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POSITIVE SOLUTIONS OF NONLINEAR ELLIPTIC EQUATIONS-
EXISTENCE AND NONEXISTENCE OF SOLUTIONS 

WITH RADIAL SYMMETRY IN L/RN) 
BY 

J. F. TOLAND 

ABSTRACT. It is shown that when r is nonincreasing, radially symmetric, continuous 
and bounded below by a positive constant, the solution set of the nonlinear elliptic 
eigenvalue problem 

u ~ 0 as Ixl ~ 00, 

contains a continuum t' of nontrivial solutions which is unbounded in R X Lp(RN) 
for all p ~ I. Various estimates of the Lp norm of u are obtained which depend on 
the relative values of (J and p, and the Pohozaev and Sobolev embedding constants. 

Introduction. 
l.l. The main results. Consider the problem 

(l.l ) 
( 1.2) 
( 1.3) 

-~u{x) = AU{X) + r{x)u{x) 1+0, 

u{x) > 0, 

u{x) = 0, 
x En, 

x E an, 

x En, 

where n c RN is a spherical domain, (J > 0, N;;;. 2 and r is continuous, radially 
symmetric and radially nonincreasing with r > 0 on n. When N;;;. 3 and (J;;;' 

4/(N - 2), the celebrated inequality of Pohozaev [10] implies there are no solutions 
u =1= 0 of (l.l)-(1.3) with A';;; O. However, no matter what the value of N ;;;. 2 and 
(J > 0 there always exists a connected set of solutions (A, u) of (1.l)-(1.3), which is 
unbounded in R X L/ n), for all p E [1, 00) n (N(J /2, 00). This result is a 
consequence of Rabinowitz's global bifurcation theorem [11] (see Appendix) and is 
given in detail in Theorems 2.4, 2.6 and the remark following Theorem 2.6. The work 
of Gidas, Ni and Nirenberg [6] implies that all solutions u of (1.l)-(1.3) are radially 
symmetric and radially decreasing on n. 

Here we consider the problem 

(1.4) -~u{x) = AU{X) + r{x)u{x)l+o, x ERN, 

(1.5) u{x) -- 0 as Ixl-- 00, 

(1.6) u is continuous, radially symmetric and radially decreasing, 

and obtain the following results which may be compared and contrasted with those 
just mentioned for (1.l)-(1.3). To make this presentation as simple as possible, we 
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336 J. F. TOLAND 

suppose r is bounded below by a positive constant on RN and is continuous, radially 
symmetric and radially non increasing. (A much more involved theory pertaining to 
(1.4)-( 1.6) when rex) -> ° as 1 x 1-> 00 will be presented elsewhere.) 

First we observe that if A > 0, there are no solutions of (1.4)-( 1.6). (Note that if u 
satisfies (1.6) then it cannot be zero.) Now let ~ denote the set 

{(A, u) E(-oo,O] X C2 (RN): (1.4)-(1.6) hold} U {(O,O)}. 
The following remarks imply the existence of solutions of (1.4)-(1.6) regardless of 

the values of a > 0 and N ;;;. 2. Let us suppose without further qualification that 
I ~p ~ 00. 

There is a set t' C ~, such that (0,0) E 2, which has the following properties: 
(I) 8 is an unbounded, connected subset of ( - 00, 0) X Lp(RN) if P > Na /2. t' is 

d N notconnecte in (-00,0) X LNa/iR ). 
(II) {A: (A, u) E 8\{(0,0)}} ::J (-00,0) if and only if N = 2 or N? 3 and 

a<4/(N-2), 
(III) {A: (A, u) E e} = {O} if N;;;. 3 and a;;;' 4/(N - 2). However this is not a 

necessary condition for (0, u) E ?>, u *' 0. 
In addition, we establish the following inequalities concerning elements of ~. If 

(A, u) E ~: 

(IV) [[U[[i.p(R'l ;;;. (const)u(Oy-Na/2, p;;;. I. 

(V) [[U[[i.p(R'l ~ (const)u(OY'-Na/2, p > Na/2. 

(VI) If N = 2, or if N;;;. 3 and either a ~ 2/(N - 2) or 1- r(oo)/r(O) < 
(4 - a(N - 2»/2N, then u(O) -> ° as A -> 0, (A, u) E ?>. Indeed if (0, u) E ?>, then 
u = 0. 

(In (IV) we cannot exclude the possibility that the left-hand side is infinite when 
p ~ Na/2.) 

(VII) If A < 0, then for all E, ° < E <I AI, 

u(x) exp{J1 A 1 -e [x[} -> ° as [x[-> 00. 

(VIII) If A = 0, then 
2-N 

u(x) ;;;. (const)[x[ . 

(VII) and (VIII) are elementary consequences of the differential equation. A more 
complete account of the asymptotic form of u is to be found in [7). 

Existence questions for solutions of (1.3)-( 1.6) have been considered by various 
methods and in circumstances when the nonlinearity is more complicated. We cite 
the work of Strauss [12), Stuart [13, 14), Beresticki and Lions [3), and Beresticki, 
Lions and Peletier [4) in this regard. 

However, our intention is to present a theory which unifies the known existence 
results for the nonsingular problem on [2 (§2) and the existence theory on RN , given 
in §3, in the limit as the radius of [2 increases. In particular we wish to highlight the 
role of Pohozaev's idea in the context of RN «II), (III) and (VI) above), and the 
LpCRN) a priori bounds (IV), (V) which hold for elements of ?>. The connectedness of 
e seems to be a particularly significant bonus from our method. 
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To some extent this scheme is close to that adopted by Beresticki and Lions [3]. 
However, while they examine an autonomous nonlinearity more general than ours, 
in our context their results are restrictive in requiring a < 2/( N - 2) and r to be a 
constant. Stuart [13] has given a variational treatment of (1.4), (1.5) in L 2(RN ) which 
avoids the necessity to concentrate on radially symmetric solutions or radially 
symmetric r. However in the L2 setting it is necessary to be restrictive about the size 
of a, and questions of connectedness of the solutions set cannot be examined by 
variational arguments. Nonetheless, in certain respects, Stuart's theory is the most 
general so far available. 

Our more specific theory for radially symmetric solutions exploits the usual 
one-dimensional formulation (3.13)-(3.15) in the spirit of [2,15], and indeed it is 
difficult to see how so complete a theory might be obtained when r is not monotonic 
and radially symmetric. It is this in particular which makes possible the proofs of 
(III) and (VI) based on Pohozaev's method [10]. We might point out in passing that 
(VI) implies the nonexistence of nonzero radially symmetric, radially decreasing 
solutions of 

-~u(x) = r(x)u(x)l+a, 

when N = 2 or N ;? 3, and a, Nand r satisfy the hypotheses in (VI) (Corollary 3.6). 
This is related to a Liouville-type results of Gidas and Spruck [8, Theorem 4.1] in the 
context of radially symmetric solutions and sheds a little light on their Example 1 [8, 
§4]. There rex) ---. ° as 1 x 1---' 00, while in our work r is bounded below by a positive 
constant. 

2. The nonsingular problem. 
2.1. A priori bounds. Suppose r: RN -+ [a, 00), a > 0, is continuous, radially 

symmetric and radially nonincreasing and u is a radially symmetric solution of the 
boundary-value problem 

(2.1 ) 

(2.2) 

-~u(x) = AU(X) + r(x)u(x(t-a, x E nR , a> 0, 

u(x) = 0, x E an R , 

where nR = {I x 1< R: x E RV}. Then 

(2.3) - (XN-IU'(X»)' = XN-I{AU(X) + r(x)u(x)l+a}, 

(2.4) u'(O)=u(R)=O, 

where u(x) = u(x), rex) = rex) and x =1 x 1 for x E nR . From [6, Theorem 1] we 
have that every solution of (2.1), (2.2) with u > ° on n R is radially symmetric and is 
strictly radially decreasing. Thus every such solution of (2.1), (2.2) gives rise to a 
solution of (2.3), (2.4) which satisfies 

(2.5) u'(x)<O, xE(O,R]. 

Let I/;R denote the unique, normalised positive eigenfunction which satisfies 

- (x N 11/;')' = A x N - II/; on (0. R), 
1/;'(0) = 1/;( R) = 0, 

and let A R > ° denote the corresponding eigenvalue. Clearly A R ---. ° as R ---> 00. 
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THEOREM 2.1. Let (A, u) be a solution of (2.3)-(2.5). Then (a) A < AR; (b) if N:;;. 3 
and 0:;;' 4j(N - 2), then A > 0; (c) if N = 2, or if N:;;. 3 and 0 < 4j(N - 2), then 
for each A < AR, 

sup{luk(QR): (A,u)satisfies(2.3)-(2.5),A:;;.A} < 00. 

PROOF. After multiplying (2.3) by 1/JR and integrating by parts, the positivity of u 
and 1/JR yields (a). 

Now to prove (b) we adapt the proof of Pohozaev's inequality as follows: 

(2.6) ~RNU'(R)2=~~R ~{XN(U'(X)2+AU(X)2)}dX 

= lRxNu'(x){u"(x) + AU(X)} dx 
o 

+ ~R~ XN-1(U'(xf + AU(X)2) dx 

= l)RxNU'(X){ u"(x) + N: I u'(x) + AU(X) + r(x)u(x)I+O} dx 

l R 1{2-N 2 NA 2 I+O} + 0 x N- -2-u'(x) + TU(x) - xr(x )u(x) u'(x) dx 

l R , I{ 2 - N 2 NA 2 1 +a } = 0 x"- -2-u'(x) + TU(x) - xr(x)u(x) U'(X) dx, 

since u satisfies (2.3). Now note that if r were continuously differentiable then 

(2.7) lRr(x){NxN-1u(x)"+2 + (0 + 2)x Nu(x),,+I U'(X)} :;;. 0 
o 

since the left-hand side is equal to 

r(R)RNu(R)2+o -lRr'(x)u(x),,+2xN dx:;;' O. 
o 

For continuous, nonincreasing r, (2.7) also holds provided u :;;. O. Using this in (2.6) 
now yields that 

I 2 lR { 2 - N 2 1 2} "2 RNu'(R) ",;;; 0 XN- 1 -2-u'(x) + "2 ANu(X) 

N lR N 1 0+2 +2 + 0 0 r(x)x - u(x) dx. 

Now this and the fact that 

lRxN-lu'(x)2 dx = lRxN-1(Au(x)2 + r(x)u(x)2+0) dx 
o 0 

(which follows from (2.3) and (2.4» yield 

1 2 lR 2 4 - o(N - 2) lR 2+0 -2RNU'(R)"';;;A XN-1U(X) dx+ ( ) xN-1r(x)u(x) dx. 
o 20+2 0 

If 4 - o(N - 2) ",;;; 0, (b) follows. 
(c) is a consequence of the main result of Gidas and Spruck [9], but their proof 

simplifies considerably in this special case. For completeness we give this simplified 
version. 
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Suppose A < AR is given and {(A", un)} is a sequence of solutions of (2.3), (2.4) 
with An E [A, AR ) and un(O) i 00 as n -> 00. 

Following Gidas and Spruck, let 

Then for x E [0, un(0),,/2R], 

- (XN-IV~( x»), = XN- 1{ (An/Un(ot) vn( x) + r( x/un(ot/2) vn( x) I +"}, 
vn(x) ~ vn(O) = 1, and v~(x) ~ O. 

Now by standard estimates it is easy to deduce the existence of a nonincreasing 
function v: [0, (0) -> (0, (0) such that 

v,,( x) -. v (x) uniformly on compact intervals, 

- (XN-1V'(X»' = r(O)v(x)I+", 
v(O) = 1. 

x E (0,00), 

This contradicts Corollary 3.6. Q.E.D. 

THEOREM 2.2. The following inequailties are satisfied by solutions (A, u) of (2.3)-
(2.5): 

(2.8) 

(2.9) 

(2.10) 

2 2 2 ( (2+" u'(x) +AU(X) + a+2r x)u x) >0 on [0, R]; 

u'(x/;? (const){u(X)" - u(x)"}U(X)2, 

u(x)" ~ (const)u(O)"/(1 + u(0)"X2), 

xE(X,R); 
x E (0, X). 

Here X E (0, R] denotes the unique point where 

(2.11 ) 2 o{> 0, A + -=i="2r(x)u(x) a < 0, 
xE[O,X), 
xE(X,R]. 

(X = R of and only if A ;? 0.) The constants are independent of A, u, rand Rand 
depend only on N, a and lX. 

PROOF. From (2.3) we find 

- fR u'(x)u"(x) dx > AfR u(x)u'(x) dx + fRr(x)u(x)I+"u'(x) dx, 
x x x 

whence 

XE[O,R), 

since u' < 0 and r is nonincreasing on (0, R). 
Therefore 

( )2 ~ ()2 2r(x )u(x )2+0 0 [0 R] u' x + I\U X + 2 + a > on , . 
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Now since u' < 0 on (0, R], and u( R) = u'(O) = 0, there exists a unique X EO (0, R J 
satisfying (2.11). If X EO (0, R), then 'A < 0 and 

I'AI= (2/(a + 2))r(X)u(Xr. 

Along with (2.8) this yields that on (0, X) 

U'(X)2 > a ~ 2 (r( X)u( Xr - r( X)u(x)a )u(x / 

;::" !r~x~ (u(Xr - u(x)0)u(x)2;::" (const)(u(Xr - u(xr)u(x)2, 

since r( x) ;::" a and r is nonincreasing. 
Finally, on (0, X) equation (2.3) and inequality (2.11) give 

- (XV-Iu'(x))';::" 2: axiVlr(x)u(x)l+a;::" 2 a; axiV~lu(x)lta. 
Therefore 

So 

\' -x I '( ) >-~1\ V-I ( )'+od >- aa ()I+o S 
U x ~2+ t u t t~ ( )u x x. a () N2+a 

-u'(x )/U(X)I +0;::" (aa/N(2 + a ))x, 

from which it follows that 

This completes the proof of the theorem. Q.E.D. 

THEOREM 2.3. If P > a /2, there exists a constant (which depends only on a. a and p 
and is independent of u, 'A, rand R) such that 

PROOF. From (2.9) and the change of variable t = u(x) we learn that 

(2.12) f R jU( X) t p - I 
u(x)P dx"';;; (canst) dt 

X () Vu(Xr-t a 

= (const)(1 1 tp- I dt) u(X)p-a/2 
() VI - t a 

= (const)u(X)p-a/2",;;; (const)u(0)p-a/2, 
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N ow from (2.10), 

11( lx u(O)P . u{x)P dx ,,;; (canst) dx 
() 0 (1 + u(O)"x2y/a 

,,;;(const)(lXlI (O)O/2 dt )u(Oy-a/2 
o {I + t 2 y/a 

,,;; (const)(l x dt ) u(0)p-a/2 
o (1 + t 2 y/a 

= (const)u(O)p-a/2, providedp > a/2. Q.E.D. 

2.2. Existence theory. The following theorem is a consequence of the maximum 
principle and the classical global bifurication theory. Let ~ R denote the set 

{(A, u) E (-00, AR) X e2 ([O, R]): (A, u) satisfies (2.3)-(2.5)} U {(AR,O)}, 

and let ~R denote maximal subset of ~R connected in R X e 2 [O, R] and containing 
(AR,O). 

THEOREM 2.4. The set ~ R is an unbounded subset of[ - 00, A R] X e 2 [0, R]. M ore-
over, 

(a) if N = 2, or if N ~ 3 and a < 4/( N - 2), then 

{A: (A, u) E eR , u =1= O} = (-00, AR); 

(b) if N ~ 3 and a ~ 4/(N - 2), then 

REMARK. In [5] Brezis reports on work with Nirenberg in which they show that in 
the case when a = 4/( N - 2) and r = constant the following more precise state-
ment can be made: 

N~4, 

N= 3. 

PROOF. The existence and unboundedness of (3 R is established in R X e 1 [0, R] 
using the classical global bifurication theorem of Rabinowitz [11] (see Appendix) 
and a standard application of the maximum principle. (For details of this argument 
in a similar situation, see [2, 15, 16].) The first part of the theorem is then immediate 
from the continuity of r and the differential equation (2.3). 

Because of Theorem 2.1(a), (b), we need only concern ourselves with verification 
of (a). However, Theorem 2.1(c) implies 8R is bounded in R X qo, RJ if p,: 
(A, u) E 8R } is bounded in R. This implies 8 R is bounded in R X e2 [0, RJ, by the 
differential equation, which is a contradiction. Q.E.D. 
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THEOREM 2.5. The set C R is unbounded and connected in R X Lp(O, R) for all p ~ 1 
such that p > a/2. Indeed, 

PROOF. Connectedness in R X L/O, R) is implied by connectedness in R X 
e 2 [0, R]. Suppose (A, u) satisfies (2.3)-(2.5). Then 

whence 

where 

Hence, 

so 

(2.13) 

Hence 

x E (0, R), 

_XN-1U'(X) = j\N-I(AU(t) + r(t)U(t)l+a) dt 
o 

,;;;; jju(O) L't N- 1 dt = /3 2 U(0)X N, 
o 

x E (0,12//3). 

1oRU(xY dx ~ u(O)p 1o/2/f3( 1 - /3:X2 r dx 

12 u(oy I u(O)P 
= /3 10 (1 - y 2 Y dy = (const) -/3-

u(O)P 
= (const) -;========-

JAR + r(O)u(Ot 

Since CR is unbounded in R X e 2 [0, R], it is unbounded in R X qo, R], because 
elements of C R are solution of the system (2.3)-(2.5). Therefore {(A, u(O)): (A, u) E 
CR } is an unbounded subset of R2. If {A: (A, u) E CR } is unbounded, we are done. 
If not, then the inequality just established yields the conclusion that {llullu(O.Rl: 
(A, u) E CR } is unbounded since p > a/2. Q.E.D. 

THEOREM 2.6. When regarded as a set of radially symmetric solutions of (2.1), (2.2), 
C R is unbounded in R X L/fJ.R) for all p > Na/2. Indeed, 

p p ( <1) N/2 IlulILp(QRl ~ (const)u(O) / AR + r(O)u(O) . 
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PROOF. From (2.13) we have 

l RxN-lu(xy dx;;;' u(oYl{i/'\N--l( I _fi2X2)P dx 
o 0 2 

= (2N/2) u(oy l1yN-l(1 _ y2)P dy 
fiN 0 

u(O)P 
= (const) ----'---'-----

(AR + r(0)u(Or(/2 

The proof is now exactly as before. Q.E.D. 

343 

REMARK. The conclusion of Theorem 2.6 is false when 0 ;;;. 4/( N - 2) for all p, 
I .;;; p < No /2. To see this note that A E (0, A R) by Theorem 2.1 and, as a 
consequence, X = R in (2.11). Therefore (2.10) yields 

from which it follows that 

l R lR(const)xN-l . No XN- 1U(XY dx';;; dx';;; (const) lfp <-2 . 
o () x 2p / o 

THEOREM 2.7. When (A, u) satisfies (2.3)-(2.5), 

l
y 2 l Y 2 2r(0) l Y 0-'-2 (2N - 3) u'(x) dx - A u(x) dx ';;;~2 u(x) dx, 

o 0 0 () 

for any Y E (0, R). 

PROOF. An integration over (x, R) after multiplication of (2.3) by U' /X N - 1 gives 

u'(X)2-2(N-I)iRu'~)2dX 

= -A u ( x ) 2 + 2 f R r ( x ) u ( x ) 1 + 0 u' ( x ) dx + u' ( R ) 2 

x 

;;;. -AU(X)2 - 2r(x)u(x)2+0/(2 + 0). 

Now integration over (0, Y) and an integration by parts gives 

l y 2 l Y 2 2r(0) l Y 0+2 (3-2N) 0 u'(x) dX;;;'-A 0 u(x) dx- 0+2 0 u(x) dx. Q.E.D. 

3. The singular problem. 
3.1. Existence theory. To obtain solutions of 

(3.1) -~u(x) = AU(X) + r(x)u(x)1+0, x ERN, 

(3.2) u(x) -.0 as Ixl-' 00, 

(3.3) u(x) > 0, x ERN, 

we examine the limit of the sets eR as R -. 00. To do this, extend each u as zero on 
(R, 00) when (A, u) E e R" Then for each R the set e R can be considered as a subset 
of either R X LpCR + ) or R X LpCRN) when the radial symmetry of positive solutions 
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of the POE (2.1), (2.2) is recognised. Here, as elsewhere, R + = [0,00). To avoid 
confusion we consider, for the moment, eRas a subset of R X LI'(R + ) and later 
return to the R X LI'(RN ) context. 

Let VCR X LpCR + ) be any bounded, open set with (0,0) E V, and p > a 12. 
Since AR ---> ° as R ---> 00 and (AR,O) E eR , which is unbounded in R X LpCR+) 

(Theorem 2.5), there exists (AR, uR) E eR such that 

(AR, uR) E ~'R n av, 
uR(x) > 0, u~(x) < ° on (0, R), 

u~(O) = uR(R) = 0. 

Now without loss of generality suppose AR ---> A as R ---> 00. Since AR ,;;;; AR for each 
R, and A R ---> 0, we conclude that 

(3.4) 

By Theorem 2.5, we know that IluRIILx(O.R) is bounded, since p > a12, and 
lIuRII'I'(O.R) is bounded. From the inequality in Theorem 2.7 we know that for fixed 
Y E (0,00), f/ U~(X)2 dx ,;;;; const. where the constant does not depend on R suffi-
ciently large. 

Therefore there exists a sequence {u R(,,)} in the set {uRhE(O.OC) and a function 
U E LpCRt) such that R(n) ---> 00, 

(3.5) U R(,,) ---> U uniformly on compact subsets of [0, 00 ), 

and (A, u) satisfies 

(3.6) - (XN-1U'(X))' = XN-1(Au(x) + r(x)u(x)I+,,), x E (0,00); 

(3.7) u(x) ---> ° asx ---> 00; 

(3.8) u'(O) = 0; u(x);;. 0, u'(x),;;;; 0, xE(O,oo). 

For notational convenience let (A", u,,) denote the sequence of solutions of 
(2.3)-(2.5) on (0, R( n» satisfying (3.5). 

THEOREM 3.1. (A", u,,) ---> (A, u) in R X Lp(R+), P > a12. 

PROOF. First note that the function u in (3.5) is not zero. If it were, then u,,(O) ---> ° 
and Ilu"III'I'(R+) ---> ° by Theorem 2.3. Moreover, since (A", u,,) satisfies (2.3) on 
(0, R(n» and u" is nonincreasing, we have 

° < ( % f Ia I u" ( x ) cos ( % x ) dx - % u" (1 ) 

= - f u;; ( x ) cos ( % x ) dx 

,;;;;ful(A"U,,(X) + r(x)u,,(x)I+O)cos( %x) dx 

< (A" + r(0)u,,(0)")Ia1u,,(x)cos( %x) dx. 
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This gives 

All + r(O)Un(O)";;' 0, 

which implies All -.0 as n -. 00, by (3.4) and the assumption un(O) -. O. 
Therefore (A", u,,) -. 0 in R X L/R + ), which contradicts the fact that (0,0) E U, 

an open subset of R X L/R+), and (A", u,,) E au. Hence the function U in (3.5) is 
not zero on (0, 00). 

Let XII E (0, R( n)] satisfy (2.11) when A, U are R are replaced by An' u" and R(n). 
Since Ilu,,11 LI'(R+) ~ const., and Un is nonincreasing, it follows that 

xu,,(xY ~lxu,,(t)P dt ~ const., 
() 

whence 

(3.9) 

where the constant is independent of n and of x. 
Theorem 2.2 and the proof of Theorem 2.3 yield the following inequalities: 

(3.10) jR(Il)U,,(XY dx ~ (const)u n(yy- a/ 2 , 

l' 

and 

(3.11 ) 

If X" -. 00, then (3.5), (3.11) and the dominated convergence theorem yield 

(3.12) p > a12. 

Moreover, by (3.11), 

Therefore, by (3.10), withy = Xn' and (3.12), 

l R (Il) 100 100 un(xY dx = u,,(xY dx -> u(x)P dx 
() 0 0 

if Xn ---> 00 as n -> 00. 

N ow suppose {Xn} is bounded. Then for any E > 0 there exists Y > 0 such that 

joou,,(x)P dx ~ E, for all n, 
y 

by (3.9) and (3.10). Since u ll ---> u uniformly on [0, Y], it follows in this case also that 

100 un(x)P dx -> lOOu(xY dx. 
o 0 

Since IlunIILp(R+) -> IluIILp(R+P and (3.5) holds, we have Un -> u in Lp(R+). Q.E.D. 
N ow let;) denote the set 

{(A, u) E R X C2 (R+): (3.6)-(3.8) holds, u =1= O} U {(O,O)}, 

Clearly;) also represents a set of radially symmetric solutions of (3.1 )-(3.3). 
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THEOREM 3.2. For p ;;;. 1 let e (p) denote the maximal subset of ~ connected in 
R X Lp(R + ) and containing (0, 0). Then e( p) is unbounded if p > a /2 and e (a /2) = 
{(O,O)}. 

REMARK. This result requires no assumptions about a> 0. 
PROOF. If U is any bounded, open subset of R X L/R + ), p > a /2, and (0,0) E U, 

then Theorem 3.1 implies au n S "* 0. To show that l?( p) is unbounded, p > a /2, 
it is sufficient to show that bounded subsets of ;;:, are relatively compact in 
R X Lp(R+), P > a/2. (That this is sufficient for our purposes is the essential 
observation in [11], and it is proved explicitly in [1, Appendix].) To obtain the 
relative compactness of bounded subsets of ;;:, essentially requires a proof identical to 
that of Theorem 3.1. Therefore, we will not repeat it. 

Now suppose 1 ~ a/2. If (A, u) satisfies (3.13)-(3.15), u "* 0, Theorem 3.3 implies 
A ~ ° and II ulk/2(R+) ;;;. const. > 0. Therefore, if p = a /2, e (p) consists of {(O, 0) }. 
Q.E.D. 

REMARK. The a priori bounds of the next section ensure that for all p, q > a /2, 
e(p) = e(q) and we can denote the set by l? When e is considered as a set of 
radially symmetric solutions of (3.1 )-(3.3), it will be seen to be unbounded and 
connected in R X L/RN) if p > Na/2 and e is not connected in R X Lvu/iRN), 
since lIuliL,van<RN) ;;;. a > ° when (A, u) E e, u "* 0, and (0,0) E e (Theorem 3.3(d». 

3.2. A priori bounds and some nonexistence results. Throughout this section suppose 
(A, u) E R X e2 [0, 00) is a solution of 

(3.13) - (XN-1U'(X))' = XN-1(AU(X) + r(x)u(x)I+U), x E (0,00), 

(3.14) u'(O) = 0, u(x) ~ ° asx ~ 00, 

(3.15) u'(x)<O, xE(O,oo). 
We begin by giving a result analogous to Theorems 2.3, 2.5 and 2.6. 

THEOREM 3.3. (a) A ~ 0. 
(b) lIullfp(R+) ;;;. (const)u(Oy-u/2, p ;;;. l. 
(c) If, in addition,p > a/2, then 

Ilullip(R+) ~ (const)u(0)p-u/2. 

(d) When considered as solutions of (3.1 )-(3.3), 

Ilullip(RN) ;;;. (const)u(Oy-NU/2, 

lIullip(RN ) ~ (const)u(Oy-Nu/2, 

p;;;. 1, 

p > Na/2. 

The constants depend on lX, (3, ° < lX ~ rex) ~ (3, and p ;;;. 1, a > 0. 

PROOF. (a) If tf;R denotes the eigenfunction, corresponding to A R' defined just 
before Theorem 2.1, then 

l Rtf;R(x)x N- 1(Au(x) + r(x)u(x)I+U) dx = lR - (XN-1U'(X))'tf;R(X) dx 
o 0 

< -lR(xN-Itf;~(x))'u(x) dx = AR1RXN-Itf;R(x)u(x) dx. 
o 0 
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Since u, l/; R are nonnegative it follows that A < A R for each R, so A ,;;:; 0 since A R ---> 0 
as R -> 00. 

(b) Repeating the argument used to prove Theorem 2.5 gives 

x EO (0,00), 

since A ,;;:; 0 by (a), where y2 = r(O)u(O)" /2. Hence 

l x lilY p u(O)P u( x)P dx ;;. u(oy (I - y 2X2) dx = (const) --, 
o 0 Y 

which gives (b). 
The proof of (c) is identical to that of Theorem 2.3 once it has been verified that 

an analogue of (2.8) is valid, namely 

U'(X)2 + AU(X)2 + (2/ (a + 2))r(x)u(x)2+" > 0 on (0, (0). 
To this end we need only verify the existence of a sequence {Zn} such that 
u'(Z,,) -> 0 and Z" -> 00 as n ---> 00. Existence is obvious, since u(x) -> 0 as x -> 00. 
Now (3.13) gives 

u,( X)2 - u'(Z,J2 ;;. AU(Z,,)2 - AU( X)2 + 2 jZnr( t )u( t) 1+" u'( t) dt 
x 

;;. AU(Zn)2 - AU( X)2 + ~rix~ ( u(Zn )2+" - u( X )2+"). 

Since u(Zn) and u'(Z,,) tend to 0, the result follows. 
(d) Using the estimates obtained in the proofs of (b) and (c), this is now 

immediate. Q.E.D. 
The next result gives circumstances when no solutions exist except for A = O. The 

example following shows these conditions are not necessary for existence when 
A = 0, and the situation is then further clarified in Theorem 3.5. 

THEOREM 3.4. If N ;;. 3 and a ;;. 4/(N - 2), then A = 0 when (A, u) EO ~ \ {CO, O)}. 

PROOF. The argument which gives (2.6) yields for y > O. 

~ {yN(U'(y)2 + AU(y)2)} = 2 ~ N IaYXN-IU'(X)2 dx + A: {X N- IU(X)2 dx 

(v 1+" -JoxNr(x)u(x) u'(x)dx 

2 - N 1.1' 2 AN 1Y 2 ,;;:; -2- 0 XN-IU'(X) dx + 2 0 XN-IU(X) dx 

N 1Y N I ,,+2 + 2 + a 0 r(x)x - u(x) dx, 

(where we have used the observation that (2.7) remains valid when R is replaced by y 
and u satisfies (3.13)-(3.15» 

11' I 2 4-a(N-2)lY 2+" = A x N- u(x) dx + ( ) xN-lr(x)u(x) dx 
o 22+a 0 

2-N +-2-yN-IU(Y)u'(y), y>O. 
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If 4 ~ a(N ~ 2) ,;;; 0, it follows that for y > 0, 
(3.16) 

± {yN( u'( y)2 + i\u( Y )2)} ,;;; i\{XN-I u( X)2 dx + 2 ~ N yN-l u( Y )u'( y). 

However, if i\ < 0, (3.13) yields 

-u"(x),;;; i\u(x) + r(x)u(x)l+a 

,;;; (i\/2) u( x) for all x sufficiently large, 

since u( x) ..... 0 as x ..... 00. Therefore, 

which gives 

u'( X)2 ;;;.1i\/2Iu( X)2 for all x sufficiently large, 

where {ZII} is the sequence introduced in the proof of Theorem 3.3(c). Therefore 

-u'(x);;;. VIi\/2Iu(x), for all x ;;;. K, say, 

whence 

u( x) ,;;; u( K) exp { -vi i\ 1/2 (x ~ K) }, x ;;;.K. 

Therefore u decays exponentially to zero, and by (3.13) it follows that u' also decays 
exponentially to zero. But this is impossible by (3.16) because 

i\ [XN- 1U(X)2 dx';;; 8 < 0 
o 

for ally sufficiently large. Hence i\ = 0 when a;;;' 4/(N ~ 2) and N;;;. 3. Q.E.D. 
EXAMPLE. Let N;;;. 3,0 < Y < (N ~ 2)/2, 0= Ijy, and 

ry(x)=2y{N~2(l +y)x2/(1 +x2)}, xE[O,oo). 

Then 0 < 2y(N ~ 2 ~ 2y) ,;;; r/x) ,;;; 2Ny, and ry is nonincreasing. However the 
boundary value problem 

(3.17) 

(3.18) 

u'(x) l+a -u"(x) ~ (N ~ 1)-- = i\u(x) + ryu(x) , 
x 

x E (0,00), 

u'(O) = 0, u(x) ..... 0 asx ..... 00, 

has a solution 

i\ = 0, 

We note, however, that 0= I/y > 2/(N - 2) in this example. The next result 
shows that if this inequality is reversed there are no solutions with i\ = O. 

Note also that if a;;;' 4/(N ~ 2) then, by the previous result, i\ = O. In particular, 
u(x) = 1/(1 + X 2 )(N-2)j2 is a solution of (3.17), (3.18) with i\ = 0 and 

ry(x) = 2yN, y = (N ~ 2)/2, and 0= 2jy. 

Therefore the second part of the next result is best possible, in a certain sense. 
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THEOREM 3.5. (a) If N = 2, or N ;? 3 and 0 < a ,,;;; 2/( N - 2), then A. < O. 
(b) If N;? 3,0 < a < 4/(N - 2), and 1 - r(oo)/r(O) < (4 - a(N - 2»/2N, then 

A. < O. 
(c) If r = constant and 0 < a < 4/(N - 2), then A. < o. 
REMARK. In (b) some restriction is placed on the ratio of the supremum to 

infinimum of the nonincreasing function r. It is worth noting the obvious fact that, 
in the example just given, ry violates this restriction for all y < (N - 2)/2 and 
a = Ijy > 2/(N - 2). 

PROOF. Suppose A. = 0 in (3.13), N ;? 3 and 0 < a ,,;;; 2/( N - 2). Then 

(3.19) -XN-1U'(X) = ('r(t)u(t)I+OtN-1 dt;? r(x)u(x)I+OxN 
~ N 

by (3.15) and the mono tonicity of r. Hence 

-u'( x )/u( x) 1 +0 ;? ax/ N, 

from which it follows that 

sincer(x) ;?a>O, 

(3.20 ) ( )
0 u(Or u x ,,;;; ------'--'-----

(aau(Or/2N)x 2 + 1 ' 
x E (0,00). 

However (3.13) also yields 

-u"(x) - (N - l)u'(x)/x = r(x)u(x)I+O > o. 
Hence 

(3.21 ) d ( ( 1 +0 dx{-xu'(x)-(N-2)u(x)} =xr x)u x) >0. 

However from (3.19) and (3.20), 

const 1X tN-I dt o < -xu'( x) ,,;;; -- ..... 0 
X N - 2 0 (I + t 2 )1+1/0 

asx ..... oo. 

Since u(x) ..... 0 as x ..... 00, by (3.20), it follows from (3.21) that 

(3.22) -xu'(x) - (N - 2)u(x) < 0, x E (0, (0). 

Hence X N - 2 U(X) is increasing on (0, (0) and, in particular, 

u(x);? (const)/x N - 2 

for all x sufficiently large. If 0 < a < 2/( N - 2), this contradicts (3.20). 
Suppose that a = 2/(N - 2). Then by (3.19) it follows that 

u(x) = {X )-1 {{r(w)u(w)I+OwN-1dW} dt 

1 { 1 1x (1+0 N-I fX ( ) ()I+O } = N _ 2 XN-2 0 r( w)u w) w dw + x r w u w w dw . 



350 1. F. TOLAND 

Hence 

, N-I 
;;:;. (const)/· IW , dw = (const) In x 

I w( +o)(N-_) 

for x sufficiently large since a( N - 2) = 2. But this contradicts the earlier observa-
tion that 

( ( ) (N 2))2/(N-2) ()O' U x x - = u x x-,,;;; const. 

Now suppose A = 0 and N = 2, or N;;:;. 3 and a < 4j(N - 2). Then the argument 
leading to (2.6) now gives 

(3.23) ~yNU'(y)2 = fX N- I{ (2 ~ N) u'(x)2 - xr(x)u(x)I+Ou'(x)} dx 

2 - N 1.1' N I 2+0 = -2- 0 x - r(x)u(x) dx 

- [xNr(x)u(x)I+Ou'(x) dx 
o 
2 - N + -2-yN-IU(y)u'(y), yEO (0,00). 

However, 

(N - 2)yN- IU(y)u'(y) + yNU'(y)2 

= _yN-IU'(Y){ -(N - 2)u(y) - YU'(y)} < 0 

by (3.22). Hence, by (3.23), 

0> 2 ~ N [x N- lr(x)u(x)2+0 dx -l\Nr(x)u(x)l+o u'(x) dx 
o 0 

;;:;. 2 -2 N [r(0)x N- lu(x)2+0 dx - [r(oo)xNu(x)I+Ou'(x) dx, 
o 0 

since 2 - N ,,;;; 0 and -u' > 0, 

2 - N 1'\· N I 2+0 = -2-r(0) 0 x - u(x) dx 

+ ( ){~lr N-I ( )2+Od _ yNU(y)2+0} 
roo 2+ao X ux x 2+a 

= r(O) (4 _ a(N - 2) - 2N( 1 - r( 00) )) l)'x N- lu(x )2+11 dx 
2(2 + a) r(O) 0 

r( oo)yNU(Y )2+0 
2+a 

- 1)' N-I ( )2+Od _ r(00)y'Vu(y)2+0 
-aox ux X 2+a ' 
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where a > 0. However, because of (3.20), 

yN u( y )2+a ~ yN /y2+ 4/a = y-(4-I1( N-2»)ja ---> ° as y ---> 00. 

This is a contradiction. 
(c) This is a special case of (b), since here I - r(oo)/r(O) = 0. Q.E.D. 

COROLLARY 3.6. Suppose u'(O) = 0, 

and either 
(3.24) 

(3.25 ) 

or 

(3.26 ) 

Then u = 0. 

- (XN-1U'(X))' = xN-1r(x)u(x)l+a, x E (0,00), 

u(x);? 0, u'(x) ~ 0, 

N= 2, 

0<a~2/(N-2), 

I - r(oo)/r(O) < (4 - a(N - 2))/2N. 

351 

PROOF. It suffices to note that the argument for (3.20) remains valid so Theorem 
3.5 applies. Q.E.D. 

COROLLAR Y 3.7. The function u decays exponentially to zero if and only if A < 0. To 
be more precise: 

(a) if A = 0, XN- 2U(X) is increasing, 
(b) if A < 0, 

u(x)exp{~x} -->0 asx-->oo,O<e<iAi. 

(See the remark following (VIII) in the Introduction.) 
PROOF. (a) This is already proved in the argument leading to (3.22). 
(b) From (3.13) and (3.15) it follows that 

-u" ~ U(X)(A + r(x)u(x)") 

~ (A + e) u( x) for all x sufficiently large 

by (3.14). Hence 

-u'(x)u"(x);? (A + e}u(x)u'(x) 

and, therefore, 
U'(X)2;? _ (A + e)u(x)2 

for all x sufficiently large. Since A + e < 0, it follows that 

-u'(x)/u(x);? vlAI-e 
and 

u(x) ~ u(X)exp{ -~x}, x;? X, 

for X sufficiently large. Since this holds for all e, ° < e <I A I , the result follows. 
Q.E.D. 
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THEOREM 3.8. Suppose N = 2, or N? 3 and 0 < a < 4/(N - 2). Then if A < 0 
there exists M( A) > 0 such that: 

(a) u(O) < M( A) when ,\ ? A and (,\, u) satisifes (3.13)-(3.15); and 
(b) M(A) ~ 0 as ,\ ~ 0 if, in addition, one of (3.24)-(3.26) holds. 

PROOF. (a) We adapt the method of [9] to this simpler context. Suppose A < 0 and 
{('\", u,,)} is a sequence of solutions of (3.13)-(3.15) with'\" E [A,O] and u,,(O) = 
mIl ~ 00 as n --> 00. Now put 

( ) _ -I (I (12) VII X - m nUn X m n ~ x E (0,00). 

Then v" satisfies 

- (XV-1v;'(x))' = xN-l{('\,jm~)v,,(x) + r(xlm~/2)v,,(x)1-a}, 
v,/x) ~ v,,(O) = 1, 

v;'(x) <0, xE(O,oo). 

Now r(xlm~/2) -> reO) > 0 uniformly on compact subsets of R+ , and '\"Im~ ~ 0 
as n ~ 00. Now a standard argument, in the spirit of that for Theorem 3.1, shows 
there exists a v such that v" -> v uniformly on compact subsets of [0, 00), and 

- (XV-1v'(x))' = r(0)xV-1v(x)l+lJ, 

v(O) = I, v'(O) = 0, v'(x) ~ 0 on (0, XI). 

Since N = 2 or N ? 3 and 0 < a < 4/( N - 2), this contradicts Corollary 3.6. 
To prove (b) we again suppose the contrary and seek a contradiction. Let (,\", u,,) 

satisfy (3.13)-(3.15),'\" i 0 and u,,(O) -> a > 0 as n -> XI. Then by an argument, as 
in the proof of Theorem 3.1, we can show that U" -> u uniformly on compact 
intervals in [0, 00) where 

- (XV-1u'(x))' = r(x)u(x)l+lJ, 

u(x)?O, u'(x)~O, XE(O,XI), 
u(O)=a. 

This once more contradicts Corollary 3.6, since one of (3.24)-(3.26) holds. Q.E.D. 

COROLLARY 3.9. {,\: (,\, u) E L'(P)} ::::J (-Xl,O) if 0 < a < 4/(N - 2), p > a12. 

PROOF. Since t'(p) is unbounded in R X Lp(R+) the result follows from Theo-
rems 3.8 and Theorem 3.2. Q.E.D. 

REMARK. For (N - 2)/4 < Y < (N - 2)/2, there is an interesting situation in the 
earlier example. There are solutions (,\, u) with u =1= 0 for all ,\ < 0 and also for 
,\ = 0, since in that case 2/(N - 2) < a < 4/(N - 2) (recall y = lja). 

Finally we justify the remark, following the proof of Theorem 3.2, that t (p) = 
L'(q),P, q > a12. By Theorem 3.3, 2(p) C (-Xl,O] X LiR+) and 2(q) C (-Xl,O] 
X L/R+). To show that r2(p) = 2(q), it suffices to show that 2(p) is connected in 
R X L/R + ) since 2 ( p) and 2 (q) are maximal connected subsets of ~. 

Suppose {('\'" u,,)} C 2(p) and ('\'" u,J --> ('\, u) in R X Lp(R+). Then the 
argument of Theorem 3.1 gives ('\'" u,,) --> ('\, u) in R X L/R+). Hence t(p) is 
connected in R X L/R + ), (3 (p) C 2 (q). Similarly t (q) C r2 (p), so 2 (p) = 2 (q). 
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Appendix. 
Rabinowitz's global theory. The following theorem was proved by P. H. Rabino-

witz [11, Theorem 1.27]. Suppose X is a real Banach space, G: R X X ~ X is 
completely continuous, 

G(A, x) = ALx + R(A, x), (A,x)ERXX, 
where L: X ~ X is a compact linear operator, and R: R X X ~ X is continuous and 
such that 

IIR{A, x)ll/llxll ~ 0 as Ilxll ~ 0 
uniformly for A in bounded intervals. Suppose Mo is a characteristic value of L of 
multiplicity one and R: R X X ~ X is continuously Frechet differentiable in a 
neighborhood of (Mo'O). Let 1/;0' 111/;011 = I, denote an element of X such that 
1/;0 = MoLl/;o, and let 

S= {(A,x)ERXX:XOFO,X=G(A,X)} U {(M;,O)}, 

where {M,};"'co denotes the set of all characteristic values of L. Then: 
(a) There exists EO > 0 and continuous mappings A: (~I, I) ~ R, 

w: (~I, I) ~ X such that A(O) = Mo, w(O) = 0 E X and 

S n BEo = {(A(t), t{l/;o + w(t))): t E (~I, I)}, 

where BEo denotes a ball of radius EO and centre (Mo, 0) in R X X. 
(b) Let l':' ~ denote the sets e; U {(Mo, O)}, where e; is the maximal 

connected subset of S \ {( Mo, O)} containing 

{(A(I), t(l/;o + w(t))): t ERn ((~I,O) U (0, I))}. 

Then either 
(i) l':' -c is unbounded in R X X, or 

(ii) l':' cc contains (M"O), i =1= 0, or 
(iii) 3u =1= 0 such that (A, u) E e -. and (A, ~u) E e" . 
REMARK. Alternative (i)~(iii) hold for e+ and for e -, separately. In other words if 

(i) holds for e+ and (ii) holds for e-, then the theorem is vindicated. 
In order to prove global existence theorems for operator equations as was done in 

this paper, we use a device where global bifurcation results are described in terms of 
open subsets of R X X. 

Now suppose 

S = {(A, x): x = G{A, x), x =1= O} U {{M*,O)} 

but G: R X X ~ X need not be compact. However, suppose that bounded subsets of 
S are relatively compact (this would follow from the complete continuity of G, but is 
true in many other circumstances as well; see [1,2,15,16] and §3). Let e denote the 
maximal subset of S containing (}l *,0). 

Then e is unbounded if and only S n au =1= 0 for all bounded open subsets U of 
R X X with (M*,O) E U. 

This result is implicit in [11] and is given explicitly in [1, Appendix]. 
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Note added in proof. Recently C. A. Stuart has found a very elegant variational 
procedure for obtaining existence results similar to ours in the case when p ~ 2 and 
A. < 0 (Math. Ann. 263 (1983), 51-59). However connectedness of the solution set 
does not follow by variational arguments. 

REFERENCES 

I. C. 1. Amick and 1. F. Toland. all solirarr water-war;es of /inile amplilude. Arch. Rational Mech. 
Anal. 76 (llJX 1).9-<)5. 

2. ___ . Nonlincar clltjJlic cigencalue problems 011 an infinite strip-glohaltheolT of bifurcation and 
asrmptotic bifurcation. Math. Ann. 262 (1983).313-342. 

3. H. Berc,ticki and P. L. Lions. Vne methode locale pour I' existence de solutions posirices de problhlll!.l 
semi-lincaires ellipiqucs dallS R'. 1. Analyse Math. 38 (19XO). 144-187. 

4. H. Beresticki. P. L. Lions and L. A. Peletier. All ODE approach to rhe exiSlence of posirice SOlUl/OI1S 
for semilinear prohlems Oil R'. Indiana Univ. Math. J. 30 (198 I). 141-157. 

5. H. Brczis. Posilir;c SOIUliollS of nOli linear elliplic equatiollS in the case of critical Sobolec exponent. 
Nonlinear Partial Differential Equations and their Applications. College de France Seminar. Vol. III. 
Pitman. New York. 1982. 

6. B. Gidas. W. M. Ni and L. Nirenberg. Srmmetrr and related properries cia rhe maximum principle. 
Comm. Math. Phys. 68 (1979).20<)-243. 

7. ___ . Srmmctrr of posilir;e solurions of nonlinear elliptic equations in R ". Math. Anal. App!.. Part 
A. Adv. in Math. Suppl. Stud. 7A (1981).369-402. 

X. B. Gidas and J. Spruck. Glohal and local hehaciour of positice solUliollS of nonlinear ellipric equarions. 
Comm. Pure Appl. Math. 34 (19X 1).525-598. 

9. ___ . A priori hounds for positicc solutio liS of nonlinear equations. Comm. Partial Differential 
Equations (I <)8 1).883-901. 

10. S. I. Pohozac\'. Eigenfunclions of the equations ~u + Af( u) = O. Soviet Math. Dok!. 5 (1965). 
1408-1411. 

II. P. H. Rabinowitz. Some glohal results for nonlmear eigenwlue problems. J. Funet. Anal. 7 (1971). 
487-575. 

12. W. Strauss. Existence of solirarr waces in higher dimensions. Comm. Math. Phys. 55 (1977). 149-162. 
13. c. A Stuart. Bifurcation for Dirichler problems \j'ihIOUl eigenwlues. Proc. London Math. Soc. 3 

(1982). 169-192. 
14. ___ . Bifurcation from the continuous spectrum in lhe L2-rheolT of elliptic equatiollS in R'. 

(Lectures at S.AF.A IV. Naples. 1980). Recent Methods in Nonlinear Analysis and Applications, 
Liguori. Naples. 198 I. 

15. J. F. Toland. Global hifurcation for Neumann proh/ems without eigenvalues. J. Differential Equations 
44 (1982). 82-110. 

16. ___ . Solitarr Imcc solutiollS for a model of the l",o-war propagatioll of water-li'aces in a channel. 
Math. Proc. Cambridge Philos. Soc. 90 (1981). 343-360. 

SCHOOL OF MATHEMATICS. UNIVERSITY OF BATH, CLAVERTON DOWN. BATH BA2 7AY. ENGLAl'D 


	0030339
	0030340
	0030341
	0030342
	0030343
	0030344
	0030345
	0030346
	0030347
	0030348
	0030349
	0030350
	0030351
	0030352
	0030353
	0030354
	0030355
	0030356
	0030357
	0030358

