x (1 _ n - I )" 
" x-y (n-I)! u-I 

. I + 0 10 2 n n ( I) n + log x - n log y ( (g /) ) 

and on simplification, 
(3.11) 

267 

p+ = (log x)" X (I _ !!.-)" ( 1 ) (1 + 0(10 2 n/n)) 
" (x - y)" (n - I)! u n + log x - n log y g . 

Similarly 
(3.12) 

p-= (Iogx)" x (1- !!.-)"( 1 )(1 + 0(Iog2n/n)) 
" (x - y)" (n - I)! v n + log x - n log( y + 1) . 

We use (3.11) in (3.6) and (3.12) in (3.5) and conclude 
(3.13) 

( 2)-1 logn-l x (n)n-I( n ) Ax ";:::1-- x 1-- 1-( ,y) -.-, y n~u (n - I)!n! u log x - n log y + n 

. (1 + 0(1og2 n/n)) 
and 

log,,-I x ( n)"-I 
(3.14) A(x, y) ~ x n~v (n _ I)!n! 1 - -:;;-

.(1- n )(I+0(IOg2 n/ n )). 
log x - n log( y + 1) + n 

We now claim that for ru < n < u - ru, the corresponding terms of (3.13) and 
(3.14) are in a ratio of 1 + 0(1/ /log x). 

For 

(1 - n/v)"-I(I - n/u)l-n ~ (1 - U3/ 2(I/V - I/u)r- I ~ (1 - ul/ 2/(ylogy)r. 

By assumption log y ~ logl/5 x, so 

(1 - U I/ 2/ (y log y) r ~ (1 - logl/5 x exp( -logl/5 x) r ~ 1 + O( I//log x ). 

Also if n < u - ru, log x - n log y ~ u- I/ 210g x, so 

(1 - n (log x - n log( y + 1) + n r I) (1 - n (log x - n log y + n r l' 
= 1 + 0(u'/2/ylogx) = 1 + O(l//Iogx). 

This proves the claim. 
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To dispose of the terms in (3.l3) and (3.14) with n ,,;;;; Iii or n ;;a. u - Iii, and for 
further use, we need another lemma. 

LEMMA 3.3. Suppose (c,,) is a log-concave sequence of positive numbers, with Co the 
largest. For each e > 0 let N(e) denote the largest n with Cn > eCo' and let m(e) be the 
least m with Cm > eCo. Then for e < 1, "i.':n\';)Ck ;;a. (1 - 2e)"i.':'ooCk • 

COROLLARY. For log-concave c(t): (-00, 00) ~ [0,00) with c(O) largest, with the 
same notation except that now n(e) and m(e) are the larger and smaller solutions of 
c( t) = ec(O), 

1n (,) JOO c(t)dt;;a.(l-2e) c(t)dt. 
m(E) -00 

REMARK. In fact the Corollary holds with e in place of 2e on the right. 
PROOF OF LEMMA 3.3. The worst case is when Ck = ek/(I +n(E))Co for k > 0 and 

Ck = e-k/(1 +m(E))Co for k < O. In that case 

00 (1 1 ) ~ Ck = Co 1 - C + 1 - C - 1 , 
-00 I-I 

while 

and the smaller sum is clearly greater than (1 - 2e)"i.':'ooCk • 

Now the terms of (3.13) and (3.14) are, apart from the (1 + 0(log2 nln)) factor, a 
log-concave sequence. The ratio of consecutive terms for n near Iii is - log y, while 
for n near u - Iii it is less than log xlelii . Since log y ;;a. logl/5 x, and since u ;;a. 

Jlog x IR, in both (3.l3) and (3.14) the contribution of the tails is 0(11 Jlog x) of 
the whole. 

Now let 

xlogn-I x ( n )n-I( n ) 
in(x, y) = ( ) 1 - - 1 - I I ' n - 1 !n! u og x - n og y + n 

and let 
[ul 

L(x, y) = ~ in(x, y), 
11=1 

[u-1U1 
M(x, y) = ~ in(x, y). 

[lUI 

As above, and again using Lemma 3.3, M(x, y) = L(x, y)(1 + 0(11 Jlog x)). 
Also, M(x, y) = A(x, y)(1 + O(ljJlog x)) since between Iii and u - Iii the terms 
of M(x, y) and the terms in (3.13) and (3.14) all agree to within a factor of 
1 + 0(1 I Jlog x), and since these terms comprise all but 0(1 I Jlog x ) of the whole 
in each case. 

To estimate L(x, y) we introduce a function f(s) so that xe!(u) - in(x, y), and 
consider x/oue!(S) ds. We take thisf(s): 

(3.15) f(s) = -log(2'IT) - 2slogs + 2s + (s - l)(Ioglogx + 10g(1 - slu». 
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Then for e > 0, and iii .0;;;; n .0;;;; (1 - e)u, 

(3.16) 

Now f(s) is concave. We shall later show that for each R there exists e = e(R) 
such that for r.o;;;; R, with c(t) = ef(t), 

.[u .0;;;; m(log-I/2 x} < n(log-I/2 x}.o;;;; (1 - e(R»u, 

in the notation of Lemma 3.3. Consequently, 

( ) All of L(x, y), M(x, y), "t.{ri<n<Il(I-e>in(X, y), "t.ru<n<Il(I-e)e f (n) 
3.17 and "t.n<llef(n) are equal to within factors of I + 0(1/ Jlog x ). 

We then show that x"t.n<llef(n) = x/O'ef(s) tU(l + 0(log-I/4 x», and evaluate this 
integral to an accuracy of 1 + 0(log-I/4 x) to obtain Theorem 2 and the Corollaries. 

None of this to come is all that deep or complex; it is standard calculus and some 
lengthy but routine parts are left to the reader. 

4. Calculus. Although x and y do not appear explicitly in 'f(s)', strictly speaking 
we should writef(s, x, y). This said, we have 

s - I (4.1) /'(s) = -210gs + log log x + log(l - s/u) ---u-s 
and 

(4.2) f"(S)=_(~+_l_+ U-1 2 ). 
s u-s (u-s) 

Let S = S(x, y) be the unique solution of 
(4.3) 

-2logS + log log x + log(l - S/u) - (S - I)/(u - S) = 0, 0< S < U. 

Now recall that r = y'log x /u and that r .0;;;; R. 

LEMMA 4.1. For all R > 0 there exists C(R) > 0 such that if 0 < r.o;;;; Rand 
u;;;. C(R) then (310g(e + r»(u - S);;;. U. 

PROOF. For s < S, /' > 0 while for s > S, /' < O. Let Sl = u(l - (310g( e + r WI). 
Then 

/'(Sl) = -2 log u - 2log( 1 - (310g( e + r )r l) + log log x - log 3 

-log loge e + r) + 310g( e + r ) / u - 3log( e + r) + 1 

< -log(e + r) - 210g(2/3) -log3 + 310g(e + r)/u + 1 

< log 3 - 210g2 + 1 - (1 - 3/u) = log(3/4) + 3/u 
< 0 for u > 3/log(4/3). 

Thus/'(sl) < 0 so Sl > S, which proves the lemma with C = 3/log(4/3). 

LEMMA 4.2. For fixed x, S = S(r) is decreasing as a function of r for r;;;' 0, and 
limr_oS(r) = y'log x. 
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PROOF. By definition 

- 2 log S + log log x + log(l - S I u) - (S - 1)1 (u - S) = O. 

Let t(r) = S(r)1 Jlog x. Then 

(4.4) 0 = -210gt + 10g(1 - rt) - I ~ rt (I - I/Vlogx). 

Thus dtldr = t' satisfies 

- (21t + 2rl(1 - rt) + (rl(l - rt))2(t - 1/Vlogx ))t' 

= tl(1 - rt) + (I - rtf2(t - I/Vlogx), 

so t' < O. Inspection of (4.4) shows limr_ot(r) = 1. 0 
With the same notation we also have 

(4.5) t(r);;'1/(3+3r) forr>O. 

PROOF. The right side of (4.4) is decreasing in t for fixed r, and is positive when 
t = (3 + 3r)-I. Thus t(r) > 1/(3 + 3r). 

In particular, t(r);;. 1/(3 + 3R) for 0 < r';;; R, and so S(r);;' KJlogx for 
0< r';;; R, with K = 1/(3 + 3R) constant. From Lemma 4.1 and from 0 < S(r) < u, 
it follows that liS, I/(u - S) and ul(u - S)2 are all O(l/Jlog x) uniformly in 
r';;; R as x ---> 00. Thus 

(4.6) 1f"(s)1 = O(I//Iogx) uniformlyinr';;;R. 

LEMMA 4.3. Uniformly in 0 < r';;; R and in h, Ih I.;;; (S(r»2/3, 

1f"(S) - f"(S + h)1 = O(lhl/log x) 

and 

PROOF. The second assertion is a direct consequence of the first. The first follows 
from the calculation 

f"(S + h) - f"(S) = (_2 __ ~) + ( I __ 1_) 
S+h S u-S-h u-S 

+(U-I)( I _ I ) 
(U-S-h)2 (U-S)2 

2h + h + 2(u-l)h 
S(S+h) (u-S)(u-S-h) (u-S)(U-S-h)2 

h 2(u-l) 
(u - s)( u - S - h)2 . 

Now from (4.5) and Lemma 4.1, respectively, liS = O(llu) and I/(u - S) = 
O(llu). Thus the last expression for f"(S + h) - f"(S) is 
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Since u = log x/log y and r = log y / v'log x ,,;;; R, 1/ u 2 = O( 1/log x). Thus 

1f"(S) - f"(S + h)1 = O(lhl/logx) 
as claimed. 
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Now let g(s) = ef(s). Then g(s) is log-concave with its maximum at S. Heuristi-
cally, in foUg(s) ds most of the mass is found near S. Near S though, g(s) IS 

approximately normal, and the approximation has a well-known integral. 
To prove the claims of (3.17) and the following paragraph, we first note that 

I ~ ef(n) - l Uef(S) dsl ,,;;; 2e f (S). 
n<u 0 

Next, let iii and ii be the (real) solutions less and more than r, respectively, of 
f(iii) = f(ii) = f(S) - -tloglog x. 

By Lemma 3.3, 

(4.7) 

We now claim that 1 iii - S I";;; S3/5, 1 ii - S I,,;;; S3/5. For if h = ± S3/5 then 

f(S+h) =f(S) + ~h2f"(S) + O(lhI3/logx) 

";;;f(S) - h2/S + O(log-l/IO x) 
";;;f(S) - SI/5 + O(log-l/IO x) 

,,;;; f( S) - log log x for large s, since S ;;a, K Vlog x . 

N ow a little calculation (left to the reader) from Lemma 4.1 shows ii ,,;;; (I - -t K )u, 
and another from log y ;;a, logl/5 x, r = log y /v'log x, S;;a, v'log x /(3 + 3r) and 
u = v'log x /r shows iii ;;a, S - S3/5 ;;a, Iii for large x. This completes the proof of 
(3.17). 

Now 

i ii iii {I 2 ( 3 ) } mg(s) ds = ef(s) m exp 2"(s - S) f"(S) + 0 (s - S) /logx ds, 

and 

f:lg(s) - exp { f(S) + ~(s - S)2 f"(S)} IdS 

= 0 f:exp( f(S) + ~(s - S)2 f"(S)(s - S)3/10gx )) ds 

because 1 (s - S)3/10g x I";;; log-l/IO x for iii,,;;; s ,,;;; Ii. We calculate this last integral 
as 

O(log-l x) i: exp ( f(S) + ~v2f"(S)) v3 dv 

= O( ef(S) flog x) foo v3 exp ( .lv2f"( S)) dv 
-00 2 

= O(ef(S») . fl/(S) 2 const smce < -- < ---. 
S Vlog x 
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On .the other hand, 

f;'exp ( I(S) + ~(s - S)21"(S)) ds 

= i: exp ( I(S) + ~v21"(S)) dv(1 + 0(Iog-l/2 x)) 

by Lemma 3.3, and this equals ff1i II"(S) r l/ 2e!(S). 
Since II"(S) I> I/S > 1/ Ilog x, 

e!(S) = 0(logl/4 x) f;'exp ( I(S) + ~(s - S)2 I"(S)) ds. 

Putting this together, we get 

(4.8) f~g( s) ds = (2; 11"( S )1- 1/ 2 e/(S)( I + 0(log-1/4 x)) 
m 

and 

(4.9) A(x, y) = (2;11"(SW1/ 2e!(S)(1 + 0(log-1/4 x)). 

This is essentially Theorem 2. It remains only to simplify II"(S) l- l/ 2e!(S). We first 
note that if S is the solution in 0 ,,;;;; s ,,;;;; u of 

(4.10) 210gs -log(1 - s/u) + s/ (u - s) = log log x 
(s instead of s - 1 in (s - 1)/(u - s) of (4.3)) then 

(4.11 ) Is - sl = 0(1) 
(left to reader). Since 1"( S) = 0(1/ Ilog x ), it follows by Lemma 4.3 that 

I/(S) - I(S)I = 0(log-1/2 x). 
Let q = q(r) = S(r)/ Ilog x and let w = w(r) = rq(r). Recall u = Ilog x Jr. The 
original hypotheses for Theorem 2 were that u ;;;. logl/5 x and r ,,;;;; R. 

Let 

I ( 1 )-1/2 w(r )q(r) 
C(r) = --;:=- 1 - w + -2w2 and her) = 2q(r) + ( ). 

2lj7T 1 - w r 

These definitions agree with those in the introduction, the verification is left to the 
reader. 

A short table of calculus facts for q(r), w(r) and her) may be helpful. In every 
case the derivation is a routine calculation, which we omit. 

(4.12) dq/dr = _q2(2 - w)/ (2 - 2w + w2) < 0, 

dw/dr = 2q(l - W)2/ (2 - 2w + w2) > 0, 

(4.13) 

d 2q/dr 2 = 2q3(3w2 - 8w + 6)/ (2 - 2w + W2)3 > 0; 
3 q = 1 - r + 4"r2 + 0(r3), w = r - r2 + 0(r3), 

h = q(1 + (1 - wt) = 2 - r + ir2 + 0(r3); 
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(4.14) dh/dr = _q2/(l - w) < 0, 

d 2h/dr 2 = q3 w/{(l- w)(2 - 2w + w 2») >0; 

(4.15) 

r h(r) r h(r) 
0 2 

0.1 1.90483 0.6 1.54523 
0.2 1.81865 0.7 1.49077 
0.3 1.74048 0.8 1.44062 
0.4 1.66939 0.9 1.39428 
0.5 1.60456 1.0 l.35l36 
2 1.04750 1000 0.01238 
5 0.66283 10000 0.00167 
10 0.43586 100000 0.000210 
20 0.27363 1000000 0.0000254 
50 0.14035 
100 0.08224 

Now since 1/(5) - /(S)I= O(log-I/2 x) and since 11"(5) - I"(S)I= O(1/logx) 
while II"(S)I> l//logx, the right side of (4.9) is disturbed only by a factor of 
1 + 0(1/ /log x) when S is replaced with S. If we now express the modified right 
side in terms of r, q(r), w(r), qr) and h(r) it simplifies to 

(4.16) A(x, y) = C(r)xlog-3/ 4 xexp( h(r)Vlogx)(1 + 0(1og-I/4 x)), 

uniformly in y such that log x/log y > logl/5 x and log y / /log x ~ R. This proves 
Theorem 2. 

For the corollaries let () = log y flog I / 4 X and assume () = 0(1), x -> 00. Then 
r = (}log-I/4 x, qr) = (1 + O(log-I/4 x»)/2/ii, and by the Taylor series expansion 
of h(r), 

exp(h(r)Vlogx) =exP(2VIogx -(}logl/4x+ ~(}2+0(l») 

~ y-I exp ( 2Vlog x + ~(}2 ), 

so thatA(x, y) ~ y-le02 /2A(x, 1). D 
REMARK. We have not considered u fixed (u = log x/log y) as x -> 00. Ad hoc 

calculations suggest that for this case, if n is an integer ;;;;. 1 and if n < u ~ n + 1 
then 

(conjecture). 
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