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THE RADIUS RA no AND CONVEXITY PROPERTIES 
IN NORMED LINEAR SPACES 

BY 
D. AMIRI AND C. FRANCHETTI 2 

ABSTRACT. The supremum of the ratios of the self-radius rAe A) of a convex bounded 
set in a normed linear space X to its absolute radius rx( A) is related to the 
supremum of the relative projection constants of the maximal subspaces of X. 
Necessary conditions and sufficient conditions for these suprema to be smaller than 
2 are given. These conditions are selfadjoint superproperties similar to B-convexity. 
superreflexivity and P-convexity. 

O. Notation. For a normed linear space X we use the following standard notation: 
X* denotes the dual space of X. B( X) = B x(O, I) denotes the closed unit ball of X, 
{x EX; Ilxll ~ l}, and S(X) = Sx(O, 1) the unit sphere {x EX; Ilxll = 1}. 
B( x o' r) = Xo + rB( X) and S( x o, r) = Xo + rS( X) are, respectively, the ball and 
sphere of radius r centered at xo' For A C X, diam A == SUPx,yEA II x - y II is the 
diameter of A. For A C X andy E Xwe set d(y, A) == infxEAlix - yll and r(y, A) 
==SUPXEAllx-yll. Observe that Ir(z,A)-r(y,A)I~llz-yll. For A,GCX, 
r c( A) == infv E c r( y, A) is the relative radius of A with respect to G. rA ( A ~ the 
self-radius of A and r x( A) is the absolute radius of A. Clearly r( y, A) = r( y, conv A) 
and rc(A) = rc(conv A), where conv A denotes the convex hull of A. Span A denotes 
the linear span of A. 

The normed space Y is said to be finitely represented in the normed space X if, for 
every finite-dimensional subspace G of Y and every e > 0, there is a linear isomor-
phism T from G onto a subspace of X such that IITIIIIT-111 < I + e. A property (P) 
of normed spaces is said to be a super property if whenever X has the property and Y 
is finitely represented in X, Y has it too. In particular, X is superreflexive if every 
space which is finitely represented in X is reflexive. Superreflexivity is known to be 
an isomorphic property, i.e. if X has it, so does every isomorph of it, and a self-dual 
property, i.e. X has it if and only if X* has it [16, 17]. 

If Y is a subspace of X, the projection constant of Y in X is 

;\.(Y, X) == inf{liPll; P is a linear projection of X onto Y}. 

In particular, if Y is a maximal closed subspace, Y = f- 10 for some f E S( X*), then 
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the linear projections of X onto Yare the operators P = 1- f 181 z, i.e. Px = x -
f( x)z, where z E r II. Thus, for such Y, 

A(Y, X) = inf sup Ilx - f(x)zll. 
~ECf-11 xECB(X) 

Since for every I' > 0 we can choose z Ef-II with Ilzll < 1+ 1', it follows that 
A( Y, X) ~ 2 for every maximal subspace Y of X. If X is an inner product space, then 
A( Y, X) = I for every closed subspace Y. This paper deals with the problem of when 
the normed space X is closer to a Hilbert space in the sense that the bound for 
A( Y, X) is better than the trivial one, 2. Since inner product spaces are" the most 
convex", this can be regarded as a convexity property of X. 

1. Projections onto maximal subspaces and the self-radius of convex subsets of the 
unit ball. Define the hyperplane projection constant of the normed space X to be 

H( X) == sup{ A( H, X); H a maximal subspace of X} 

sup inf sup Ilx - f{x )zll. 
(ECS(X*) ~ECrll xECB(X) 

As observed above, 1 ~ H( X) ~ 2 for every normed X. Call X H-convex if H( X) < 2. 
Two well-known classes of normed spaces are easily seen to be H-convex: 
(a) Every finite-dimensional space is H-convex. In fact, if dim X = n then 

H(X) ~ 2(n - l)/n (Bohnenblust [4]). 
(b) Every uniformly nonsquare space is H-convex. Recall that X is called uni-

formly nonsquare (James [15]) if there is an I' > 0 such that for every x, y E B(X) 
we have min(lIx + yll, Ilx - YID < 2 - 1'. Indeed, if X is such and f E S( X*), take 
any z Erll with Ilzll < 1 + 1'/3 and consider the projection P = I - fl8l z onto 
riO. If for some x E B(X) we had Ilx - f(x)zll > 2 - 1'/3, then we should have 
IIf(x)zll> 1 - 1'/3, hence 

1-1'/3 
If(x)l> 1 + 1'/3' 

But theny = f(x)z/llf(x)zll would satisfy both 

Ilx - yll ;" Ilx - f{x )zll - 1'/3 > 2 - I' 

and 

Ilx + yll ;"If{x + y) 1=lf(x) 1+ I/llzll > 2 - 1', 

contradicting the uniform nonsquareness condition. Thus H(X) ~ 2 - 1'/3. (An 
indirect proof of this was given in [9].) 

While these two classes have strong permanence properties, it is not clear from the 
definition that H-convexity is hereditary to subspaces. It does pass to quotients: 

1.1. PROPOSITION. If T: X -> Y is a linear operator such that, for some /3, 
T/3B(X) :J B(y), then H(Y) ~ /3IITIIH(X). 
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PROOF. Given g E Y*, letf= goT E X*. If P = I - f® z, z Ef-II projects X 
onto rIO, then Q = 1- g ® Tz projects Y onto g-IO (since g(Tz) = fez) = 1). If 
y E B( Y), take x E T-Iy with Ilxll :E; /3. Then 

IIQyl1 = Ily - g{y )Tzil = IITx - f{x )Tzil :E; IITllllx - f(x )zll 

= IITllllPxll :E; /3IITIIIIPII. • 
In particular, if Y = X/Z (Z a closed subspace), then H(Y):E; H(X). If Y is 

K-isomorphic to X, then H(Y) :E; KH(X). 
We want to replace H-convexity by a more workable property which is obviously 

hereditary. 
Define the radius ratio constant of the normed space X by 

R(X) == sup{rA(A)/rx(A); A C X nontrivial bounded convex}. 

This is clearly also sup{rA(A); A C B(X) convex}. Since for every set A and any X 
we have rx(A):E; rA(A):E; diam A :E; 2rx(A), I:E; R(X) :E; 2 for any normed X. 
Garkavi [10] and Klee [20] proved that R( X) = 1 characterizes inner product spaces 
among all normed spaces of dimension> 2 (in fact it suffices that rA(A) :E; 1 for 
A = conv(x, y, z), x, y, z E B(X». We call X R-convex if R(X) < 2. This convex-
ity property seems more natural, since it is easily seen to have permanence proper-
ties: 

1.2. LEMMA. If T is a linear operator from the subspace Y of X to Z such that 
Tf3B(Y) ~ B(Z), then R(Z):E; /3IITIIR(X). 

PROOF. Given any A C B(Z) convex, choose, for every z E A, yz E /3B(Y) with 
Ty: = z. Let W = conv{yz; z E A}. Then TW = A. If Wo E W is any, then 

rA(A) :E; r(Two, A) = r(Two, TW) :E; IITllr( wo, W). 

Hence 

rA(A) :E; IITllrw(W) = /3IITllrp-lw(/3-IW). 

But /3-IW is a convex subset of B( X). • 
In particular: If Y is a closed subspace of X, then R( Y) :E; R( X). If Y is 

K-isomorphic to a subspace of X, then R( Y) :E; KR( X). If Y is a quotient of X, then 
R( Y) :E; R( X). 

It is easy to verify that finite-dimensional spaces and uniformly nonsquare spaces 
are R-convex: Suppose A C B(X) is convex. If dim X = n, observe that for every 
xo,'" ,xn E A we have 

IIX} - it n: 111 = II n : 1 x} - n! 1 i~} Xill:E; n ~ 1 ' 

so that 

1 n n ( 2n) "+l ~ Xi E n B xi'"+l n conv(xo,··· ,Xn ) 
n i=O i=O n 

n ( 2n) 
C rJ B Xi' n + 1 n A, 
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and apply Helly's theorem and compactness. If X is uniformly nonsquare, then 
either diam A .;;; 2 - E, hence rA(A) .;;; 2 - E, or pick x, yEA with Ilx - yll > 2 - E. 

By uniform nonsquareness Ilx + yll < 2 - E, and for every z E A we then have 

II x; y - zll.;;;11 x; y II + Ilzll < 2 - ~. 

In fact we have: 

1.3. PROPOSITION. R( X) .;;; H( X)for every normed space X. 

PROOF. If R( X) = I, there is nothing to prove. Consider any convex A C X with 
rA(A) > rx(A) + E, E > 0. Let C == {x E X; rex, A) < rA(A) - E}, C, == {y EX; 
dey, C) < E}. C and C, are convex nonempty open sets. For y E C, we have 
r(y, A) < riA), hence C, n A = 0. Let H be a separating hyperplane between A 
and CEo Translating, we may assume H is a maximal subspace H = rIO, IE S( X*) 
and I(A)';;; ° while I(C,);;" 0. But then I(C);;" E, hence C n H = 0. Let P be any 
linear projection of X onto H. Let z E X satisfy r(z, A) < rx(A) + E. If x E A is 
any, let y be the point where the segment joining the points x and z, which lie on 
different sides of H, intersects H. Then 

Ilx - Pzll .;;; Ilx - yll + Ily - Pzll = Ilx - yll + IIPy - Pzll 
.;;; Ilx - yll + IIPlllly - zll 
.;;; IIPll(llx - yll + IIY - zll) = IIPllllx - zll 
.;;; IIPllr(z, A) < IIPII(rAA) + E). 

Therefore r(Pz, A) .;;; IIPII(rx(A) + E). But pz E H, hence pz fl C, i.e. r(Pz, A) ;;,. 
rA(A) - E. This shows that 

Since P was any projection onto/H, 

Since E can be taken arbitrarily small, rA(A)/rx(A) .;;; H( X). • 
The converse implication between H-convexity and R-convexity follows from: 

1.4. LEMMA. Let IE S(X*), ° .;;; a .;;; 1 and Ba == {x E B(X); I(x) = a}. II rB(Ba) 
< 1 + a 2 , then 'AU- 10, X) .;;; (7 + ( 2 )/4. " 

PROOF. Take y E 1-11 with Ilyll < 1 + -!-(1 - a)2 and z E Ba with r(z, Ba) < 1 + 
a2. Define P == I - I ® 1(y + a-Iz). P clearly projects X onto rIO. If Ilxll';;; 1 and 
I(x) ;;,. a, then ax/I(x) E Ba' The ray from z to ax/I(x) extends at least 1 - a/I(x) 
more before it hits the boundary of Ba' Therefore 



THE RADIUS RATIO AND CONVEXITY PROPERTIES 279 

Thus 

IIPxl1 ~11~(x - f(x)y)11 + ~llx - f(x)~II< 1 + ~(I -a/ + f~:) (a 2 + f(:)) 

1 2 a 1 7 + a2 
~1+4(I-a) +"2+"2=-4-' 

Ifllxll ~ 1 butO ~f(x) ~ a, then 

IIPxl1 ~ Ilxll + ~ (IIYII + II~II) < 1 + ~ (1 + ~(1 - a)2) + ~ < 7 : a2 . • 

1.5. PROPOSITION. (a) X is H-convex if and only if it is R-convex. (b) X is an inner 
product space if dim X> 2 and H( X) = 1. 

PROOF. (a) is immediate from Proposition 1.3 and Lemma 1.4. (b) is immediate 
from Lemma 1.4 and the Garkavi-Klee characterization (proved in [2]). • 

Recall the "self-lung constant" of X, [1] 

Js( X) == sup{2rA (A)/diam A; A a nontrivial convex subset of X} 

which is 2/N(X) or 2/BS(X) in the notation of [5]. Clearly R(X)~Js(X). 
Inequality occurs, e.g. in Hilbert spaces, where R( X) = H( X) = 1 < 12 = Js( X). 
Thus we have the immediate corollary: 

1.6. COROLLARY. If X has "uniformly normal structure", i.e. if .f,,(X) < 2 (equiva-
lently, if N(X) = BS(X) > 1), then X is H-convex. 

Computing the constants H( X) or R( X) is not easy, in general, except for the 
extremal values 1 and 2, e.g.: 

1.7. EXAMPLE. if X is a "flat" space in the sense of Harrell and Karlovi tz [14] then 
there is a convex A C SeX) with rA(A) = 2. Indeed, the subsets A = x(g, s) in [24, 
p. 203], are such. 

It seems easier to deal with compact convex sets, therefore we define the compact 
radius ratio constant of X, 

CR( X) == sup{rK( K )/rx ( K); K C X nontrivial convex compact}. 

Clearly 

CR( X) = sup{rK( K); K C B( X) convex compact} 

= sup{rdKn); Kn = conv(x 1, .. ·,xn); X 1""'Xn E B(X), n = 1,2, ... }. 

(The last equality is obtained by approximating the compact K by such Kn with 
SUpxEK d(x, Kn) < e, and then 

rK,(Kn)/rx(Kn);;' rK(Kn)/rAK);;. (rK(K) - e)/rAK).) 

Although for every compact K C Xwe have rK(K)/rx(K) ~ 2rK(K)/diam K < 2, 
we still may have CR( X) = 2. Call X C-convex if CR( X) < 2. 

1.8. LEMMA. If, for every finite-dimensional subspace F of Z, there is a linear 
operator Tdrom a subspace YF of X to Z such that TF({3B(YF » =:l B(F) and IITFII ~ a 
(a, {3 constants), then CR(Z) ~ a{3CR(X). 



280 D. AMIR AND C. FRANCHETII 

PROOF. Same as Lemma 1.2, this time with finite A. • 
In particular: (a) If Z is finitely represented in X, then CR(Z) ~ CR(X). (b) If Z 

is K-finitely represented in X, then CR(Z) ~ KCR(X). (c) If Z = X/Y, then 
CR(Z) ~ CR(X). 

1.9. LEMMA. If X is reflexive, then CR( X) = R( X). 

PROOF. Given a closed and convex bounded A C B(X), let Po == sup{rconvF(F); 
Fe A finite}. For every p > Po and every finite F C A, 

n B(y,p) n A:J n B(y,p) n convF=I= 0. 
rEF yEF 

By weak compactness of the balls and of A, n rEA B(y, p) n A =1= 0, which means 
rA(A) ~ p. • 

REMARK. In nonreflexive spaces we may have A convex with 

sup{rconvF(F); Fe A finite} < rA(A). 

E.g. A = {x E B(co); x(l) ~ x(2) ~ ... }. Clearly rA(A) = 1. If Xl, ... ,x'" E A, let 
k == min{n; xr(n) < ~ for some r = 1, ... ,m}, and 1== max{n; xS(n) ~ ~ for some 
s = 1, ... ,m}. Let x = (x r + xS)/2. If n < k, then xi(n), x(n) E [~, 1], hence Ixi(n) 
- x(n)I~~. If k ~ n ~ I, then i ~ x(n) <~, hence Ixi(n) - x(n)l~ ~ (i = 
1, ... ,m). If I<n, then xi(n), x(n)E[O,~) and again Ixi(n)-x(n)I~~. Thus 
rex, (Xl, ... ,x"'» ~~. 

Of course, in any non-inner-product space of dimension > 2 we have a convex A 
and a finite Fe A with rconvF(F) > rA(A)-by the Garkavi-Klee theorem we can 
take A to be the unit ball and F to be a triplet. 

1.10. COROLLARY. Consider the following statement: 
(a) C-convexity = H-convexity; 
(b) C-convexity = reflexivity; 
(c) C-convexity = superreflexivity; 
(d) H-convexity is a superproperty; 
(e) H-convexity = superreflexivity; 
(f) H-convexity = reflexivity. 

Then (a) <=:> (b) <=:> (c) = (d) = (e) = (f). 

PROOF. (c) = (b) trivially. (b) = (a) by Lemma 1.9. If X is not superreflexive then, 
by [25, p. 216], X is not" super non flat" , i.e. there is a flat Y finitely represented in 
X. By Example 1.7, Y is not H-convex. Therefore (a) = (c) (this Y, provided (a), will 
not be C-convex, and, by Lemma 1.8, neither can X be C-convex) and (d) = (e). 
(a) = (e) by Lemma 1.8 and (e) = (f) trivially. • 

REMARK. We do not know if any of (a)-(f) holds. 
Our next step is to get lower estimates for CR( X) in some spaces. 
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1.I 1. LEMMA. If X has a symmetric sequence (e) and we define 

qJn(t) =11(1- t)e l + )~/eill' 
then 

qJn(1/n) 
CR( X) ;;;. sup . () . 

n mInt qJn t 

(Recall that a sequence (en) in a normed linear X is called" symmetric" if, for every 
n scalars, a l , • •• ,an' and every permutation (1 of 1, ... ,n , 

PROOF. Consider Kn = conv(el' ... ,en). By symmetry, 

if y = J~I aje) E Kn then rC~1 aa(J)ej , Kn) = r(y, KJ. 

But 
II n 

~aa(J) = ~ ~ aa(j) = ~ (n - l)!a i = (n - I)!; 
a i= I a(j)=i i= I 

thus 

satisfies 

qJn( ~) = r( ~ j~1 ej , Kn) ~ r(y, Kn), 

i.e. rdKn) = qJn(l/n). Clearly, 

so 

rx(Kn) ~ r( .~ tei' Kn) = %(t) for every t, 
1~1 

CR( X) ;;;. qJn(I/n) for all t. • 
qJn(t) 

1.I 2. EXAMPLES. (a) X = 'I. Here qJn{t) = 11 - t I + (n - 1) I t I . 
qJn(1/n) = 2(n - l)/n, 

while mint qJn(t) = qJn(O) = 1. Therefore 
n - 1 

CR(tI);;;' sup 2-- = 2, 
n n 

i.e. H(ll) = R(ll) = CR(lI) = JS(lI) = 2. 
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(b) X = co· Here <Pn( t) = max(li - t I , ltD, <p,ll In) = (n - 1)1 n, while min <PII( t ) 
= <pileD = 1· Again, H(eo) = R(eo) = CR(eo) = 's(co) = 2. 

(c) X = Ip, I <p < 00. Here 

(I ) - ( n - 1 Y + (n - 1)) lip 
<PII In - n ' 

( )PIP-I ( )) lip 
min<p,,(t) = <p,,( (1 + (n _ l)I/P-lfl) = n - 1 + n - 1 

I l+(n-l)I/P-1 

Therefore 

R(tp) = CR(tp);;;' Mp ==SUP(1/JII.P '1/J".q), 
" 

where 

= ( (n - 1)rl + 1 ) lip ! 1. _ 
1/J" p and + - 1. . n p q 

When n -> 00, 1/J".P . 1/J".q -> 1, so that this sup is really a maximum. 
(d) X = Co with Day's equivalent norm: 

where (x*(n »::"= I is the nonincreasing rearrangement of (I x(n) D;;'= I' Here 

<PII( t) = 

( 
( ) 2 2 ) 1/2 1 - t + ~(l _ 41-11) 

4 12 
Of 1 
1 t';:;"2' 

( 
1 ()2 ) 1/2 t; (1 _ 41- 11 ) + 1 ~/ Of 1 1 t;;;.-

2' 

However, as follows from the next discussion, (co. 1111 D) is not C-convex. 
Recall that X is called B-eonvex [3, 11] if II is not finitely represented in X. 

B-convexity is a self-dual isomorphic superproperty and is equivalent to X not 
containing uniformly isomorphic copies of (11);;'= l' or to X having "a nontrivial 
type" in the sense of Maurey and Pisier [22]. 

1.13. COROLLARY. If X is C-eonvex, then it is B-eonvex. More generally. if 
p(X) == sup{p; X has type p}. then CR(X) ;;;. Mp (as defined in Example 1.12(c». 

PROOF. The first part is immediate from Lemma 1.8 and Example 1.12(a). The 
second follows from the Maurey-Pisier theorem (I p( Xl is finitely represented in X 
[22]) and Example 1.12(c). • 
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Since B-convexity is an isomorphic property, Day's space (Example 1.12(d» is not 
B-convex, hence CR( co' Illb) = 2. 

An equivalent formulation for B-convexity is [12]: For some n, e, 

for every x], ... ,x" E B(X). Call this "B(n, e)-convexity" or "B(n)-convexity". 
Reflexive spaces may fail to have it (e.g. ("2.':= ]/;;'h or (L~= ]/")2). Nonreflexive 
spaces may have it, e.g. James' "uniformly nonoctahedral", i.e. B(3)-convex, nonre-
flexive space [18] or even James' nonreflexive space of type 2 [19]. Uniformly 
nonsquare spaces are exactly the B(2)-convex spaces, and n-dimensional spaces are 
trivially B(n + I)-convex, and it is natural to ask whether B-convexity is not only 
necessary but also sufficient for H-convexity. This is discussed in the next section. 

2. Superreflexivity type conditions and radius-ratio convexity. Call X I(n, e)-convex 
if for every x], ... ,xn E B(X) we have min]d<;;nllLi*kxi - xkll < n - e, and I-con-
vex if it is I(n, e)-convex for some n, e. Clearly no space is 1(2, e)-convex. Uniformly 
nonsquare spaces are 1(3, e)-convex. Another trivial implication is: 

2.1. LEMMA. B(3, e)-convexity => 1(4, e)-convexity. 

PROOF. If IIx] + x 2 + X3 - x 4 11 ;;. 4 - e then, necessarily, IIx] + x 2 + x311 ;;. 3 - e. 
Similarly, if also IIx] + x 2 - X3 + x 4 11, IIx] - x 2 + X3 + x 4 11 and II - x] + X2 + X3 
+ x 4 11;;. 4 - e, then IIx] + x 2 - x 311, IIx] - x 2 + x311 and II -x] + x 2 + x 311;;' 3-
e, i.e. if X is not 1(4, e)-convex it cannot be B(3, e)-convex. • 

2.2. COROLLARY. I-convexity =p reflexivity. 

PROOF. Immediate from Lemma 2.1 and James' nonreflexive B(3)-convex space 
mentioned above. • 

A more geometric formulation of I-convexity is: 

2.3. LEMMA. X is I(n)-convex if and only if, for some e > 0, for every x], ... ,xn E 
B(X), min] <;;k<;;n d(xk' conv(x)i#) < 2 - e. 

PROOF. If IILi# Xi - xkll < (1 - e)n, then 

n(I-e) n-2 
< 1 + --1 < 2 - e. n- n-

II ~ Xi - xkll < 2 - e + ~ (I - ai) = n - e. • 
i*k i*k 
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2.4. PROPOSITION. II X is C-convex, then it is I-convex. 

PROOF. If not, then for every n there are x" . .. ,x" E B( X) with II~i*k Xi - xk II ;;. 
n - lin for k = 1, ... ,no Let K" = conv(x" ... ,xn)' If x = ~;'=, (XiXi E K n, (Xi;;' 0, 
~;'=, (Xi = 1, let (Xk == min,';i.;n (Xi';; lin. Then 

;;. (n - ~) - ~ (I - (X,) - (Xk = (n - ~) - (n - 1) + 1 - 2(Xk ;;. 2 _l. 
n i*k n n 

Thus 

2.5. PROPOSITION. I( n )-convexity is a self-dual super property. In particular, it 
passes to subspaces and to quotient spaces. 

PROOF. I(n) is a superproperty by its definition. The self-duality comes from the 
symmetry of the sign-matrix In representing the I( n, e)-convexity condition, (In )i.) 
= 1 - 213i / 

-1 
1 
1 

1 1 
-1 1 
1 -1 

Indeed, if x" ... ,xn E B(X) satisfy II~i# Xi - xkll > n - e for k = 1, ... ,n, take 
I" ... ,/" E B( X*) with Ik(~i# Xi - xd > n - e. Then Ik(x i) > 1 - e for i =1= k and 
I,/x,.) < e - 1, so that 

II ~ fk - til;;. ( ~ fk - t )(xj ) > n - ne. 
k*./ k*j 

Thus if X is not I(n, e)-convex, X* is not I(n, ne)-convex. The other implication, X 
I(n)-convex => X* I(n)-convex, is proved similarly, or by observing that since X** is 
finitely represented in X [24, p. 165], it is also I( n )-convex. • 

The I-convexity condition resembles one of the characterizations of superreflexiv-
ity, which we shall call "J-convexity". X is J(n, e)-convex if for every Xl"" 'Xn E 
B(X), 

min ~ Xi - ~ Xi < n - e. II k /1 II 
i.;k';/1 i= 1 i=k+ 1 

X is superreflexive if and only if it is J-convex, i.e. J(n, e)-convex for some n, e [24, 
p. 215]. J(2, e)-convexity is exactly B(2, e)-convexity, i.e. uniform nonsquareness. To 
show that J-convexity does not imply I-convexity, we need the following simple 
combinatorial lemma: 
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if i + k ~ 2 n + 1 , 
if i + k ;;. 2n + 2, 
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i, k = 1, ... ,n, and let M be any matrix obtained from J2n by changing the sign of a 
number of rows in J2n" Then no two rows of M are equal, and some column of M has the 
sum o. 

PROOF. The first claim is trivial, since the ith row of M has the only sign change at 
the (n - i)th element. For the second observe that the sums of columns are even, the 
first and last columns cannot have sums of the same sign (they always add to + 2 or 
-2), and the sums of neighboring columns differ by 2 (since in each column there is 
only one sign-change of a row). • 

We also need the following lemma: 

2.7. LEMMA. Let A C {O, -1, 1 t and let (A, f) be the following property of normed 
spaces x: V XI' ... 'X n E B(X), 

Let f be an index set and E a "full function space on f" in the sense of [6, p. 35], 
which is uniformly convex. Let {Xy; Y E f} be normed spaces with the (A, f)-property 
for a fixed f > O. Then the substitution space (~YErXr>E has the (A, o)-property for 
some 0> O. 

In particular, Ip-sums of I(n, e)-convex spaces are I(n)-convex and Ip-sums of 
J( n, f)-convex spaces are J( n )-convex. 

The proof of the J-convexity case, i.e. IA 1= 2n , is Lemma 16 and Theorem 17 of 
[11]. The general case follows from the same proof. 

2.8. EXAMPLE. A J(6, f)-convex space which is not I-convex. Let En = Rn with the 
norm 

x = ( ~ En) . 
n=1 2 

If {ej'}j= I is the unit vector basis in En' then Ile?1I = 1, while II~i",j ein - e/II = n for 
all n, j so that En is not I(n)-convex, and X is not I-convex. We claim that En is 
J(6,0.02)-convex. 

G · I 6· B( E) 1 - '" j i - ",6 i· - 1 6 F -lven X , ... ,x m n' et Zj - '"'i= I X '"'i=j+ I x, ] - , ... ,. or x-
~;'=Ixiei E En' setfk(x) = ~i#Xi - x k· Iffk(z);;' 5.98, then 0.98 ~fk(x') ~ 1 for 
i = I, ... ,j and -1 ~fk(xi) ~ -0.98 for i = j + 1, ... ,6. Therefore if also.t;(zt);;' 
5.98 for some I and some t > j, then fk(x'), J;(x i ) E [0.98,1] for i = 1, ... ,j, which 
implies I x1 - x/l~ 0.01 for i = 1, ... ,j. In the same way we also get I x" - x/l~ 0.01 
for i = t + 1, ... ,6. But for j < i ~ t we get x1 - XI E [0.98, 1]. Similarly, when we 
have -.t;(zr);;' 5.98 then Ix" - x/l~ 0.01 for j < i ~ t and xl, - xi E [0.98,1] for 
the other i's. 
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Now, from the six inequalities liz/II;;;' 5.98,j = 1, ... ,6, only one can result from 
the II . 112-norm (since Ilxlb Ilylb ~ 1 = minllx ± yl12 ~ 2 - 12). Therefore the other 
five inequalities are of the form eJk(Zj);;;' 5.98, where jl <j2 < ... <js and ei EO 
{± I}. By Lemma 2.6, one of the corresponding columns of five signs in the matrix 
(e i( J6 )ik) sums up to 1 or to -1. By our observations, the corresponding xi must 
have at least 3 distinct coordinates which are O.OI-close one to the other, and two 
others which differ from them by 0.98 to 1. Therefore 

IIx)ll~ ;;;. min (3{t + 0.01)2 + 2{t + 0.98)2) 
I 

= min{5t 2 + 3.98t + 1.9211) = 1.1991, 
I 

which contradicts Ilx! II ~ 1. 
By Giesy's result (Lemma 2.7), X is J(6)-convex. 
Another application of Lemma 2.7 is: 
2.9. EXAMPLE. A reflexive I-convex space which is not superreflexive. Let X be the 

12-sum of the finite-dimensional subspaces of James' nonreflexive B(3)-convex space. 

2.10. COROLLARY. H-convexity, C-convexity and I-convexity are not isomorphic 
properties. 

PROOF. By the Enflo-James theorem [24, p. 163], superreflexivity is equivalent to 
uniform convexifiability, so that the non-I-convex space of Example 2.8 can be 
renormed to be uniformly convex, hence H-convex, C-convex and I-convex. • 

3. Sufficient conditions for H-convexity. A superclass of spaces containing the 
uniformly convex spaces, the uniformly smooth spaces and the finite-dimensional 
spaces, but strictly smaller than the class of superreflexive spaces, was introduced by 
Kottman [21]: Call X P(n, e)-convex if for every XI' .• • ,XII EO B(X) we have 
minj#llxj - xkll < 2 - f, and P-convex if it is P(n, e)-convex for some n, e. 
However, uniformly nonsquare spaces are not necessarily P-convex and vice-versa, 
so that P-convexity does not seem to be an appropriately general sufficient condition 
for H-convexity. Sastry and Naidu [23] introduced the weaker O(n, e)-convexity: For 
every XI"" ,XII EO B(X), mini*jrninllxi ± x)1 < 2 - e. O(n, e)-convexity is implied 
by P(n, e)-convexity or by uniform nonsquareness and it implies J(n, e)-convexity. 
It is a superproperty, but it is not self-dual. Sastry and Naidu also studied the dual 
properties, "E-convexity" and "F-convexity". None of the above is necessary for 
H-convexity, as shown by: 

3.1. EXAMPLE. An H-convex space which is neither O-convex nor E-convex. This is 
X= 12 with the equivalent norm max(lIxlb SUPi*j(lxil +Ixjl». It is shown in [24] 
that it is neither O-convex nor E-convex. However, since IIxl12 ~ Ilxll ~ I2l1x112' by 
1.1, H(X) ~ 12. 

We try, therefore, for a more general class. Call X Q(n, e)-convex if for no 
XI"" ,XII EO B(X) we have 11~7~11 Xi - xkll ;;;. k - e for k = 1, ... ,n, and Q-convex if 
it is Q(n, e)-convex for some n, f. 
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3.2. PROPOSITION. X is Q( n )-convex if and only if, for some E > 0 and every 
XI' ... 'Xn E B(X), we have 

min d(xk+I' conv(x i )7=I) < 2 - €. 
l,;;;k<11 

II 
k-I II k-I .2: Xi - Xk < 2 - E +2: (1 - a;) = k - E. 

[=1 [=1 

3.3. PROPOSITION. Q( n )-convexity is a self-dual superproperty (hence passes to 
subspaces and to quotients). It is strictly between O( n - 1 )-convexity and J( n )-convex-
ity or I(n)-convexity. 

PROOF. Q( n )-convexity is a superproperty by its definition. Self-duality, like those 
of I( n )-convexity and J( n )-convexity, follows from the symmetry of the representing 
sign-matrix: 

if} < i, 
if} = i, 
if} > i. 

Indeed, if XI' ... ,xl1 E B(X) are such that 11~~~11 Xi - xkll ~ k - E, k = 1, ... ,n, take 
fk E S( X*) with fk(~7~11 Xi - X k) ~ k - E. Then 

If X is O(n - 1, E)-convex and Xp ... 'Xn E B(X), then either Ilxj + xkll < 2 - E 

for some} < k < n and then 11~7~i Xi - xnll < n - E, or IIXj - xkll < 2 - E for some 
} < k and then 11~7~11 Xi - xkll < k - e. Thus O(n - 1, e)-convexity implies 
Q( n, e)-convexity. Since Q( n )-convexity is self-dual while O( n )-convexity and 0-
convexity are not, Q-convexity does not imply O-convexity. 

If 11~7~i Xi - xkll < k - e, then clearly 

so that Q(n, e)-convexity implies both J(n, e)-convexity and len, E)-convexity. How-
ever, since J-convexity and I-convexity are not comparable, Q-convexity is not 
equivalent to any of them. 

3.4. PROPOSITION. If X is Q(n, e)-convex, then R(X) ~ 2 - eln. 
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PROOF. If A C B(X) satisfies rA(A) > 2 ~ eln, take XI E A any and, inductively, 
Xk+1 E A with 

k=I, ... ,n~l. 

Ify = 2:~=1 a,x" a,;;' 0, 2:a, = 1, let aJ == maxI <;;,<;;k a,;;' 11k. Then 
1 k 
k .~ x, =~f3,x, + f3/y, 

,= I ,*} 

where f3} = 1 I k aj , 13, = k - 1(1 ~ aj a) for i eft j, 13, ;;. 0 and 2:7= I 13, = 1. Therefore 

2 ~ ~ <IIXk+ 1 ~± x'll~ .~ .. f3,IIxHI ~ x,11 + f3}ll xk+1 ~ yll ,= 1 I*} 

< 2(1 ~ f3J + f3;ilxk+1 ~ yll, 

I.e. 

IlxH 1 ~ yll > 2 ~ elf3/n = 2 ~ ekln ~ al ;;' 2 ~ e. 

Thus X cannot be Q( n, e)-convex. • 
Observe that by Lemma 2.7, Ip-sums of Q(n, f)-convex spaces are Q(n)-convex. 

Also, as in Corollary 2.10, Q-convexity (and also: P-convexity, O-convexity, E-con-
vexity and F-convexity) is not an isomorphic property. Since Q-convexity is an 
intermediate property between uniform convexity and superreflexivity, which are 
isomorphically equivalent, Q-convexifiability is equivalent to superreflexivity (as are 
P-, 0-, E- and F-convexities). 

3.5. EXAMPLE. The direct sum of two Q-convex spaces need not be even I-convex. 
Let X = (2:~=1 EBEn)2 be the space constructed in Example 2.8. Define on each En 
the projections: 

p,,(" ~ x;,e;r) ==( ~ x;')e:: and Q"==/~P,,. 
'=1 '=1 

Let P == 2:~= 1 EB PIll Q == 2:~= 1 EB Q" = I ~ P. Since IIPdl = I. IIP2 11 = 2 and for 
n ;;. 3, 

I " I 1 I" ( " ) I IIP"x"ll = '~I x;' = n ~ 2 k~1 '~I x;' ~ 2x;: ~ n : 2 1Ix"ll, 

we have liPll ~ 3. PX is clearly isometric to the Hilbert space 12 , In Q"E" we have 
Ilx"ll = max(llxlb 21Ixlloc,), and Q"E" is 2V(n ~ I)ln -isomorphic to the Euclidean 
space I~. Thus QX is 2-isomorphic to 12 , and X is isomorphic to 12 EEl 12 ~ 12 , 

2-isomorphism is just not enough to guarantee Q-convexity of QX, so that we have 
to prove it directly. We show that each QnEn is Q(7,O.I)-convex. Indeed, assume 
y1, ... ,y7 E B(En) and 112:7=1 y' ~ yk+111 > k ~ 0.1 for k = 1,2, ... ,6. At most one 
of these inequalities can result from the II . 112-norm. Each of the others is of the type 
fk(2:7=1 Y)(k) ~ YJ7:)I) > kl2 ~ 0.05 for some j(k) and some fk E {±1}, and it 
implies 0.45 < fkY)(k) ~ 0.5 for 1 ~ i ~ k and ~0.5 ~ f k Y}7:)1 < -0.45. We cannot 
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/~\.. 
'--U-n-if-.-S-m-o-o-t-h""TI_1 r--U-ni-f-. -co-n-v-e-x'i 

p- convex E- convex 

0- convex I pC t IF-convex 

~IQ-~" I~ 
~ 

R-convex = H-convex 

C-convex 

superrefl exive 

superproperty 
('.J isomorphic property 

-+----... duality relation ---1"~ implies 

() sel1- dual property /1 >-does not imply 
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have )(k) = )(l) for I .:;; k < I and therefore we get five inequalities IY/, I> 0.45, 
)1 <)2 < ... <)5' so that 11/112> 15 ·0.45> I, contradicting the choice / E 
B(QIlEIl)' 

REMARK. The first part of the discussion of this example could be used to show, 
without the combinatorial arguments, that Example 2.8 is superreflexive, and our 
convexity properties are not preserved under isomorphisms. 

4. Concluding remarks and open problems. There is no comparability between the 
new convexity properties introduced here and the other hierarchies of convexity and 
smoothness properties weaker than uniform convexity or uniform smoothness, e.g. 
local uniform convexity, weak uniform convexity, uniform convexity in every 
direction, strict convexity, or Frechet differentiability, uniform Gateaux differentia-
bility, and smoothness. None of the above is sufficient for B-convexity (e.g. Co can be 
equivalently renormed to have any of them; cf. [6, 7, 25]). None of them is necessary 
for Q-convexity (e.g. l~ fails them all). Similar examples can be given for near 
uniform convexity, normal structure, etc. 

The implications between the properties we have discussed can be summarized in 
the diagram above: (see diagram). Relations between projection constants and 
the lung constant J( X) == 2 sup{ r( A); A C X, diam A = I} were established in [13] 
and [8]. 

We conclude with some open problems: 
(I) Which of the statements in Corollary l.l0 are valid? 
(2) What spaces can be equivalently renormed to become I-convex, C-convex or 

H-convex? 
(3) Are C-convexity and H-convexity self-dual properties? 
(4) Does I-convexity imply C-convexity? Does H-convexity imply Q-convexity? 
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