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APPLICATIONS OF UNIFORM CONVEXITY
OF NONCOMMUTATIVE L”-SPACES
BY
HIDEKI KOSAKI'

ABSTRACT. We consider nencommutative L7-spaces, | < p < oo, associated with a
von Neumann algebra, which is not necessarily semifinite, and obtain some conse-
quences of their uniform convexity. Among other results, we obtain (i) the norm
continuity of the “absolute value part” map from each L”-space onto its positive
part; (ii) a certain continuity result on Radon-Nikodym derivatives in the context of
positive cones introduced by H. Araki; and (iii) the necessary and sufficient
condition for certain L”-norm inequalities to become equalitics. Some dominated
convergence theorems for a probability gage are also considered.

1. Introduction. After the development of the modular theory [27] one can
construct noncommutative L7-spaces associated with a von Neumann algebra
without a trace {3, 8, 10, 12, 14, 15]. (Full details of [10] are now found in [30].) Also
it is now known [15] that these L?-spaces are uniformly convex Banach spaces. The
purpose of the paper is to obtain certain consequences of this uniform convexity,
which will be explained below.

After some preliminaries and technical lemmas in §§2 and 3, respectively, in §4 we
will prove that the “absolute value part” map from each L?-space, 1 < p < o0, onto
its positive part is norm-continuous. This continuity is known for C,-ideals [19, 24],
that is, the noncommutative L7-spaces constructed from a factor of type I
However, our proof is more technical because we have to deal with certain un-
bounded operators (see §2 for details) instead of compact operators in C,-ideals.

In §5 we will consider a one-parameter family {P*}y.,<),» of positive cones
associated with a von Neumann algebra 91 admitting a cyclic and separating vector
[1, 3, 13, 14, 16, 25, 27]. We will prove that, for each 0 < a <1/4, the map
¢ € P* > w, € M, is a homeomorphism with respect to the norm topologies, and
that 0 < a < 1/4 can be replaced by 0 < a < 1/2 if 9 is finite. The former is a
consequence of the continuity result in §4, while the latter is a consequence of a
certain dominated convergence theorem for a probability gage [18, 20, 21, 23, 26, 31]
proved in §3.

In §6, among other results, we will prove
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for any a, b in the positive part of each L?-space, 1 < p < co. More importantly, we
will also find when these inequalities and Clarkson’s inequality become equalities.

The author wishes to thank the referee for useful comments. Indeed, the proof of
Lemma 2.3 is due to the referee, and this greatly simplified lengthy arguments in the
original version.

2. Noncommutative L ”-spaces. We collect some basic facts (as well as definitions)
of noncommutative L?-spaces associated with a von Neumann algebra which is not
necessarily semifinite. Full details are found in [3, 8, 12, 14, 15, 30]. Also we recall
the theory of r-measurable operators arising from a semifinite von Neumann
algebra. This subject was initiated by Segal [23], however, we will follow Nelson’s
elegant (and slightly different) treatment [20]. Details are found in [18, 20, 21, 23, 26,
31].

In the first half of the section (and in main parts of the paper), we assume that I
is a (possibly type III) von Neumann algebra with a standard form (I, 3(, J, P%)
in the sense of [1, 9). Also, throughout the paper we fix a unit cyclic (and separating)
vector ¢, in 9" with the vector state ¢, = wg, € M, , and denote the corresponding
modular operator (on J() by A [27].

We represent noncommutative L?-spaces, L”(J; ¢y), 0 <p < oo (L*(IM; @)
= M), as spaces of certain unbounded operators on ‘K which are not affiliated with
M (unless ¢, is tracial). More precisely, for each ¢ € 9N with a unique implement-
ing vector £, in %%, we consider the relative modular operator A,, on J [7]. The
positive selfadjoint operator A, is characterized as

{JA'{foxﬁo = x*¢,. x €M,

M, isaform coreford,, .

Then LP(M; ¢,), 0 < p < oo, consists of all closed operators a on ) with the polar
decomposition a = udf? u € M, ¢ € M, . It is well known that one can freely
add (strong sum), multiply (strong product), and take adjoints of elements in these
LP-spaces as if one deals with 7-measurable operators (explained in the last half of
the section). The positive part L?(91L; ¢,), consists of all Al‘i’/é’o’ ¢ € MM, , and each
element in L?(9N; ¢,) can be written as a linear combination of four positive
elements (in the usual way).
For eacha = ud,, € LY(M; ¢,), we set

tr(a) =“(aé,|£&)” in the form sense

(= (A2 a2 urey) = (&1 Jut,) = (ug,|8,))
= ¢(u).

As a consequence of the relative KMS condition, the (positive) linear functional tr
on L'(9N; ¢,) enjoys the following tracial property:

tr(ab) = tr(ba);  a € LP(IM; ¢y), b € LI(IM; ¢p); 1/p+1/g=1.
For p = 1, LP(9W; ¢,) is a Banach space under the norm

lalp = te(ap)"””  (=¢(1)7ifa=ud{Z ),
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and is an ON-bimodule in a natural way. (The module structure is defined by (strong)
products of operators.)

Among these L?-spaces, the L'-space L'(9N; ¢,) is isometrically isomorphic and
order isomorphic to the predual 91, via

a=uby, —up  (=o(u-)),
while the L%-space L*(9W; ¢,) together with L*(9M; ¢,), can be identified with
(3C, 9%) via

a=ul{} — ak, = ué,.
In particular, the inner product in L*(91; ¢y) is given by
(a, b) - tr(ab*) = tr(b*a).
(In fact, when a = ud'/; and b = vA\/;, we have
(uts 0g,) = (ualfto| v (3g0) = (MG ubifito|€0)

= (b*a¢y|¢,) = tr(b*a).)

When 1/p + 1/q = 1, the bilinear form

(a,b) € LP(9N; ¢y) X LYO; ¢9) = {a,b)y=tr(ab) € C
gives rise to the expected duality L?(IN; ¢y) = LYIM; ¢p)*, 1 < g < o0.

For each 1 < p < oo with the conjugate exponent ¢, L?(91; ¢,) may be continu-
ously (due to Holder’s inequality) imbedded into L'(9N; ¢) = I} via a — aAl/9.
(Here, A=A, , 1s the usual modular operator fixed at the beginning of the
section.) In particular, 9N = L*(9; ¢,) is imbedded into 9N, via x - xA (= x¢)

so that one obtains the pair (91, 9N,) of compatible Banach spaces in the sense of
[5, 6].

PROPOSITION 2.1 [15]. Under the above-mentioned imbedding, LP(N; ¢,) is exactly

the complex interpolation space Cy_, ,,(IN, I,) (with equal norms) in the sense of
Calderon [5, 6].

In particular, C, ,,(9, IM,) = LA(M; ¢,) = I, and the reiteration theorem for
the complex interpolation method [6, Chapter 4] asserts that

LP(C‘JK )_ CZ/p(C:)R”(‘}C)’ 2<P<°°,
»®0) = G pa(36,90,), 1<p<2,

with equal norms (see [15, §4] for details). Thus, the result in the Appendix of [15]
guarantees

PROPOSITION 2.2 [15]. For each 1 <p < oo, L?(9W; ¢,) is a uniformly convex
Banach space. Thus, due to (9) in [17, p. 365] and the duality, it is also a uniformly
smooth Banach space.

We here recall that a Banach space X is uniformly convex if the following
condition is fulfilled: For each ¢ > 0 there exists a 8 = &, > 0 such that ||x|| = || y|| = 1
and |[3(x +y)|>1—86 (x, y € X) always imply ||x — y|| <e. A very readable
account on uniformly convex and smooth Banach spaces can be found in [17].
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In the last half of the section, we assume that 7 is a normal faithful semifinite trace
(“gage”) on a semifinite von Neumann algebra YU acting on a Hilbert space th.
Also, by an “operator” we will always mean a closed (and densely-defined) operator
on K affiliated with 9.

An operator a is said to be T-measurable if for any 6 > 0 there exists a projection e
in 9 such that eX C D(a) and 7(1 — e) < & [20].

Let a = u|a| be the polar decomposition and |a|= [;° A de, the spectral decom-
position. The following criterion is useful: a is 7-measurable if and only if there
exists a positive A, such that 7(1 — e, ) < oo [20, p. 112]. As consequences of this
fact: (i) if 7(1) < oo, then every operator is T-measurable; (ii) if an operator a is
bounded, that is, a € 9M, then a is 7-measurable; (iii) if a is T-measurable, then
7(1 — e,)\0 as A 700. (Indeed, (iii) follows from (1 — e, ) < o0, I — €, \0, and
the normality of 7.)

When a and b are 7-measurable, then a*, b* are T-measurable. Also, the (algebraic)
sum a + b and the (algebraic) product ab are closable, and their closures (a + b)~
(called the strong sum) and (ab)~ (called the strong product) are again T-measurable.
Furthermore, under strong sum, strong product, and the adjoint operation, the set of
all T-measurable operators forms a *-algebra [20, 23]. Thus, in what follows, we will
suppress a closure sign (without causing any ambiguity). Also, it is known [23,
Theorem 5] that (iv) any symmetric T-measurable operator is selfadjoint.

We now introduce a topology on the set of all -measurable operators (see |20,
§2]). Fore, § > 0, we set

€(e,8) = {a; ais a r-measurable operator admitting a projection
e € M with ||ae|| < e and7(l —e) <§}.

A vector topology whose fundamental system of neighborhoods around 0 is
{C(e, 8)}, 5-0 Will be referred to as the measure topology. It is known [20] that (v)
the set of all T-measurable operators equipped with the measure topology forms a
Hausdorff topological *-algebra. (It is complete, but not locally convex.) We note
that (iii) implies (iii)’: if a is 7-measurable, a, = ufJ' A de, (€ JMN) tends to a (as
n — 00) in measure.

Now, we describe noncommutative L?-spaces L?(I; 7), 0 < p < co. Although 7
can be a trace with 7(1) = oo, we assume that 7 is a tracial state (“ probability gage”)
in what follows. (In fact, in §§3 and 5, we will use just noncommutative L?-spaces
arising from a tracial state.)

In the literature [18, 20], of course, L?(9N; 7), 1 < p < o0, is defined as the space
consisting of all operators a (recall (i)) satisfying 7(|a|?) < oo. It is a Banach space
under the norm |la||, = 7(|al?)!/? and satisfies all expected properties such as
duality. We point out that (when 9 is standardly represented) L?(IN; ¢y = 7) in
the sense of the first half of the section is exactly L?(9W; 7) just defined. In fact,
when ¢, = 7 (that is, §, = £, is a unit trace vector), a relative modular operator
A,, = h, is affiliated with 9M and is the Radon-Nikodym derivative d¢/d in the
classical sense. Furthermore, norms are computed by

lr(A¢r) = (Awgflgr) = T(h¢)-
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We note (vi): If a sequence {a,} in L?(9N; 1), 0 <p < oo, tends to a in the
L7-norm, then a, tends to a in measure. In fact, if b = u|b| and |b|= [§° A de, (the
spectral decomposition), then

18ll> = =(1p") = f(}“m dr(ey) >fp°°m dr(ey)=err(l1 —e)  (e>0).

Thus, for any preassigned & & >0, ||b]|, <¢8'/” implies 7(1 —e,) <& so that
{b € LP(IM; 7):|1bll, < €8'/7} is included in O(e, 9).

For bounded selfadjoint operators a, b, it is well known that ab = ba if and only if
a and b commute strongly, that is, e’®‘e’#? = e'fbe'* o, B € R, or, equivalently, all
spectral projections of ¢ and b mutually commute. However, for general unbounded
selfadjoint operators, the situation is much worse. Indeed, as the famous counterex-
ample of Nelson [22, p. 273] indicates, all kinds of pathological phenomena occur.
We, however, show that for special unbounded selfadjoint operators appearing in §2
no pathological phenomenon occurs.

LEMMA 2.3. Let a, b be T-measurable selfadjoint operators. ( Here, I need not be
finite.) Then ab = ba if and only if a and b commute strongly.

PrOOF. If [a, b] = 0, we get [P(a), Q(b)] = 0 for any two polynomials P, Q. Let
f, g be two bounded continuous functions on R, and P,, Q, sequences of polynomi-
als converging to f and g uniformly on compact subsets of R. For ¢, § > 0, one can
choose 7, > 0 such that the spectral projection of a corresponding to the set {z € R;
|£]|> t,} has trace < §, and then choose n, € N such that

|P(t) — f(1)|<e fort € [-t5,1,],n=>n,.

Then P,(a) — f(a) € O(¢, 8), n = n, and P,(a) tends to f(a) in measure. Similarly,
Q,(b) tends to g(b) in measure. Since the set of all 7-measurable operators form a
topological algebra, we get

[f(a). g(b)] = tim [P,(a),Q,(b)] = 0.

Taking f(¢) = ' and g(¢) = e'?, one concludes that a and b commute strongly.
Q.E.D.

LEMMA 2.4. Let ¢,y € O} and a, B > 0. (Here, O need not be semifinite.) Then
A‘;%Aﬁ% = Aﬁ%A‘;,% if and only if Ay, and A, commute strongly.

PrOOF. We consider the crossed product 9 X R (relative to the modular
automorphism group o, = Ad A”, t € R) acting on ¥ ® L*(R; dr) generated by
x®1, x €M, and A" ® L", t € R. Here, L is the exponential of the generator of
the regular representation of R. Then the crossed product is semifinite, and it is
known [12, §1] that h, = A,, ® L is 7-measurable with respect to the canonical
trace T on the crossed product. (See [22, VIII-10] for tensor products of unbounded

operators.)
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We thus have the following bi-implications:

[A‘;‘Po’ A€¢()] =0 Q[h:;’ hg] =0
= h,and h, commute strongly (Lemma 2.3)
= Ay, ®L"and &), ® L"” comute

= A%, and A, commute. Q.E.D.

3. Technical lemmas. In this section we collect some technical lemmas. Among
other results, in the last half, certain dominated convergence theorems for a
probability gage will be obtained (Proposition 3.7 and Corollary 3.8).

LEMMA 3‘]',1f t€R - h(1) € LP(IM; ¢y), , 1 <p < oo, is differentiable (with
respect to the LP-norm) at ty and h(t,) # 0, then t € R — tr(h(1)?) € R is differen-
tiable at t, and its derivative is

p—li

ptre(h(ty)) ar h(ty).

=14

Two remarks are in order before its proof. Firstly, the assumption asserts that, if
one sets b, = (1, + €) — h(1,) for a small e # 0 € R, ¢”'b, tends to (d/dr) |,:,“h(t)
in norm as ¢ — 0. Notice that ¢™'b,_ and (d/dt) |,=,nh(t) belong to L7(M; ¢),, =
{a € LP(DN; ¢,); a* = a}. Secondly, it is easily observed that the rea/ Banach
spaces LP(N; ¢,),, and LY ; ¢,),, are uniformly smooth and convex and the
dual spaces of each other (see §2). More precisely, the duality here is given by
restricting the bilinear form mentioned in §2 to L?(N; ¢,),, X LI(; ), ,-

PROOF. It is known that the norm function a € LP(W; ¢),, — |lall, € R, is
strongly differentiable (Fréchet differentiable) except at 0 due to the uniform
smoothness of L?(IN; ¢,),, [17, (6), p. 364]. At first we show that its strong
derivative at a (=0, #0) is ||a||})"’a”_l (in LYD; ¢g),, = LP(I; ¢)E,). The
space LP(9N; ¢,),, being strictly smooth [17, p. 353], there exists only one support-
ing hyperplane for the ball in L?(JR; ¢,),, of radius ||a||, containing a. Further-
more, a is the only point where this supporting hyperplane and the boundary of the
ball meet. However, this supporting hyperplane is

11— _
{beLr(: &), w(lall, "a?'b) =]lal,}
because of
1- —
“'(”a”P " ar la) =|lallp.
tr(llaly "a?"'b) <|lal, whenever b* = b, [bll, </|all,-

Consequently, the strong derivative of the norm function at a is tr(|a||' Pa?~' - ) =
llal|' “Pa?~". (See [17, (11), p. 349 and (4), p. 364].)

Thanks to a chain rule, the function a € LP(W; ¢,),, — llall; € R, is strongly
differentiable except at 0, and its strong derivative at h(¢,) is

(P”h(to)”‘;z_‘ )(”h(to)”hph(fo)p_l) = Ph(’o)p—]«
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Using ¢, §, introduced before the proof, we compute
e Murlh(ro + €)") = te(h(10)")} = & {In(1,) + B, = In(1,)I)
= e |ln(eo)]; + 1 ph(2,)"'b,) + 8, = R(sy)I)
= tr( ph(1y)” 'e7'b,) + €78,

Here,

88 = ”h(t()) + br”[[)I - ”h(IO)”l[: - tr( ph(t())p_ lbs)’
and 6€||b€||;,' tends to 0 as ||b|| , tends to O (by what we showed in the first half of the
proof). Since ¢”'b, tends to (d/dr) |, (1) as € — 0, the results now follow from the
above computation. Q.E.D.
The next result was proved in [29] for traces on semifinite algebras. For the sake
of completeness we present a proof in our set-up.

LEMMA 3.2 [29, LEMMA 2(i), (ii1)]. Let a, b be elements in L?(O; ¢,), and a < b
(as operators).

(i) tr(a?) < tr(b?),0 < p < 00,

(i) tr(a?) < tr(yab? " a) = tr(b? 'a), 1 <p < 0.

PROOF [29]. (i) At first we prove it for p = 2", n = 0,1,2,..., by induction on n.
For n =0 the result is obvious, hence we assume it for p = 2", Since va aja
<vabva, Vba/b < /bb/b, we estimate

tr(a?") = tr((\/Za\/ai)znil) < tr((/a»bx/;)znﬂ) = tr((\/ga\/g)znﬂ)
< tr((\/gb\/l;)zrl) = tr(b>").

Here, in the third expression on the right-hand side, the tracial property was used,
and the induction hypothesis was also used twice. For a general p we write p = 2"p’
with 0 < p’ < 1. The operator monotonicity of ¢#, t = 0 (hence a” < b?’), and the
first half of the proof imply

tr(a?) = tr((a”')z") < tr((b"')z") = tr(b”).

(ii) Actually, by induction, we will show that tr(a™”) < tr((yab?~'ya)™) for
1 <p<ow,0<m<oo,a,b€L™(IM;¢y)), witha<b. Ifp=1+a,0<a<]l,
the operator monotonicity of 1%, ¢ = 0, shows

a? = \Jaa®a <\ab*a = |ab’ Vfa.

Hence, the result follows from (i). We now assume that p=ntaneN,, n=2,
0 <a =<1, and that the result is true for p of the form / + B, le{1,2,....,n —"1},
0 < B < 1. We observe that

(‘/;1,1»/2—1‘/;)2 = Jabr/ 2 gpr/ 21 g

<\{ab?> b/ \a = [abrVa.
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Sincep/2 — 1 =10+ B’ with!’ € {1,2,....n — 1} and 0 < B’ < 1, we get
tr((v/;bl" ‘\/;)m) = tr((\/zb”/z’ 'y/;)zm) (the above estimate and (i))
> tr((a"/z)z"') (induction hypothesis)

= tr(a’™). Q.E.D.
LEMMA 3.3. For a, bin LP(O; ¢y) ., 1 < p < o0, we have

tr(a” + b?) < tr((a + b)").
PROOF. We may and do assume a # 0; for t = 0 consider the continuous function
g(t) =tr((a+ b)) — tr(a” + t7b7).
For ¢t > 0, Lemmas 3.1 and 3.2(ii) yield
g'(t) = ptr((a + tb)p_l) — pt? " 'r(b7)
= pt”"{tr((b + t"a)pﬁlb) - tr(b”)} = 0.
We thus get
g(1) = tr((a + b)) — tr(a? + b?) = g(0) =0. Q.E.D.
LEMMA 3.4. For each | < p < o0 and positive a, b in L'(IM; ¢,) = M ., we have
la/7 = b'/7llp < 2" /7a = |-
In particular, the map a € L'(O; ¢,), — a'/? € L7(M; ¢,).. is norm-continuous.

PROOF. At first we assume @ = b = 0 and set ¢ = a'/? — b'/?, d = b'/?, Owing to
the operator monotonicity of :'/?, t =0, ¢ (and d) are in LP(IMN; ¢,). . We
compute

la = bl —lla'/? = bV/7lfp = tr(a = b) = tr(c?) = tr(a) — {tr(b) + tr(c?))
=tr((c+d)’) —tu(d? +c?)=0
because of Lemma 3.3. We have thus proved

la'/? — b/7|, <|la — b|y”" ifa=b=0.

For general a, b = 0, considering the Jordan decomposition a — b = (a — b) .
—(a — b)_, we estimate

a2 = by <~ (54 (a— 01 +[5 (0 ). ) — 57,
=[(b+ (a=6))"" = (b+ (a= ). = (a = ).)""],
+|(6+ (a—b),)"" = b7,
<|(a=b)|;”" +|(a = b).];”" (by the first half of the proof)
<277{lla = b). ]l +lI(a = b) |1} "
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Here, the last inequality is just the concavity of ¢'/7, ¢ = 0. However, since (a — b) .
sumup to|a — b|, we get
[(a=&).lly +l(a=b) |l = tr((a = b), + (a = b))
tr(ja — b]) =|la — b|l;. Q.E.D.

The next result is part of the standard result, but we state and prove it because it
will be repeatedly used.

I

LemMA 3.5. Let {x,} be a sequence in a uniformly convex Banach space X and
X € X such that lim,,_ . ||x,|| = ||x||. Then x, tends to x in norm if there exists an
element f in X*, the dual of X, such that f(x) = || f|| y+l|x|| and lim,, _ . f(x,) = f(x).
(In particular, if x,, tends to x weakly, the condition is fulfilled due to the Hahn-Banach
theorem.)

PROOF. When x = 0 there is nothing to prove. Thus we assume x # 0. Hence
x,, # 0 for n large enough (or even for all n). After normalization (it does not change
a convergence property because lim,,_ . ||x,|| = ||x||) we may and do assume ||x,,|| =
x|l = 1 and|| f]| y» = f(x) = 1. We then have

(12) [3(x + x,)[= 7Gx + x,)) = f(x) =1

as n — oo. Thus, the result follows from uniform convexity. Q.E.D.

In the rest of the section, we assume 9N is finite and 7 is a faithful tracial state on
it, and let L?(9N; 7), 0 < p < oo, be the corresponding L?-space explained in the
second half of §2.

We recall Hansen’s inequality [11]: x*g(a)x < g(x*ax) for a contraction x
(x|l < 1), a positive bounded operator a, and an operator monotone function g(A)
on [0, o). For a contraction x in 9 and a positive closed (hence selfadjoint and
r-measurable, (i), (iv) in §2) operator a affiliated with 91, the operator inequality
remains valid. Indeed, due to (iii)’ in §2, one can pick up a sequence {a,} in M,
converging increasingly to a in the measure topology. Since x*g(a,)x < g(x*a,x) <
g(x*ax), letting n 1 oo, we obtain x*g(a)x < g(x*ax).

LEMMA 3.6. Let a be an element in LP(OW; 1), and x a contraction in 1.
1) If0 < p <1, then 1(x*a’x) < 7((x*ax)”).
(i) If 1 < p < oo, then 1(x*a’x) = 7((x*ax)?).

PROOF. (i) The operator monotonicity of ¢#, 1 = 0, and Hansen’s inequality imply
x*aPx < (x*ax)” from which the result follows.
(ii) Since 0 < 1 /p < 1, we now have

x*ax = x*(a?)"?x < (x*a’x)"".

Thus, the result follows from Lemma 3.2(i) (or rather [29, Lemma 2(ii)]). Q.E.D.

The next result (and its corollary) can be regarded as a dominated convergence
theorem for a probability gage. Although we will use just a special case ( p = 2) of
this result, we state and prove it in full generality.
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PROPOSITION 3.7. Ler {a,} be a sequence in L?(IN; 1), 2<p < o0, and a €
LP(9W; 7). If a, tends to a in measure and |a,, |’ tends to|a|P in the L'-norm, then a,
tends to a in the LP-norm.

PROOF. Assume |a,|? (resp. |a|?) corresponds to ¢ (resp. ¢,) in I . Since ¢,
tends to ¢ in the predual norm, for each e > 0 we get ||¢p, — ¢, || <eifn,m =N = N
We can obviously choose a positive x (7 0) in O satisfying ||¢ — 7x|| < &. Fixing
this x, we set 8 (= §,) = ¢/||x||.

For each projection e € M with 7(e) <8, we have (0 <) ¢,(e) < 3¢ (hence
¢(e) < 3¢) whenever n = N. In fact we estimate

o,(€) <|(¢, — dn)(e)| +|(¢n — 7x)(e)| + 7(xe)
<clle|| + elle] +|Ix]|7(e) < 3e.

Since | < p/2 < oo (for this e, 7(e) < §), we get

laselly = r{la,el ) = ((cata,e)””?) = 7((ela,fe)) ")

5

< (e(la"r)p/ze) (Lemma 3.6(ii))

= (|a,,|pe) =¢,(e) < 3e.

The same arguments also show ||ae|| < 3e.

The sequence {a,} tending to a in measure, for n = M = M, (and for the above ¢
and §,) there exists a projection e (depending on #n) such that [|(a, — a)(1 —e)]|<e
and 7(e) <& (see §2). The “gage” 7 being probability, the uniform norm || ||
majorizes the L”-norm || ||,. Thus, whenever n > M, the following estimates are
valid:

la, = all, <[[(a, = a)(1 = e)[, +[(a, = a)e],
<[(a, = a)(1 = &), +laell, +llaell, < & +lla,ell, +llael-
Hence, if n = Max(N, M), then
la, — al, <€+ (3e)"”7 + (3¢) . Q.E.D.
It is known ([21, Proposition 1] and (iv) in §2) that, for b,, b in L'O; 7).,

lim, . ||b, — bll, =0 if and only if lim,_|lb,|l, = ||bll, and b, tends to b in
measure. Based on this we show

COROLLARY 3.8. Let {a,} be a sequence in LP(IM; 1), 2<p< o0, and a €
L?(SW; 7). The sequence tends to a in the LP-norm if and only if a, tends to a in
measure and lim,,__ . |a,ll, = llall ,.

ProoF. If lim, _ . |la, — all, = 0, then lim,_ . lla,ll, = llall, and a, tends to a in
measure ((iv) in §2).

Conversely, assume these two conditions are fulfilled. Firstly, |||a, |?|l, = 7(|a,|?)
= ||la,|l? tends to |||a|’|l, = |lall;. Secondly, 7 being probability, the map: b —
(b*b)?/? is continuous with respect to the measure topology [21, Theorem 2.1].
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Therefore, | a, |” tends to |a|” in measure, hence in the L'-norm, thanks to the remark
right before the corollary. It follows from Proposition 3.7 that |, | tends to « in the
LP-norm. Q.E.D.

Theorem 3.1 in [21] asserts that Corollary 3.8 is also valid for p = 1.

4. Continuity of the ‘““absolute value part” map. We prove the norm-continuity of
the “absolute value part” map from our L7-space onto its positive part.

LEMMA 4.1. We assume 1/p + 1/q=1, 1 <p < oo. For each a € L?(9; ¢,)
with the polar decomposition a = u|a|, we set m(a) =|a|?/9u* (m(a) = 0 if a = 0) so
7(a) belongs to LY(IW; ¢,). Then the map m: LP(IM; ¢,) — LYI; ) is norm-con-
tinuous.

PROOF. For a = u|a|, u*u is the projection (€ 9N ) onto the support of |a| so
|a|P/9u*u =|a|P/9. We thus compute

[t <l 1al” Y, =] ol e, < ol

(I b
that is,

lm(a)lly = o), = te(lal")"* = fall}"".

We now assume {a,} in L?(91; ¢,) tends to a # 0 in norm. Thanks to the above
equality, as in the proof of Lemma 3.5, we may and do assume ||a,||, = [la]|, = 1
(hence ||m(a)ll, = lIm(a,)ll, = 1), and it suffices to show that (2 =) ||7(a) + 7(a,),
tends to 2 as n goes to oo (due to Proposition 2.2).

We first notice that

(m(a),a)= <]a|p/qu*, u|a|> = tr(}a|p/qu*u|a|)
/q+1
= tr(la™"") = u(lal’) =Jall; = 1,
and (7(a,), a,y= 1, similarly. Thus, Holder’s inequality shows
l7(a) + 7(a,)]y =|(7n(a) + n(a,),a)| =1 + (n(a,), a)|.
Another use of Holder’s inequality shows that, for a small e > 0, we have
e=>|(n(a,),a—a,)|=|(n(a,),a)— 1] (for nlarge enough).
The above two estimates mean that
[7(a) + 7(a,)|l, =12 + 2| with|z|<e

(here, z = (m(a,), a)— 1 € C). In particular, ||7(a) + m(a,), =2 — e for n large
enough. Q.E.D.
The next result, which will be used later, might be of independent interest.

THEOREM 4.2. For 1 < p, p’ < o0, the map
a € L7(IM; ¢) ., —a?/? € LP(M; ¢,) .

is @ homeomorphism with respect to the norm topologies.
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PROOF. Bijectivity is trivial so we must prove bicontinuity. Clearly we may assume
p’ = 1. Having proved Lemma 3.4, we need only prove continuity of the map
a € LP(; @), — a? € L'(N; ¢,), . However, this follows from Lemma 4.1 and
Holder’s inequality due to m(a)a = a?/9a = a”?. Q.E.D.

LEMMA 4.3. For 2 < p < o0, the maps
a € LP(M; ¢,) ~|a| = (a*a)l/z € L7(Ns ¢g) .
and
a € LP(M; ¢y) —|a*| = (aa*)'* € LP(M: ¢)
are norm-continuous.

PROOF. When {a,} tends to a in L”(IN; ¢,), a* tends to a* so that a*a, (resp.
a,a*) tends to a*a (resp. aa*) in L?(IM; ¢), 1 <p’'=p/2 < oo, by Holder’s

n—n

inequality. The lemma thus follows from Theorem 4.2. Q.E.D.
Here is the main result of the section.

THEOREM 4.4. For 1 < p < oo, the “absolute value part” map a € LP(D; ¢,) —
la|= (a*a)'/?* € LP(SW; ¢), is norm-continuous.

Before proving it, we note that continuity is known for p = 1, that is, for I, (see
[28] for example) and for p = o0. Also, for p = 2, the Powers-Stormer inequality [1,
9] states

2
Ilal =8l |2 <lla + bl2lla = 2. a.b € LI ¢g).
Actually, the better estimate
al =16l ll. < y2 lla — b]2

was obtained in [4]. We also remark that the result is proved for C,-ideals in [24] (by
a different method).

PROOF OF THE THEOREM. Thanks to the above remarks and Lemma 4.3, we assume
1 < p <2 in what follows. For a = u|a|€ L?(IN; ¢,), we notice that

(a) =laf""uwr € LI(M; ¢y). 2<q<oo,
(n(a)n(a)*)"* =|a”? € LI(M; &), .

(laf"”*)*" =la| € L?(M; ¢y) . -

Thus, the desired continuity follows from Lemma 4.1, (the second half of) Lemma
4.3, and Theorem 4.2. Q.E.D.

5. A one-parameter family of positive cones. As applications of Proposition 3.7 and
Theorem 4.4, we prove the results on positive cones stated in §1.

We recall that, for each 0 < a <1/2, P® (= P;!) is the closure of the positive
cone A*IM, &, in the standard Hilbert space JC[1]. Improving previous results in [1,
3, 13, 16, 25, 27], we prove
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THEOREM 5.1. For each 0 < a < 1/4, the map £ € P® > w; € ML is a homeomor-
phism with respect to the norm topologies in X and OW,. If M is finite, then the result
remains valid for each 0 < a < 1/2.

In both statements bijectivity is known [13], while continuity is trivial. We thus
show the continuity of the inverse mapping.
To prove the first half of the theorem, we prepare the following lemma.

LEMMA 5.2. For each a in L7(IM; ¢,), 1 <p < oo (which is identified with
al'/7 € L\(N; ¢y); see §2), we set
f(a) = (0A|/q§0|x§0) (a§0|x£0) x € M.
Then we have |f(a)|< la||,|Ix]|.
PrROOF. We note that, for each a = udlf? | f(a) certainly makes sense since
1) = (g ol xty) = (84308 | 83wty ),
Me, €A 8Gr) € ¢ ag).
and f (a) is linear in a.
Thanks to Proposition 2.1, to complete the proof it suffices to check the inequality

for the two extreme values of p, that is, p = o0 and p = 1. For p = o0, we obviously
have

|(ago | xgo)[<llall x| (llall=1lall..)

due to||§y]| = 1, while for p = 1 and a = ul,, we estimate
|(uA¢¢ )go x£0 ' - ' AI‘P/‘PZO | Al‘{‘ﬁzou xgo)l = |(€¢ l Jx*u§¢)|
=|(xut, |,)| =6 (x*w) <l Ie*] Il =lal J]. QE.D.

PROOF OF THEOREM 5.1 (0 < a < 1/4). For a generic ¢ € 9} , a unique imple-
menting vector {, (= §, ,) in P* is explicitly given by

=J|A'¢/¢20A'/2 2al§ .

(A homogeneity argument shows {, € P, while ¢ = w;, follows from the fact that
the phase part of A2 A'/272% belongs to M. See [14] for details, especially the
remark before Theorem 4.51n[14].)

We now assume {¢,} in 9, tends to ¢ in norm. Being a Hilbert space, I is
certainly a uniformly convex Banach space (the parallelogram law). We also have

Jim = lim 6,17 = o))" =[,|.

By virtue of Lemma 3.2 it suffices to show that (J§, | x§,) = (| Aly% 22| ¢, | x,)
tends to (J§, | x€,) = (| A7 A2 2|£,|x£,) for each fixed x € ON. The Powers-
Stermer inequality and Holder’s inequality show that A5 A2 tends to
A7 A/272 in the LP-norm (with 1/p = 1 — 2a). Thus, the de51red convergence

fol]ows from Lemma 5.2. Q.E.D.
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PROOF OF THEOREM 5.1 (XU is finite and 0 < a < 1/2). Let 7 be a faithful tracial
state on I, and L*(9N; 1) the corresponding L>-space (see §2). We recall that all
closed operators affiliated with YU are automatically T-measurable ((i) in §2). It is
easy to observe that (I, L*(N; 7), *, L*(\M; 7)., ) is a standard form. Here, M
should be understood to act on L*(9N; 1) as left multiplications. By the uniqueness
of a standard form [1, 9], we may and do identify

(D, L2 1), *, LA 1)L ) = (DN, K, I, 90%)

in the rest of the proof.

For a generic ¢ € M, , we denote its Radon-Nikdoym derivative d¢/d relative
to 7 by h, (and hy, = h, for simplicity). In other words, a unique implementing
vector £, in = L*OM; 7), is hY?. Then a unique implementing vector {,
(= §,.0) In P (C L*(W; 1)) is explicitly given by

¢, = h(l)a—l/2|h;/2h:)/2—2a| — h(z)a—1/2(h:)/z—-zth(ph:)/zfza)'/2.
(In fact, since §,{¥ = hy. §, € L3(M; 7) and ¢ = w;,. Also. hi/>~2¢, =0 shows
that {, € P*. See[13, §14] for details.)

We now assume {¢,} in M, tends to ¢ in norm. Thus, |§F [P = h, tends to
|$* ? = hy in the L'-norm. To conclude that {, tends to {, (or equivalently, {% tends
to {%) in the L’-norm, it suffices to show that {j;" tends to {} in measure (due to
Proposition 3.7). The Powers-Stormer inequality yields that 4}/* tends to hy/? in the
L?-norm, hence in measure ((vi) in §2). For a probability gage 7, it is known [21] that
the map a —|a|= (a*a)'/? is continuous with respect to the measure topology.
Thus, §& =|hy k> 72| h5* "'/ tends to § =|hy*hy*72*|hg*" /% in measure
due to (v) in §2. Q.E.D.

6. L’-norm inequalities. Our main concern here is to obtain necessary and
sufficient conditions for certain L”-norm inequalities to become equalities.

For L7-spaces associated with a semifinite von Neumann algebra (and a trace on
it), several L?-norm inequalities are known. Although generic elements in these
LP-spaces are unbounded operators, one has to deal with just bounded operators
due to the fact that they form a dense subspace ((i). (iii)’ in §2). On the other hand,
in our L”-spaces, all (nonzero) elements are unbounded so slightly different argu-
ments are sometimes required. However, fortunately, we need not distinguish
ab = ba and the strong commutativity between a and b (Lemma 2.4).

LEMMA 6.1. For 1 <p < o0 and 0 <\ < 1, we have:
(i) 1 = A? + (1 — X)? and the equality holds if and only if A = 0 or 1;
(i) (1/2)? < H{A? + (1 — N)?} and the equality holds if and only if A = 1/2.

The proof is elementary so details are left to the reader.

LEMMA 6.2. For commuting a, b € L7(9; ¢,), , 1 < p < o0, we have:
() tr((a + b)?) = tre(a” + b?) if and only if ab = 0;
(ii) tr({(a + b)}?) = S tr(a” + b?) if and only if a = b.
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PrOOF. To prove it we assume a = A/ and b = Ay (¢ =a”, y =b” € M;,).
Furthermore, since L?(9N; ¢,) does not depend on a choice of ¢, up to a Banach
space isometry [10, 15] (after cutting the algebra), we may and do assume

— Al 1
Ngp + Mg =ar (=ayn, ).

Notice that all the operators here mutually commute and A < A7, AP < AP,
Thus, one can pick up positive operators A, k in 9 such that A/ 2” = \/— AV/?r,
A'/ZO" = Vk A'/?? and h, k commute with A. Since

A=A+ NP = (h+ k)A/?
and A has a dense range, we get # + k = 1 and
Kooy = P, Ny = (1= h)"H,  Rez=0.
Using the spectral decomposition & = [ A de, and du(A\) = d||e,&,||?, we compute
tr(a? + b2) = ({h? + (1 = h)"}A&y | &) = ({h” + (1 — h) )& | &)
= ['(A7+ (1= 1)} du(n),
0

w((a+5)") = (861&) = (&]&) = [ du(M).

It follows from Lemma 6.1(i) that the two integrals are equal if and only if

dp.(X) is supported on the finite sets {0, 1}
!
= oolh =) = [[(A=R)du(h) =0
s h(l—h)=0
o hA/?(1 — h)AYP = ab = 0.

The second assertion is obtained by similar arguments together with Lemma
6.1(i)). Q.E.D.

PROPOSITION 6.3. For a, b € L?(9; ¢), , 1 < p < o0, we have
tr(a? + b7) < tr((a + b)7).
Equality holds if and only if ab =0
PRrOOF. The first part is exactly Lemma 3.3. Also, if ab = 0, we have tr(a” + b?)

= tr((a + b)”). Conversely, we now assume this, thanks to Lemma 6.2(i), it suffices
to show [a, b] = 0. Fix an arbitrary selfadjoint x in 9T and set

f(r) = tr((a + e”"be'“")p), t €R.
The first half of the proposition and the fact that e~ is a unitary imply
f(t) = tr(a” + e"bPe ) = tr(a? + b?) = £(0).

On the other hand, the map 1 € R — e'*be™""* € LP(IN; ¢,) is differentiable and
its derivative at 0 is i[x, b]. Thus it follows from Lemma 3.1 that

0=1iptr((a+5)" '[x,6]) =iptr({(a+b)"""b—bla+b) "}x).
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(Although Lemma 3.1 is not applicable when [x, ] = 0, [x, b] = 0 implies f(¢) is
constant and we get the above equality anyway.) Thanks to the duality 0 = ¥ =
L'(; ¢g)* and M = I, + iM,, we have [(a + b)?"', b] =0 so b commutes
witha + b and a. Q.E.D.

PROPOSITION 6.4. For a, b € LP(N; ¢y), . 1 < p < oo, we have
tr((a + b)) <277 '(a” + b7),
or, equivalently,
tr({4(a+b)}") < iu(a” + b).

Equality holds if and only if a = b.

ProoF. The triangle inequality for || ||, and the convexity of 17, 1 = 0, imply

t((a+5)") =lla + bl < (lall, +[l,)"
<277 '(ally +l6l) = 27" "te(a? + b7).
Also,
tf((a + b)7) =27""tr(a? + b?) ifa=b.

Conversely, if this equality holds, arguments similar to those in the proof of 6.3
(based on f(1) = tr({1(a + e"*be "*)?}) < £(0)) show [a, b] = 0. Thus, a = b fol-
lows from Lemma 6.2(i1). Q.E.D.

Combining the preceding two propositions, we get

COROLLARY 6.5. Fora, b € LP(I; ¢p), , 1 < p < o0, we have

2'"7la + blly <llally + Bl <lla + b]f7.

Here, the first (resp. second) inequality becomes an equality if and only if a = b (resp.
ab = 0).

Recall that we did not use Clarkson’s (nor McCarthy’s) inequality to show the
uniform convexity of noncommutative L?-spaces (Proposition 2.2). We now prove
Clarkson’s inequality and examine when it reduces to an equality.

For2 <p<oowithl <p' =p/2<o0,a,b € LP(I; ¢,), we set

c=a*a+b*b € LF(IM;¢y), b=a*h+b*ac LP(M;¢,).

We estimate
P P ' '
2(Jlall> +6lly) = 2tr((a*a)” + (6*b)")
<2tr((a*a + b*b)”) (the first half of Proposition 6.3)
=2l < 2{4lle + dlly + 3llc = dll}”
(the triangle inequality for | ||,")
<|lc + dly +lc — dly  (convexity of t#', t = 0)
= tr(jc +df ) + u(jc — d") = te(ja + &) + tr(la = b]")
P P

=lla + blly +lla = b5
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The next result was obtained in [30] for L7-spaces arising from a semifinite von
Neumann algebra and bounded a, b.

THEOREM 6.6 (CLARKSON’S INEQUALITY). For a, b in LP(9N; ¢y), 2 < p < o0, we
have

p I P P
2(llally +1bll») <lla + bllp +lla — bl
or, equivalently,
P _ P »
la+ Bllp +lla = bl <27 (lall> +b])-
Furthermore, equality holds in the first inequality if and only if ab* = b*a = 0.

PROOF. We have already shown the first half. We now assume equality holds. In
particular, the very first inequality in the estimates right before the theorem reduces
to an equality. Hence, the second half of Proposition 6.3 yields

a*ab*b = Ial2 |b|2 =0.
Thus, |a| and |b| commute and |a||b|= (Ja*|b[*)"/? = 0. Considering the polar
decomposition of a and b, we get ab* = 0. The adjoint operation being isometric in
each L7-space, one still gets equality in Clarkson’s inequality after (a, b) is replaced
by (a*, b*). We thus get b*a = ((a*)(b*)*)* = 0* = 0.
Conversely, if ab* = b*a = 0, then we get

la = b" = (a = b)*(a+b) = a*a+ b*b =|d|’ +|b[.
Also, ab* = 0 implies |a||b|= 0. We thus have

2 2\p/2 V4 P 4 4 4
ja = 6" = (lal” +[5])"" =lal" +18[", lla = bl = lalf, +Jolf5-
Thus, we get equality in Clarkson’s inequality. Q.E.D.
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