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AN INTEGRAL INEQUALITY WITH APPLICATIONS
BY
M. A. LECKBAND

ABSTRACT. Using a technical integral inequality, J. Moser proved a sharp result on
exponential integrability of a certain space of Sobolev functions. In this paper, we
show that the integral inequality holds in a general setting using nonincreasing
functions and a certain class of convex functions. We then apply the integral
inequality to extend the above result by J. Moser to other spaces of Sobolev
functions. A second application is given generalizing some different results by M.
Jodeit.

1. The integral inequality (Theorem 3) presented in this paper has been of interest
ever since a simple version of it was proven in 1971 by J. Moser. Subsequent
improvements were made by M. Jodeit in 1972, B. F. Jones in 1979 and C. J.
Neugebauer in 1980.

Let 1<g<oo, I/p+1/g=1 f€LI0,00) and |f|l,< 1. Let ¢ >0 be
locally integrable, and define

Y(x) = [foxw(y)dy]l/p and F(x)=f0xf(y)¢(y)dy.

Let ® be a nonincreasing function on [ 0, ) .
In this paper we investigate for which real-valued functions N(x) we get the
inequality

/O°°¢><N[¢(x)] ~ N[F(x)]} dN[¥(x)] < Cl1@f),.

Theorem 2 is basic to our proof of this inequality, and a simple calculation involving
a concave function shows that the natural functions to consider are convex func-
tions. Moreover, Theorem 1 shows that Theorem 2 is true for general ¢ and f if and
only if N(x) is a certain type of convex function called a C*-convex function.

Finally in §§5 and 6 we improve upon the applications given by J. Moser and M.
Jodeit, respectively.

2. DEFINITION 1. A continuous function p: [ 0,00) — [0, 00) will be called a
C*-function provided there exists a constant C, < oo such that for 0 < d < o0, we
have a constant C(d) < oo with

p{(l+d)s)< G -{(I-1)s),
forall/ > C(d)and 0 < s < 0.
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158 M. A. LECKBAND

We note that if p: [ 0,00) — [ 0, 00) is a concave nondecreasing function, then p
is a C*-function. Moreover, the set of C*-functions is closed under addition and
multiplication; hence, all polynomials with positive coefficients are C*-functions.

DEFINITION 2. A function N: [0,00) — [0,00) will be called a C*-convex
function if N(0) = 0, N is convex, N € C'[0, w0) , and p defined by the differential
equation p( N(x)) = N’(x) is a C*-function.

Some common examples of C*-convex functions are N(x) = e* — 1, N(x) = e*
- l,and N(x)=x*,p > 1.

The following theorem gives an equivalent condition that a convex function must
satisfy to be C*-convex.

THEOREM 1. Let N € C'[ 0,00) be a nonnegative convex function and N(0) =
Then N is a C*-convex function if and only if there are constants 0 < ¢, d < o0, such
that forl > d, 0 < s < o0, we have

(*) [N"(ls ] [N K1 - l)s)][ N1+ c)s)]

ProoF. First assume that N is a C*-convex function; that is, N(0)=0, N €
C'[0,00), N > 0, and the function ¢ defined by ¢(N(x)) = N'(x) is a C*-function.
If (») does not hold, then for any ¢ > 0 there is sequence {/,s,} such that:
(1)1, = oo,
Qi) [N (L) > [N7'({, = Ds)IN QL + o))
We will show that for some a, c/2 < a < c, we get

({1, + aYs,) > 9((1, — Ds,).

This will imply that ¢ is not a C*-function, hence contradicting the assumption that
N is C*-convex.
We calculate from N'(x) = ¢(N(x)) that (N")’(y) = 1/¢(y); therefore,

N-'({I, + ¢}s,) = /(IH)S" e )dy+N'(l 5,)

and

N = D5) =N s = [ s

We use the above two expressions to reduce inequality (ii) to

(/,+c)s,
N\ dy >N, - Vs,)- [ " " ——dy.
(A) (w»&ﬂmﬂﬂy (=) [ or
By the way ¢ is defined, 1/¢( y) is nonincreasing and we see
I,s
! [ 2 n Sn o
(8) M) g 2y > V[ S

and forany c/2 < a <,

(l,+o)s, Sy

(© N7, = s [ s> N Ds) g
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Hence (A), (B) and (C) imply

N_l<(ln _ l)sn} 4

(D) $l(L, + @)s,) > = TS ({0, = 1),

The mean value theorem implies, since N ~'(0) = 0,

N (= D) _ (NY(E) (= Ds,
N-Y(1,s,) (N)Y(&)  Lusa
N ~'is concave, so (N 'Y (&) > (N ~'Y(£,) and inequality (D) becomes
I |
G oir, - 1ys,),

n

, where0 < ¢ < &,.

o{(1, + a)s,} >

and for /, large, (/, — 1)/1, > 1/2. Thus ¢ is not a C*-function.

We assume now that (*) holds and show that ¢ is a C*-function by contradiction.
Suppose {/,s,} is a sequence for which the following is true.

Given 0 < ¢,d < o0, then:

(a)l, » 0.

(1) $((L, + d)s,) > cd{(l, = Ds,).
We will show that there exists a sequence {/,3, ) with

(E) [N(05)1 > [N = D8V, + a)5,)],
where a = ¢/2. This contradicts (*).

From above, inequality (E) will be true if

15, 1 (T +a)s, 1
*% e dx > " " dx.
(++) f(/;—ns'"qb(X) s, 9(x)

To achieve (xx), for suitable a and d let
[5,=(,+d)s, and (I,—1)5,=(l,—1)s, — as,.

Then

5,=(d+1+a)s, and [,=(I,+d)/(d+ 1+ a).
To determine suitable « and d, we observe

as, S (hras, 1 »
o{(1, + d)s,) ~ is,=t,+ars, (%)
and
0,5, 1 (=Ns, 1 as,

f(l;—nw(x) b= fun—l—a)anb(x) b= ¢{(1, = 1)s,}

The inequality (**) will be true if we have

(b{(lafsnl)s}>a(d+l+a)

o+ d)s,)
or

a(d+ 1+ a)
a

¢{(l, + d)s,} > ¢{(1, = s,
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From hypothesis, this is true if we require that a = ¢/2, « = a + 1, and d be some
fixed constant greater than c/2.

3. Let (x, 9N, p) be a measure space and, for 0 < r < oo, let S, € TN such that
S, S, if r<r” and S, is the empty set. For ¢ >0, f>0, 1 £ ¢ < o and

l/q + I/P = 1 we will write ¢r = ¢ : XS,’ ¢(r) = ”¢r”p‘u and F(r) = f/\’f. ¢rd"l‘ In
addition, we always assume || f]|,, < 1 and §(r) < oo for 0 < r < o0.

LEMMA 1. Let N € C'[ 0,00), N > 0, N convex, and N(0) = 0. If 1 < q < o, then
there is a constant C,2 < C < o0, which depends only upon q, such that

Ny (r)) > € max [N{y (1)) = N{F())]

implies Y(ry) < 2¢(r)).

PRrOOF. This proof is done by assuming 1 < g < oo and a similar argument proves
1 =g Letl <g<oo,5s=max;_,[My(r)} — N(F(r,)}] and assume r, > r,.
W) 4, = &ll, < PP U X (ry) = $(r )7

To demonstrate (i) we use the definition of ¢, to get
”(r’)r: - qbr,”;J = /(pr‘; - ¢rlljdp’ = ¢p(r2) - ll/p(rl)
<py? ' (n)[¥(n) —¥(n)].

The last inequality uses the mean value theorem.

) IS - xxnsllg < (g5/NG(r))'/9, if N(y(r))) > 25, where S, = S, .
To prove (ii), Holder’s inequality, || f - X 5,|l, < 1, and the convexity of N, imply

N{F(r,)} < N{”f Xs,||q1[/("|)> <|f- Xs,”qN(‘P("l))»
Ny (rn)) <s+ NF(r)}<s+I1f- xsll Ny (r))

Rearranging the terms we get
(1 - )q If - xs g <1 =1/ 19
—_—,— S . X S —_ . X .
N{U(r) o sl

Now we apply the mean value theorem to x, for 0 < x < 1,

deq - B K q< qs
I xxnsllg <1 (1 N{\p(rl))) S Ny(n)

This proves (ii).
To prove the lemma assume N{ F(r,)} > N{¥(r,)}; if not, we calculate

N{y(r)} > CN(¥(n,)} — CN{F(r,)}

or

ML) 5 (SEH Mu ) > M),

Hence 2¢(r,) = (C + Dy(r,)/C > ¥(r,), and the lemma is proved.
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We start with
(A) Ny (n)} = Ny (n)) < s+ N(F(r,)} = N(F(r)).
The mean value theorem and the convexity of N imply
N{Y(r,)) = Ny ()} = N'(n){¢(r) —¥(r)},
N{F(ry)} = N(F(r,)} = N'(§){F(r,) = F(n,)},
N'(n)>N'(§), n>§ and n>y(n).
Inequality (A) now becomes

(B) N'(n)(¥(r) =¥(n)) < s+ N()[F(r,) - F(r))].
Holder’s inequality (i), and (ii) are applied to F(r,) — F(r,) to get

F(r,) = F(r) <|If- Xx\sllqller, = o ll,

< /P gs 14 N () — o))
<P\ ) ) () = ()

We now apply Young’s inequality on the right-hand side:

Pq/pS\l/("z) + (‘P(’z) - 1P(’]))
N(‘P("l)) p '

F(ry) — F(r) <

Inequality (B) now becomes

NW(r)s |, M) = (r))

N'(n)(¢(ry) —=¥(r)) <s+ N () » .

Rearranging terms we get

, 3 qp?/?s < s ). ,
v 2)(‘ Nw(r.») < (1 ¥ ¢(rl)N’(n)) vin).

Since n > y(r) implies ¥ (r,)N'(n) > N{y(r,)), the choice Ny{(r)} >
(g + 2qp/?)s, ie., C = q + 2qp?/?, will complete the proof.

THEOREM 2. Let N be a C*-convex function. There is a constant C, 2 < C < 00,
which depends only upon N and q, 1 < q < oo, such that

Ny (n)) = erg?szw(c)} - N{F(r,)}
implies
N ()} = Ny (i) < € max N{y(r))) = N(F()}.
PrOOF. This is done by assuming 1 < g < oo and a similar proof proves g = 1.

Assume 1 < g < oo, r, > r; and N(F(r,)) > N(y(r,)). If N(F(r,)) < N (r))),
then

N(¥(r)) = My ()} < My(n)) = N{(F(r,))

and we are done.
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Lets = max;_, ,(My(r;)} — N(F(r,))). The following inequalities are used:
Do, = o ll, < PP 9r) () = $(r)]'7.

W) [If - xxnslly < g7 = NYN[(r)] = s)/9(r))/

The first inequality has already been shown, and to prove (ii) we start with

N (r)) < s+ NF(r)) < s+ NS - xsll g ()
by Holder’s inequality. Thus

TN ()Y = s < (r) N xs -
Since || f - xs,II9 < 1 = |If - Xx\s,/1% we derive

N(N[y(r)] =) |
\1’(’1)

<X lg < V=11 xxs Mg

or

I Xxs I < 1 —[ ‘”" _s}]

We now apply the mean value theorem to x9, 0 < x < 1, to derive

N {(N[¥(n)] —s>]‘

If - xxsllé < Q[l -

y(r)
This is (it).
The mean value theorem and the convexity of N imply
(iii)

N'(m)[¥(r) = ¥(r)] = M (n)) = Ny (n)),
N’(g)[F(’z) - F(’l)] = N{F(ry)} = N{(F(r))},
N'(n)>N'({) and n>¢.
To prove the theorem we start with
N (m[¥(r) = ¥(r)] = N(¥(r)) = NMy(r)} < s+ NF(r)) = My (n))
<s+ N(O[F(r) = F(r))]
and from (iii)
< s+ N()[F(r) - F(r)].
We recall the definition of F(r) and use Holder’s inequality to derive
F(ry) = F(r) < IIf - xxsllg N, = 90l
Thus
(A)  N(M¥(n) = ()] <5+ NS xasllglld, = ¢ll,)-
with the right-hand sides of inequalities (i) and (ii) we obtain from (A”)
-1 1
N m[$(r) = $(r)] < 5 + pV/rg W ()1 = = “5‘?53” ="

X‘P(’z)l/q[‘P(’z) - ‘P(rl)]l/q'
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We apply Young’s inequality to get

N80 - #000] <5+ 7w )| 2 ar) = ] =)

+N(

[¥(r) =¥ (n)].

We require the constant C in the conclusion to be greater than the constant C in
Lemma 1. Then y/(r,)/¢(r;) < 2 and we now have

() N(m)[¥(n) —¥(n)] < g5+ 2gp?N'(n)[¥(r,) = NYN [ (r,)] - 5}].

Let p(N(x)) = N'(x). Since N is a C*-convex function there is a constant C, < oo
such that p{(/ + d)s} < C,p{(/ — 1)s)for0 < d < o0, C(d) </and 0 < s < o0.

Suppose for fixed a > 4gp?/7C, we have N(y(r,)} — N{(y(r,)} > as. Then ¥(r,)
> N7'[N{(y(r))} + as] and

N(¢(rz)>—N(¢(r.)}< N{Y(r)) = N{y(r))
V() —v(rn) " N IN(r)) tas] - ()

N'(n) =

We substitute this expression into the right-hand side of (x) and get

(**) N()[¥(r) =¥ (r)] < gs + 2gp77 [ N{y(r,)) = N{¥(r,)}]
y(r)— N_I<N[\l’(’|)] - S}
NN (r)) +as] =y(r) |

To the quotient in brackets, we apply the mean value theorem to both numerator
and denominator:

¥(r) =N N[y ()] =5} _ N UN[w(r)]) = N N[y ()] - 5)
NYN[(r)] +as} =4(r)  NUN[Y(r)] +as) = NYN[y(r)])

_(NY(8) s
(N1)(8) a5

where N[y(r)]—s <8< N[Y(r)] and N[y(r)] <6 < N[y(r)] + as. Since
(N"'Yisa nonincreasmg function the right-hand side is

VYN =) 1
SIVY(NW () +as) @

From N'(x) = p(N(x)) we calculate (N~'Y(y) = 1/p(y), and

(VYN =5) 1 _ p[Me(r)y +as] 1
(NIY(N(g(r)y +as) @ p[N(w(r))-s] @
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We require N{(y(r,)} > C(a)s, i.e. the constant C > C(a), and then since p is a
C*-function the above is less than C,/a.Thus () becomes

N (r)) = N (r)) = N()[¥(r) —¥(r)]
C
< gs+ 2qpq/p7p[N{¢(’2)> - N(‘P(’l)}]

= gs + [N () = N (n))]

and the choice of C > max{C, C(a)) completes the proof.

It is not possible to improve upon Theorem 2 to include all convex functions. For
some simple cases the conclusion of Theorem 2 is equivalent to the inequality used
in Theorem 1.

4. THEOREM 3. Let ®: [ 0,0) — [ 0, 0) be nonincreasing, y(r) continuous and N
a C*-convex function. Then there is a constant C, which depends only on N and q, such
that

f:«p(zv[\p(r)] NF(r)]) dm* < cf (1) di,
where m* is the measure induced by N{y(r)}.

PRrOOF. Let

E, = {r: ®(N[y(r)] - N[F(r)]} > s}. Q(r) = sup{u: @(u) > 7).
We note that £(¢) is the inverse of @ and obtain
E,c{r:N[y(n] - N[F(r)] < Q(s)).

Forr,, r, € E and r, > r, we have

(i) max, , » N[¥(r)] = NLF(7)] < £(5).

Theorem 2 says there is a constant C, which depends only on N and g, such that
N{y(r,)) = CQ(s). This and inequality (i) imply

N (r)) = Ny (n)) < CQ(s).

This and the continuity of N[y (r)] give m*(E,) < 2C8(s). So

/O"°q><N[¢(r)] — N[F(r)]) dm* = /jm*(f;) ds,

<j0 2(79(s)ds=2cfO ®(r) dr,

and the theorem is proven.

5. Let D be an open domain in R”, n > 2, with finite measure. For 1<g<n,we
define L{(D) to be the space of funcuons in L9 with compact support in D, and
whose derivatives exist in the weak sense and are functions in L?.

Given a measurable function u: D — R, let A (y) = Kx € D: |u(x)| > y)| and
u*(1) = inf(s: A, (s) < t). The function u*(¢) is called the nonincreasing rearrange-
ment of u and a general reference is [1].
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In the calculations that follow we desire to extend the domain of the rearrange-
ment to R”". Let

u*(x) = u*(m%) for x € R".

Here w,_, denotes the area of the unit sphere in R”, and if we denote D* to be the
ball in R” centered at the origin of measure equal to D, then the support of u* is
contained in D*.

We have the following

LEMMA A. Let u € L?(D),1 < p < 0. Then

/‘Dz[u#(x)]pdx =L|u(x)lp dx.

LEMMA B. Let {u,) be a sequence of functions in L?(R"), 1 < p < 00, converging to
uin L. Then there exists a subsequence {u, } such that ufk converges to u® a.e.

Lemma B allows us to prove Theorem 4 using sufficiently nice enough functions
for which the techniques in G. D. Mostow [5] will prove the following

LeMMA C. Let u € C§°(D). Then

/ |V(u#(x))|"dx S/IVM(X)l”dx forl < p < .
D* D
The following theorem is a generalization of J. Moser [4].

THEOREM 4. Let N be a C*-convex function. If u € L{(D), 1 < q < n, such that
IplVu(x)|dx < 1, then there exists a constant Cy, q.n» Which depends only on N, q and
n, such that

1 Neau®
Cnign > m'/;xe {agu (X»mN‘q‘n(IXI) dx,

where a, = (w,_, - n9"")"/% and if R = diam(D¥), r = |x|, we have

(@) my,,(r)=Rre N N(F o) 1 p2m

. n n/(n—1) n -1/n
(b) my, .(r) = Rre~NloaR"/rmy ’-N’{log(R )} -{log(%)} ,

r"

() forl<gqg<n, m, , o(r) is bounded below by
_ (g—1/q
R"exp[—N{(M) : ,«q—n)/q)}}
n—gq

(4= 11/,

N{(M) e [Fa=m/ (gD _ R(q—n)/(q_u)](q—n/q}
n—q

.

(r(n+(n—q)/q)) '
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PROOF. We prove (c) of the theorem noting that (a) and (b) are similar.
From Lemma C we have

/ |vu®(x)|9dx </|Vu(x)|"dx < 1.
Dg

Define a variable ¢ by

(1) |r/R|" = e~', where R = diameter of D*.

Let f(¢) = a,u®(r). We compute
du

= ()| =7 —

{f(1)

or

I/nq_ q # q
= (a,) | vu®(r)|".

We note that f(0) = 0 from supp u® C D*, and f'(r) > 0 for ¢ > 0. Thus,
OL @l e arey = (@) n[vus()f'rar
-(1)=1-n

< (o)’
Define a weighted measure p(7) by
du(t) = e (= @/MIR 4 gy,

and let
%(t) = ellnm@)/mr. RaTn. X[O,p](t)‘

Then
M) [CLf(D) dp(r) <
(i) fg°f'(2) - ¢(t)du(t)*f(p)— F(p), and

(ii1)

p {1/ (g= D)(n=q)/m)t (g=1/q
Y(p) =l%ullg/(g- e = fo RU-9)/(4=1)

- (g=1/q)
= R(q—n)/q["_(u)_] [e(n—q)p/n(q—l) _ 1](q—l)/q.

n—gq
We apply Theorem 3 with 1 < g < n, ®(¢t) = e”', N a C*-convex function, and (i),
(i1), (i1) above to get

Cfme"dt >f“e—N<~p<p>>+)~I<F(p>> dN{¥(p)),
“o 0

where C, depends only on N and g. We compute

Cq > _fo e NCF(o)) . [e—N(\/z(p».wa(p)} . e+p]4,f(p) de",
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and changing variables according to (1), this is

1 n R Niwu®
— (o u™(r)} n~ldrd
e 9 m r)r rdao,
W,_ R" Ln—l,/(; N‘q.n( )

where, in terms of the variable p,
my . .(p) = e MO N(Y(p)) -y (p) - e’

We compute, according to relation (1),

C,>

e’ = (R/r)",
et

. [R/r]("_")/("_')[(R/r)<"—q)/(q—l) _ 1]-1/(1

> Cn‘qr‘q_")/"

and
v(p) = R((q—n)/q)(.’ﬁ_q__q_l))(q_l)/q .[(R/r)<nvq>/<q—l> _ 1](q—l)/q
n—gq
Thus

mN’q'n(r) > C, ,R"exp

_ N{ ("_(nq_‘_q‘))“’_”/" . ,(q-n)/q}]

_ (g-1/4q
N’ ng=1) [rla=m/(a=) — Ra=mg-H]@-1/g} . 1
n-gq prtn—q)/q"

6. The theorems presented here are generalizations to those found in M. Jodeit [2].

Let 1 <g< oo, 1/p+ 1/g=1, and f be Lebesgue measurable on (0, co) with
[°1f(x)|9dx < 1. Let N be C*-convex and F(x)= [{f(¢)dt. Then, Theorem 3
implies that there exists a constant C, y depending on g and N with

oC
f eNFN =N GN(x1/2) < C, .
b :

A substitution x = [N ~'(log(1/u))]” gives the following

THEOREM 5. Let N be C*-convex and g measurable on I = (0, 1) with

1>f.gq(u)p[N-‘(log(l/u))]”"(N")’[(log(l/u))] "
0

u

If, for0 < x < 1,

[V (10g(1/u))"” (N 'Y (1081 /u))]

u )

Te(x) = [ 'e(u)?

then [je™ T8V dx < C, .
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Since g — Tg is a linear map from L%(1, d[N '(log(1/u))]?) into L (I, dx),
where L, is the Orlicz space of norm e™*) — 1, then the transpose of T is a bounded
linear map from L;(1, dx) into L?(I, d[N ~'(log(1/u))]”). We calculate that L jis
the Orlicz space of norm equivalent to x[ N ~'(log *(x))], and the transpose of T is
Sf(x) = [f(t) dt. Hence we have the following

THEOREM 6. Let N be C*-convex, 1 < p < oo, [3f(1)[N~'(log™ f(1))]dt < 1 and
Sf(x) = [¢f(t) dt. Then there exists a constant K,  which depends only on N and p

such that

-1
I N-'(log(1/u))|”(N~")[(log1/u
[ (Sf(u))””[ (log(1/u))]” (V") [(10g /)], K .
o u .
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