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BANACH SPACES WHICH ARE M-IDEALS IN THEIR BIDUALS
BY
PETER HARMAND AND ASVALD LIMA

ABSTRACT. We investigate Banach spaces X such that X is an M-ideal in X**.
Subspaces, quotients and ¢-sums of spaces which are M-ideals in their biduals are
again of this type. A nonreflexive space X which is an M-ideal in X** contains a
copy of ¢,. Recently Lima has shown that if K( X) is an M-ideal in L( X) then X is
an M-ideal in X**. Here we show that if X is reflexive and K( X) is an M-ideal in
L(X), then K(X)** is isometric to L(X), i.e. K(X) is an M-ideal in its bidual.
Moreover, for real such spaces, we show that K( X') contains a proper M-ideal if and
only if X or X* contains a proper M-ideal.

1. Introduction. The object of this paper is to investigate Banach spaces X, which
are M-ideals in their bidual X**. Previous investigations of the question, whether the
space of compact operators on X is an M-ideal in the space of all bounded operators,
and the general study of the nature of the embedding of X into X** have led us to
consider these spaces.

In §2 we show some general results concerning M-structure, which are perhaps
folklore, but which do not appear in the literature.

In §3 we start to study the properties of spaces which are M-ideals in their
biduals. We show that subspaces and quotients of spaces, which are M-ideals in their
biduals, have the same property. The proof of this result is based upon the fact that
X is an M-ideal in X** if and only if the natural projection from X*** onto X* is an
L-projection. Using local reflexivity we show that if X is an M-ideal in X** and X is
nonreflexive, then X contains almost isometric copies of ¢,. From this it follows that
subspaces and quotients of such papers which are isomorphic to dual spaces are
reflexive.

M-structure of spaces which are M-ideals in their biduals are studied in §4. Here
we show that if X is an M-ideal in X** without proper M-summands and J # {0} is
an M-ideal in X**, then X C J.

In §5 we treat the relation between spaces which are M-ideals in their biduals and
spaces of compact operators. In [12] Lima proved that if K(X) is an M-ideal in
L(X), then X is an M-ideal in X** and X* has the RNP. Here we show that if X is
reflexive and K(X) is an M-ideal in L( X), then K( X)** is isometric to L( X), i.e.
K(X) is an M-ideal in its bidual. Moreover, if K( X) is an M-ideal in its bidual, then
X is reflexive. We prove that for real spaces K( X, Y) contains a proper M-summand
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254 PETER HARMAND AND ASVALD LIMA

if and only if Y or X* contains a proper M-summand. For X reflexive this means
that K(X) contains a proper M-ideal if and only if X or X* contains a proper
M-ideal.

Let us fix some notation. A closed subspace J of a Banach space X is called an
L?-summand (1 € p < o) (resp. M-summand) if there exists a closed subspace J*
such that X = J @ J* and

llx + yll? = lIxlI” +lyl” forxeJ,yeJ*

(resp. ||x + y|| = max{||x|l, ||y||} for x €J, y €J*). LP- and M-summands are
equivalently characterized as ranges of L”- and M-projections, which are defined in
an obvious way. A closed subspace J of X is called an M-ideal if its annihilator J° in
X* is an L-summand (in the case p = 1, we suppress the p). M-ideals can also be
described by intersection properties of balls. For more information we refer to [2].

We denote by K( X, Y) (K(X) in the case X = Y) the space of compact operators
from X to Yand by L(X,Y) (L(X) if X = Y) the space of all bounded operators
from X to Y. By(a, r) is the closed ball with center a and radius r in X (we omit the
X if the space is clear from the context). By is the unit ballof X. X =Y (X =7Y)
means that these spaces are isomorphic (isometrically isomorphic).

We write X ®_Y or X @, if the norm on the direct sum of X and Y is the
maximum- or the sum-norm.

The first named author wishes to thank E. Behrends and R. Evans for many
discussions. Some of the first results are due to R. Evans.

2. Preliminaries about M-structure. The first result shows that M-projections
( L-projections) are uniquely determined among contractive projections by their
ranges (kernels).

2.1. PROPOSITION. Let X be a Banach space.

(a) If E is an M-projection in X and P is a contractive projection with the same
range, then P = E.

(b) If E is an L-projection in X and P is a contractive projection with the same
kernel, then P = E.

PRrOOF. ad(a). It suffices to prove ker E = ker P.
“c”. Let x € ker E with ||x|]| =1 be given. Suppose Px # 0. For y:= x +
Px/||Px|| € ker E ®_ im E we then have || y|| = 1. Hence

1
1291 = (1 -+ T Pl = i 1> 1

which contradicts || P|| < 1.
“>5” Let x € kerP be given. For y:= x — Ex we have y € ker E C ker P.
Hence
0=Py=Px— PEx=—Ex, ie.x €kerE.
ad(b). This follows from (a) by dualising. O

2.2. COROLLARY. Let J be an M-ideal in X. If J is the range of a contractive
projection, then J is an M-summand.
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PrROOF. Let P be the projection onto J, |P|| < 1. Then P* is a contractive
projection with ker P* = J°. Because J° is an L-summand, P* must be the corre-
sponding L-projection (Proposition 2.1(b)). But then P is an M-projection [2,
Proposition 1.5]. O

2.3. PROPOSITION. Let X be a Banach space and let J be an M-ideal in X. If
X=K®_ LthenJ=(KNnJ)ye_(LNJ).

PROOF. Let E be the M-projection onto K. Obviously it suffices to show EJ C J.
By a simple Hahn-Banach argument this in turn is equivalent to E*J" c J°. Now
E* is an L-projection [2, Proposition 1.5] and J° is an L-summand. Let P be the
L-projection onto J°. The commutativity of L-projections [2, Proposition 1.7] then
gives E*J* = E*PX = PE*X* c PX*=J°. O

3. Properties of spaces which are M-ideals in their biduals. In the sequel we will
frequently identify i ,( X) and X. Since M- and L”-summands (1 < p < c0) in dual
spaces are w*-closed [2, Theorem 5.6; 3, Lemma 2.9], a nonreflexive Banach space
cannot be an M- or L”-summand (1 < p < o0) in its bidual.

3.1. PROPOSITION. Let X be a Banach space. The following statements are equiva-
lent.

(a) X is an M-ideal in X**.

(b) The natural projection from X*** onto i y.( X*) is an L-projection.

PROOF. Note that according to the definition X is an M-ideal in X** if and only if
iv(X)%is an L-summand in X***,

(a) = (b). The L-projection E onto the L-summand complementary for i ,(X)°
has the kernel i, (X)°. Because this is also the kernel of the natural projection,
Proposition 2.1(b) proves this half of the equivalence.

(b) = (a). Tnivial. O

3.2. COROLLARY. If X is an M-ideal in X**, then X* is an L-summand in X***,

See the remarks following Theorem 4.4 for the converse.

3.3. ExaMpPLES. Only nonreflexive Banach spaces are interesting.

(a) ¢o, K(H) with H a Hilbert space, and K(/,,/,) with 1 <p < g < o0 are
nonreflexive M-ideals in their biduals. (¢, and K(H ) are two-sided, closed ideals in
their biduals /, and L(H); with [20, Theorem 5.3] they are M-ideals. Using tensor
products one easily sees that: “If X and Y are reflexive spaces with the approxima-
tion property, then K(X, Y)** = L(X,Y)” and “K(/,, !,) is nonreflexive for 1 < p
< g < w” (cf. [4, Chapter VIII]); Theorem 9 of [18] then gives the desired result.
See also [13].)

(b) L}(S, =, p) is an L-summand in its bidual. (This is immediate from the fact
that these spaces are projection bands in their biduals, which are again AL-spaces.)
More general is the following: Let 4 be a W*-algebra. Then A, (the predual of 4) is
an L-summand in its bidual [23, Theorem 3]. In [1] Ando has shown that L' /H} is
an L-summand in its bidual.
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The next theorem establishes the hereditary properties of spaces which are
M-ideals in their biduals.

3.4. THEOREM. If X is an M-ideal in X**, then we have:

(a) Subspaces of X are M-ideals in their biduals.

(b) Quotients of X are M-ideals in their biduals.

(c) cy-sums of spaces which are M-ideals in their biduals are M-ideals in their
biduals.

PROOF. ad(a). Let M be a closed subspace of X. By Proposition 3.1 we have to
show that the natural projection P,. of M*** onto i,,.(M*) is an L-projection.
Recall the following two facts: “P,,. T*** = T***P,, where T: M — X denotes the
inclusion mapping”, “T*** is a quotient mapping, i.e. given m € M*** and ¢ > 0
one can find x € X*** with T***x = m and ||x|| < ||m|| + €”. By assumption P,. is
an L-projection. Let m, ¢, and x be as above. Then we have

Imll < |[Pypemll + llm = Pypeml|| = [Py T***x|| + [[T***x — Py T**%x|
= ||T***Py.x|| + ||T***x — T***P,.x||
SUT**|(IIPyox ]| + llx = Pyax]]) = |Ix]| < [Im]| +

which shows that P,,. is an L-projection.

ad(b). Replace T by the canonical map w: X — X/M. Then the proof is similar to
that of (a). (Actually it is easier, because w*** is isometric.)

ad(c). This is straightforward. O

REMARKS. (1) Using the identification (X/M)* = M° and Proposition 1.5(2) of
[14] one can also give a more direct proof of Theorem 3.4(b) using the intersection
property of M-ideals in the form of [11].

(2) One easily sees that being an M-ideal in its bidual is not a 3-space-property.

(3) Although the nature of the objects in M-structure theory is purely isometric, it
easily follows from the characterization by the intersection property that if X is an
M-ideal in X** and d( X, Y) =1 then Y is an M-ideal in Y**. d( X, Y) denotes the
Banach-Mazur distance.

We shall now show that nonreflexive spaces which are M-ideals in their biduals
contain almost isometric copies of ¢, and hence, that they are not isomorphic to dual
spaces. We write the proof of Theorem 3.5 for real spaces only. The proof is easily
extended to the complex case.

3.5. THEOREM. Let X be nonreflexive and an M-ideal in X**. Then X contains almost
isometric copies of c,.

PROOF. Let ¢ > 0 and choose x;, € X and y € X** such that 1 = ||x,|| = d(y. X)

and || y|| < 1 + . We shall show by induction that there exists a sequence (x,);_, in
X such that:

(i) |Ix,ll = 1 — 2¢ for all n.

(i) lx; £ x5+ -+~ £ x,|| <1+ 2e — 2&/2" for all n and all choice of signs.
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Assume we have found x,,...,x, as above. Since X is an M-ideal in X**, there
exists a z, € X such that [11]
2
Iy =z) dx gt kx| <1+ 2= 5
for all choice of signs. Let E, = span(y, z,, x;,...,X,). By the principle of local
reflexivity [15], there exists an operator 7,: E, — X such that forall x € E,
(1= 8,)lxll < IT,xll < (1 +3,) x|

and T, x = x if x € E, N X. Here we choose 3, > 0 such that

Put x, ., = T,(y — z,). Then we have
”xl ixZi ot X +’xn+lH=||Tn(y_zn-+—_xl i‘x2+ i‘xn)“

n — _—

<(1+8n)(1+25—%)<1+2e—
Moreover (1 —9,)|ly — z,/| <|lx,,,/l and since z, € X we have |y —z,| >
d(y, X)= 1. Thus we get||x, .|| > 1 — 9, = 1 — 2¢ for 9, sufficiently small.
Now we define an operator T: ¢, = X by T((a,)) = ¥, a,x,,. It is straightforward
to show that

(1 = 6¢)||x]| < ITx|| < (1 + 2¢)|x|| forallx €¢c,. O

2¢
2r1+1 :

The first corollary from this theorem collects some simple, but interesting conse-
quences. The second is more substantial, because it says that nonreflexive spaces
which are M-ideals in their biduals are far from being dual spaces. Note that an
alternative proof of Corollary 3.7 could be given, using (c) of Corollary 3.6 and
Theorem 23B in [10].

3.6. COROLLARY. Let X be a nonreflexive space which is an M-ideal in X**.
(a) X is not weakly sequentially complete.

(b) X does not have the Radon-Nikodym property.

(c) X is not complemented in X**.

(d) X** /X is nonseparable.

PROOF. (a) and (b) follow from the fact that ¢, is not wsc and does not have RNP
and that these properties are hereditary for subspaces.

(c) Since X is an M-ideal in X**, X contains a subspace isomorphic to ¢,. By a
result of Rosenthal [16, Theorem 1.3, if X is complemented in X**, then X contains
a subspace isomorphic to /. Hence X also contains /;. But this is impossible since
X* has the RNP [14]. Thus X is not complemented in X**.

(d) follows from the embedding /_ /c, = X** /X (there we use the result “if J is
isomorphic to a subspace of X, then J** /J is isomorphic to a subspace of X** /X
which is not difficult to prove). O

3.7. COROLLARY. Let X be an M-ideal in X** and let Y be a closed subspace or a
quotient space of X. If Y is isomorphic to a dual space, then Y is reflexive.
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PrOOF. By Theorem 3.4(a) or (b) Y is an M-ideal in Y**. Let Y = Z* and assume
for contradiction that Y is not reflexive. Then Y, hence Z*, contains ¢, and by
Proposition 12.¢.8 in [15] also /_ C Y. But then Y* does not have the RNP
(/, @ [, = Yand [} is not separable). By Theorem 2.6 in Lima [14] we get that Y is
not an M-ideal in Y**. O

4. M-structure of spaces which are M-ideals in their biduals. We investigate the
M-ideals and the centralizer of spaces which are M-ideals in their biduals. In
Theorem 4.4 we show that if X is an M-ideal in X**, then either X contains a proper
M-summand or else X is contained in every proper M-ideal of X**.

4.1. THEOREM. Let X be an M-ideal in X** and let J be a closed subspace of X. If J
is an M-ideal in X, then J is an M-summand in X.

PrROOF. By assumption J% is an M-summand in X**. Using the fact that
iv(J)=J% Niy(X), which is a simple application of the Hahn-Banach theorem,
and Proposition 2.3 one arrives at the desired result. O

The next result is not only useful for proving Theorem 4.3, but is of some interest
in its own right.

4.2. PROPOSITION. Let X be an M-ideal in X**. Then every isometric isomorphism of
X** is the bitranspose of an isometric isomorphism of X.

PROOF. Let I: X** — X** be the isometric isomorphism. From [14, Theorem 2.6]
we know that X* has the RNP. A result of Godefroy [7, p. 103] then gives an
isometric isomorphism J: X* — X* with J* = I. We only have to show J*X C X,
because then (/|y)* =J. By a simple Hahn-Banach argument this inclusion is
equivalent to 7*X° c X°. To prove this, it suffices to show I*Byo C B yo.

Because of the w*-continuity of /* and the fact that Byo = conv"” ext Byo, we see
that it is enough to show that every extreme point f € By is mapped by /* into B ..
But I*fis an extreme point in By... and, because X*** = X* &, X°, it therefore can
only lie in Byo or By.. In the second case there exist a g € X* with J**f = I*f = Jg
= J**g, which contradicts the fact that J** is one-to-one. O

REMARK. G. Godefroy has informed us that he has independently proved Proposi-
tion 4.2 in a forthcoming paper.

For the following theorem we need some further concepts of M-structure: We
denote by P,,( X) (P, (X)) the collection of all M- (L-)projections in a Banach space
X and their closed linear spans in L(X) by C_(X) (C(X)). For a definition of
Z(X), the centralizer of X, we refer to [2, p. 53 ff]. Here we need only the fact
C,.(X) C Z(X) with equality for dual spaces [2, Theorem 5.9].

4.3. THEOREM. Let X be an M-ideal in X**. Then Z( X) = Z( X™**).

PrOOF. Clearly the operator A: L(X) — L(X**) defined by T — T** gives an
isometric injection from Py, ( X) into Py, (X**). If P € Py, (X**) then ] = 2P —idis
an isometric isomorphism of X**, hence bitranspose by Proposition 4.2. It easily
follows that P is the bitranspose of an M-projection in X, i.e.

(*) Py (X**) = A(Py (X)) € A(C.(X)).
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As the right-hand side is a closed linear space, this gives
Z(X**) = C (X**) c A(C.(X)) € A(Z(X)).

Together with the opposite inclusion A(Z( X)) € Z( X**) which is valid for arbitrary
Banach spaces X (T € Z(X)= T* € C(X*) = T** € C(X**) = Z(X**) by
Theorems 3.13 and 5.7 of [2]), we arrive at the desired result. O

4.4. THEOREM. Let X be an M-ideal in X** without proper M-summands. Then every
nontrivial M-ideal of X** contains X.

PROOF. Let J be an M-ideal in X**. Then J N X is an M-ideal in X, hence by
Theorem 4.1 an M-summand. The assumption then gives that J/ N X equals {0} or
X. Assume the first case. By [2, 2.7 and 2.8(ii)] / and X are complementary M-
summands in J + X. But this implies J = {0}, because there are no M-orthog-
onal directions for X in X**. (PROOF. Suppose that for y € X**\ X we have
span(y, X) =Ky &_ X. Then P,(y), the set of best approximants of y in X, is a
closed ball in X with positive radius d(y, X). But as is easily seen, cf. [19]: For an
arbitrary Banach space X and y € X** \ X, Py(y) has no interior points relative to
X) O

REMARKS. (1) The above result contains Theorem 3.4 of Smith and Ward [21] as a
special case; cf. also [6]. (Note that by Proposition 5.7 below K( [,) does not contain
proper M-summands.)

(2) In contrast to the situation X = K(/,), 1 < p < oo, where Smith and Ward
have shown in [22] that X is the only nontrivial M-ideal in X**, in general there
might exist M-ideals strictly between X and X**.

ExaMPLE. For arbitrary Hilbert spaces H, K(H ) is an M-ideal in its bidual L(H ).
The centralizer of a W*-algebra is the centre of this algebra, so that by Theorem 4.3
K(H ) has a trivial centralizer. Denote by 8( X) the density character of the space X
(i.e. the smallest cardinal number, such that there exists a subset of this cardinality
dense in X). It is not hard to show that for a > N,

I,={T€L(H)5(mT) < a}

is a closed two-sided ideal in L( H ). By [20, Theorem 5.3] it is an M-ideal, so that for
H nonseparable we have e.g. K(H) G Iz, G L(H).

Note. This also provides easy examples of Banach spaces X with trivial centralizer
and arbitrary many M-ideals (take X = L(H) with H sufficiently large).

(3) By using the above results, it is possible to give a new (and shorter) proof of
Theorem 3 of Lima [13]: If X* = L'(u), then X is an M-ideal in X** < X = co(1),
I discrete.

This result shows that the converse of Corollary 3.2 is not valid in general. Take
e.g. X =c Then X* =/ is an L-summand in X***, but X, since not isometrically
isomorphic to ¢, is not an M-ideal in X**.

(4) As a nice consequence we obtain the following “renorming” result:
d(X, cy) =1 = X = ¢,. (PROOF. The assumption obviously implies d( X**, [ ) =1,
and this is known to imply X** = /_. By the uniqueness of the predual of [, we get
X* =1, ie. Xis an L'-predual space. From Remark (3) following Theorem 3.4 we
know that X is an M-ideal in X**. Hence we get X = c,.)
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5. Spaces of compact operators. A very difficult problem is to characterize those
spaces X such that K( X) is an M-ideal in L( X). This has been considered in many
papers: e.g. Hennefeld [8, 9], Lima [13, 14] and Smith and Ward [20]. In [14] it is
shown that if K( X)is an M-ideal in L( X), then X is an M-ideal in X**. As there are
reflexive spaces X for which K( X) is not an M-ideal in L( X)) (cf. [13]) the converse
is not true. Here we show the following: If X is reflexive and K( X) is an M-ideal in
L(X), then K(X)** = L(X). i.e. K(X) is an M-ideal in its bidual. In order to
obtain this result, we prove the existence of a bounded net of compact operators
which converges in the strong operator topology to the identity. In the second half of
this section we investigate the M-summands in K( X, Y): it is shown that only if X*
or Y have proper M-summands, K( X, Y) can have nontrivial ones.

5.1. LEMMA. Assume K( X) is an M-ideal in L( X). Then there exists a net (T,) in
K(X) such that:
W T < 1 forall a.
(i) |IT,x — x|| = 0 for all x € X.
(i) |T*f — fl| = 0 for all f € X*.
I =TJ -1
PROOF. As proved in [14], X* has the RNP. Let st.exp. By. denote the set of

elements in the unit ball of X* which are strongly exposed by elements of X**. By
[4], we have

By. = conv (st.exp. By.) (norm-closure).

Let f,..... f, € stexp. By. and let y,.....y, € By.. such that 1 = ||yl = (/). Let
d > 0 and choose &€ > 0 such that if g € By. with y,(g) > 1 — ¢ for some i, then
llg — f|l < 9. Choose x, € X such that ||x,| = 1 and f,(x;) > 1 — &/2. Define S, €
K(X)by S,(x) = f.(x)x,. Since K(X) is an M-ideal in L( X), there exists T € K(X)
[11] such that

Te€ B(0,1)NnB(1,1+3)n( ﬁB(liS,,l +¢e/2).

+ i=1
Thus||T|| < 1and |/ — T|| < 1 + 9. Since S*(f,) = f,(x,) - f,. we get
mfxufi(xf) S, - T)I<s1+e/2

such that
max||f, +(f, — T*/)| <1 +e
+

Hence
N+ -y(T*))<1+e

such that y,(T*f,) > 1 — & But then || f, = T*f]| < 0.

Let Q = the family of finite subsets of stexp. By.. We order & X N by
(wy, 1) > (wy, m) if w, D w, and n > m. We have now shown that for each a =
(w, n) € Q X N, there exists 7, € K(X) such that ||T,]| < 1 and IT*f = fll < 1/nif
f€ w
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Let g € X*, and assume ||g|| < 1. Let n > 0. We can find f},....f,, € st.exp. B,.
such that

d(g, conv(fy,....f,,)) <n/3.
Let n € N be such that 1/n < n/3 and let w = { f},....f,,} and @ = (w, n). If now
T, is as above, then we easily see that ||T*g — g|| < . Thus it follows that the net
(T,,) satisfies (1), (iii) and (iv).

Clearly, (T,) satisfies f(T,x) — f(x) for all f € X* and all x € X. Thus T,x — x
weakly for all x € X. By a well-known procedure, it follows that we can find a net
(T;) consisting of convex sums of the elements (7,) which also satisfies (ii). The
proof is complete. O

REMARK. A shorter proof of Lemma 5.1, which is due to the referee, goes as
follows: Write L(X)* = K(X)° @,Y, and let z be the Hermitian projection in
L(X)** associated with K( X). By Theorem 2.5 of [22], there exists a net {7, } from
K(X) such that:

MIT) — 1.

@I = T,j - 1.

(3) T, = z (w* in L(X)**).

If x€ X, f€ X* and F € X**, then the linear functionals on L(X) defined by
T - f(Tx)and T — F(T*x) are in Y (since they attain their norms on K( X)). Since
I and z agree on Y, we get by (3) that T,x — x weakly and T}f — f weakly for all
x € X and all f € X*. By replacing the 7,’s by appropriate convex combinations,
the lemma follows.

In [§], it is shown that the map V: X* éﬂ X** > K(X)* defined by

(T, V(u)) = tr(T**u) = Y (x*, T**x}*
i=1
where u = £, x* ® x** € X* ® X** is a quotient map if X* has the RNP. It
follows that we have natural identifications

K(X)** = (ker V)’ c (X* &, X**)* = L(X**).

5.2. LEMMA. Assume K(X) is an M-ideal in L(X). If T € L(X), then T** €
(ker V)°. Thus we have L(X) C K(X)** C L(X**).

PrROOF. Note that by (X* é,,X**)* = L(X**) an S € L(X**) acts on u €
X* ®, X** by u — tr(Su):= trf(id y» ® S)u]. Let T € L(X), let (T,) C K(X) be as
in the lemma above and let u = 2, x¥ ® x** € ker V. Then T,T € K(X) such
that

i

oC
0=(T,T.V(u)) = ¥ (x¥, THT*x}*)
i=1

™M

= L (Taxt, T*xr*) = 2 (xF, Txr*) = t(T**u).
=1 i=1

1

Thus T** € (ker V)°. O
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5.3. THEOREM. If X is reflexive and K(X) is an M-ideal in L( X), then L(X) is
isometrically isomorphic to K( X )**.

PRrOOEF. This is an easy consequence of Lemma 5.2. O
A simple application of Corollary 3.7 to the embedding X* — K(X) gives a
partial converse of this theorem.

5.4. PROPOSITION. If K( X)) is an M-ideal in K( X)**, then X is reflexive. O

A simple consequence of Lemma 5.1 and the fact that there exists a subspace of /,
without the compact approximation property [15, Theorem 11.1.g.4] is the following
result.

5.5. COROLLARY. Let 1 < p < o0, p # 2. There exists a subspace X of |, such that
K(X) is not an M-ideal in L( X).

We now turn to the M-summands in K(X,Y). Note that if there are proper
M-summands in X* or Y. K(X, Y) also has nontrivial ones (cf. [12, Propositions 6.1
and 6.3]). The next theorem gives the converse.

5.6. THEOREM. Let X and Y be real Banach spaces. If K(X,Y) contains a proper
M-summand, then Y contains a proper M-summand or X contains a proper L-sum-
mand.

PROOF. Several times we will use the following result of Ruess and Stegall [17]:
S 1= ext By vy, = €xt By.. ® ext B,.

where for x** € ext By..,y* € ext By.and T € K(X,Y)
(X** ® _V*)(T) = y*(T**X**).
Now for a nontrivial M-projection P in K( X, Y), P* is an L-projection in K( X, Y )*
and P # 0, I. With Theorem 4.6 of [12] and the above result there exist x3*
x;"* € ext By.. and y§, y§ € ext By. with P*(x§* ® yg) = 0 and P*(x** ® y¥) =
F* ® vt x¥* ® yf then belongs to S and we have (i) P*(x§* ® yff) = x§* ® yf or
(u)P*(r * ® =0
ad (i). We claim that in this case Y contains a proper M-summand.
PROOF Choose f € X* with x§*(f) = 1. Foreachy € Y, define 7, € K(X,Y) by
= f(z)y,z € X. Then T**x{* = y. Now define R: Y* — Y* by

(Ry* v) = [(PT,)**x3*](y*) = (x3* ® y*)(PT,) = [P*(x§* & y*)|(T,).

As is easﬂy seen, R is a well-defined linear operator. Because PT, is compact, we
know (PT )**x* € Y; for a w*-convergent net (yF) in Y* with limit y* we thus
have

(Ry2)(y) = y2[(PT.)**xg*] = y*[(PT,)**x5*] = (Ry*)(y)
which shows that R is w*-w*-continuous, hence of the form R = Q* for some

Q € L(Y). We claim that Q is a nontrivial M-projection.
Note first that we have

(*) Ry* = Qory* fory* € ext By..
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(PROOF.
(Ry*)(y) = [P*(x§* ® y*)[(T})
= O(T,) or (xk* ®y*)(T‘) because x}* ® y* € §
and P* is an L-projection
=0 or y¥(Trxg) =y*(»).)
But (*) gives R = R? on ext By., hence on span ext B,.. The w*-density of this
space and the w*-continuity of R show that R is a projection, hence also
Q is a projection. By Theorem 4.6 of [12] and (*) Q is already an M-projection.
PX(x}* ® yF) =0 and P*(x}* ® yf) = x* ® y¥ imply (see the proof of (*))
Ry§ = 0 and Ry} = yf, i.e. Q is nontrivial and (i) is settled.
ad (i1). We claim that in this case X* contains a proper M-summand. (Note that X
then contains a proper L-summand by [2, Theorem 5.7].)
As the proof of this claim is similar, we omit the details. Choose y € Y with
yi(y) =1 Foreach x* € X* define T.. € K(X,Y)by T..z = x*(z)y,z € X. Then
Thyr = x*. Now define R: X** —» X** by

(Rx**)(x*) = [(PT.)**x**|()F) = (x** ® 7 )(PT..) = [P*(x** ® y})|(T,.).

R is a nontrivial w*-w*-continuous L-projection. O
As a corollary of the proof we obtain the following

5.7. PROPOSITION. Let X be a reflexive real Banach space. If K(X) contains a
proper M-ideal, then K(X) and (X or X*) contain proper M-summands.

PROOF. Let M be a nontrivial M-ideal in K(X) and P the corresponding
L-projection in K( X)* with range M°. Because there are extreme points in the unit
balls of M® and M°*= M*, we can derive from K(X)* = M° &, M " the ex-
istence of xg*, x* € ext By.. and y§, y¥ € ext By. with the same properties as in
the proof of the theorem, where P* is now replaced by P.

Assume we are in case (i). Let T, be as above and define R: X* — X* by

(Ry*)(y) = [P(x3* ® y*)(T,).

R is a well-defined linear operator and, since X is reflexive, a dual operator. Hence,
as before, R is a nontrivial L-projection. Thus X contains a proper M-summand. (ii)
is similar and both cases clearly imply that K( X) contains a proper M-summand, cf.
[12, Propositions 6.1 and 6.3]. O

REMARK. Together with Theorem 4.4, the above results contain Theorem 3.2 of
[21] as a special case.
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