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ON PAIRS OF RECURSIVELY ENUMERABLE DEGREES
BY
KLAUS AMBOS-SPIES

ABSTRACT. Lachlan and Yates proved that some, but not all, pairs of incomparable
recursively enumerable (r.e.) degrees have an infimum. We answer some questions
which arose from this situation. We show that not every nonzero incomplete r.c.
degree is half of a pair of incomparable r.e. degrees which have an infimum, whereas
every such degree is half of a pair without infimum. Further, we prove that every
nonzero r.e. degree can be split into a pair of r.e. degrees which have no infimum,
and every interval of r.e. degrees contains such a pair of degrees.

Lachlan [5] and, independently, Yates [11] have proved that the upper semilattice
(R, <, U) of re. degrees is not a lattice: There are pairs of incomparable r.c.
degrees which do not have an infimum. On the other hand, they have shown that for
some incomparable r.e. degrees a, and a;, a, N a, exists.

Here we answer some questions which arose from the situation that some, but not
all, pairs of r.e. degrees have an infimum. By constructing an incomplete strongly
ncncappable degree we first positively answer a question of Soare [10], whether there
is an r.e. degree # 0,0’ which is not half of a pair of incomparable r.e. degrees which
have an infimum. We then show that for every r.e. degree a 7 0,0’ there is a strongly
noncappable degree incomparable with a, and thereby deduce that every nonzero
incomplete r.e. degree is half of a pair of r.e. degrees without infimum. This answers
a question of Jockusch [4].! In [2] we had obtained partial answers to these questions
by extending Lachlan’s nondiamond technique of [5].

From the construction of a strongly noncappable degree we extract a new easy
construction of a pair of r.e. degrees without infimum. We combine this construction
with Sacks’ splitting and density theorems to show that every r.e. degree can be split
into a pair of r.e. degrees without infimum, and every proper interval of r.e. degrees
contains such a pair of degrees.

It is pointed out how the above results imply and extend a result of Cooper [3] on
minimal upper bounds for ascending sequences of uniformly r.e. degrees.

0. Preliminaries. Our notation, with a few exceptions, is that of Soare [10]. Lower
case letters denote elements of w, the set of nonnegative integers; capital letters
denote subsets of w. The letters f, g, 4 stand for functions from w to w. A set and its
characteristic function are identified; i.e., x € A iff A(x) = 1 and x & A4 iff A(x) = 0.
Al x is the restriction of 4 to numbers less than x. a,b,c,... denote recursively
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enumerable degrees. u(e, A, x) is the use function of {e}*(x); i.e., if {e}*(x)!, then
the computation of {e}*(x) uses only numbers less than u(e, A, x) >0, and if
{e}*(x) 1, then u(e, A, x)=0. The use function of {e}?(x) is denoted by
u(e, A, x, s). We assume that for all e, s, x and A4,

(e} (x) l—e, x,ule, A, x,s)<s.

We fix a recursive 1-1 function (x, y) from w X w onto w which is monotonic in
both arguments. ({x, y))o=x and ({(x,y)), =y. For n=2, (x4,....,x,)=

CTRCTRUNS S}
AV = (yed: (1) = x)
A ={(weAd:3z(w=(x,p,2))}
(note that A C A™)),
A = U 4, et

y<x
If in the following an r.e. set X (X;) is constructed in infinitely many stages, X,
(X; ;) denotes the set of numbers enumerated in X (X;) by the end of stage s.
We assume the reader is familiar with Soare [9].

1. Strongly noncappable degrees.
DEFINITION. (a) An r.e. degree a is non-b-cappable if

Ve(csb—3d(d<a,candd £ b));

otherwise a is b-cappable.

(b) An r.e. degree a is strongly noncappable (s.n.c.) if a>0 and Vb <a(a is
non-b-cappable).

SNC denotes the set of strongly noncappable degrees. Instead of non-0-cappable
and 0-cappable we usually say noncappable (n.c.) and cappable, respectively. A
nonzero r.e. degree a is cappable iff it is half of a minimal pair, i.e. if there is a b|a
such that a N b = 0. The existence of minimal pairs was shown in Lachlan [5] and
Yates [11], that of incomplete noncappable degrees in Yates [11]. It is easily shown
that the n.c. degrees form a filter, i.e. for n.c. a and b = a, b is n.c., and for n.c.
degrees a,,...,a, s.t. a; N --- N a, exists, a5 N --- N a, is n.c. More facts about
non-b-cappable degrees can be found in [2]. Obviously 0 is s.n.c. and every s.n.c.
degree is n.c. There are n.c. degrees, however, which are not s.n.c. This follows from
the existence of a branching n.c. degree [1, Theorem 1.1}, i.e. an n.c. degree
as.t.a =a, N a, for r.e. degrees a,, a, > a. Note that if a is s.n.c. and a|b, then
a N b does not exist. This is the crucial property of s.n.c. degrees which will be used
in the following.

THEOREM 1. There is an incomplete strongly noncappable degree.

An immediate consequence of Theorem 1 is that not every nonzero incomplete r.¢.
degree is half of a pair of incomparable r.e. degrees which have an infimum.

COROLLARY 1. There is an r.e. degree a 0,0 such that for all b|a, a N b does not
exist. O
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PrROOF OF THEOREM 1. By a finite injury priority argument we construct an r.e. set
A such that a = deg A4 is incomplete and s.n.c.
To make 4 nonrecursive and incomplete we meet the requirements
P,:A? #{e} and N,:C #{e}”

for a fixed nonrecursive r.e. set C and all numbers e. These requirements are handled
by standard methods. To satisfy P, we wait for a stage s and a number x € w® s.t.
{e},(x) = 0. Then—provided no higher priority requirement restrains x from 4 —we
putx into A at stage s + 1, thus establishing a disagreement between 4A© and {e}.
To meet N, we use Sacks’ preservation strategy. Given an effective enumeration (C;:
s < w) of C, we define

l(e,s) = max{x: Vy < x(Cs(y) = {e}f(y))} (length function)
and
r(e,s) = max{u(e, A, x,s): x<[(e,s)} (restraint function).

By standard arguments N, is met and lim, r(e, s) < w exists provided that the injury
set

I,={x:3s5(x €A4,,, —A,and x <r(e,s))}

is finite.
The main task of the construction is to satisfy
(1) Vv<aVwsvie(e<a,wande <),
which, together with the nonrecursiveness of A, implies a is s.n.c. Since, for v and w
asin (1) s.t.w < a,w < a,wand w £ v, (1) may be replaced by the weaker condition
(2) Vv<aVw<ade(e<a,wande £ v).
To satisfy (2), for all e = (e, €,, e, ) we construct r.e. sets E, such that
3) (VVeO = (e} 4%, W, and W,, $TA) ~(E <74, W, and E, %1 Weo)-

The premise W, = {e,}" is used to control the enumeration of W, by controlling
that of 4. We ensure (3) by meeting the requirements

Reeiy: (Weo = {el}A’A *r W, and W, éFTA) - (Ee 7> {i}weo)
and satisfying the conditions
(4) E,<rW,,
(5) W,, = {e)}! = E,<r4
foralle = (e, e;,e,) and i.
The basic idea to meet requirement R ., ; is that for meeting P,: We wait for a

number x € «“*") and a stage s such that {i}#«s(x) = 0. If we then put x into 4
R (..i, s met unless the computation {i Weos(x) is not W, -correct, i.e.

W, st u(i, W, X s) * W, ! u(i, W, .ss X, s).
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To prevent W, from changing below u(i, W,
with x only if

(6) Wt uli, W, oo x,s) = (e} 1 u(i, W, o x,s).

vo.50 Xs 8) after stage s, we attack Rees

In this case we impose a restraint on A4 to preserve the right side of (6). Then either
the left side of (6) does not change and, therefore, {i}"*+o(x) = 0, or it is not correct,
which implies W, # {e,}". In either case, requirement R ..y 1s met.

This procedure to meet R, ;y is restricted by the need to satisfy (4) and (5).
Condition (4) is ensured by the permitting method: A number x is allowed to enter
E, only at such stages s + 1 for which a y < x exists such thaty € W, .., — W, ..
A similar action to satisfy (5), i.e. to put a number y < x into 4 whenevcr X 1s put
into E,, is in conflict with the necessity to preserve the right side of (6), which
requires us to restrain certain numbers from A. To solve this conflict, for e such that
W, = {e,}, we define an A-recursive function f(x) and a recursive monotonic
approximation f,(x, s) to f,(x) such that for sufficiently many x and s, f(x, s) is
greater than the restraint required to preserve the right side of (6). Only for such x
and s we will put x into E, (., and in this case we enumerate a new number less

than or equal to f,(x, s)in 4, . It follows that
Vx,s(A M f(x) +1=Arf(x)+1-E, tx+1=Elx+]1),
whence (5) is satisfied.
To define f,, for e = (e, e, e, ), we first inductively define the standard marker
(function) y of A (with respect to (A: s < w)):
s+ 1 ifA,, M x# A x,

'Y(X,O) = O, Y(xs s+ ]) = {'Y(X’ s) otherwise.

v(x, 5) is recursive, nondecreasing in both arguments, and for all x, lim, y(x, s) < w
exists. We denote lim; y(x, s) by y(x). Then y(x) is an A-recursive function. The
crucial property of standard marker functions is stated in the following lemma.

LEMMA 1. Let A be an r.e. set, y a standard marker of A with respect to some
effective enumeration {( A,: n < w) of A, B an infinite set, and h a function such that
A £ B ® h. Then there are infinitely many x € B such that y(x) > h(x).

PROOF. Assume, for a contradiction, there are only finitely many x € B s.t.
y(x) > h(x), say x, is the greatest such x. Then
Vx(x>xgand x € B = Ay} x = Al x).
Since B is infinite this implies4 <rB® h. O
Based on the definition of y we define, for e = (e, €,, €, ) and x = (x¢, X}, X3,
fx,5) = (xg, x,. Xy, max{u(e,, 4, y, 1)1y < y(x,s)and 1 < s}).

The binary function f, is recursive and nondecreasing in both arguments. For e such
that {e,}" is total, lim, f,(x, s) = sup, fu(x, s) < w exists for all x. For such e we set
£.(x) =lim, f(x, s). If defined, f(x) is a total A-recursive function. Note that
x < f(x, s) and for x € w7, f(x, 5)is an element of w("/) too.
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We now turn to the formal description of the construction. The priority ordering
of the requirements is given by
NO>R0>P0> ‘”>Nn>Rn>Pn>Nn+l >Rn+l >Pn+l >
For any (e,i) and s, R({e, i), s) denotes the restraint imposed by requirement
R,y at the end of stage s; it is defined at stage s of the construction below. The

requirement R , ;y, where e = (e, €, e, ), requires attention at stage s + 1 if there is
an x € w'“*") such that the following conditions hold:

(7.1)  R({e,i),s)=0,
(7.2)  {i}l(x)=0 and x€E,,,
(7.3)  v(x,s)=u, whereu=u(i, W, X, 5),

(74) W, tu={e}tu

(7.5)  flx,s)=max({r(k,s): k< (e i)y} U{R(k,s):k<{(e,i)}),
and

(7.6) y<x(yeEW, 01— W)

€a,
Requirement P, requires artention at stage s + 1 if

(8.1) vy € 0 ({e}, ()i —A4,(») = {e},(»))
and there is an x € ¢ such that
(82) {e},(x)=0 and x=max({r(k,s):k<e} U{R(k,s): k<e}).
CONSTRUCTION.
Stage 0. For all x and e, set R(x,0) = 0 and define /(x,0), r(x,0), y(x,0), and
f.(x,0) as described above.
Stage s + 1. Choose the highest priority requirement which requires attention.

Case 1. P, is this requirement. Then choose the least x € «'"¢ which satisfies
(8.2). Put x into A and for all k set

R(k,s) ifk<e,
0 ifk >e.
Case 2. R, ;y, €= ey, e e,), is this requirement. Then choose the least

x € ") for which (7.1)~(7.6) hold. Put x into E, and £,(x, s) into A. For k < w.
define

R(k,s + l):{

R(k,s) ifk<(e.i),
R(k,s+1)= max{u(e,. Ay.s)iy<uliow, . x.s)}. ifk=(e.i).
0 itk > (e.i).

Case 3. There is no requirement which requires attention. Then set R(k, s + 1) =
R(k, s) for all k.

In any case define /(x,s + 1), r(x,s + 1), y(x,s + 1) and f(x,s + 1) as de-
scribed above. If Case 1 (2) holds, we say P(R (e.iy) receives atttention or is active at
stage s + 1.
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This completes the construction. The construction is effective. Hence the functions
R(x,5), l[(x,5), r(x,s), y(x, s) and f(x, s) are recursive, and the sets 4 and E, are
recursively enumerable. Note that a number x € «'™¢) enters 4 only at a stage at
which P, is active; a number x € w'“*'") enters E, or 4 only at a stage at which
R, ; is active. To verify that the constructed sets have the desired properties, we
prove a series of lemmas.

LEMMA 2. (a) Every requirement requires attention at most finitely often.
(b) For all e, lim R(e, s) < w exists.

PRrROOF. Part (a) is shown by induction on the priority of the requirement. Given a
requirement R, by inductive hypothesis fix a stage s, after which no higher priority
requirement requires attention. Assume R requires attention at stage s, > s,. Then R
receives attention at stage s,. If R is requirement P,, a number x € w®* such that
{e},(x) = 0is put into 4 at stage s5,, whence by (8.1) P, does not require attention
after stage s,. If R is requirement R, ;,, then R({e,i}, s;) > 0, and by choice of 5,
and s, > s, R({e,i),s) = R({e,i),s)) for all s =s,. Hence by (7.1), R, ;, does
not require attention after stage s,. This completes the proof of (a). Part (b) follows
from (a), since R(e, s + 1) # R(e, s) implies R, or a higher priority requirement is
active at stage s + 1. O

LEMMA 3. For every e, N, is met and lim r(e, s) < w exists.

ProOF. For any e and s, a number x < r(e, s) can enter 4 at stage s + 1 only for
the sake of a requirement P, or R, where k < e. Hence by Lemma 2 the injury set /,
is finite. As in Soare [9, Lemmas 1.1 and 1.2] we may conclude Lemma 3 holds. [l

We set r(e) = sup, r(e, s) and R(e) = lim R(e, s).

LEMMA 4. For all e, P, is met.

ProoF. For a contradiction assume A” = {e}. Then P, never receives attention,
since if P, is active at stage s + 1 there is an x € '™ such that

1=A49(x) = A0(x) # {e},(x) = {e}(x) = 0.

Since a number x € w® can enter 4 only if P, is active, it follows that no x € «w®¢
is in A4, i.e. by assumption
©) Vx € W (4(x) = (€)(x) = 0).

(0.e)

This implies that (8.1) holds for all s. By Lemmas 2 and 3, choose s, and x, € w
such that no requirement of higher priority than P, requires attention after stage s,
and such that

VsVk <e(r(k)<=xyand R(k,s) < x;).

By (9) there is a stage s, > s, such that {e} (x,) = 0, so P, requires and receives
attention at stage s, + 1, contradiction. [

LEMMA 5. For all e and i, R, ;y is met.
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ProOF. Fix e = (e, ), ¢,) and /, and for a contradiction assume R, ;y is not
met, i.e.

(10) W, = {e}",
(11) A%, W,,
(12) W, &4,
(13) E, = (i}

We distinguish the following two cases.
Case 1. R({e, i )) > 0. Choose the least s such that

(14) Vi>s(R({e,i), 1) >0).
Then R, is active at stage s + 1, i.. there is an x € «{“" " which satisfies
(7.1)-(7.6) and which is put into E, at stage s + 1. Moreover,
(15)  R({e,iy,s+1)= max{u(el, Ay, y,8)iy <uli, W, . X, s)}
By (14) neither R , ;, nor a requirement of higher priority is active after stage s + 1.
Hence

Vi>s(R({e,i),1)=R((e i), s+ 1))

and no number less than R({e, i), s + 1) enters A after stage s + 1. Since at stage

s + 1only f(x, s) enters A, which by (7.3) is greater than or equal to R({e, i), s + 1),

it follows that

(16) AN R({e,i),s+1)=A1R({e,i),s +1).

From (7.4), (15) and (16) we can deduce that for u = u(i, W, , x, s),
Wstu={e)ftu= (e} 1u

Hence by (10), W, t u = W, 1 uand, therefore, by (7.2),
{iY"(x) = (i} (x) = 0.

Since x € E, this implies R , ;, is met, contrary to our assumption.

Case 2. R({e,i)) = 0. Then by Lemmas 2 and 3 we can choose s, and x, such
that R, ;; does not require attention after stage s,

(17) Vs =s0(R({e,i),s)=0),
(18) Vk = (e,i)Vs(r(k)<xgand R(k,s) <x,),
and no number greater than x, is put into E, for the sake of requirement R, ;, i.¢.
Vx € ot (x> x> E(x) = 0)
and, consequently, by (13),
Vx € w("“‘”(x > xy = E(x) = {i}"o(x) = O).

Since by (13) u(i, W, , x) 1s a total Weo-recursive function, it follows from (11) and
Lemma 1 that the set

G={x€w " x>xpand y(x) > u(i, W, x)}
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is infinite. Obviously,
G<rAx(y(x))® )\x(u(i, w,. x)) <rA®W,,
Le. by (10), G <rA.Forx € G,

(19.1) (i} (x) =0viaa W, -correct computation, i.e.
) u(i, W, .55 X, s) =W, u(i, W, .55 Xs s),

(19.2) y(x,s)>u(i,lfVEO‘s,x,s), and

(19.3) W, st u(i, W, 51 X s) = {e}ru(i, W, 5 X 5) via

A-correct computations, i.e. A, v = Al v, where
v= max{u(e,, A, y,5)y <uli, W, 5 X, s)}
are true for almost all s. Moreover, the function

s(x) = {p.s>s0(s satisfies (19.1)- (19.3)) ifx € G,
0 otherwise,

is A-recursive and for all x € G and s = s(x), (19.1)-(19.3) hold. Together with (17)
and (18) this implies that for all x € G and s = s(x), conditions (7.1)-(7.5) are
satisfied. Since R, ;5 does not require attention after stage sy, for no such x and s,
(7.6) can hold, i.e.

Vx € G(W, ol x =W, 1x).

Since G is infinite, and G and Ax(s(x)) are recursive in A4, this implies that W, is
recursive in A, a contradiction to (12). O

LEMMA 6. For alle = ey, e, e, ),
(a) Ee <T Mf
by w, = {e)}! - E,<rA.

PROOF. (a) By (7.6) a number is put into E, at stage s + 1 only if there is a smaller

number in W, .., — W, .. Hence

Vs,x(W Px=W,tx—E, Ix= Eerx),

€2.,8

which implies E, <7 W, .

(b) Assume W, = {e }*. Then {e,}" is total and thus the unary function f, is
total and A-recursive, as we have pointed out above. Since for all e, ', x, y, s and ¢,
x#y - f(x,5)# f(y,t)and E, C ", it follows from the construction that

vx € w(e+”vs(x € Ee,.\'+l - Ee,s _'f;(x’ S) € Ax+l - As)
Hence
Vx,s (A f(x) +1=Atf(x)+1-E, tx+1=Elx+1),

which implies E, <7 4. U
As shown above, Lemmas 3-6 imply deg A4 is s.n.c. and incomplete, which
completes the proof of Theorem 1. W
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The proof of Theorem 1 actually shows that for any ¢ > 0 there is an s.n.c. degree
a $ c¢. Moreover, the constructed set is low (see Soare [9, Remarks 4.4 and 4.5]).

We now combine the splitting technique with the s.n.c. degree construction to
show that for every ¢ # 0, 0’ there is a (low) s.n.c. degree incomparable with c.

THEOREM 2. Let ¢ > 0 be given. Then there are low s.n.c. degrees a, and a, such
thatc % ay,a,andagUa, =0.

COROLLARY 2. For every ¢ # 0, O there is a low s.n.c. degree incomparable with c.

PROOF. Given ¢ # 0, 0, by Theorem 2 split 0’ into low s.n.c. degrees a and a, s.t.
c<$agya,. Thenclajorcla,. O

COROLLARY 3. For every r.e. degree ¢ # 0, O there is an r.e. degree a such that
¢ N a does not exist. [J

PROOF OF THEOREM 2. We combine the proof of Theorem 1 with that of the
splitting theorem (see, e.g., Soare [9, Theorem 1.2]).

Fix ¢ > 0, C € ¢, r.e. and an effective enumeration (C,: s < w) of C, and choose
a complete set A C @@ and a recursive function g which enumerates 4 without
repetitions. We construct r.e. sets A, and A4, such that a, = deg 4, and a, = deg 4,
satisfy the theorem.

To ensure a, U a; = 0, at stage s + 1 of the construction we put g(s) into 4, or
A, and no other numbers are enumerated in A§® and A{". Then 4 = AP U A{,
which implies 4 <74, ® 4,.

As in the preceding proof we use the preservation strategy to make C nonrecursive
in A, and A,. For all e and for j < 1 we meet the requirements

Nper,t €7 (e}

The length function /(2e + j, s), the restraint function r(2e + j, s) and the injury set
I,,.; are obtained from the definitions of I(e, 5), r(e, s) and I, in the proof of
Theorem 1 by replacing 4 by 4.

To make a, and a, s.n.c. it suffices to construct r.e. sets E/ such that for all
e = (e, €, €,), i <wandj < I, the requirements

— A e ; e
Rierjiy: (Weo ={e}", 4, ¥ W, and W, *TAJ) - Ef # (i} ",
and conditions
(20) E/<
(21) W,

W,
2

= {e,} » E/ <r4,;

~

0

are satisfied.

Let v, be the standard marker of 4; with respect to (4, ;: s < w), and define the
functions f; by replacing 4 and y by 4, and v,, respectively, in the definition of f, in
the foregoing proof (j = 0, 1).

The requirement R ,.,;;y, Where e = ey, e,, ,), requires attention at stage
s + 1if thereis an x € w®**/* ") such that

(22.1) R({(2e+j,i),s) =0,
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(22.2) (i} (x) =0,
(22.3) y;(x,5) = u, whereu = u(i, W, o x.5),
(22.4) W, tu= (e} 1 u,
(22.5) fAx,s) = max({r(k,s): k<{2e+j,i)}
U {R(k.s):k<(2e+,,i)}), and
(22.6) y<x(yeW, ., —Ww.,)

We say k needs protection at stage s + 1 if g(s) < max{r(k, s), R(k. s)}.

CONSTRUCTION.

Stage 0. For x, e < w and j < 1, set R(x,0) = 0 and define /(x,0), r(x,0), Y,(x,0)
and f/(x, 0) as described above.

Stage s + 1. If there is a number y such that y needs protection or R requires
attention at stage s + 1, then let (2e + j, i ), where e = (e, e,,e,) and j <1, be
the least such number and distinguish the two cases below. Otherwise put g(s) into
A, and set R(k, s + 1) = R(k, s) for all k.

Case 1. R, requires attention. Then choose the least x € w¢*/* ') which
satisfies (22.1)-(22.6). Put x into E/, f/(x, s) into A;, and g(s) into A4, _,. Define

R(k,s) ifk<(2e+j,i),
R(k,s+1)= max{u(el, A oyes)y <u(i, Weu_s,x,s)} ifk = (2e+j,i),
0 if k> (2e+j,i).

Case 2. Otherwise. Then put g(s) into 4, _; and define

R(k.s) ifk<(2e+j.i).
+ =
R(k,s+1) {0 ifk>(2e+j.i).

In any case, define /(x, s + 1), r(x, s + 1), v,(x, s) and f/(x,s) for all x, e < w and
J < 1 as described above.

Obviously the construction is effective and 4 = A U A" The latter implies
a, Ua, = 0. To verify that ¢ ¥ a,, a, and a, a, are low and s.n.c., we first prove

LEMMA 7. For all numbers k the following hold:
(1) The injury set 1, is finite.
(i) Requirement N, is met.
(iii) lim  /(k, s) and lim  r(k, s) exist and are finite.
(iv) Requirement R, requires attention at most finitely often.
(v) lim, R(k, s) exists and is finite.
(vi) k needs protection at at most finitely many stages.

The claims of Lemma 7 are proven in the given order by a simultaneous
induction. The inductive step is like the proofs of Lemmas 2 and 3. For the proof of
(i) and (iv) we have only to note that for k = (2e +j, i), j < I, there is a stage s,
such that for all s > s,

gls) &I, ie.gls)<r(k.s)—g(s) &4, .
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and
g(s)<R(k,s)—g(s) €A .

By construction, a stage s, has this property if after stage s, for no k" <k, R
requires attention or k' needs protection, and by inductive hypotheses (iv) and (vi)
such an s, exists.

(vi) is an immediate consequence of (iii) and (v).

Lemma 7(ii) implies ¢ < a,, a,, and from Lemma 7(iii) we can conclude, as in
Soare [9, Remarks 4.4 and 4.5], that a, and a, are low. Finally, that the requirements
R.+,.;y and conditions (20) and (21) are satisfied for all e = (e, €, €,),/ < w and
j =<1 follows from Lemma 7 as Lemmas 5 and 6 follow from Lemmas 2 and 3 in the
proof of Theorem 1.

This completes the proof of Theorem 2. MW

The proof of Theorem 2 can be combined with a technique of Robinson [8] for
handling low oracle sets to do the construction of a, and a, above any low r.e.
degree d # c. This implies

(23) VdlowVe & dJalow(aiss.n.c.,d<aandc < a).

An easy consequence of (23) is that the s.n.c. degrees form an automorphism basis,
i.e. any two order automorphisms of R which agree on SNC must be identical. The
s.n.c. degrees do not generate R (under U and M), however, since they are contained
in the proper filter of noncappable degrees.

The set SNC does not have interesting closure properties. Trivially, SNC is closed
under finite infima (if they exist), since a finite set of s.n.c. degrees has an infimum
iff it has a least element. SNC is not closed downwards in R or R — {0}, however,
since every s.n.c. degree is n.c., and every n.c. degree bounds a nonzero cappable
degree. That SNC is not closed under finite suprema, and therefore is not closed
upwards, can be shown as follows: The proof of Theorem 2 can be combined with
that of Lachlan’s nondiamond theorem [5, Theorem 5] to prove

(24) Vvag,a (agUa, =0 —3i<13a,,a,

(a;=a,,U a, and a,, and a,, are s.n.c.)).

Lachlan [7] and, independently, Shoenfield and Soare (unpublished) have shown
that there are incomparable r.e. degrees a, and a, s.t. a, U a, =0 and a, N a,
exists. Since such degrees a, and a, are not s.n.c., an application of (24) yields a pair
of s.n.c. degrees whose supremum is not strongly noncappable.

Obviously not every nonzero r.e. degree can be split into two s.n.c. degrees.
Examples of degrees which allow such a splitting are given in Theorem 2 and in (24).
We can obtain more examples by combining the s.n.c. construction with the low
nondiamond technique of [2]: If a is low cuppable, i.e. if there is a low b s.t.
a U b = (', then a can be split into two s.n.c. degrees.>

*Recently Ambos-Spies, Jockusch, Shore and Soare have shown that every n.c. degree is low cuppable.
Hence an r.e. degree can be split into s.n.c. degrees iff it is noncappable.
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All constructions mentioned above are finite (or no-) injury arguments and
automatically yield low degrees. We do not know whether there are s.n.c. degrees
which are not low.

We conclude this section with an application of the above results to ascending
sequences of uniformly r.e. degrees. We need the following notions: A sequence {c,:
n<w) of re. degrees is ascending if Vn(c,<c¢,,,) and Vadm(c, % c,); it is
uniformly recursively enumerable (u.r.e.) if there is a recursive function f s.t.
Vn(Wy,, € ¢,). A pair of incomparable r.e. degrees a and b is an exact pair for (c,:
n<w)if Va(c, <a,b)and Vd < a,b3n(d < c,). An exact pair (a,b) of {(¢,: n < w)
is minimal if a and b are minimal upper bounds for {¢,: n < w). An upper bound a
of {c,: n < w) is uniform if there is an r.e. set A € a and recursive functions f and g
such that Vn (W), € ¢,and W), = {g(n)}").

Cooper [3] has shown that there are u.r.e. ascending sequences with minimal upper
bounds, while Sacks (see, e.g., Soare [9, Theorem 3.1]) has shown that no u.r.e.
ascending sequence has a least upper bound and uniform upper bounds are not
minimal. Yates [11] constructed a u.r.e. ascending sequence with exact pair; this
exact pair consists of uniform upper bounds, i.e. it is not minimal. In [2] we have
shown there exist u.r.e. ascending sequences with minimal exact pairs, and in [1] that
there exist such sequences without exact pairs.

Note that for an exact pair (a, b) for an ascending sequence, a N b does not exist.
Conversely any pair of r.e. degrees without infimum is an exact pair for an ascending
sequence of r.e. degrees. That in certain cases this sequence can be chosen to be u.r.e.
is an easy consequence of Yates [12, Theorem 8§].

LEMMA 8. If a and b are low, and a N b does not exist, then (a,b) is an exact pair for
a u.r.e. ascending sequence.

For a proof of Lemma 8, see [2, Corollary 5].

LEMMA 9. If a and b are low,, a|b and a is s.n.c., then there is a u.r.e. ascending
sequence for which (a,b) is an exact pair and a a minimal upper bound.

PrOOF. By Lemma 8 and the definition of an s.n.c. degree. (Note that if a is s.n.c.
and a|b, then a is a minimal upper bound for {¢: ¢ <a,b}.) O

COROLLARY 4. (a) (AMBOS-SPIES [2]) There is a u.r.e. ascending sequence with a
minimal exact pair.
(b) (COOPER [3]) There is a u.r.e. ascending sequence with a minimal upper bound.

PrOOF. (a) By Theorem 2 and Lemma 9. (b) By (a). U
In the next section we obtain extensions of Corollary 4.

2. Pairs of r.e. degrees without infimum. From the s.n.c. degree construction we
can extract the construction of a pair of r.e. degrees a and b without infimum: Using
Friedberg-Muchnik type requirements we construct Turing incomparable r.e. sets 4
and B, deg A = a and deg B = b. In addition, for these sets we satisfy the require-
ments R, ,, and conditions (4) and (5) of the proof of Theorem 1, where W, is
replaced by B. Then a is a minimal upper bound of {x: x < a,b}. Since a|b this
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implies a N b does not exist. The strategy to meet R, ,, is essentially that of the
proof of Theorem 1; only condition (7.6) in the definition of requiring attention has
to be replaced by
(7.6") x =max({r(k,s):k<{e, i)} U{R(k,s):k<{e,i)}),
where r(k, s) is the restraint imposed by the kth Friedberg-Muchnik requirement at
the end of stage s. Further, if x enters E, at some stage, then x is put into B at the
same stage.

We use this construction to show that every nonzero r.e. degree can be split into a
pair of r.e. degrees without infimum and the pairs without infimum are dense in the
r.e. degrees.

THEOREM 3. Let a and ¢ be nonzero r.e. degrees. Then there are low r.e. degrees a,
and a, such thata =a, U a,, ¢ < a,, a, and a, N a, does not exist.

PROOF. W.l.o.g. we may assume ¢ < a. Otherwise ¢ £ a,,a, follows from a = a,
U a,, and for the proof we may replace ¢ by a.

The construction of r.e. sets 4, € a, and 4, € a, and subsidiary sets E/ is
essentially the one given in the proof of Theorem 2. It suffices to make the following
changes.

Now A is an r.e. set of degree a, and the requirement R 5, ;y, € = {eg, €, €5)
andj < 1, says

Ryt (We, = {21} and 4, %1 W,,) = El#{i}"
(it would suffice to meet R 5, ; for e = (e, €;,0) and j = 0). Instead of (20) read
(20") E/<rA,_,

e
and in the definition of requiring attention replace (22.6) by
(22.6") g(s) <x.

To verify that the construction changed in such a manner has the desired
properties, we first show

LeEmMA 10. a=a, U a,.

PROOF. That a < a, U a, follows from 4 = 4y’ U A as in the proof of Theorem
2. Since at stage s + 1, by (22.6") and f/(x, s) = x, only numbers greater than or
equal to g(s) can enter 4, and A4,, we have

Vx,sVj< l(Asrx=Arx—»Aj‘ﬁ‘rx:Ajrx),

where 4, = {g(0),...,g(s)}. This impliesa, U a, <a. [
Lemma 7 holds by the original proof. Hence a, and a, are low and ¢ % a,, a,.
Since by assumption ¢ < a, the latter and Lemma 10 imply

(25) a,la,.
As in the proof of Theorem 2, from Lemma 7 we can deduce that the requirements

R 5.4,y are met: We must only replace the W, of the original proof by 4,_;. Then

the premise W, %, A; in the original requirements is satisfied by (25). The
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assumption that R,,,;;y is not met and R((2e +;,i)) =0 (see the proof of
Lemma 5, Case 2) now implies 4 <r A, contrary to Lemma 10 and (25).

That conditions (20") and (21) hold is proven as Lemma 6. For the proof of (20")
note that if x is put into Ef at stage s + 1, then g(s) is put into A, ;. Hence, by
(22.6"),

VX,SH)/ <X(X € Ei!.x+l - Eel\ -y EAI—F/'..\*+1 - Al‘,/..\')‘

The requirements R (5, ;, and conditions (20) and (21) imply a, and a, are both
minimal upper bounds for the set {x: x < a,,a,}, i.e.

(26) Vis1Vd<a3c<aj a (cxd).

(25) and (26) imply a, N a, does not exist. W

In the above proof we have actually shown that any nonzero r.e. degree a can be
split into incomparable low r.e. degrees a, and a, such that ajand a, are minimal
upper bounds of {x: x < a,a,}. Together with Lemma 8 this implies

COROLLARY 5. Every nonzero r.e. degree can be split into a minimal exact pair for
some u.r.e. ascending sequence. [J

Lachlan [7] has shown the correspondng result to Theorem 3 for pais of r.e.
degrees with infimum, namely that every nonzero r.e. degree a can be split into
incomparable r.e. degrees a, and a, such that a, N a, exists.

Using a technique of Robinson [8], the construction for Theorem 3 can be done
above any low r.e. degree, i.e.

(27) vdlowVa>d3a,,a,
(d<ay,a, <a,a=a,Ua, and a, N a, does not exist).

In (27) the assumption that d is low cannot be omitted: Lachlan [6] has shown that,
in general, splitting and density cannot be combined. We can prove, however, that
the pairs of r.e. degrees without infimum are dense in the r.e. degrees.

THEOREM 4. Let r.e. degrees d < ¢ be given. Then there are a, and a, such that
d<ay, a <c, anda, N a, does not exist.

The proof of Theorem 4, which combines the construction of a pair of degrees
without infimum with infinite injury priority arguments, requires some definitions
from Soare [9]:

Given an r.e. set X and an effective enumeration ( X,: s <w) of X such that
Vs(X,., — X, # @), x,,, denotes the least element of X, — X and x, = 0. A
stage 1 is a true stage of X (with respect to ( X;: s < w)) if X, x, = X1 x,. A variant
of the standard recursive approximation ({e}X: s < w) to {e}" and the use function
is defined by

(615(x) = { (e} (x) if {e}‘X(x) is defined and u(e, X,, x, s) < x|,
’ undefined otherwise,
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and

12(6, X_\'s X, S): {g(e’ XS’X,S) lf {é};\/‘(x)l’

otherwise,

respectively. The crucial property of this modified approximation is that for true 7, a
convergent computation {é}X/(x) is correct, i.e. {¢};(x) = {e}¥(x), d(e, X,, x, 1) =
u(e, X, x) and X,! a(e, X, x,t) = X! d(e, X,, x, t) (see Soare [9, p. 518]).

PROOF OF THEOREM 4. Let r.e. degrees d < ¢ be given. By density w.l.o.g. we may
assume d # 0. Choose r.e. sets C € ¢, D € d and effective enumerations (C: s < w)
and (D,: s <w) of C and D, respectively, such that D C «*, C© = D, D, =
and Vs(D,,, — D, # @). We construct r.e. sets 4, and A, such that a, = deg A0
and a, = deg A, have the desired properties.

To ensure d < a,, a, we set AY = A{® = D. In general, we will have that 4!/,
f< w,j <1, is recursive or recursive in D, and 4}/ = A{”, or one of them is empty,
and we can decide which of them occurs. Hence for 4 = A, U 4, and a = deg 4,
a=a,Ua, To guarantee a <c, we will make 4/’ < C C-uniformly in f by
strategies which depend on the type of requirement connected with 4. For rows
connected with the requirements which ensure that a, N a; does not exist, we use
the (delayed) permitting method. The hereby imposed restraints on A4 interfere with
our strategy to meet these requirements, and we succeed only if C < 4. Hence we
have to meet the requirements

R,,: C # {e}*

for all e > 1 (since for some e = 1, {e}* = {0}*, we may omit e = 0). To make a,
and a, incomparable, we meet the requirements

a,
Rygeipyrid; 7 {e}

for all e < w and j < 1. Then to ensure that a, N a, does not exist, it suffices to
make, for some j < 1, a; a minimal upper bound for {x: x < ag,a,}. For the sake of
symmetry, we do this for both a, and a,: we construct (not necessarily r.e.) sets E/,
J<1,e={egy, e, ), for which we meet the requirements

Riaesjiy+at ( e {el} and 4, £1 W, ) - E/ # {i}we"»
and for which we ensure

(28) Eg{STAl—j,

(29) eo— {el} /_)Ej \TA

That this implies a ;, j < 1, is a minimal upper bound for {x: x < a,,a,} is shown as
follows: For a contradiction assume there is an r.e. degree v < a; such that Vx < a,,
a,(x <v). Then we can choose e = (e, e,) such that W, € v and the premises of
R3<28+J iy+2 and (29) hold. It follows that deg E/<€v and deg E/ <a,, a,. Though
deg E/ is not necessarily r.e. by Lachlan [5, Lemma 18], there is an r.e. degree e such
that deg E/ < e < a,a,, which gives the desired contradiction. In the construction
of E/ a number put into E/ at some stage can be extracted from E/ at a later stage.
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For a fixed number, however, this can happen only finitely often. Hence with E/
denoting the numbers put into E/ at some stage < s and not extracted from E/ at a
later stage < s, E/ = lim  E/ .

We say a number f = 1 is of type i, i < 2, if f = 3e + i for some e. A requirement
is of type i if its index is. In the following /, k£, m stand for numbers of type 0, 1, 2,
respectively.

For meeting requirements of type 0 we use the preservation strategy, for that of
type 1 the preservation and coding strategies of Sacks (see Soare [9, p. 525]). For this
sake we need the following functions.

I(3e, ) = max{x: ¥y <x(C(») = {&}"(»))},
1(32e +j) + 1,5) = max{x: vy < x(AjJ(y) = {é}f““(y))}
(length function),
m(3e, s) = max{x: 3t <s(x </(3e, 1) and
Vy <x(A,ti(e, 4, y,1)=Atale, 4, y, 1))},
m(3(2e +j) + 1,s)
= max{x: Ir <s(x<I(3(2e +,) + 1,¢) and
Vy <x(4,_ta(e, A, y.0)=4,_,  i(e, 4, y.1)))]
(modified length function),
r(3e, s) = max{a(e, A;, x,5): x <m(3e,s)},
r(3(2e +j) + 1,5) = max{a(e, 4, ,, x,5): x <m(3(2e +j) + 1,5)}
(restraint function).
(We will define r(3e + 2, 5) as a part of the construction below. /(3e + 2, 5) and
m(3e + 2, s) are undefined.)

Conditions (28) and (29) are satisfied using markers and the extended marker
concept of the proof of Theorem 1, respectively. Let v, be the standard marker of 4,
and for e = (e, e,) and x = (x,, x,) define

fl(x,s)= <x0, x;,max{it(e, 4, y,1):y <v(x,5)and 1 < s}>,
where
(e, A5,y 5) =ae, 4, y, s) if (&) ()L
=s otherwise.

Note that the function f/ has the following properties: It is nondecreasing in both
arguments; ( f/(x, s)), = (x)o; for any x # y, s and 1, f/(x, s) # f/(y, t); and if
W, = {e}’ then f/(x) = lim, f/(x, s) is a total A -recursive function. Hence, to
satisfy (28) and (29) it suffices to ensure

(30) Vsz(Al_jvsr Y (x) =4ty (x) - E/ 1 x=E/t x)

and

Gy w, = (e} - Vx, s(Aj_xrfef(x) =AM f/(x) > E/;t x = E]t x).
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The basic strategy for satisfying the requirements of type 2 is similar to that used
for like requirements in the preceding proofs. Roughly speaking, to meet R,,, where
m=3(2e+j,i)+2,e= ey e ), j< 1, we wait for a number x and a stage s such
that EJ (x) = {i}/«0s(x), W, , agrees with {é,}}’> on all numbers y -used in the
computation {i}%¥«+(x), and f/(x, s) is not used in a computation {&,}s(y) for
such a y. Then we set E/ , (x) =1 — E/(x) and try to preserve {i}{’«o+(x) by
imposing an appropriated restraint on 4. In order to satisfy (30) and (31) we put a
number z < y,_;(x, 5) into 4,_, and f/(x, s) into 4;. (In the actual construction we
require v, _,(x, s) = f/(x, s); we then put f/(x, s) in both 4, and 4,, thus ensuring
A{™ = A{™.) There are the following three obstacles to this procedure.

The first obstacle is that R, has to obey the restraints imposed by higher priority
requirements, and these restraints can be unbounded now. It is necessary for
satisfying R, that at certain stages these restraints drop back simultaneously, i.e.

lim inf max {r(f,s): f<m} < w.

For type 0 and 1 requirements we have the following: Let 7/ (T;f ) be the set of true
stages of A=/ (A=) with respect to {(4,) " s < w} ({(4,,)~": 5 < w}). Then,
for! <m,lim,c mr(l,t) <wand, fork =3Q2e +j)+ 1<m, lim:er{"_, rik,t) <w
will exist. To obtain infinitely many simultaneous “windows”, we require 7™ N Ty"
N T," to be infinite. For this sake we consider the sets

Tp={s:se€T/anda/€e D} (f=1),

where af = 0 and a/,, = px(x € AS/) — A")). Since, by construction, Vs (D, =
AY = AP = A?), T{ C T/ N T{ N T{, and our assumption that D is nonrecursive
will imply T} is infinite. Finally we will see that, for any m’ <m of type 2,
lim, ¢ 7p r(m’, 1) < w will exist. So lim ¢ 7p max{r( f, t): f < m} < w will exist.

The second obstacle is that higher priority requirements can act infinitely often
and the given set D is a part of A. So there are infinitely many numbers enumerated
in A which do not have to obey the restraints imposed by R,,. Such numbers can
destroy our attempt to preserve a computation {i}%*-s(x) by restraining certain
numbers from 4. We prevent this from constantly happening by allowing R, to be
attacked by the same number x more than once.

The third obstacle is that we are required to make A recursive in C. Hence if we
attack R, as described above and put z and f(x, s) into 4, _; and 4, respectively,
then we want these numbers permitted by C. It can happen, however, that C never
permits at a stage at which the higher priority restraints drop back. To overcome this
difficulty we allow a delay in the permitting: If C permits a number y at a stage s
then this permitting is valid until the next stage # + 1 such that 1 € T". On the one
hand this guarantees

VmVx € o™Vt € T (Gt x = Cl x - A, (x) = A(x)),

and thus 4 <7 C, since we will show T}’ <7 C uniformly in m (i.e. the delay is
C-recursive). On the other hand this delay guarantees that all permittings by C
happen at T))-stages, i.e.—as outlined above—at stages with minimal restraints.
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The above considerations lead to the following definition:
Requirement R, where m = 3(2e +j,i)+ 2, e = (e,, €,) and j < 1, requires
attention at stage s + 1 if there is an x € '™ such that
(32.1) r(m,s) =0,
(32.2)  El(x) = {i}V*(x),
(32.3)  y,(x,s)=u, whereu= u(i, Wepusn X s),

(324) W, tu={é)"ru,

(32.5)  fl(x,s)=max{r(f,s):f<m},
(32.6) v, (x.s)=f/(x,s) and f/(x,s) €& A4,
(32.7) there is a stage ¢ < s such that
(32.7.1) Iy <fl(x,s)(yeC,,—C) and
(32.72) Vo(t<v<s-—a"& D, or A=™1a"+ A" a™).

We can now state the construction.

Stage 0. For all m, r(m,0) = 0.

Stage s + 1. The stage consists of four steps. Numbers are put into or extracted
from the sets under construction only during the first three steps. At the end of Step
1 we define a temporary restraint function 7( f, s) valid for Step 3. The final restraint
function r( f, s + 1) for stage s + 1 is defined in Step 4.

Step 1 (Attacking type 2 requirements). Choose the least m such that R, requires
attention, say m = 3(2e + j, i)+ 2 and x is the least element of ™’ which satisfies
(32.1)=(32.7). If x is in E/ extract x from E/; otherwise put x into E/. In either case
put f/(x, s) into A, and A, and define

S s) = {max{z)(e,, A y.s)iy< u(i, W, o X, s)} iff=m,

r(f,s) otherwise.

If no requirement R, requires attention, set 7( f, s) = r( f, s) for all f.

Step 2 (Coding D into A). For all x € D,,, — D, put x into A, and 4,.

Step 3 (Coding strategy for type 1 requirements). For | = 3(2e +j)+ 1, j <1,
x<wand:<s: If

x€C, (I, x,ty=max{F(f,s):f<I}
and
Vo(t<v<s-x<m(lv))),

put {/, x, 1) into 4.

Step 4 ( Preservation). For all m = 3{2e + j, i)+ 2,j <1, define
P(m,s) ifA, . 1#(m,s)=A, 1Fm,s),

r(m,s+1):{

0 otherwise.

Define r(k, s + 1), r(/, s + 1) and the other auxiliary functions as described above.
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This completes the construction. To show that it is correct, we prove a series of
lemmas. We start with some simple facts:

The construction is effective; so 4, and A4, are r.e. For any ¢, x < w and j < I,
lim  E/ (x) exists, since by (32.6) x can be inserted in or extracted from E/ at at
most y,_;(x) stages. Hence E/ is well defined. Moreover, whenever E/ (x) #
E/ . (x), f/(x, s) is enumerated in 4, and 4, at stage s + 1. So, by (32.6), (30) and
(31) hold, i.e. conditions (28) and (29) are satisfied by the constructed sets.

For the sake of requirement R, only elements of '/ are put into 4, and A4,. If fis
of type 0, R, does not contribute any elements to A, or 4,; ie. for any k,
A = AP = @ 1f f=3(2e + ) + 1,j <1, then A\, = @, and if f is of type 2,
then A’ = A{. Finally, by Step 2 of stage s + 1, 4D = A{®’ = D. From all this we
conclude thatd < a,,a, anda, U a, = a.

Note that, by Step 2 of stage s + 1, 452, # A(7 forany f> 1, s <wandj <
So the numbers a/, (af), where a/, =0 and af o1 = px(x € A\ —A‘<f’)
(af=0and a/,, = ux(x e A - ‘<f’)) are well defined. Recall that T/ (T/)
denotes the set of true stages of A‘<f’ (A=), and T = {s: s € T/ and a/ € D,}.
Note that for e < f, T} C T§ and, since D = A = 4%, T} C T{, T{, T".

LEMMA 1. Let m, e, i, f,t < w and j < 1 be given such that m = 3(2e + j, i)+ 2,
f=m,t € T/ and r(m, 1) >0 or #(m, t) > 0. Then
Q) Vs> t(F(m,t) =r(m,s) = Fm,s)>0),
(i) A™ is finite, and
(iii) R, is met.

PROOF. Since 1 € T/, 471 af, = A\t a/,, and since a;, < a/, and m < f, this
implies
(33) A e, = A,

If r(m, t) > 0, then by Step 4 of stage ¢, A tr(m,t)=A; I r(m,t),ie. r(m,t)

<a;, and /(m, t) = r(m, t), since by (32.1) R, does not require attention at stage

t + 1.If r(m, t) = 0, then R, is active at Step 1 of stage ¢ + 1. Hence for some x,

Fm,t) = max{ (e, A, yys)iy < u(z W, o %, s)} <a,,.
So in either case, 0 < #(m, t) < a, ,, and therefore by (33),

A F(m, 1) = A1 F(m, t).
Since for #(m,s) >0, #(m,s + 1) # #(m, s) only if a number less than #(m, s)

enters A; at stage s + 1, and since no such number can enter A>™ at stage s + 1, it
follows by induction on s = ¢ that

(34)  Vs>t(#(m,s)=r(m,s)=#m,t)>0
and A; ;N F(m, 1) = A, 1 F(m, 1)).

This implies (i). (i) immediately follows from (i), since a number can enter A only
at stages s + 1 where R, is active, i.e. where 0 = r(m, s) # F(m, s). To prove (iii),
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we fix the least s’ < s.t.
Vs(s'<s<t-#m,s)>0).

Then, by induction on s with s’ < s < ¢ and by (34),

(35) Vs >s'(F(m,s) =r(m,s) =#m,s’)>0)
and
(36) A, N F(m,s") = A1 F(m,s').

Moreover, R, is active at stage s’ + 1; i.e., there is an x € «'"™ such that
AW,
E{yii(x) #{i} or(x),
W, (i, W, oox,s') = (e} 1u(i,w,

€p.s’

X, s’), and

0,87
F(m,s’) = max{ﬁ(el, Aoy, s)iy <uli,W, .. x, s’)}.

By (35), R, does not require attention after stage s’ + 1 and therefore E/(x) =
E/,.\(x). By (36),

(08 1 Ui W o) = Le) (i Wy,

ep.s"?
thus W, # {e,}"" or {i}*»(x) = {i}"o(x). In either case R, is met. O

LEMMA 12. For all m,

F,={y€a™:3s(y €A —A™ and A" 1y = 4" y)}
is finite.

PROOF. Let m = 3(2e + j, i)+ 2,j <1, be given and assume y € F,. Then there
is a stage s such that y € A", — 4™ and 4"t y = A="1 y. Hence R, receives
attention at stage s + 1 via some x and 0 < #(m, s) < f/(x, s) = y. As in the proof
of Lemma 11 we can conclude that for all s’ > s, A(m, s') = r(m, s’) = #(m, s) > 0;

ie., R, does not require attention after stage s + 1, therefore F,, C 4™ = A" is
finite. O

LEMMA 13. For all f < w the following hold:

(@) If fis of type O or 1, Ry is met.

(b) If f is of type 0 or 1, AV is recursive. If f = 0 or f of type 2, A/’ <1 D.
(c) The set T, is infinite.

(d) Forall 1l < f' < f+ 1.

(37) lim r(f,¢)= lim A(f', 1)< wexists,
(38) Vie T Ws=t(r(f s)=r(f t)andF(f',s) = F(f' 1))

PROOF. By induction on f. For the inductive step fix f.

(a) We distinguish two cases.

Case 1: f = 3e > 0. For a contradiction assume R /is not met, i.e. C = {e}". Then,
by Soare [9, Lemma 2.1], C <7/, where

I,={x:3s(x€A,,, —Aandx <r(f,s)}.
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By construction, I, C A/, therefore I, <; A=/’ Since by inductive hypothesis (b),
A/ <, D, this contradicts D < C.

Case 2: f=3(2e +j) + 1,j < L. For a contradiction assume R is not met, i.e.
A; = {e}* /. Then lim , m( f, s) = w. Hence

M(x)=ps(Vs'=s(m(f,s')=x))

is a total function. By construction, for any s such that m(f, s) = x, s < M(x) 1ff
A v u# A7t u, where u = max{d(e, A,_, . y,s): y < x}. Hence M <7 A{</
thus, by mductlve hypothesis, M <7 D. Note that for s = M(x), r(f, s) = m(f, s)
= x. Hence, by construction,

Vx (A7) ot x = 4701 x)

(note that 4\, = @). This implies 4{7/) <7D, thus, by inductive hypothesis, 4, _;
is recursive in D Since, by assumption, A ; StA,_, thisimplies 4 =4, ® 4, \TD

Now let r = liminf max{r(f’, s): f < f}. By inductive hypotheses (e) and (d),
r < w. By construction, for x = r, x € Ciff ( f, x, M(x))€ A;. Hence C <M ® 4,
<rd, @A <D, a contradiction.

(b) We dlStlngUISh four cases.

Case 1: fis of type 0. Then A')) = &

Case2: fisof type 1. Say f=3(2e +j) + 1,j < 1. Then 4\, = &, ie. 4/ = 4\,
By (a) there is p < w with p = liminf, m(f, s). By inductive hypothesis, choose
r < w such that r = liminf, max{r(f’, s): f'<f}, and fix a stage s, such that
A tpt1=A1p+1and Vs=s,(max{r(f’,s): f"<f}=r) Now for given x
and 5, we can demde whether ( f, x, s) € A as follows: If x > p, find the least stage
s" = s such that m(f,s") = p. Then (f, x,s)E A iff {(f, x,s)€ A,. If x <p, find
the least stage ¢t =s,s, s.t. max{r(f,t): f'<f} =r. Then (f,x,s)E A iff
(f,x,s)EA,.

Case 3: fis of type 2. By Lemma 12, fix z such that Vy € F,(y < z), and a stage s,
st. A1z = APt z. Then

VxVs =5, (A1 x = A x > AP x = A1 x).

Hence A < A/, therefore, by inductive hypothesis, A/} <, D.

Case 4: f = 0. Then A) = A® = D.

(c) For a contradiction assume T/"' is finite, i.e., there are only finitely many
t € T/*" with a/*' € 49 = D. Since for f’ of type 0, 4/” = @ and for f’ < f of
type 2, by Lemma 12, there are only finitely many ¢t € T/*! with a/*' € 4", it
follows that there is an s, such that

Vi>sy(t€ T/ > 3l < f(lof type 1 and a/*' € 4)).
Hence, for all x > a/"' and s > 5,
U {A(T/)lsf}[_x: U {A(/):lgf}rx_}A(s<f+l)rx:A(<f+|)rx;

thus A"V < U{4D: I<f)}. Since D = A? <7 A/*D and, by inductive hy-
pothesis and (b), U {A": I < f} is recursive, this implies D is recursive, contrary to
our assumption.
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(d) For 1 </’ <f+ 1, (d) holds by inductive hypothesis, since for f>0, T} D
T/"'. Hence it suffices to consider /" = f + 1.

Case 1: f + 1is of type 0. Then for t € T/*', by induction on s = ,
(39) Vs=t(m(f+ 1, 0)sm(f+ 1), r(f+10)<r(f+15)

=/ f+1,s)and At r(f+ 1,0) =A 0 r(f+1.1)).
Since T/"' C T/*', this implies (38). By (a) let p = px(C(x) # {e}*(x)) and
chooset € T/*'suchthat Ctp + 1 =Ctp+ landm(f+ 1,¢) = p. Then
Vs=t(s €T - m(f+ 1.s)<m(f+1,1));
thus by definition of r and (39),
Vs=t(sETM i f+1,s)=r(f+1.s)=r(f+1.1)),

which implies (37).

Case 2: f+ 1 is of type 1. Say f+ 1 =3(2e +,) + 1, j < 1. Similar to Case 1
(consider stages in 7{*/ and note that T4 C T{*}).

Case 3: f + 1is of type 2. Then the claim follows from Lemma 11 and 74"' C T,f A
j=<1. 0O

Note that by Lemma 13(a), C <74 and 4| A4,.
LEMMA 14, Let m = 3(2e + j, i)+ 2,j <1 and e = (e, e,) be given and assume
W, = {e,}". Then
0
Ix € W (f/(x) € A) — R, is met.
PROOF. Assume f/(x) € A, x € ™. Then there is a last stage s such that R,
receives attention via x at stage s + 1; i.e.,
El r(x) # (i) "0 (X)L
W, huli, W, .o xos) = (&)= tuli W,

J(x) =[x, 5) = v,

where v = max{i(e,, 4, y,s): y <u(i,W, ., x,s)}, and f/(x, s) is put into 4 at
stage s + 1. To show that R, is met, it suffices to show that 4, .t v = 4,1 v. If this
i1s not the case, fix the least 1 > s s.t. 4, ;1 v # A, .1 v. Then, by definition of f/,

fi(x, 1) = <(X)0’(X)l» t>> <(x)0,(x),,s>>fef(x,s),

i.e. f/(x,s) # f/(x), contrary to assumption. [

X,S),

087

LEMMA 15. For all m, R, is met.
PROOF. Fix m = 3(2e +j,i)+ 2,j < 1,e = (e, e,) and assume, for a contradic-
tion, R, is not met, i.e.
(40) w,, = {e} ™",
(41) A kT W,
(42) E} = {i}".
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Since T)' C Ty" N T}, Lemma 11 implies every type 2 requirement R ., m’ < m,
requires attention at at most finitely many stages ¢ + 1 such that ¢ € T}". So we can
choose s;, such that

(43) Vi=s5,(1 € T - R, does not require attention at stage ¢ + 1).

In the following we will refute (43), thus obtaining the desired contradiction.
By Lemma 13, let

r= sup max {r(f,1): f<m}
teTy!

and define Z = {x € &'™: x >r}. We will first show there is an A -recursive
function s(x) such that

(44)  Vx € zZVs>s(x)(s € Ty —(32.1), (32.2), (32.4), (32.5)
and the second part of (32.6) hold).
Since f/(x, s) = x for any x, s,
(45) Vx € ZVs € TP ( f/(x, s) > max{r(f,s): f<m}).
By (40) and (42), E/ <7 W, <rA, and
Vx(Eef(x) = {i}"o(x) and W, 1 u(i, W,, x) = {e)} 1 u(i, W, x))

So we can A -recursively compute a stage s(x) such that

Elo(x) = {i} o (x)
and

W, ol u(i, W, s(x)s X s(x)) = (e, )it u(i, W, sx)s %o s(x))

via correct computations; i.e.,

(46)  VxVs=>s(x) ({,-}xmo.»(x) = (i} Yy o(x)

and u(i, W, ., x,5)= u(i, W, s X s(x)))

0.5

and

(47)  VxVs=s(x) (Wgo'sr u(i, W, s X s)={e}ru(i,w, . x, s) and

0.5

vy < u(i, W, s X, s) (u(e,, A, y,s)= u(e,, A yxyr ) s(x))))

Since, by (42), f/(x) = lim f/(x, s) is a total A -recursive function and since f/(x, s)
is nondecreasing in s, we can 4 -recursively find a stage s, such that f/(x, s) = f/(x)
fors = s,. W.lo.g. we may assume s, < s(x), i.e.

(48) VxVs = s(x) (f/(x,5) = fi(x)).
This and Lemma 14 imply
(49) Vx € ZVs = s(x)(f/(x,s) & 4).

Since E/ ., (x) # E/ (x) implies f/(x, s) is in A, ,, we can conclude that
Vx € ZVs = s(x) (E/ (x) = EJ(x))
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and thus, by (42) and (46),

(50) Vx € ZVs = s(x) (E/ = (i} (x)).
Finally, since R, is not met, Lemma 11 1mp11es
(51) Vie Ty (r(m,t) =0).

Facts (51), (50), (47), (45) and (49) imply (44) holds.
In the next step we define an infinite A-recursive subset Z” of Z, and an
A-recursive function s”(x) such that

(52) Vx € Z"Vs=s"(x) (s € T —(32.1)- (32.6) hold).

We first note that, by (42), u(i, W, , x) is a total W, -recursive function. Hence, by
(41) and Lemma 1, the set

VAR {xEZ:y,(x)>u(1 w, x)}

ey

is infinite. Moreover, Z'<r A, ® W, < A,, and we can define an A-recursive
function s’(x) such that Vx (s’ (x) s(x)) and

(53) Vx €Z'Vs=s'(x) (y,(x. s) > uli, W, o X s))

4

Now, since Z’ is an infinite A -recursive set, since fl(x)is A -recursive, and since, by
Lemma 13(a). 4, _, £ A2 second application of Lemma 1 shows that the set

Z' = {x €Z:v, ,(x) >fe’(x)}
is infinite. Z” <7 A, ® A, =1 A and there is an A-recursive function s” such that
(54) Vx(s”(x)=s(x)=s(x)) and
(55) Vx € Z'Vs=s" x)(y, Ax.s) >f(»,’(x,s)).

Now (52) follows from (54), (44), (53) and (55).
Since Z” is infinite and Z”, s” < A,

Vx € Z"Vs > max{s"(x), sy} (C,;I x = CI x)

implies C <; A, contrary to Lemma 13(a). Hence we can fix x, y,t such that
x€Z"y<x,y€C(C,,— Candt>max{s"(x),s,}. Now if s is the least stage = ¢
in Tp' then (32.7.1) and (32.7.2) hold (note that x < f/(x,s)). So, by (52), R,,
requires attention at stage s + 1 contrary to (43). O

LEMMA 16. A < C.

PrOOF. Since A"’ = D <; C, it suffices to show that for f > 0, A/ is recursive in
C, C-uniformly in f (i.e. there is a C-recursive function g s.t. A = {g( f)}). This is
done by an effective induction. For the inductive step fix f. By inductive hypothesis
we may use C ® A/ as oracle, and thus C ® T}, since T} < A" uniformly in /.

Case 1: fis of type 0. Then A = @

Case 2: fis of type 1. Say f = 3(2e + j) + 1,j < 1. To C ® Tj-recursively decide
whether a given ( f, x, t) is in A, first check if x € C. If not, ( f, x, )& A. If so,
choose s with x € C, and the least element s’ > s, t of T}. Then, by (38), ( f. x. 1) E A4
iff (f.x,t)EA,.
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Case 3: f is of type 2. To decide whether a given { f, x) is in 4, find the least stage
t € T} with Gt ( f, x)= Ct (f, x). Then by (32.7), { f, x)E A iff (f,x)E 4,,,.
g

This completes the proof of Theorem 4. W

Note that for low,c, the above constructed degrees a, and a; form a minimal
exact pair for some u.r.e. ascending sequence of r.e. degrees.
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