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PURE STATES ON SOME

GROUP-INVARIANT C*-ALGEBRAS
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GEOFFREY L. PRICE

Abstract. Let 31 be a UHF algebra of Glimm type h00, i.e., 31 = ®,'9]/Vt, where

N = Ny = N2= ■ ■ ■ are n X n matrix algebras. We define an AF-subalgebra 31'' of

31, consisting of those elements of 31 invariant under a group of automorphisms [ag:

g e G = SU(o)} of product type. 31G is shown to be generated by an embedding of

S(oc), the discrete group of finite permutations on countably many symbols. Let u

be a pure product state on 31, uP its restriction to 3(°. Let e e N be a one-dimen-

sional projection with corresponding projections ek G Nk. Then if both (i)

2k>xu(ek) - oo, and (ii) 0 < 2k^\u(ek)[\ - w(eA)] < oo hold, «G is not pure. </''

is shown to be pure if there exist orthogonal one-dimensional projections {/>,■:

1 < i=s n} of N with corresponding projections pf G Nk such that u(pf) = 0 or 1,

1 =K (' =S n, k > 1, and 0 < 2^,i *>(/>*) < oo for at most one r.

I. Introduction. Let 91 be a uniformly hyperfinite C*-algebra of Glimm type nx,

i.e., 31 is the uniform closure of the ascending union Uk9X%k of matrix algebras 31 k

of type 7„*. We shall call 91 the lattice algebra. Motivated by a construction of Saito

in [6], we define an AF C*-subalgebra 91G of 91, the invariant algebra, formed as the

closure of the ascending union Ufc>,9l£ of subalgebras 91G E 91 k, where 91G consists

of all elements of 3tA invariant under an action of the group G = SU(«) as

*-automorphisms of 91 k of product type. In the case n = 2, the union UA&19(C is the

algebra of all local observables invariant under orthogonal rotations of the quantum

lattice in the Heisenberg model. A theorem of Hermann Weyl [7] demonstrates a

connection between the algebras 91G and the group algebras of the permutation

groups Sk on k symbols. We discuss this result and the structure of the invariant

algebra in §11.

In §111 we consider certain pure product states on 91 and describe necessary and

sufficient conditions for the restrictions of these states (to the invariant algebra) to

be pure. In §IV we extend a method of Saito to provide conditions for a restriction

of a pure product state not to be a factor state, hence not a pure state. In §V we

provide a criterion for the unitary equivalence of certain pure states on 91G.

In [10, 11] a similar analysis was carried out for representations of the gauge

invariant subalgebra of the CAR (canonical anticommutation relations) algebra. Our

results and techniques are motivated in large part by the work undertaken in these

papers, as well as in [6].
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This paper is based on part of the author's Ph.D. dissertation at the University of

Pennsylvania. He wishes to thank his thesis supervisor, Professor Robert T. Powers,

for his guidance and encouragement, and for suggesting this thesis problem to him.

II. Notation and preliminaries. In this section we construct the lattice and invariant

algebras, and introduce some of the notation to be used throughout this article. To

construct the lattice algebra, denoted by 31, begin by fixing an integer n > 2: choose

a Hilbert space H of dimension n over C, the complex numbers, and let N be the

C*-algebra of linear operators on H. Then N may be viewed as an n X n matrix

algebra, with matrix units ekl, 1 =£ k, / < n, which satisfy

eueki = V</   and   etJfk = 8Jkf„

for a fixed orthonormal basis {/,,...,/,}. Let 7 be the identity operator of N; then of

course, 2"=,e„ = I.

For any positive integer/, denote by //■ a copy of H, and by A7, a copy of N, with

matrix units eJkl corresponding to ekl in N. Given a finite subset A of Z+ (the

positive integers) we define

(i)HA = ®,.eAtf,.and

(ii)«A=®y6Afy
Then if m is the order of A, 91A is an n'" X nm matrix algebra of operators on HA,

with matrix units of the form <S>jeAeJkl, where 1 < k,, / <« for each j E A.

Suppose now that A C A0 are two finite subsets of Z+ . Then we may write 91 Kg as

*a, = (®y6Aty) ® (®yeA0\A^) = *a ®(®;eA0\A^), hence we may regard°3lA

as embedded in 9lA under the *-isomorphism x -> x ® (®,-eA \A//)» x G ^a> where

/■ denotes the identity operator of the matrix algebra A7,-. In the sense of the

embedding map given above, we will view 31A as lying inside 9tA . In particular, let

us denote by A„, the set of the first m positive integers and by 91 m the algebra 91 Am.

Then 91, C 912 C ■ • ■, and the norm completion 91 of the union 910 — Um&,3lm is a

UHF-algebra, called the lattice algebra. Note that if A C Z+ is finite, then 31A C 3f m

for sufficiently large m. In particular, we have A7- C 31, hence we shall interpret

matrix units e{j simultaneously as being elements of both Ay and of 91. For the

general theory of UHF-algebras, we refer the reader to [2].

Given a finite subset A C Z+ , denote by SA the group of permutations on the

symbols in A. In an obvious fashion we have SA C SA for A C A„. Write S(cc) =

UAcZ+5A, where the union runs over finite subsets A of Z+ . Then S(oo) is the

group of permutations of Z+ leaving all but finitely many elements fixed. For

notational purposes, we shall write Sm for the permutation group SAm. Recall that S„,

is a group of order m\, and that each element g E Sm may be written uniquely, up to

the order in which they appear, as a product of disjoint cycles. Furthermore, any

element of Sm may be written as a product of transpositions (if), i ¥=j, 1 < i,j < m.

We define a unitary representation trm of Sm into 91 m as follows: for g E Sm, let

■trm(g) E 31 m be the operator defined on vectors <f>, ® • • • ®§m in HA  by

*m(g)[*X  ®  • ■ ■  ®*m]   = V(D ®  • ' •   ®V'(«)>
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and extended to all of HA by linearity. It is not difficult to verify that itm is well

defined, and that irm(gh) = trm(g) ■ irm(h) for any group elements g, h E Sm. That

trm(g) is a unitary operator is also clear: this may be verified by noting that the

image irm(ij) of a transposition (if) has the explicit form

"■«(')■)= 2 4® 4-
k,l=\

This operator is selfadjoint and has square deal to the identity operator, hence is

unitary. In general, since any g E Sm is a product of transpositions g = tx ■ ■ • tk, we

have that trm(g) = nf=,wm(r,) is a product of unitaries, hence is itself unitary, and

furthermore

■*j(g)* =vm(tk)* ■•■nm(tl)* =vm(tk) ■■■irm(t1) =vm(tk ■■■tl) = irm(g-1).

The group representation mm of Sm may be extended in an obvious fashion to a

representation (also denoted irm) of the group algebra A(Sm) (over the complex

numbers) of Sm into 31 m. This representation need not be faithful (in fact, fox m^ n

one verifies that trm maps the operator Eg6s (sgn g)g to the 0 operator in 9lm) but

the image is closed under multiplication and the adjoint operation, hence forms a

C*-subalgebra of 3tm, which we shall denote by 3tG. In an analogous fashion, one

may construct a ""-representation 7TA of A(Sa) into 3IA: we shall denote the image of

this map by 21 £ The inclusions S, C S2 C • • • imply 21 f C 21 f C • • • ; hence the
norm closure 21G of the union 31G = Um3=,3tG is an AF-algebra (see [1]). We shall

call the C*-subalgebra 31G of 31 the invariant algebra.

Remark 1. Since 21 m C 21, for m = 1,2,..., we may regard the representations irm

of Sm as unitary representations of the groups Sm into 21. With this convention the

mappings {Trm} axe seen to be consistent, i.e., given g E Sm Fl Sr for some m and r,

we have irm(g) = trr(g). This permits us to make the following definition.

Definition 2.1. Let ir: S(co) -» 21 be the unitary representation of S(oo) given by

^(g) - trm(g), for any m such that g E Sm. Furthermore, m may be extended by

linearity to the set of finite linear combinations of elements in S(oo). The image of

this set is 31G.

Whenever there is no danger of confusion, we will omit the notation -n for the

representation mapping S(oo) into 21. Thus the symbol g will play the two roles of

denoting an element of S(oo) and of 91. Similarly, finite sums of the form 2geS(oo)agg,

ag E C, will often be interpreted as lying in 21.

Remark 2. Let c G S(oo) be a cycle. Then c is of the form (ixi2 ■ ■ ■ ir) —

(iyi2)(i2i3) ■ • • (ir-xir) f°r distinct integers /,,...,ir E Z+ . By induction, tt(c) has

the form 2J?,.kek\ki ® ■■■ ®4>,» hence ir(c) E 2tA, where A' = {/„.. .,ir). These

observations lead to the following

Definition 2.2. For a cycle c = (ix ■ ■ ■ ir) E S(oo), let s(c) (the symbols of c) be

the set {/,,.. .,ir). More generally, for g E 5(oo), if we write g in its unique form as

a product of disjoint cycles g — cx--- ck, define s(g) — U*=1j(c,). (Note that tt(g)

lies in 2ts(g).)
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Although we make no appeal to the following classical result of H. Weyl in this

paper, we include it for completeness and to explain the terminology "invariant

algebra."

Theorem 2.1 [7]. Let Qm be the C*-subalgebra of%m generated by all operators of

the form u® u® ■ ■ ■ ®u(m terms), where u E SU(«) = G. Given a set X C 31,,,, let

X' denote the commutant (relative to 21 m) of X. Then [Qm]' = 91G, [3lG]' = Qm.

III. Pure states on the invariant algebra. We mention a few properties of the lattice

algebra 91 before stating the main result of this section. First we make the following

definition.

Definition 3.1. Given a subset X C 91, let Xc, the commutant of X in 91, denote

the set of elements y E 91 satisfying xy = yx for all x E X.

Note that from the preceding section, 21 is generated as a C*-algebra by the n X n

matrix algebras N-,j— 1,2,...; furthermore, for any k ¥= I we have Nk C Nf, i.e.,

the algebras Nj are mutually commutative. We then say that the set {Nf:/ = 1,2,...}

is a factorization of 21. Furthermore, we shall refer to a state co as a product state if

for any k ¥= I, x E Nk, y E Nt implies co(xy) = co(x)co(y), and we signify that co is a

product state by writing co = u\N ® cc\N ® ■ • • ■ Conversely, given states co,, co2,...

on the algebras Nx, N2,..., respectively, one may form a product state w = co \N ®

u\N ® ■ ■ ■, where co 1^ = «.. (For a general treatment of product states, see [3].)

That product states are factor states (i.e., the GNS representation iru associated with

co is a factor representation) follows immediately from Powers' primary decomposi-

tion theorem, which we state below.

Theorem 3.1 [4, Theorem 2.5]. Suppose 21 is a UHF algebra and (91,: i = 1,2,...}

is an increasing sequence of(nt X nt) matrtix algebras which generate 31. Suppose co is

a state o/31. Then the following conditions are equivalent,

(i) The state co induces a factor representation ofil.

(ii) For every x E 21 there is an integer r > 0 depending only on x, such that

\ic(xy) - co(x)co(y)|< \\y\\ for ally E 91 cr.

(iii) For every x E 91 there is an (m X m) matrix algebra 91L such that \u(xy) —

co(x)co(y)|*£ \\y\\for ally E 9HC.

In [3, Corollary 2.2] Guichardet proved that a product state co = co \N ® co \Ni ® ■ ■ ■

is pure on 91 if and only if each state co 1^ is pure. Recall that a state p on a matrix

algebra N is pure if and only if p(x) = Tx(Ex), x E N, where E is a rank-one

projection on N, and Tr is the trace mapping on the n X n matrix algebra N with

Tr(7) = n. Furthermore, if <f> e 77 is a unit vector satisfying E<f> = <£, then p(x) =

(x(f>, <t>): denote this state by co^. Hence if co is a pure product state on 91 there exist

unit vectors <f>. E H (under the identification A7,• = N = B(H)) such that co 1^ = co,,,:

by an abuse of notation we shall write co = co^ ® co^ ® • • •.

The following theorem, the main result of this section, provides a sufficient

condition for the restriction co [)(G of a pure product state to be pure.

Theorem 3.2. Suppose co = co^, ® co^, ® ■ ■ ■ is a product state on 31, {/,,.-.,/„}

an orthonormal basis of H, and r a mapping from Z+  to (1,2,...,«} such that
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\(fr(ky^k)\~ 1> ̂ = 1)2,_For j = 1,2,... ,n, let Cj denote the cardinality of the set

y = {k E Z+ : r(k) = /}. Then co |a& = coG is pure if and only if at most one of the Cj

satisfies 0 < c, < oo.

We first prove the necessity of the condition. The following lemmas will be of use.

Lemma 3.3. Let A be a finite subset of Z+ , coA = co |a . Then for x in 91A, coA(x)

= (xFA, FA), where FA E HA is given by FA = ®keA<t>k-

Proof. Any x E 31A may be written as a linear combination of operators of the

form e*j ® • • • ®ej°jm, where {kx,...,km} = A, hence using linearity and the

equality
m

(e^y®---®e^FA,FA)= H («&.♦*..♦*.)
s=\

= "(<}, ■■•^J = "a(<v-^5J'
we have the result.

Corollary, co = co' = co,    ® u,   ® ■ ■ ■.
-Ml) hat

Proof. Combining the proof above with the equation (efj<pk, (j>k) = (e^fr(k),fr(k)),

we see that co, co' agree on the norm dense subset 310 of St, hence co = co' by

continuity of co and co'.

Using this result, henceforth we shall assume, without loss of generality, that

**=/**). iork= 1,2,....

Lemma 3.4. Let g E S(oo) be written as a product of disjoint cycles, g = dxd2 ■ ■ ■ dk.

Thenw(g) = WkJ=xu(dj).

Proof. We have rf • E %sld Y Since the cycles d} are disjoint it follows that the sets

s(dj) are mutually disjoint, and thus from the product state property of co,

«Ui ■•■«**) = "(d\) ■■■«(<**)■

Lemma 3.5. Let co be as above and g a cycle in S(oo), then

u(a) = J1'    ^(s) ^ Jj^omej E (1,2,...,«},

[0,     otherwise.

Proof. Suppose g = (fc, • • • ArJ. Then writing g = 2^...^=,^ ■ • •<?£},, we

have (with the convention jm+x =jx)

n ["   m

»u)=   2    n«(^l+I)
./i.ym=i L'=i

« I   m

2i II  \ejjl+Jr(k,V /r(A,)j
vj.ym=i L/'=l

2   n*w,+l ■*M*l) = 2 iHx*,) •
7,.ym=iL'=i J     / = i L/=i       J
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Thus we have co(g) = 0 unless r(k() = r(kj) for all /, /, and if the r(k,) coincide we

have co(g) = 1, as asserted.

Corollary. Let g = dx • • • dk, where dx,...,dk are disjoint cycles. Then

to(g) = J1'     jfs(di) Qyjrsomeji,i= 1,2,...,/:,

[0,     otherwise.

Proof. Combine the results of the two preceding lemmas.

Remark. Viewing g E S(oo) as a permutation on the symbols {1,2,...}, our

Corollary implies that

«(g)=f1'    ifs:Y(-Y„i-=l,2,...,»,
10,    otherwise,

where g: y, -» y, means that g permutes the members of y, into themselves.

Proposition 3.6. Preserve the notation of Theorem 3.2. Suppose that 0 < cc < oo,

0 < cu < oo, for some u, v E {1,2,... ,n), u ¥= v. Then coG is not pure.

Proof. For convenience of notation, let us assume u = 1, v = 2, and let A be any

finite subset of Z+ containing both y, and y2. Let T denote the set of all subsets y of

y, U y2 of order c, = card(y,) (in particular, y, E T), and let 7 be the number of

subsets lying in T. For each y we define a tensor product vector FAy in HA as

follows:

'4>j>    J & Yi u Y2>

EA.y = <8> Xj,    where ty =    /,,    j Ey,

JSA U'    7G(Y,Uy2)\y.

We observe that FA>V = FA, as defined in Lemma 3.3, and furthermore, observe that

the vectors FA are orthonormal in HA. Fix a > 7 — 2, and define unit vectors FA,

FA as follows:

FA-=(y«2 + 7-l)"'[«FA,T]-     2     ^a,y

and

FA+ = (^2 + 7-l)"'[aFA.Ti +     2    ^a,y •

We define states coA and coA on 21A by coA (x) = (xFA , FA ) and co^(x) = (xFA , FA),

x E 21A. We wish to evaluate these states on elements g of SA. Recalling that for

product vectors F = ®y-eA|v- in HA, gF - ®jeA£g-\U), we divide the argument into

cases, according to the action of g on the sets yy.

Case (i). g: y, - yy for/ = 1,2.n.

Then g(FA~ ) = FA , and by an application of the Corollary to Lemma 3.3, we

have 1 = co^ (g) = co^(g) = «(g).
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Case (ii). g: y, ■+* yJt somej > 3.

We see that gFAy is orthogonal to FAy, for all y, y' in T, hence 0 = (gFA, FA) =

«a(?) = w(#)' and ° = (£fa" >fa) = wa(s)-

Case (iii). g: y, U y2 - y, U y2, g: yy - y, for/ > 3, but g: y, -«• y,.

Then co(g) = coA(g) = (gFA, FA) = 0, but noting that gFAj] = FAy for some

y' E T, y ^ y', we have

gF;^=(/a2 + 7-l)"'[«FA.y^     I    FA,y.

Hence wAh(g) = [2a + (7 - 2)]/[a2 + (J - 1)] > 0, and uA(g) has the value

[-2a + (7 - 2)]/[a2 + (7 - 1)] < 0.

Letting A = {- — [(7 — 2)/4a] (note 0 < A < 1), a straightforward calculation now

gives AcoA (g) + (1 — A)co^(g) = co(g) for all g E 5A, and since 31A is generated by

linear combinations of the group elements g, we have written co \%a as a convex sum

of distinct states wA |3l<, and coA |s,c.

By our construction, the states coA are seen to be consistent: i.e., given two finite

subsets of A, A' of Z+ , both containing y, U y2, if g E SA ft 5A-, then it is

straightforward to show that coA (g) = coA,(g). Hence we are able to define positive

linear functionals (of norm 1) co+ , co" on 31G given by co"(g) = coA(g), for any A

satisfying g E SA. Extending co" by continuity to states (also denoted co*) on 2lG,

we have Aco+ +(1 — A)co~ = coG, and co+ # w", hence coG cannot be pure. This

completes the proof of the proposition.

Proposition 3.7. Preserve the notation of Theorem 3.2. Then coG is pure if

0 < c,■ < oo for at most one i E {1,2,...,«}.

Proof. Suppose co,, co2 are states on 91G such that Aco, + (1 — A)co2 = coG, for

some A E (0,1). Suppose further that g E S(oo) satisfies g: y, -» y, for 1 *S / < «.

Then co(g) = 1, and since g is unitary (see §11), hence of norm 1, we may conclude

that co,(g) = co2(g) = 1 as well. In fact, if (irat, Hai,Q0), t = 1,2, are the GNS

constructions for co,, t — 1,2, respectively, then the relations (ira(g)Qa,QWr) =

"/(«) = 1.11^,(^)11 = 1. together imply that 7rU((g)S2W/ = BU/, for t ='l, 2.

Now suppose that g: y, -t+ y, for some i. Then there exist positive integers p, q

such thatp E y,, q E y., for some/ =£ i, and g: p -» q. By assumption, either c, = oo

or Cj — oo: assume, for the moment, that c- = oo. Then there exists a sequence {qk}

of distinct positive integers, each lying in the set y, and satisfying the additional

property that qk E s(g), k — 1,2.Define new operators gk for k = 1,2_ by

Sk = (WkMmk)- We have (qqk): ys -> ys, for s=\,2,...,n, hence Tr„](qqk)ttUi =

QUi, by the results of the preceding paragraph. In particular, since the transposition

(qqk) is self adjoint, we have

wi(#a) = ([*,»1(«*KI(*)ff„1(«*)]o.,1,ntJ

= (^,(gR,,fiu,)=co,(g).
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Furthermore, for k ¥= k', we have gk.gk - (gA-)"'gA, and it is straigthforward to

show from the definitions of the gk that (gk-)']gk: p -* qk, where p E y,, qk E y,,

hence gpgk: y, +> y„ which implies that u(g*-gk) = 0. Define xm = 1"k=xgk: then by

applying the Schwarz Inequality we have

Aw2|co(g)|   = A(|co,(xm)|)   ^Xuy(x*,xm)<u(x*,xm)

m m

=   2   <*(g*-gk) + 2 <*(gkgk)
k'¥=k=\ k=X

or

m in

Am2(|co,(g)|)2< 2 «(**%) =  2 l=w.
fc=l A:=l

Since A > 0 by assumption, and since the above inequality holds for all m, we

conclude that co,(g) = 0 = co(g). (A similar argument holds for the case when

c, = oo.) Hence, if Aco, *s coG for A > 0 we have shown co, = co6, and therefore coG

must be pure, completing the proof of the proposition. This result, along with our

previous proposition, completes the proof of Theorem 3.2.

IV. A factor condition. In this section we again consider pure product states on the

lattice algebra: the following theorem demonstrates a sufficient condition for their

restrictions to 31G not to be a factor state.

Theorem 4.1. Suppose e is a rank-one projection of N = B(H), H an n-dimensional

Hilbert space, and e = e- are the corresponding projections of the algebras Nj. Suppose

co = co.  ® cc(fti ® ■ ■ ■ is a pure product state on 31 satisfying

(i)2«L,co(ey)= oo and

(ii)0<27=,co(e,)[l-co(e,)]<*o.

Then coc = co \%c is not a factor state.

This theorem was proved in the n = 2 case (i.e., where A7 is a 2 X 2 matrix

algebra) by Saito in [6]. Here we shall extend his method of proof for the general

case n 3= 2. Before proceeding with the proof we replace conditions (i) and (ii) of the

theorem with an equivalent set of conditions which are somewhat easier to deal with.

Proposition 4.2. Retain the notation of the theorem. Then the following sets of

conditions are equivalent.

I.(i)2°°=1<o(e,.)=oo,

(n)0<2°°=yO>(eJ)[l-oi(ej)]<*3.

II. There exists a unit vector f E H, and a sequence of unit vectors fk: k = 1,2,...

such that

(a)fk — f for infinitely many k,

(b) either (fk, f)= I or(fk, f) = 0,

(c)2?=,[l-|(/„<|>,)|2]<*o,

(d) for at least one k, 0 <|(/, <t>k)\< 1.
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Proof. II => I. Let e E N be the rank-one projection satisfying ef — f, and let

e, E A7 be the corresponding projection of A7. Let A = [k: fk =/}. Then A is an

infinite set, by (a). Note that for k E A, co(ek) =| (/, <j>k)\2, hence

*=> 2 [i-|(/*,**)|2]= 2 [i-|(/,**)|2]= 2 [!-«(«*)],
ke.\ keA keA

hence 2f=xu(ek) = oo, which gives (i).

By (d), 0 < co(ek) < 1 for at least one k, giving the first inequality of (ii). For

k E A, write 4>k = akfk + Bkcf>'k, where §'k is a unit vector orthogonal to fk. Then

I ak P + I Pk P ~ 1- Summing over k E A, we have

2  co(e,)[l-co(e,)H   2   [l ~ o>(ek)] =   2   [l-|(/,**)|2]
keA i-£A teA

=   2  [l-|(/t,*t)|2]<oo,
keA

by condition (c). For k EZ+\A, note that

«(**) = («***,**) = (ekPk<t>'k,Pk<t>'k) ^\Pk\2 = 1 -|(/*,**)|2,

hence

2     co(eA)[l-co(e,)]<     2     «(ej <     2      [l -|(/*, **)f] < <*>■
keZ+\A keZ+\A keZ+\A

Combining these last two results yields the second inequality of condition (ii).

I => II. Write <j>k = ckf+ dk<f>'k, where/is a unit vector such that e/ = /as above,

and <pk is a unit vector orthogonal to/; then | c* |2 + | a/ |2 = 1. Define T = [k E Z+ :

|cA |> j-}. Consider the sequence {fk} of unit vectors with fk =/, for k E T, and

fk = <t>k otherwise. For k E Z+ \T, co(eJ = (ek<j>k, <f>k) = (ekckf, ckf) *s \; hence

3
°o >     2     «(«*)[!-«(«*)] >T      2     «(<?*)•

k<EZ+\T Aez+\F

Combining this inequality with condition (i) shows that T is infinite, giving (a).

Using the second inequality of (ii) again, we have

» > 2 »(«*)[! " «(**)] +  2 «(**)[! - «(«*)]
l-er k&T

>T-   2   [l-«(e*)]+|-   2 «(«*)

= *■ 2 [i-|(/.**)|a]+|- 2 kl2

>t- 2 [i-|(/,**)|2]+|- ^ [i-|(/*.**)f].
ker k$r

giving (c). Finally, (d) follows immediately from the left-hand inequality of condi-

tion (ii).
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Remark. We choose matrix units e* for the n X n algebras Nk so that, under the

identification of the Hilbert spaces Hk with H, exx = ek is the one-dimensional

projection on the vector/.

Using the set II of conditions equivalent to those of the theorem, the proof of the

theorem will be carried out by demonstrating the existence of a nontrivial element

V0(t) in the center of 7ruc,(3f)", where Tiua is the GNS representation associated with

coG. The construction of this element rests on certain strong convergence properties

of a set of number operators in 31 (operators with integer spectrum) which we define

as follows.

Definition 4.1. Given any finite subset A of Z+ , define KA E 91A to be the

positive operator 1keAek, and let KA = KA — u(KA)I, where / is the identity

operator.

Definition 4.2. Let (77-,,, //,,, fi„) be the GNS construction of the state co on 31:
v    to'       to *      to /

then for finite A C Z+ , and t E R, the real numbers, define VA(t) to be the (unitary)

operator VA(t) = iru(exp[itKA]) E «■„(«).

One can show that KA has spectrum a(KA) = {0,1,2,.. . ,A(A)}, where A(A) is

the order of the set A, hence ||7VA|] = N(A). Moreover, since KA is a sum of

commuting projections ek, for k E A, the unitary operators exp[itKA] have the form,

for t E R, exp[itKA] = exp[2keAitek] = IIteAexp[/feA], where exp[itek] E Nk, hence

exp[itKA] is a product of commuting unitary operators. In particular, since co is a

product state on 91 we have u(exp[itKA]) = UkeAu(exp[itek]).

Although the KA enjoy the properties mentioned above, they do not lie in the

invariant algebra 21, hence neither do their exponentials exp[itKA], t E R. We shall

show, however, that there exits a sequence I, C T2 C • ■ • of finite subsets with

union Z+ such that V(t) — st-limm_0CKr(r) exists, and furthermore, the V(t)

restrict to unitary operators VQ(t) on the Hilbert subspace H0 = [7ru(3lG)fiJ" of Hu.

The cyclic representation 770: 31° -> B(HQ) formed by restricting ira\%G to H0 is

unitarily equivalent to the GNS representation ttu<, of coG (see Lemma 4.11); hence,

identifying tt0 with iruc, the V0(t) axe identified as elements of B(Hwa). A straightfor-

ward argument (see paragraph after Lemma 4.12) establishes that for some t, V0(t)

E B(Hug) is nontrivial.

In order to prove that the V0(t) actually lie in the center of 77>-(9l)" we define a

sequence of selfadjoint operators Jm, central in 91G , so that

(i) U(t) = st-Mxnm^xUm(t) exists, where Um(t) = iru(exp[itJm}),

(ii) U(t) maps H{) to H0; this restriction defines a unitary operator U0(t) E

7ruC(2t)"n 7^,(91)', and

(iii) U0(t) = V0(t).

The Jm will be defined, up to multiplication by a scalar, as the sum of all

transpositions (if) E ST (see Definition 4.6). As we shall see, the strong conver-

gence of the Um(t) depends on making a suitable choice for the sets Tx, T2,...; i.e.,

each Tm must contain "many" more indices k with/A =/than with/A orthogonal to

/. We make this more precise in the following definition.

Definition 4.3. Define inductively a sequence T, C T2 C • • • C Z+ of finite sets

with union equal to the positive integers, where Tm has order m, and T,„ is the union
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of disjoint sets ym and y'm, where

(i)yffl = {k E Tm:fk=f); y'm = {kE Tm: (fk, f) = 0},
(ii) ym has order rm satisfying (m — rm) < m[/3, m= 1,2, —

Furthermore, let y = Um=,ym; y' = Um=,y^. Then Z+ is the disjoint union of y

and y'.

We remark that the operators Jm are introduced into the proof in order to show

that the unitary elements V0(t) = st-limm_00t7m(f) are central in ttug(%g)". On the

other hand, we identify V0(t) with (st-limm^aoVr(^t)) to(3lcy. as a means of showing

that for some t, V0(t) is a nontrivial element of the center of 77uc(21G)".

The following two results, found in [6], will be useful in treating the numerous

calculations of Lemmas 4.7 and 4.8.

Lemma 4.3. Let {ak} be a sequence of nonnegative numbers satisfying 2f=l(ak)2 <

x. Then limm^ao(l/m)(2^=yak)2 = 0.

Proof. For given e > 0, choose R sufficiently large so that 1™=R(a2k) < e, and let

M = 2kIxak. Then for m > R we note that by the Holder Inequality,

m m I    m \ '/2

lak = M+   2 ak<M+(m-R)l/1\   2 a2)     .
k=\ k=R \k=R       I

Squaring the left-hand and right-hand sides of the above inequality, and taking the

limit as m -» oo, we have

lim ~ ■     2 a A
m^oo  m      \k=]       J

m

=   2 (akf<e.
k = R

Since e is arbitrary, our assertion holds.

Lemma 4.4. Let B be a bounded self adjoint operator on a Hilbert space H. Then for

allh E Handt E R, \\(ei,B - /)ft||<S|f| -\\Bh\\.

Proof. First observe that the inequality \e" — 1 |=£|r| holds for all real t. Now,

letting {Fx: A E R} denote the spectral measure for the operator B, we have

\\(e"B - I)hf - ({e"B - I}*{e',B - I}h, h)

/OO

[e~ilX- \}{e,lX- \}d(Exh,h)
-00

< rt2\2d(EAh, h) = t2(B2h, h) = t2-\\Bh(.
•'-cc

Taking square roots of this inequality yields the desired result.
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Retaining the notation of condition set II of Proposition 4.2, we write <f>A = akfk

+ Bk(b'k, k= 1,2,..., where <f>'k is a unit vector orthogonal to fk. Note that

Iak I2 + IPk: I2 = !• We adoPt me notation co(e*) = tki}, 1 < i, j < n, and co(eA.) = 1

— tk for k E y. Observing that co(ej'j) = (e,j<i>k,<pk), the following lemma is an

immediate consequence of condition set II.

Lemma 4.5. Let co be a product state on 91 satisfying the equivalent conditions of

Proposition A.2, and retain the notation of the previous paragraph. Then:

(a) For any k E Z+ , if either i or j equals 1, but not both, then \ tfj\^\Bk \.

(b) For k E y',\tky\= t'y = u(ek) *:\Bk\2.

(c) For kEy,andi^\,j=t\,\ r*, |<| Bk \2.

(d)ForkEy,tk=\Bk\2.

Definition 4.4. For m = 1,2,..., define Km = KTm, and Km = Krj let Vm(t) be

the unitary operators in 7^(91)" defined by Vm(t) = exp[7Tu(itKm)], t E R.

Definition 4.5. Letting 910 = U^= ,21m, define # to be the dense linear subspace

of Hu given by 0 = [vJ(AyQu: A E 9t0}.

Lemma 4.6. For m — 1,2,..., let {Km}, {Km} be defined as above. Then the

sequence {ttw( .£„,)} converges strongly on all vectors h E #.

Proof. Given /r E d, we may write /? = 7ru(/l)fiu, where A E 91 , for somep, and

let us assume that m > « are sufficiently large so that {1,2,...,p} is contained in

both Tm and Tn. Letting tr = 7ru, we have

|[ir(tfJ - 7r(7e„)]77(/l)fiJ2 = co(/.*[7vm - /v,,]2^).

But Km — Kn is an operator lying in 91 r , where ro = Tm\r„, and T0 is disjoint from

{1,2,... ,p). Hence, since co is a product state,

u{A*[Km - K,]2A) = »(A*A[Km - KX) = o>(A*A)o>([km - K,]2)

= U(A*A){<o{[Km - K„]2) -[u(Km - K„)]2}.

Noting that Km - Kn = 2keym\yek + 2keYm\y.ek, and using the product state prop-

erty for co again (in particular, co(e,e ) = co(e,)co(ey) for i ¥*j), we have

"([^m-^]2)-["(^m-^)]2=[     2     «(«*) +     2     »(ek)
_key„\y„ key;,\y,',

~       2     {«(**)}* +     2     {^(ek)}2
.key„\y„ iey;,\r,;

=     2     [(l-tk)-(l-tk)2]+     2     k,-('n)2]
*GYm\rn key;,\y;,

=   2   W-('k)2}+   2   ['f,-K,)2].
*ey„\Tr, key^\y,',

Recalling that 2"=] |/?A |2 < oo, an application of Lemma 4.5 shows that the equation

above tends to 0 as n, m tends to infinity, and therefore we may combine the above



GROUP invariant calgebras 545

results to conclude that 0 = lim„,t„^K\\[ir(km) - 7r(kn)]ir(A)tiJ\2. Thus the se-

quence {tr(Kn)} converges strongly on #, as asserted.

Lemma 4.7. The sequence of unitary groups [Vm(t): t E R} converges strongly to a

strongly continuous unitary group of operators [V(t): t E R} in 7^(21)".

Proof. We first establish that for any vector cj> E Hu, and for fixed t =£ 0 in R, the

sequence {Vm(t)<p} of vectors is Cauchy. For given e > 0 we may find an operator

A E 910 such that if h - ir(A)Qu, then \\h - <p\\ < e/4, and by the preceding lemma

we may choose integers m > n sufficiently large so that \\[ir(Km) — w(Kn)]h\\<

t/2 \t\. Then we have

l[vm(t)-vM4<t[ym(t)-vM^-h)\\+\\[vm(t)-vn(t)]4

<2\\<b - h\\+\\[exp(Tr(itKm)) - exp(ir(itk„))]h\\

< e/2 +\\[exp(itTr[km- K„]) - l]h\\

<e/2+\t\-\\n(Km-K„)h\\

<e/2 +|r|e/2|r|= e,

where we have invoked the result from Lemma 4.4. Hence {Vm(t)} is Cauchy, and if

we define V(t) to be the limit of the Vm(t), it is straightforward to show that V(t) is

unitary, and that the set {V(t): t E R} satisfies V(t)V(s) = V(t + s), s,t ER.

We now wish to show that the group [V(t): t E R} is strongly continuous. Let <j>

and h be as above. Since {iru(Km)h: m= 1,2,...} is convergent, there exists a

number M dominating the norms \\iru(Km)h\\. Choose e > 0, and let s,t ER satisfy

\t — s\< e/6M. Applying Lemma 4.4 once again, and choosing m sufficiently large

so that ||[K(0 - Vm(t)]h\\ < e/6, \\[V(s) - Vm(s)]h\\ < e/6, we have

\\[V(t)-V(s)]4<\\[V(t)-V(s)](<f>-h)\\ + \\[V(t)-V(s)]h\\

<e/2+||[F(0- ^(0]*|| + l|[^«(*)- ̂ )]*ll+l|[^m(0- yjs)]h\\

< e/2 + e/6 + e/6+\\[exp(itw(km)) - exp(isir(km))]h\\

= 5e/6 +\\[exp{i(t - s)tt(k„,)} - l]h\\

< 5e/6 +\t — s|-||7r(j^m)/i||<e,

and thus the unitary group {V(t)} is strongly continuous.

Definition 4.6. For m=l,2,..., let Jm E 91 Gm be the selfadjoint operator

[2^l£Tm(u)]/2m; and define Jm = Jm - u(Jm)I. Define UJt) in «■„(«)" by UJt)

= itJexp[itJm\), fox t E R.

Remark. Observe that g7„, - Jmg for any g E STm, hence Jm (and thus Jm) lies in

the center of 21G.

What we now wish to show, in the following two lemmas, is that if we form the

operators 7r(7m) = ira(Jm) in 77J9I), then st-limm^00 tr(Jm)h exists for all h E ft, and

that this limit coincides with the strong limit of the vectors ir(km)h.
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Lemma 4.8. Let Jm, Jm be defined as above, and let S2U be the cyclic generating vector

in the GNS construction for co. Then st-limm_0,ir(Jn)Qa exists (where tr = tr^) and

agrees with sl-limm^x<n(km)Q^.

Remark. A number of occasions will arise over the course of the proof where we

shall apply Lemma 4.3 to conclude that limits of certain expressions tends to 0, e.g.,

limm^00(l/w) • 2j^JeyJitj = 0. When we wish to indicate that a certain summation

tends to 0 as m -> oo, we shall enclose the term in double braces {{ }}, and then

replace it in the next line of the calculation by o(l): e.g., we shall write

~   2  (i-O0-0) = ~   2  (\-t,-tJ+l{t,tj}})
i*jey„, i^yey™

= -■   2  (\-t,-tj) + o(i).
l*J^m

In other instances we shall use the fact that r = rm has been chosen so that

(m — r) < m0/3) to conclude that certain summations tend to 0 as m -> oo: we shall

enclose these terms in double brackets [[ ]]. For example, we shall write

i\2 «(0)=  ~.2 «(y) •
'^yeym |_L        '^J^tm J.

Proof of Lemma 4.8. As before, fix a positive integer m and let r = rm. We shall

establish the result by verifying that \ixnm^XJ\\[tt(km) - 77(7m)]£2J|2 = 0. Noting

that the operators Jm and km commute, we have

\\[tr(km) - ir(Jm)]Qm( = u([Km - I]2) = cc([(Km - Jm) - u(Km - Jm)f)

= »([Km-jJ)^(Km-Jj]2={»(K2m)-[»(Km)}2}

-2{w(KmJm) -co(*Jco(7j} + (co(7„2) -[co(7j]2}.

We shall examine each of the terms in the brackets separately, and we begin with the

least cumbersome calculation. Using the product property of co we have

co(7v2)-co(/02=    2    «(*,*,)"     2    «(*>(',)=   2   [«(*,-)-«(e,.)2]
i.yer„ i.jev„, /er„,

=   2   [co(e,)-co(e,)2]+   2  [«(«,) - »(e,)2]
/'£y„, i^y'm

= 2 [0 - O - 0 - **)2] + 2 [<i.-0i>)2]

= 2 [ti-(tif}+ 2 [t\x-(t\x)2}-
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Noting that u(ek(ij)) = a(ek)a(ij) for distinct indices i, j, k of Z+ , we under-

take the calculation of

t*{KmJm)-u{Km)»(Jm) = a   f   2   ei  ~     2    ((/')

-     2   «(**)   •   jZT-     2    «((/)

= J=-   2     2   »(«*(?))       ~j--   2     2    »(ekMV)
lm    kevmi*,evm tm    k<ETmi*jeTm

-v-' "-V-'

n.d. J       L n.d.

=1-11,

where n.d. means that the indices i, j, k are not distinct, i.e. either k = i or k = j.

Thus we have

I = ̂ r-    2      2    o(ek(ij)) = j--    2    »(*,((/))
-m    ter„1/#Jer», im    ^./er„,

v._•

n.d.

= ~   2  «(*,(y)) + [~   2  «(e,((0)|

+ ~ 2   2 «(«,((0) + ~ 2   2 »(«,((0)
'GymJeitm i^ymj^ym

= I,+o(l) + I2 + I3.

Note that

n n n

*,((/) =   2   *ii«w«/a = 2 «Wi = «iiWi + 2 «Wi.
fr,/=I /=1 /=2

hence

i,=~   2  «(«,U0) = ~   2  (i - OO-',) + {{£ •   2   2^/,l!
'Wey„ <#yeym [[w    i¥>jeyml=2        J J

4-2 (>-<,-<,)+{{5-2 m+^D
= rir-J1    [2(^-0 ,2    |+0(1)
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Now

i2 = ~ 2   2 »(«,(«0)
''ey„, ,/ey;

= £■2   2 (i-0'n + {{~ 2   2 2(^/,)}l

= £• 2   2 ('/.)-{{— 2   2 tA] + o(i)

= -•2 ',',+o(i).
yey„,

Finally,

i3 = ~ 2   2 «(«i(y))
"=Y/'n i'ey,,,

'EY„,./eY„, It '6Ymy£Ym J J

= £•2 »{,+o(i).
<EY,'„

Assembling our calculations, we have

i = ̂ J!-2(^J!. 2/, + ̂ - 2^ + 0(1).
'6y„, /£ym

Now for II,

" = i-   2     2   »(«XiO = i-   2   «(e,)«UO
zw    kermi^jer„, m   wjer.

^_    _x
v

n.d.

= —•   2   «k)co(y)+   — ■   2   «(e,)w(y)

+ 1-2    2 «(e,)«Oy) + ̂ -   2    2 «(e,)«(sO
'£y„, /ey,'„ 'GYm/ev™

= II, +o(l) + II2 + II3.
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Evaluating these terms separately, we have

".=£•    2       2   a(eM'lMefk)
/^/Ey,„A./=l

= £•   2  (i - OO-',)0-o) +   i-   2" 2 O-OW-
^./ey„ i*jey„k,t=x

n.b.l

(where n.b.l means /: and /cannot both be 1)

= ~   2   (1-2^-0 +/?) + {{!■   2   [2¥,-(0\]}}+o(i)

= Kz^i)_3(^0.       (r,)+-^>-  2 (02 + o(l).
w m ' m .*r

'EY„, 'EY„,

We have

n2 = £- 2   2 «(e,)«(i0
'EY„, /EY,'„

= £•2   2   2 (i-0"(4/M4)
'EY,„./ey,;, /t,/=l

-£•2    2 (1-0(1-Or/,

+ ({£•2   2  i(i-',)['W, + ';,4)
[[m     iey„,jey'ml=2 J J

+ {(£■2   2   2 d-0^41-
U iey,„jey'mk,l=\ J J

(Note that the first term in double braces is dominated in absolute value by

(\/m) ■ 2ieyJ,Jey;2(n - 1)(1 - /,) |/?, 11 yS, |, and the second term by

[(n-\f/m\-   2     2   (1-OlftP.
/ey„, ;6y»,

both of which tend to 0 as m -» oo.) Hence

«2 = £- 2   2 (i-0^/, +o(i)
'EYm./eY,;,

= £•2    2 '/.+{{£• 2    2  [-2r,,/, + (r,)2r/,j}}+o(l)
<EY„, VEY,;, U ieymj&y'm J J

= -•2 r/, +o(l).
,/£Ym
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Similarly,

n3=£- 2   2 «(«>«/)

= £222 ('i,)<o(4>(4)
iey'mjeymk,l=\

= £•2   2 <n(',,[i-o])+{{£- 2   2 2<!,(*,W, + <;>',/)}}
iey'mjelm {('"     ieymJeyml=2 J J

+ {{£•2   2   2 »{,^4|
[[m    iey-,jey„,k,l=2 J J

= £•2   2 0i,)2-{{£- 2   2(',i)2J}+o(i)

= £•2 (/i,)2 + o(i).

Thus we have, putting everything together,

II = II, + II2 + II3 + o(l)

= 4lzJ1_M^0. 2 ,| + ̂ I. 2 (02 + o(1)
w w " w       .Ir

><^ym 'EYm

+ £•2 r/, + o(i) + ^. 2 (/;,)2 + o(i) + o(i).
7EY^, 'EYm

Finally, we have

w(KmJm)-w(Km)w(Jm) = 1-11

= -^- 2 [*,-(0a]+~ 2 h-(//,)2]+o(i).
'eY». ./'ey,',,

Now we must consider co(./„2) — co(7m)2. A routine calculation yields

co(7m2)-co(/J2=    -L-      2 2     «((»)(«))'

V-v-' J
(n.d.)

--V   2     2   »(((0«(*0) ■
x_y

(n.d.)

= III - IV,

where n.d. means that the 4 indices i #7> k =t I are not distinct.
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Now

m = -V    2     2   «((</)(«))
Am        ,#yerm k*ievm

\_s

(n.d.)

If l\
= tVw      2   (y)(70    + tV«([   2   (y)(y)l

L     (d.) J
(where d. signifies that i, j, I axe distinct)

/ ,\

1 I        V     f--i\       x  m2 ~m
= — -u      2   (vi)    +   ,  2

L   (d.)        -I

/r i\

= -—«      2   (yO   +1 + 0(1)
m     1 iz^k     /

L^    (do -I

= Ji    2   (yO +   —2-   2   -(if/)

-V—(dT~      J    LL (d.) JJ

+-M  2    2«(#)1 + 1-^-2    2  »(#)   + 5 + 0(1)
w    [iV=yey„/ey^ J        [[W        iey„j*ley'm \\

= III, + o(l) + III2 = o(l) + 1 + o(l).

Recalling that (y7) = 2Jt,tf=,«^^, we have

III, =-L-     2    «(if/)
w     ^Jdey^

= ~2-   2     2   [«(«;>«)««,)]
W       i,jjey^p,q,s=\

(d.)

= A-   2   [0-0(1-0)0-0]

(d.)

+ R- 2    2 [/;,/^j -
"'        i,j,leym p,q,s=X
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= —■   2   [i-t,-tj-t]
m     '-j-ley,,,

^TdT^

+ \{— ■   2   [t,t, + t,tj + tjt,- t,tjt\\\ + 0(i)
[W       '.J./ey„,

^_(dO_'

_r(r-l)(r-2)      3(r - l)(r - 2)     v  ,-2-2-1  (0+°(U-
mL mA ,ey

' x— tin

For III2,

m2 = -V   2    2 «(»;/)
w      r#yey„, /ey,'„

= JI-f    2       2       2     {«(*;>(*>>«)}

= —2-   2    2 0-O(i-0'(.

+    -V   2    2    2   «(«;>(4>«,) •
w        i¥=jeym ley'„, p,q,s= 1

not
all ,

= -M       2 2d+J{Af      2 2    {-O,-t'yytj + t,tjt[y)^\+0(\)
m    [ i*jeym ley'm      \ \\m    [i '■/(-. y,„ !(■ = y/„ J J J

= '^ill. 2 rf,+ o(i).
L       m -I    /ey;

Hence

III = III, + III2 + ^ + o(l)

_r(r-\)(r-2)      3(r - l)(r - 2)     y
2 -, Zj    li

m m iey„,

+ MRi- 2'l.+5 + od).
m ley', l

Finally, we examine term IV,

iv = -V   2     2   «((/>(*/)

(n.d.)
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=tV 2 »(vMjiy+Ti- 2 wm2
~~<d3~~

= IV,+ IV2.

For IV,,

iv, = —2-   2   «(y>(7/)+   —■   2   «(y>(7'0
m    ^jjeym m     ,,hiey^

(dT~ LL (d) J.

+ 4-   2   2«(y>(7/)+  A- 2    2  «(iy)«(y/)l
w      /^yey„,/ey;, [[w      ''eymy'#/ey; J

+ [-V 2    2  «(y)«(y/)l +A-   2    2 "(y>(7/)

= IV,. + o(l) + IVlb + o(l) + o(l) + IV,C.

ivla = -^-   2   "(y>07)
m     '.j.'ey,,

, n n

= — ■2       2      2   a(eh)a(e'qp)tt(eJU0)a(e'vll)
m     '-j.ieym p.q=\ u,v=\

= -V   2   (i-O0-O20-O
m     'J.'Ey„

(d.)

+ JJ J_.    y        y     (ti tj tj tt )[.
™       i,j,leym p,q,u,v— 1

(d~) not
1    ' all I

= ^2-    2    [l-r,-r/-20+(O2]

(d.)

+11 ~T •     2     ['/'/ + Itjt, + 2tjt, - 2t,tjt, - t,tf - t,t2 + ttt,tj]    •
[m      i.j.ley,,, J

~~(d7"~
+ o(l)

_r(r- !)(/•-2)      4(r - l)(r - 2)      „
2 2 -"     '

+ 0-00-2), 2'/+o0).
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iv,b = -V   2    2 »(vMji)
m        i*jeym ley^,

= —2-   2    2 0-O(i-OV.
m        i*jeym ley'm

+ \\—2-   2    2     2    {WivO ■
i^je.ym l^y'm p,q,u,v— I

^ not J
all 1

-A-   2    2 *,',
m      '"^yey„, /eT;

+   HA   • 2 2     (','{,   "   2tjt[x   +   2W{,   +   *,?*{,   -   t.tft'yy))]   +   0(1)
11™        i*jey„leym J J

= ^^•2^ + 0(1).

iv,c = -V   2    2 »(ijMfl)
m      i*ley„, jey'm

= —2-   2    2 (i-O0/,)20-O
™       i#/Ey„ jEy;

+ \\—2-   2    2     2    («/.^«) •
™        i¥^leym jey'm p,q,u,v— 1

^ not
all 1

= Jr   2    2 0/,)2
m        '^/ey„, jET;

+ {{-V   2    2 [-*M)2 - M)2 + wM% + 0(1)

= ̂ r11- 2 0O2 + o0).
m       yeT;

Hence

IV, = IV,a + IV,b + IV,C + o(l)

_r(r-l)(r-2)      A(r - \)(r - 2)     „
2 2 Zi   li

m2 ml ieym

+(-i)(r2)- 2'2+M^-2<(,

+ ̂ ii- 2 0/,)2 + o(i).
m yey;
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Now for IV2,

iv2 = tV   2   My)]2

= ~   2   [«(y)]2+ [rV   2  Ny)]2l
lm     ,¥yeT„ [[ <¥jET; J

+ ff^r- 2   2 My)]2!
[2m      ieym]ey'm J

= tV   2   My)]2+ o(l)

= tV   2   0-O20-O2+    A-   2     2  (t'M    +o(l)
Zw       i^jey„, lm       i¥=jeymp,q=\

^ not
both 1

= -V   2  i

+ {{tV   2   [-2/I-20 + rf + /? + 4%.-2v?-2r^ + ̂ ]}}
L Ilm       ,#;ey„, J J

+ 0(1)

= ̂  + o0).
2m

Combining the above calculations, we have

co(/2)-co(/J2 = III-IV

=(r~1)(r2)- 2 u-(o2]+^^- 2 k-o(.)2]+oo).
m2 ,eyM ™2        /ey;L

A routine calculation now shows that

lim {u,(K2) - u>(Km)2} - 2{<c(KmJm) - co(tfm)co(7j}
m->oo

+ {co(/2)-co(/J2}=0,

hence Hntm^aa\\[TT(km) - 7r(7m)]flJ|2 = 0, and the lemma holds.

Lemma 4.9. The operators (7r(/m): m = 1,2,...} (where w = iru) converge strongly

on all vectors /lEf w/7/i st-limm_0O7r(7m)A = st-h.mm_00ir(Km)h.

Proof. Given h E &, h is of the form ir(A)ttu, where ^ £ %p C 310, for some

positive integer p. Letting i denote the set of p-tuples 7 of the form 7 = (/'„.. .,ip),
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where /,,...,i  E (1,2,...,«}, A may be written as

,4=2   a{I:J)e\Jx-■■€(,,       a(I: J) EC.
uei

For fixed I, J E 5, define a positive linear functional p, .y on 31 given by

P/:,(*) = (»-(*K(</. ■■■^)°-ff-(^. ■•■^K)-

Defining \pk = eku (<l>k), for k = 1,2,... ,p, it is straightforward to show that one of

the following two conditions must hold.

(i) efj(<i>k) — 0 for some k, 1 < k < p, in which case p/:y is the 0 functional, or

(ii) there exist positive constants a,, a2,...,a  such that £A = a^. = akef (4>k) is

a unit vector, for k = 1,2,...,p, and taking a = (a,)-1 • • • (a.)-1, we have prj = a

■ (or.j, where u,.j is the product state on 31 defined by co/:y = co^ ® ■ ■ ■ ®co^ ®

CO,       ® coA      ® ■ ■ ■ .

Now we have (again denoting tru by 77)

|W^m)-»(/m)]irU)0j= 7r(/em-7m)[   2   a(l:J)n(elJi---erj)]Q„
[i.Jei J

<2l«(/:/)|- ^-/^U^. ■■•ef   )K,
i,J

and for a fixed pair of indices 7, /, we have

\n{^m-Jm)n(e]di •••^,)0Bf

= ([,(£, - /M)]2»(e'/1 • • • e£jO„, »(<,, • • • e{JO„)

= P/:/([^«-^J2)-

If condition (i) holds we have prj([km — Jm]2) = 0, for all m, and if condition (ii)

holds, then p,j([km — Jm]2) = auf.j([Km — 7m]2). But w/:/ is a product state on

31 which satisfies conditions a, b, c of condition set II of Proposition 4.2, and

therefore we may apply the proof of the preceding lemma to the state co/:J to

conclude that limm_QOco/:J([/fm — 7m]2) = 0. Retracing our steps, we have verified

that \imm^a0\\ir(km — Jm)n(A)Slu\\ = 0, and the lemma is proved.

Lemma 4.10. For t E R, the unitary operators Um(t) converge strongly to V(t), as

m -* 00.

Proof. Since the Um(t) are unitary we need only verify that \ixnm^xUm(t)h =

V(t)h, for all h in the dense subset ft of H. We proceed by showing that the sequence

{Vm(t)h — Um(t)h) converges to 0, for h E ft. Recalling that the operators Jm, Km

commute, and applying Lemma 4.4, we have

11^(0* - Vm(t)h\\=\\[exp{tr(ttkm)} - exp{v(itJm)}]h\\

= |[«p{ir(i/[^m-4])}-/]A||<|/|-|[tr(^m)-(/M)]A||,

and since the last expression tends to 0 as m — 00, by Lemma 4.8, we have

nmm^\\[Vm(t) - Um(t)]h\\ = 0.
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Definition 4.7. Given the GNS construction -n = (tru, Hu, Qu) of co on 31, and

letting coc = co|ac, define 770 to be the Hilbert subspace [77-(3lG)£2J~ of 77, and

define 7r0: 31G -* B(H0) to be the representation on 3fc given by TT0(x)[ir(A)tiu] =

ir(xA)Qa, for x E 31G, where tr(A)Qu E [7r(3(G)S2J, and extended to all of H0 by

continuity.

Lemma 4.11. The representation itq: 3tG -» B(H0) is unitarily equivalent to the

representation wuo of'if0 in the GNS construction (tt^c, Hug, Gwc) o/cog.

Proof. For* e 31G,

(flo(x)0-tOM) = (irB(*)0„,Oj = «(x) = ac(x) = (^(jcJO^.O^);

hence [8, Proposition 2.4.1], 7r0 and tt^c induce unitarily equivalent representations.

Remark. By an abuse of terminology, we shall refer to the triple (7r0, H0, Qa) as

the GNS construction for the state coG.

Lemma 4.12. The unitary group {V(t): t E R} maps the subspace H0 onto itself.

Hence we may define a unitary group [V0(t): t ER) in B(H0), given by V0(t)h =

V(t)h,for h E HQ. We have V0(t) = st-limm^00 exp[7r0(//',)], hence V0(t) E 770(3IC)"

n 7r0(3lG)'.

Proof. Define ft0 to be the linear subspace of H0 given by ft0 = {ir0(A)Qa

(= iru(A)£lu): A E 3lG}. Since 31G is norm dense in 3lG, ftQ is dense in 770. Let

h = Ttu(A)Qu E ft0, for some A E 3lG. Then [exp(itJm)]A E 3lG; hence,

tT0([exp(itJm)]A)Q,m = [exp{ittrJJm)}] ■ tru(A)ttu lies in ftQ, and we have, applying

Lemma 4.10,

V(t)h=  lim Um(t)h=   lim [ezp{«0{itJm)}]ira(A)Qa
m—>cc m->co

=  hm [exp{tr0(itJm)}]ir0(A)Q,u;
m — oc

hence, V(t)h, a limit of vectors in ft0, must itself lie in H0. By continuity, we have

V(t)h E HQ for all h E H0, and it is now straightforward to show that the V(t)

restrict to a unitary group {V0(t): t E R} on H0. Furthermore, the above calculation

shows that V0(t) = st-limm^0Oexp[770(/r7m)]. It remains to verify that V0(t) lies in the

center of 77-0(3lG)". Now given A 6 3IG, we have A E 3tG for some p > 0. Further-

more, for sufficiently large m (say m > M) we have {1,... ,p) C r„,. Since A E 3tG

C 31G, and Jm lies in the commutant of 31G (see the remark after Definition 4.6),

A and Jm are commuting operators for m > M; hence, A and exp(//7m) commute.

Therefore,

PoOKM) = st-lim[exp{7rn(/?7m)}KM) = st-limw0[exp(i£/m) • A]
m^ 00 m-> oc

= st-lim7r0[y4 ■ cxp(itJm)] = st-\imiT0(A) • exp[it7r0(Jm)]
m -* 00 m -»00

= «o(i4)K0(0.

We have shown that K0(r) commutes with all operators in the strongly dense set

7r0(3tG) of 77-0(3tG)", hence by continuity, the unitary operators V0(t) lie in 7r0(31G)"

fl 7r0(3(G)', for t E R. This completes the proof of the lemma.
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We are now in a position to prove our theorem.

Proof of Theorem 4.1. We have shown that for t E R, V0(t) is a unitary operator

lying in the center of 7r0(3tG)". We wish to show that for some t E R, VQ(t) is not a

scalar multiple of the identity, i.e., V0(t) is not of the form VQ(t) — e'aI, a E R, for

some t E R.

We consider the unitary operators Vm(t) — exp[ittru>(km)]. Recall that Km =

^jer lej ~ u(ej)I]- Since the projections e- = e{x,j = 1,2,..., commute with each

other, we may write

expO'^U = exp if 2   iej ~ "Oy)7}   =   II   [«p{if(e, - «(«,)/)}]
jeTm J      jeTm

= cm(t)-   II   [exp(itey)],

where cm(t) is the complex number II7-Er [exp{-ir«(e-)}] of modulus 1. Recalling

the definition of the product state co, and using our previous results, we have

\(V0(t)Qu,Qa)\2 =\(V(t)Sla,Qa)\2 =  lim \(Vm(t)Qm,Q„)\2
m~*cc

2 2

=   lim \(ex.p{iTu(itKm)}Q0,Qu)\   =  lim |co(exp[/f/Cm])|
m-*oo m->oo

2 2

=  lim   co     J]   [exp(/7e,)])    =   lim     \J   (exp[ite,]<fy, fy)   ■
m — oo       \ i(=r I m — oo      Fr

Using the fact that exp(irey) is unitary, for7 = 1,2,..., it follows that

|(«p[itey]*y,*7)|2<l,

hence, singling out the k E Z+ guaranteed in condition (iv) of the statement of the

theorem, we conclude from the limit above that

\(V0(t)Qa,Qu)\2^\(exp[itek]<f>k,<},k)\2.

Since 0 <|(/, $k)\< 1 by assumption, we may write <j>k = af + b<f>', where <J>' is a

unit vector orthogonal to /, and \a\2 + \b\2 — 1; and if we write s =\a\2, then

0 < s < 1. Then noting , that exp(itek) = I + itek + [(it)2/2\]ek + ■ • ■ = I +

(e" — \)ek, and that ek<fyk = af, we have

|(exp{^}^,^)|2=|([/+(e''-l)e,]c1.,,^)|2=|l+[(e"-l)-|a|2]|2

= |l + (e" - 1) -^|2= 1 +2(s- s2)[cos(t) - 1].

Since 0 < 5 < 1, we have 5 - s2 > 0, and thus we can find a t such that 1 +

2(s — s2)[cos(t) — 1] is less than 1. Retracing our inequalities, we conclude that

\\(V0(t)Uu, to J |2 < 1 for this choice of t, hence V0(t) is not of the form e'a ■ I. Since

V0(t) is in the center of 7r0(31G)", cog cannot be a factor state. This concludes the

proof of the theorem.
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V. Unitary equivalence of pure states on 31G. In this section we consider pure states

on 31G of the form described in Theorem 3.2, and determine necessary and sufficient

conditions for two such states to be unitarily equivalent. By [8, Proposition 5.3.3] the

GNS representations iru, it , associated with pure states co, p, on a C*-algebra A are

unitarily equivalent if and only if they are quasi-equivalent. Hence Bratteli's result

on the quasi-equivalence of factor states is applicable to our situation.

Theorem 5.1 [1, Theorem 4.5]. Let A be an AF-algebra A = U™=xAm, where

Ax C A2 C ■ ■ ■ are finite-dimensional C*-algebras, let co, p be factor states on A, and

tra, it the corresponding GNS representations of co, p, respectively. Suppose ker7ru =

ker77p. Then co, p are quasi-equivalent if and only if for each e > 0, there exists a

positive integer q such that | co(x) — p(x) |< e||7rw(x)||, all x E Acq.

The notation of §111 will be employed throughout the discussion. In particular, we

construct pure states coG, pG on 31G as follows: let {/,,...,/„}, {/,',...,/„'} be

orthonormal bases of 77, let r, r': Z+ -> {1,2,... ,n) be maps, and define co = u/r t

® co,    ® ■ ■ •, p = u,,    ® Wf.    ® ■ ■ •, with 0 < c, < oo (resp. 0 < c' < co) for at
Ml) '     r JrW) Jr'd) J v r J '

most one j, where c} (resp. cj) denotes the cardinality of the set y = [k E Z :

r(k) =7} (resp. y/ = {k E Z+ : r'(k) = j}). Let coG, pG be the restrictions to 31G of

co, p, respectively. By Theorem 3.2, both coG and pG are pure. As an application of

Lemma 3.5, the following relations hold for a cycle g E S(ao):

«c(g) = «(*) = I1'    if*0r)<=y,forsome7,

[0,    otherwise,

po(g) = p(g) = j1-  ifs(g)c yjforsomei'

(0,    otherwise.

Lemma 5.2. Let coG, pG be as above. Then coG, pG are quasi- (hence unitarily)

equivalent only if there exists a positive integer M such that for i, j > M,r(i) = r(j) if

and only ifr'(i) = r'(j).

Proof. Assume coG, p° axe quasi-equivalent, then given 0 < e < 1 there exists, by

Theorem 5.1, an M such that \uG(x) - pG(x)\< e\\iruG(x)\\ for all x E (31^)''.

Assuming that the condition of the lemma fails to hold there exist, without loss of

generality, indices i, j > M such that r(i) = r(j) but r'(i) ¥= r'(j). Let x be the

transposition (if); then clearly x E (31^)' and |Kc(/7')|| = \\(ij)\\ = 1. Applying (1),
we have

l=|l-0|=|coG(y)-pG(y)|^e,

a contradiction, which yields the lemma.

Remark. Applying the preceding lemma and the relations (1) we see that by

reordering the basis vectors/,',... ,/„' if necessary, we may assume r(i) = r'(i) for all

i > M, and that if 0 < c} < oo, 0 < c'k < oo for some indices j, k, then j-k.

Moreover, we may assume that after this reordering/ =/' for i = 1,2,.. .,n again

by applying (1). Thus if coG and pG are quasi-equivalent, we may assume, finally, that

p has the form p = uf■    ® "/r2 ® ■ ■ ■, where r(i) = r'(i) for i > M.
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Lemma 5.3. Let coG = co \mc (resp. pG = p |ac) vv/zere us = uf^ ® cor® - ■ ■ (resp.

p = «y <8> • • • ) and r(z') = r'(i) for all i > M. Let A = {1,2,... ,M); then coG and

pG are quasi-equivalent only if for all I with c, = oo = c\, the sets y,nA and y\ n A

/zcrue r/ze rame order.

Proof. Suppose c, = c,' = oo and #(y, n A) — #(y/ nA) = t, where # de-

notes the order of a set. Then we may construct subsets T, C T2 C T3 C ■ • • C Z+

of order # Tm — m and union U^= xTm = Z+ such that for sufficiently large m

#(7/nrm) = rm,
(2) ,/3

#("//' n rJ = /"m- k    and    m-rm,m-(rm-k)<(m)     .

Furthermore, let / = //, let eEN be the one-dimensional projection satisfying

e/ = /, and let e- G A7,,/ = 1,2,3,..., be the corresponding one-dimensional projec-

tions. Then we have

OO 00

(3) 2«0,) = oo;     2 pO,) = oo,
7=1 7=1

and
00 00

(4) 0= 2«00[i-«00];  o^p(#-p(4
7=1 7=1

As in §IV, construct operators Km = 2jfETmej, km = Km - u(Km)I, K'm = Km —

p(Km)I, lying in 31, and operators Jm = [2,-^erJy)] • 0/2m), J„, = Jm - u(Jm)I,

J'm ~Jm ~ P(-An)7' lying in 3fG- Then applying (3) and (4) we remark that the

following relations are obtained as in the proof of Theorem 4.1:

V(t) = st-lim7ruC(exp[irim]) G 7rwc(31G)" n 77wC(3IG)';

(5)
V'(t) = st-limiruC(cxp[it/;]) G 7^.(31°)" n ^-(a0)',

m-> oo

(6)      lim cc(exp[itJm] - exp[itkm]) = 0;      lim p(cxp[it/;] - exp[i^]) = 0.
m -> oc m -» oc

Furthermore, a routine calculation gives co(exp[ir7Cm]) = 1; and similarly,

p(exp[itK'm]) = 1, for all m.
Now suppose coG, pG are unitarily equivalent. Then [9, Corollary 9] there exists a

unitary operator U E 31G such that pG(x) = wG(U*xU) for all x E 3fG. Applying (6)

we then have

1 = lim P(exp[itK'J) = lim pG(exp[itJ^})
m-» oc m-» oo

=  lim coG([/*exp[zr7m] • exp(,r[co(7j - p(Jm)])u)
m-* oo

=  lim exp(,r[co(7m) - p(7„,)]) • coG(L/*exp[/r7"Jc/).
m-*oc
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A straightforward calculation (using (1) and (2)) shows that

lim [co(/J - P(Jm)] = k.

Furthermore, since st-limm^Q07rIi)(;(exp[zr7m]) lies in 7tug(31g)', we verify easily that

limm_00coG(i7*exp[z77m]L/) = limm-00coG(exp[/r7m]), and thus by (6) we have

Iimm_00coc(i7*exp[zr7m](7) = limm^O0u(exp[itkm]) = 1. Combining our calculations

gives 1 = Umm^00exp(/r[co(7m) - p(JJ]) ■ o>G(U*exp[itJm]U) = exp(itk), for all t,

and thus we conclude that k = 0. Hence the lemma is proved.

Theorem 5.4. Let coG and pG be pure states on 31G which are restrictions of pure

product states on 31 of the form considered in Theorem 3.2. Then coG and p° are unitarily

equivalent if and only if there exists a basis {/,,...,/„} and mappings r,r': Z+ ->

(1,2,...,n] such that coG = co |aG, pG = p |ac, where

(i)co = co,    ® co,    ®---;p = (o,    ®f,®---,v' 7r(D       1,a) r        ',(1)    'i-m

(ii) there exists an M such that for i > M,r(i) = r'(i),

(iii) #{A:GA: r(k) = /} = #[k E A: r'(k) =j},j = 1,2,... ,n, where A =

{1,2,....M}.

Proof. Combining the results of Lemmas 5.2 and 5.3 yields the "only if" part of

the argument. For the other direction, there exists, by condition (iii), a permutation

t E S(oo) such that r'(i) — r(t~l(i)), for all i. Then it is straightforward to show that

PG(g) — uG(t~xgt) for all g in S(oo), and by linearity and continuity we then have

pG(x) — uG(t~xxt), for all x E 31G. Thus t is the unitary operator of 31G which

implements the unitary equivalence of coG and pG.

Note added in proof. Baker and Powers have recently extended the results of

this paper by considering restrictions of product states on 31 to the group-invariant

algebras 31G, where G = SU(n) or G = (7(1), [12, 13]. In the cases G = U(l) (where

31G is the gauge-invariant CAR algebra) and G = SU(2), they have determined

necessary and sufficient conditions for the restricted states to be factor states, and

they have classified the restricted factor states according to type, [13].
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