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THE NUMBER OF FACTORIZATIONS OF NUMBERS
LESS THAN x INTO DIVISORS GREATER THAN y
BY
DOUGLAS HENSLEY

ABSTRACT. Let A(x, y) be the number in the title. There is a function A: [0, oc) —
[0,2], decreasing and convex, with 4(0) =2 and lim,_ h(r) =0, such that if
r = log y/y/log x then as x — oo with r fixed,

_ C(r)xexp(h(r)‘/log x)
(log )()3/4

The estimate is uniform on intervals 0 <r < R,. As corollaries we have for
log v = f(log x)'/4,

A(x,y) (1 +0(logx)"l/4)4

lim AY) e
v—ox A(x,1)/y
and if log v = o(log x)'/* then A(x, y) =~ A(x,1)/y.

1. Introduction. In counting factorizations we make no distinction between 2 - 2 - 3,
2-3-2and 3 -2 -2, and list four factorizations of 12: 12,6 - 2,4 - 3and 3 - 2 - 2.

Let a(n) denote the number of such factorizations of n. MacMahon observed,
about 1920, that 32 ,a(n)n™* = [1%_,(1 — d~°)"". Shortly thereafter Oppenheim
considered the average and maximum values of a(n), | < n < x. He found

X

(1.1) A(x):= S a(n) = xexp(2 log x )/ (2\/';(logx)3/4),

n=1
as did Szekeres and Turan somewhat later [2, 3]. Recently the question of the
number of factorizations of numbers n < x using only divisors d < y was discussed,
and estimated to within a factor of (log x)°" [1]. Here we are concerned with

[x]
A(x, y) = 2 a,(n),
n=1
where a (n) is the number of factorizations of n into divisors d > y. We make the
conventional assumption that a,(1) =1 for any y, so that A(x, y) =0 for x <1,
and A(x, y)=1forl <x<y.
We prove the following results.

Received by the editors February 21, 1983.
1980 Mathematics Subject Classification. Primary 10H25; Secondary 60F10.
Key words and phrases. Complex analytic methods, elementary probability methods, large deviations.

©1984 American Mathematical Society
0002-9947 /84 $1.00 + $.25 per page

259



260 DOUGLAS HENSLEY

THEOREM 1. There exists C, >0 such that if y is an integer, 0 <e <1 and
1 <log y < e(log x)'/* then

yA(x, y)/A(x) € (1 — Ce%, 1 + C,?).

To state Theorem 2 we need some notation. For x >y > 1 let
r=r(x,y)= 108)’/\/@-
Let g = g(r) be the unique solutionin 0 < g < 1 of
2logq — log(1 —rq) + rq/ (1 — rq) = 0.

REMARK. In this paper, r is the reciprocal of the r used in [1].
Let h(r) =2q + rq>/(1 — rq). Let C(r) = (4n(1 — rq + ir’q?)})""/2

THEOREM 2. Uniformly in (log x)'/* < log y < R(log x)"/?,
A(x, y) = C(r)x(log x) ™/ e"Vs (1 + Of(1/ (log 1)),
for any fixed R > 0.

COROLLARY. For arbitrary real § > 0, with log y = 6(log x)'/*,
lim yA(x, y)/A(x) = e?/2.
X— 00

REMARK. This explains the 1 + O(e?) when log y < e(log x)'/* in Theorem 1; no
better result is possible.

The proof of Theorem 1 is an exercise in complex analysis and presents no great
novelty. For the most part it follows Oppenheim’s original proof.

The proof of Theorem 2 uses some of the techniques of [1]. The novelty here is
that for the case at hand we can dispense with grouping factorizations according to
the number of divisors from various intervals (a’~! a'), and we can evaluate
explicitly the probabilities that arise in a temporary reformulation of the problem as
a question of chance. This permits accuracy to within a factor of 1 + O(log x)'/4
instead of (log x)°" which we got in [1]. I think the new techniques might succeed
with the old K(x, y) and give similar improvements in accuracy. The hard step will
be to evaluate more accurately the probabilities that arise in the K(x, y) reformula-
tion. (K(x, y) is the number of factorizations using divisors < y.)

2. Complex analysis. Before we get into the matter too deeply we note that for
fixedy € Z,

lim A(x, y)/A(x) = 1/y

by an elementary inclusion-exclusion argument based on (1.1) and the fact that
M_,(1 = 1/d) = 1/y.

To start the analysis now, let f(s) =112, ,(1 —n*)", for s=0 +it, 0 > 1.
Then f(s) = 2 ,a,(n)/n’ for o > 1, where &‘,(n) is, as in §1, the number of ways
in which n is the prdduct of integers greater than ).

Let B(x, y) = Z,<(x — n)a,(n), and recall A(x, y) = Z,<a,(n).
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As in Oppenhiem [2] let f(s) = [I®_ (1 — n~*)"' (6 > 1) and let

IS

gls) = Hz(l —n7).

n=

Then /,(s) = /(5)g,(5).

We have from [2] that there is an expansion

o o]
@) ) =enli/ =1+ ats=17).
n=1
valid for |s — 1|< 1/2, and that f(s) = O(|¢[) for any positive ¢, uniformly for
[t|=ty(e)and o > 1.
We require an estimate for the growth of the coefficients C,( y) in the expansion

Il

< |-

(22) s(1+3) =3 MO-0=n"")/ (=)
n=2

1 - -
:_(1+ ECk(y)wk
y k=1

LEMMA 2.1. For k <y, |C(y)|< (4log y)**, while | C,(y)|< (4log y)** (k = y).

ProOF. Expanding the product in (2.2) using n™'/* = 3% (-1)/(j!)"'(log n/w)’,
we get

(2.3) ()= 3 DI (n=1)"P(ogn) /v,
Ves(k) n=2
where

vy
S(k) = {17: (V3. Vs V)| Vas o ¥, >0 € Z and EV,,:k},
2

and where B,(V) = 1if ¥, > 1, else 0. Thus

k > 1 B.V) ]

(2.4) [C)I<@ogy) X I (-——_ ) T
_ n—1 V!

ves(kyn=2 n

For any fixed T C {2,3,...,y} with #T = r < k, the sum over the terms of (2.4) in
which V, = 1 ifand only if n € T'is

Ne-" 3 Iy,
neT P(k,r) j=1

where P(k, r) is the set of ordered partitions of k into positive integers p,, p,,...,p,,
and this

=TI (n=1)"'rskt=(r*/kt) T (n = 1)

neT neT
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Summing over all T with r elements, we get

(/5 B N | (R VIR (’k/k!)(%(n B ])_])r

nyFEn,F - Fn,
<(r*/k")(1 +log y)".
Summing over the possible values of r gives ™" K)(r% /k1)(1 + log y)". Fork <y
this yields
€)= 1), oy (1 +logy) (log y)" and |C(y)| < (410g y)**

while for k >y, | C,\,(y) |< (4log y)*.
After this we can copy [2]. We have

(2.5) B(x,y)= 2 (x=n)a,(n) =

n<x

1
2mi

/ :s( - 1)f(s>g (s)ds.

From the definition of g,(s) clearly |g,(s)|< y for ¢ = 1. Thus in analogy with [2],
(2.6)

1
B(x,y)=J(x,y) + O(x%), whereJ(x,y)= 2mfs( " l)f(s)g (s)ds

and T half-encircles 1 to the right at radius @ > 0. Further, by Cauchy’s theorem, for
b>0

bt 2H1/w )
2.7) J(x.y) = 27i f_- (w+ 12w + l)f"(1 T 1/w)dw + O(X y),

on the change of variables = 1 + 1/w. Now

f(l + l/W) _ 1 : c -2—n
=ze" 8}1
(w+ Dw+ 1) 2° ,Z‘O ¥

(2.8)

uniformly on ¢ = b, with §, = 1 and §, certain constants, with |§,|< K" for some
K > 2 and all n [2].
If we set Cy(y) = 1 we have

[+ 1/wig(1+1/w) e &

2.9 S, _ =2,

(29) (w+ 12w +1) ”20120 - G ()W

Letd,(y) = 27_(8,_,C(»). Then by Lemma 2.1, d((y) = 1, and for log y = 2K,
(2.10) |d,(y)|<2(4log y)*" forn<y,

|d,(y)|<2K"*(4log y)z"' forn=y.

As in [2] we now have

(2.11) J(x,y) + O(x%y) = % ; a 1,(2\/logx)

1 b+ico 1 )c2

2miJy_ 57

o
n+(log x/w) E

il%



NUMBER OF FACTORIZATIONS 263
If we take b = \/log x (= 32K(log ¥)? by assumption) and let w = b + it then
< 4,(»)
s e

v=1

= 0((log y)2/|w|) onw=b+it

so the absolute value of the integral in (2.11) is
O(x*(10g y)'/y) [~ vl exp(b + blog x/ (b + 12)) i
= 0(x%*" e (log y)’/ ( ylog x))
~f0°°(1 + h2) 2 exp(-h2flog x /(1 + h?)) dh
with & = 1/,flog x = O(x%/*#*(log y)>/( y(log x)*/*)). Thus

(2.12) J(x,y) +0(x%) ==

1 x?
——1,(2ylo
2 yylog x ‘( gx)
+0( x%Ve* (log y)’/ ( y(log x)**)),
and since 1,(z) = (27z)""/%e*(1 + O(1/z)),

x2e2‘/10gx
(2.13) B(x, y) = —=———(1 + O(log y)*/\log x ) ),
4|7 y(log x)
uniformly in (2K )* < (log y)* < /log x /(32K).
Now

I+1/w

aJ 1 X

and

0% 1 x'/
el A AU AO R

where C is the half circle to the right of O about O at radius 1/a.

Expanding f(1 + 1/w)e™/w(w + 1) as a series in 1 /w gives

2,/log x 1 2 2 2,/log x
g—Jzie—W1+0M and EJE:O 16—3/4'
X Y 2/m(logx) Jlog x 0x Y (log x)

both uniformly in (2K )* < (log y)* < (32K )™'\/log x . The details parallel those of
(2.7)-(2.12).

Finally for this range of y by an exact copy of the Tauberian argument in [2] from
B(x) ~J(x)to A(x) ~ J'(x) we have

A(x, y) = J'(X, ))) + O(Xe(l‘*"/ZK)‘/]ogx)

(log y)’ )

Vlog x

62 log x

X
S S )
Y 2m (log x)**

b

which proves Theorem 1.
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3. Elementary methods. Our proof of Theorem 2 is based on a counting principle
set in the language of probability, and on the calculus that boils down the resulting
estimate of A(x, y) to the form C(r)xlog=/% xe""™Wiex (] + O(log™'/* x)). The
devices used here seem to be considerably stronger than the standard complex-ana-
lytic approach of §2. Indeed one purpose of §2, aside from treating the case when y
is too small for the approach of this section, is to highlight the advantage here of real
methods.

We start with a reformulation of A(x, y).

(3.1)

A(x, y) = #[g: (y+1,y+2,....x} -{0,1,2,...}| 3 §dlogd<Iogx}.

d>y

Let u = log x/log y and r = log y/\/log x = \/log x /u. Let X,, X,,... be inde-
pendent random variables uniformly distributed on {y + 1,...,x}. Forn <u, let X
denote an n-tuple of integers. Then

(3.2) Prob( S log X, < log x)
1

= (x—y)°"#{5c'|y<x,-<xfor 1<i<nand D logx,.<logx}.
1

Associate with each x the (x — y)-tuple § = (§,.,, §v+2,...,£".) with £, = the
number of times d occurs in X. Then 27, £, = n.
The number of times a given § occurs among the set of all n-tuples x is

n!H't}-:)"f' l(gd!)—l'
Let ||¢] = I}, ,d%, and o(£) = 3%, £, Then

(3.3) Prob( Slog X, <logx| =(x—y)"n! > H (&,n",
1 léll<sx.o(§)=n y+1
and
(3.4) 3 H (g,)"'= (x—y)"(n!)_'Prob(Elog X,<logx).
lléll<x,0(§)=n y+1 1

Now A(x, y) = Z¢ <1, s0 with the notation P, = Prob(Z{ log X; < log x),

(3.9) A(x,y)= 3 (x—»)"(n)'P,.
n<u

The inequality is quite sharp, for, in fact, also
(3.6) A(x, )< (1 =2/9)" 3 (x—y)"(n)'P,.

For the proof we need a lemma.
LEMMA 3.1. For any integer t = 1 and any real s = t, 2A(s, t) < A(2s, t).

PROOF. Fort > 1, A(s, t — 1) = Z5_oA(s/t™, t). Also A(s, t) = 0 for s < 1, 1 for
1<s<t and s—t+ 1 for s <t<s. Fix T>1 and s <7, and make the
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inductive assumption that 2A4( p, q) < A(2p, q) for p < T and q = s. This is clear if
s = T. Let M = [log T/log s]. Then for p < s, evidently
AQ2p,s—1) —24(p,s—1)=0,

whileforT=p = s,
M
AQp,s—1)—24(p,s—1)= D AQp/s™,s) —2A4(p/s™,s)
m=0

>(1-2)+(2p/sM " =s+1)=2(p/sM ' =5 +1))
M—2
+ 2 (AQ2p/s™,s) —24(p/s™,s))

m=0
=-1+(s—1)+0
by the inductive assumption, =0 fors — 1 =1. O
We now continue with the proof of (3.6). Let

A(x,y)=#{&|||¢l<x and ¢,=0or 1 foralld},

and let A4,(x, y) = A(x, y) — A|(x, y). Then A,(x, y) < Zd>yA(x/d2, y). From
Lemma 3.1 applied repeatedly, A(x/d?, y) < (2/d*)A(x, y). Thus
(3.7) 2 A(x/d?, y) <24(x, y) 2 1/d*> < (2/y)A(x, y).
d>y d>y
Let H(x, y) = Eng,lgxﬂ_};“(&d!)“ and let H\(x, y) be the same sum taken only
over ¢ counted in A4,(x, y). Clearly

1= H\(x,y)/H(x, y) = A\(x, y)/A(x, y).
Also H\(x, y) = A(x, y). Since A,(x, y)/A(x, y)> (1 —2/y) by (3.7) we con-
clude that
A(x,y)<(1=2/y) ' H(x,y) = (1 =2/y)" T (x —y)"(n)'P,,
which proves (3.6).

In view of (3.5) and (3.6) any estimate of 2, _,(x — y)"(n!)"'P, gives an estimate
of A(x, y).

For an upper bound we replace X; in P, = Prob(Z]log X; < log x) with random
variables Y; independent and uniformly distributed on the real interval ( y, x), and
set P,” = Prob(Z}log Y, < log x) = P,. The probability density function for log Y,
has the form e“"*PI(log y,log x) and the convolution of n copies has the form
eC"*P'S(¢), where S(¢) is a spline which is zero for ¢ < nlog y and is D”’(t — nlog y)"
for nlog y <t < log x. Explicit calculation now gives

log x — log y )" x 1—(n=1)/(u—1)
3.8 P = ( ht ,
(3.8) . pepy (n_l)!j; (t)dr

where

Rt (1) =1""exp(-C(1 = (n = 1)/ (u—1) — 1))
and

C=(logx —nlogy)/ (1 = (n—1)/(u—1)).
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Let I, be the definite integral in (3.8). Now with random variables Z, independent
and uniformly distributed on (y + 1, x), we put

n
Pi=(1—(x—y»)")" Prob( S logZ, < logx) <P,
1

and calculate in the same way
(3.9)

Pr=(logx —log(y +1))"(x —y — 1)—"()(/(" - D1 = (x —y)_l)")l"_’
where

I;= fl—("_”/(v_”h‘(t), v =1logx/log(y + 1),
0

K = (log x — nlog(y + 1))(1 = (n = 1)/ (v — 1))”"
and
h (1) =t""'exp(-K(1 = (n — 1)/ (v — 1) = 1)).
This simplifies to

logx —log(y +1)\" «x }
x—y (n—1)1"""

Next we have a lemma about I, and /.

(3.10) pr= (

LEMMA 3.2. Uniformly in integers n = 2 and in real § = 0,

o 3 1
'/(;S" lenos nodS: - +n0(1 -+ O(IOan/n)).

PROOF. Since e’ ™' — J(s — 1)’ <s<e' 'forO0<s<1,
f‘sn—lenﬂ(s—l) ds < fle(n—l)(s—l)—ﬂm(s—l)ds < fl e(n+n¢9—~l)(s~l)ds
0 0 -

_ 1 _ 1
n(1+6)—1 n+nb

(1 + O(log?n/n)).

Also
/lsn-—leno(s—l)ds> ! exp(s -1 - 10g2 n/2n2)(n — 1) + 0"(5 - l)ds
0 1—log n/n
>f0 exp(n(l +0)r—r— %(logz "/")) dr
~log n/n
_ _1_ 2 )( l ) — ,—(1+80)logn
>(l 2log n/n P — (1—e )
_ 1 2
=~ +n0(l + O(log*n/n)). O
Now
vy _n—1 )"( 1 ) 2
1, (1 u—1 n+logx —nlogy (1+O(log n/n))
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by Lemma 3.2, while

n—1\" 1
=1- 1 + O(log? :
L (1 v—l) (n+logx—nlog(y+l))( O(tog” n/n))

Thus
P = (logx—logy)" x ( _ n—l)"
! X =y (n—1)! u—1
L 2
'(n-i—logx—nlogy)(l + O(log? n/n))
and on simplification,
(3.11)
+ (lOgX)n X _ 2 n l ) ,
n (X_y)” (n_ 1)'(1 ll) (n+logx—nlogy (1 +0(10g n/n))_
Similarly
(3.12)
__ (logx)" X n "( 1 ) .
- =3 1+ 0(1 ,
(x—y)" (n— 1)!( v) n+logx—nlog(y+ 1) ( (og n/n))
We use (3.11) in (3.6) and (3.12) in (3.5) and conclude
(3.13)

n— I.X n n—1 n
A(x,y)s(l__) XE“ n_l)vnv(l—Z) (1 logx—nlogy+n)

- (1 + O(log? n/n))

and
(3.14)  A(x, y)/x’zbﬁ');_'(l _ %)
‘ (1 B logx —nlog(y+ 1) +n )(1 + O(Ingn/n)).

We now claim that for vu <n <u — Ju, the corresponding terms of (3.13) and

(3.14) are in a ratio of 1 + O(1/ /log x).
For

(1=n/o)" (1= n/u)' "= (1 = w10 — 1/u))"" = (1 — u/2/ (ylog y))".

By assumption log y = log'/* x, so
(1 =072/ (ylog )" = (1 — log* xexp(-log*x)* = 1 + 0{1ffog ).
Alsoif n <u — vu,logx — nlog y = u~'"?log x, so
(1 — n(log x — nlog(y + 1) + n)_')(l —n(logx —nlog y + n)")_I
=1+ 0(u"*/ylogx) = 1+ O(1/log x ).

This proves the claim.
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To dispose of the terms in (3.13) and (3.14) with n < yu or n = u — vu, and for
further use, we need another lemma.

LEMMA 3.3. Suppose (C,) is a log-concave sequence of positive numbers, with C, the
largest. For each € > 0 let N(&) denote the largest n with C, > ¢C,, and let m(¢) be the
least m with C,, > ¢C,. Then for e < 1, ZX\C, = (1 — 2€)Z* C,.

m(e)

COROLLARY. For log-concave c(t): (—00, 00) = [0, 00) with c(0) largest, with the
same notation except that now n(e) and m(¢) are the larger and smaller solutions of
c(t) = €c(0),

[Ce(eydr=(1- 2£)f°oc(t)dt.

m(e)
REMARK. In fact the Corollary holds with ¢ in place of 2¢ on the right.

PROOF OF LEMMA 3.3. The worst case is when C, = e¥/(!*"()C/ for k >0 and
C, = e k/+mOC for k < 0. In that case

ol 1 1
_zwck:c(’(l—cl T1=c, _‘)’

while

n(e) 0
_ eC, eC,
ECk—_Eka 1-c¢ 1-C)

m(e)

and the smaller sum is clearly greater than (1 — 2¢)2* _C,.

Now the terms of (3.13) and (3.14) are, apart from the (1 + O(log? n/n)) factor, a
log-concave sequence. The ratio of consecutive terms for n near vu is ~ log y, while
for n near u — yu it is less than log x/e'. Since log y = log'/®x, and since u =
yIog x /R, in both (3.13) and (3.14) the contribution of the tails is O(1//log x) of
the whole.

Now let

. _ o xlog"'x (. n ""( _ n )
.]n(x’y)_ (n_ 1)'n'(l U) ! lng_nlogy+” '

and let
[u) —Vu]
L(x,p)= 2 jx,y),  Mx,p)= 2 jx,»).
n=1 [Vi]

As above, and again using Lemma 3.3, M(x, y) = L(x, y)(1 + O(1/ /log x)).
Also, M(x, y) = A(x, yX1 + O(1/,/log x)) since between v and u — vu the terms
of M(x, y) and the terms in (3.13) and (3.14) all agree to within a factor of
1 + O(1//log x), and since these terms comprise all but O(1/,/Tog x ) of the whole
in each case.

To estimate L(x, y) we introduce a function f(s) so that xe/™ ~j (x, y), and
consider x [e/(*) ds. We take this f(s):

(3.15) f(s) = -log(2m) — 2slogs + 2s + (s — 1)(loglog x + log(1 — s/u)).
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Then fore > 0, and viw <n < (1 — ¢€)u,

(3.16) e/ = (1+ 0,(1/log x )} ju(x., ).

Now f(s) is concave. We shall later show that for each R there exists ¢ = &(R)
such that for r < R, with ¢(¢) = ¢/,

Ju <m(log™/?x) <n(log™'/*x) < (1 — &(R))u,

in the notation of Lemma 3.3. Consequently,

All of L(x’ y)’ M(X, ,V), 2,/{I<n<u(l—e).jn(-x, _Y), zfu_<n<u(l—s)ef(n)

(3.17) and 3, _,e ™ are equal to within factors of 1 + O(1/,/Iog x).

We then show that x3,_,e/™ = x[ye/® ds(1 + O(log™'/* x)), and evaluate this
integral to an accuracy of 1 + O(log™!/* x) to obtain Theorem 2 and the Corollaries.

None of this to come is all that deep or complex; it is standard calculus and some
lengthy but routine parts are left to the reader.

4. Calculus. Although x and y do not appear explicitly in ‘f(s)’, strictly speaking
we should write f(s, x, y). This said, we have
s—1
u—-=s

(4.1) f'(s) = -2logs + loglog x + log(1 — s/u) —

and

N 2 1 u—1
(4.2) f(s)=- ;+“_s+(u—-s)2 .

Let S = S(x, y) be the unique solution of
(4.3)

—2logS + loglog x + log(1 —S/u) — (S —1)/(u—8)=0, 0<S<u.
Now recall that r = /log x /u and that r < R.

LEMMA 4.1. For all R >0 there exists C(R) >0 such that if 0 <r <R and
u = C(R) then (3log(e + r))(u — S) = u.

PRrOOF. For s < S, f* > 0 while for s > S, f’ < 0. Let s, = u(1 — (3log(e + r))™).
Then
f(s,) = -2logu— Zlog(l — (3log(e + r))_‘) + loglog x — log 3
—loglog(e + r) + 3log(e + r)/u — 3log(e + r) + 1
< -log(e + r) — 2log(2/3) —log3 + 3log(e + r)/u+ 1
<log3 —2log2+1—(1—3/u)=10g(3/4) + 3/u
<0 foru>3/log(4/3).
Thus f’(s,) <0 so s, > S, which proves the lemma with C = 3 /log(4/3).
LEMMA 4.2. For fixed x, S = S(r) is decreasing as a function of r for r =0, and

lim,_oS(r) = ,/Iog X.
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PROOF. By definition
—2log S + loglog x + log(1 — S/u) —(S—1)/(u—S)=0.
Let ¢(r) = S(r)/\/log x . Then
(4.4) 0=-2log s+ log(l — rt) — ]itrt(l—l/\/logx).
Thus dt/dr = t’ satisfies
- (2/1 +2r/(1—rt)+ (r/(1 — rt))z(t — 1/\/log x ))t’
=t/(1—rt)+(1—r)>(t—1//logx),

so t’ < 0. Inspection of (4.4) shows lim,_q#(r)=1. O
With the same notation we also have

(4.5) t(r)=1/(3+3r) forr>0.

ProOF. The right side of (4.4) is decreasing in ¢ for fixed r, and is positive when
t =@ +3r)" . Thust(r) > 1/(3 + 3r).

In particular, #(r)=1/(3+ 3R) for 0 <r <R, and so S(r) = K /log x for
0 <r<R,withK=1/(3 + 3R) constant. From Lemma 4.1 and from 0 < S(r) < u,
it follows that 1/S, 1/(u — S) and u/(u — S)?* are all O(1/y/log x ) uniformly in
r < R as x — oo. Thus
(4.6) lf(8)] = O(1/{log x ) uniformly in r < R.

LEMMA 4.3. Uniformly in0 <r < Randin h,|h|< (S(r))*/?,

lf"(S) = £"(S + h)| = O(|h| /log x)

and
(S +h) =1(S) + 3121(S) + O{|hf /1og x).

PrOOF. The second assertion is a direct consequence of the first. The first follows
from the calculation

f”(S+h)—f"(S):(§_2q.__%)+(u—;—h B u—IS)

h
1 1
* 1)((u—S—h)2 (u—s)z)
_ 2k h 2(u— 1)h
TSGR S u-5-h " a_s)u-S—_ny
h*(u—1)

C(u—s)u—S—h)}

Now from (4.5) and Lemma 4.1, respectively, 1/S = O(1/u) and 1/(u — S) =
O(1/u). Thus the last expression for f”(S + k) — f"(S) is

r{0(1/u*) + 0(1/u?) + O(1/u?) + O(u*/3/u’)} = h - O(1/u?).
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Since u = log x/log y and r = log y/ \/log x <R, 1/u* = O(1/log x). Thus
77(8) = (S + h)| = O(|hl /10g x)

as claimed.

Now let g(s) = e/¢). Then g(s) is log-concave with its maximum at S. Heuristi-
cally, in [y'g(s)ds most of the mass is found near S. Near S though, g(s) is
approximately normal, and the approximation has a well-known integral.

To prove the claims of (3.17) and the following paragraph, we first note that

S st — f"efmds

n<u 0

<2e/,

Next, let m and n be the (real) solutions less and more than r, respectively, of

f(m) = f(ir) = f(S) — 1 loglog x.
By Lemma 3.3,

(4.7) fug(s) ds = fng(s)ds(l + O(log™'/? x)).
0 m
We now claim that | —S|< §3/5,|n — S|< §¥°. Forif h = =835 then
1 3
f(S+ k) =f(S) + 5hf"(S) + O(|h]/log x)
<f(S)— h*/S + O(log™"/"°x)
<f(S)— 8"+ 0(log™"/"%x)
< f(S) — loglog x for large s, since S = Kylog x .

Now a little calculation (left to the reader) from Lemma 4.1 shows 7 < (1 — 1K)u,

and another from log y =log'*x, r =log y/\/logx, S = /flogx /(3 + 3r) and
u=flogx /r shows m =S — S*/° = yu for large x. This completes the proof of
(3.17).

Now

f’:g(s) ds = e/“’/:exp{%(s — Sy f(S) + 0((s — S)3/logx)} ds,

and

I,

ds

8(s) — exp{ 1(5) + 3(s = $)'77(8)]

= O/"_Texp(f(S) + %(s - S)zf”(S)((s — S)3/10gx)) ds

because | (s — S)*/log x |< log™'/'°

as

x for m < s < n. We calculate this last integral

O(log™ x)/:t:exp( f(S) + %vzf”(S))v3 dv

= 0(e’S /log x)foov3 exp(—zl-vzf”(S)) dv

= 0(e/®) sincef’(S) < _ 2 _ const

S ylog x .
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On the other hand,
[lexp( £(5) + 305 = $)*17(5))
= fj:exp(f(S) + %vzf”(S)) do(1 + 0(log™"? x))

by Lemma 3.3, and this equals y27 |f(S)[ '/ %/,
Since |f"(S)|> 1/8 > 1/ /log x,

IS = O(logl/ax)ffexp(f(s) + %(s - S)Zf"(S)) ds.

Putting this together, we get

(48) f;g(s) ds = \/glf”(S)rl/zeﬂS)(l + 0(log"/4x))
and
(4.9) A(x, y) = 2m|f(8)] e/ S(1 + O(log™/* x)).

This is essentially Theorem 2. It remains only to simplify |f”(S)['/%e/*S). We first
note that if S is the solutionin 0 < s < u of

(4.10) 2logs — log(1 — s/u) + s/ (u—s) = loglog x
(sinstead of s — 1 in (s — 1)/(u — s) of (4.3)) then
(4.11) IS — 8| =0(1)

(left to reader). Since f(S) = O(1/ \/log x), it follows by Lemma 4.3 that
7(S) = f(S)] = O(log™/* x).

Let g =q(r) = S(r)/ Vlog x and let w = w(r) = rq(r). Recall u = \/log x /r. The
original hypotheses for Theorem 2 were that u = log'/* x and r < R.
Let

Cc(r)= L(l —w+ lwz)_l/2 and h(r) =2q(r) + w(r)q(r)

2fm 2 L=w(r)’

These definitions agree with those in the introduction, the verification is left to the
reader.

A short table of calculus facts for g(r), w(r) and A(r) may be helpful. In every
case the derivation is a routine calculation, which we omit.

(4.12) dg/dr=-¢*2 —w)/ (2 — 2w + w?) <0,
dw/dr=2q(1 —w)' /(2 — 2w+ w?) >0,
dq/dr? =2¢3(3w? — 8w + 6)/ (2 — 2w + w?)’ > 0;

3
g=1—r+3r2+0(r), w=r—r’+0(r’),
(4.13) 4 )
h:‘I(l+(1_W)—l)=2—r+%r2+0(r3);
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(4.14) dhydr = —-q>/(1 — w) <0,
d*h/dr? = @*w/ (1 — w)(2 — 2w + w?)) > 0;
(4.15)
r h(r) r h(r)
0 2
0.1 1.90483 0.6 1.54523
0.2 1.81865 0.7 1.49077
0.3 1.74048 0.8 1.44062
0.4 1.66939 0.9 1.39428
0.5 1.60456 1.0 1.35136
2 1.04750 1000 0.01238
5 0.66283 10000 0.00167
10 0.43586 100000 0.000210
20 0.27363 1000000 0.0000254
50 0.14035
100 0.08224

Now since | f(S) — f(S)|= O(log™'/? x) and since |f"(S) — f"(S)|= O(1/log x)
while |f"(S)|> 1/ /log x, the right side of (4.9) is disturbed only by a factor of
1+ 0/ ‘/@ ) when S is replaced with S. If we now express the modified right
side in terms of r, g(r), w(r), C(r) and h(r) it simplifies to

(4.16) A(x,y)= C(r)xlog‘”“xexp(h(r)\/logx )(1 + O(log™"*x)),

uniformly in y such that log x/log y > log'/® x and log y/ /log x < R. This proves
Theorem 2.

For the corollaries let 8 = log y/log'/*x and assume § = O(1), x — co. Then
r==60log™"*x, C(r) = (1 + O(og™""*x))/2/m, and by the Taylor series expansion
of h(r),

exp(h(r)\/logx) = exp(2ﬁ<>g—x — flog'* x + %02 + o(l))
~y"exp(2\/logx + %02),

so that A(x, y) ~y~'e?/24(x,1). O

REMARK. We have not considered u fixed (u = log x/log y) as x — o0. Ad hoc
calculations suggest that for this case, if n is an integer = 1 and if n<u<n + 1
then

_ (u _ n)n—l

Xl n—1
(= D) (log y)

A(x, x'*)

(conjecture).
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