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SUBORDINATION-PRESERVING INTEGRAL OPERATORS

BY

SANFORD S. MILLER,1 PETRTJ T. MOCANU AND MAXWELL 0. READE1

Abstract. Let /? and y be complex numbers and let H be the space of functions

regular in the unit disc. Subordination of functions/, g e H is denoted by/ -< g. Let

K c H and let the operator A: K -» H be defined by F = A(f), where

1   1     r- 1'/"
n*)-[77/0//,(')'T",<*

The authors determine conditions under which

f<g~A(f)<A(g),

and then use this result to obtain new distortion theorems for some classes of regular

functions.

I. Introduction. Let/(z) and g(z) be regular in the unit disc U. We say that/(z) is

subordinate to g(z), written f(z) < g(z) or f < g, if there exists a function w(z)

regular in U which satisfies >v(0) = 0, \w(z)\ < 1 and f(z) = g(w(z)). If g(z) is

univalent in U, then/ ^ g if and only if/(0) = g(0) and f(U) c g(U) [9, p. 35],

Let H = H(U) be the space of regular functions defined in U and let K c 77.

Letting /4 be an operator A: K -* /7, in this paper we consider conditions under

which

(1) f<g^A(f)<A(g).

That is, under what conditions is the operator A subordination-preserving*1. In this

paper we shall describe several classes of integral operators for which (1) is satisfied.

Some examples of subordination-preserving integral operators have already ap-

peared in the literature. In 1953 G. M. Goluzin [1] considered the operator A:

(/ e #|/(0) = 0} -» 77 defined by F = A(f), with

*w-/^«./0     t

He showed that if g(z) is convex (Re[l + zg"(z)/g'(z)\ > 0) then (1) is satisfied. In

1970 T. Suffridge [12, p. 777] extended this result to the case when g(z) is starlike

(Re[zg'(z)/g(z)] > 0). In 1975 D. Hallenbeck and S. Ruscheweyh [2, p. 192]

showed that (1) holds if g is convex, y * 0, Re y > 0 and A: H -» H is defined by
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F = A(f), with

F(z) = z-yrf(t)f-*dt.

Another proof of this last result is given in [5, Example (b)].

In this paper we consider the integral operator A: K -» 77 defined by A(f) = F,

with

(2) A(f)(z) = F(z)= z-y   fi>(t)ty->dt     .
Jo

We show that this operator is subordination-preserving on appropriate subsets

K c H, for suitable complex constants B and y. As one application of these results

we obtain several new distortion theorems for some classes of regular functions.

II. Preliminaries. We will make use of the following four lemmas. The first two

concern differential subordinations, more general forms of which, plus some applica-

tions, may be found in [4 and 5],

Lemma 1 [4, p. 291], Let G(z) be regular and univalent on U, and let F(z) be

regular in U with F(0) = G(0). Suppose there exists a point z0 e U such that

F(\z\ < |z0|) c G(U) and F(z0) = G(f0), with |f0| = 1. Then z0F'(z0) = m$0G'ttQ),

where m > 1.

Lemma 2 [4, p. 298], Let p(z) = B + pxz + ■ ■ ■ be regular in U with p(z) * B and

Re/7 > 0. Let the function ^: C2 -* C satisfy

(a) ¥ is continuous in a domain D of C2,

(b)()8,0)e DandRe<^(B,0)> 0,

(c) Re ^(ir, s) ^ 0 when (ir, s) e D, and

s ^ -\B - ir\ /(2ReB)   forrealr,s.

If (p(z), zp'(z)) e D when z e U, and Re^(p(z), zp'(z)) > 0 when z e U. then

Rep(z)> 0 for all z e U.

The next lemma concerns subordination (or Loewner) chains. A function L(z,t),

z e U, t > 0, is a subordination chain if L(-, t) is regular and univalent in U for all

t > 0, L(z, ■) is continuously differentiable on S+ for all z e (/, and L(z, 5) -<

L(z, r) when 0 < s < t [9, p. 157],

Lemma 3 [9, p. 159], The function L(z, t) = ay(t)z + ■ ■ ■, with ax(t) * 0 for all

t ^ 0, is a subordination chain if and only if

D  [   dL  /dL]     n
Re z-r-/ -5-   > 0L   3z /    3/ .

for z ^ U and t 3s 0.

The last lemma is a modification of a result of K. Sakaguchi [10, Corollary 3]; it

provides a sufficient condition for univalence.
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Lemma 4. Let Re/3 > - \, and for h(z) regular in U, with h'(0) =*= 0, let

(3) ^M,.,,-,)^,^).

// Re/(1, h)> -{-, or ReJ(B, h) > -4 when B * 1 and h(0) = 0, then h(z) is

univalent in U.

Before we establish our main results, we define the subsets K of H on which the

integral operator A given by (2) is defined. Let B and y be complex constants with

ReB > 0 and Re y > 0. Let Kp y be defined as follows:

H   if/3 = l,y * 0,

{/e/7j/(0) = 0}   if/3= 1,7 = 0,

K~ Kfi-y~ \(f e 77|/(z) = z%(z), h(z) * 0,/ > 1}   if 1//3 e TV - (1),

(/e /7|/(0) = 0,/'(0) * 0, Re[/3z/'//+ y] > 0}   otherwise.

A straightforward examination of the first three cases shows that A as given by (2) is

well defined. That A is well defined in the last case is shown in [6, Corollary 1.1].

III. Main Results. Our first result deals with the special subclass Kp0, where

B > 0. Note that Kxo is the set of regular functions with /(0) = 0; Kx/n0 with

n e N - (1) is the set of regular functions/(z) = zJh(z), where h(z) =*= 0 and/ > 1;

and KpQ with 1//3 £ N is the class of starlike functions.

Theorem 1. Let f <e /C^0, w/r/r /3 > 0, and let g(z) = bxz + b2z2 + ■ ■ ■ be starlike

in U. If the operator A: K^0 -> 77 is defined by F = A(F), where

(A) F(z)=A(f)(z)=\ff(t)t>dt\/\
/o

r/ie«/Kg^^(/)-<^(g).

Proof. Equation (4) can be rewritten as the following equation:

r zF'(z)ii//j
(5) F(z)  B^-        =/(z).

The function G(z) = ^4(g)(z) is an a-convex function with a = l/B, and hence is

regular and univalent in U [7, Theorem 5]. We now show F(z) < G(z).

Case 1. G(z) is regular and univalent on U.

If F-A 5C7 then there exists a z0 e {/ such that F(|z| < |z()|) c G(U) and 7Xz0) =

C7(f0), with |f0| = 1. By applying Lemma 1 we find z0F'(z0) = mf0G'(f0), where

m > 1. Using this in (5) together with the fact that g(U) is starlike we obtain

/(*„) = g(^o)[^fJo)]1/" = »^a„)«g(t/).

But this contradicts/ -< g and so we must have F < G.
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Case 2. G(z) is regular and univalent in U.

If we let fr(z) = f(rz) and gr(z) = g(rz), for 0 < r < 1, then F(rz) = A(f.)(z)

and G(rz) = A(gr)(z). Since/ < gr and G(rz) is regular and univalent in U we can

apply the results of Case 1 to obtain F(rz) < G(rz) for 0 < r < 1. By letting r -» 1"

we obtain F(z) < G(z). This completes our proof of the theorem.

If we let B = 1 in Theorem 1 we obtain the result of Suffridge [12, p. 777] already

noted above. We now consider other special cases and obtain the following distor-

tion theorems.

Corollary 1.1. Let f(z) be regular in U with f(z) = z'h(z), h(z) * 0 and j > 1.

Iff(z)<z/(\ +z)2then:

(a)

r ^, l2    h        rl2I   -dt    < [2 arctanyz J

and

(b)

77 r- /•- v/(0 i-      tt
- — < -2 arctan y/p < Re /  -dt < 2 arctan y/p < —,

2 Jq       t Z

where \z\ = p < 1.

Proof. If we use B = { and g(z) = z/(\ + z)2 in Theorem 1 then G(z) =

A(g)(z) = (2 arctan i/z )2 and result (a) is an immediate consequence of the theorem.

If (p(z))2 < (q(z))2 then p(C/) c [-q(U)] U [c/(c/)]. Using this last result together

with result (a) and the convexity of g(pz) = 2 arctan \[pz , 0 < p < 1, we obtain the

result (b).

We note that g(U) = C — {[{-, oo)}, the image of U via the Koebe function, while

h' = G(z) is an a-convex function with a = 2 (and hence convex [7, p. 217]) and

G(U) is the interior of the parabola u = it1 /A - v2/tt2 (w = u + iv).

Corollary 1.2. Iff(z) is starlike andf(z) -< z/(l + z)2 then:

(a)[JU2(t)/tdt]'/2<z/[2(\ +z2)]'/2,

(b) jtf2(t)/tdt < z2/2(l + z2), and

(c)

2(l-p2)<Reio      t    dt^2(\+p2)<^

where \z\ = p < 1.

Proof. If we let B = 2 and g(z) = z/(\ + z2) in Theorem 1, then G(z) =

A(g)(z) = z/[2(l + z2)]1/2 and result (a) follows. From (a) and the definition of

subordination we obtain

•'o       ' 2(l+w2(z))
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where w(z) is regular in U, w(0) = 0 and \w(z)\ < 1. This last identity yields (b),

which then leads to (c).

We note that g(U) is the domain C - ([|, oo) U (-00,-4]} and G(U) is that

domain containing the origin which is bounded by the hyperbola u2 - v2 = \.

Corollary 1.3. Iff(z) = axz + a2z2 + ■ ■ ■ is starlike and if Re f2(z) < 1 then:

(a)[/0z/2(OA^]'/2 "< [logd + z2)]l/2, (logl = 0),

(b)fsf2(t)/tdt<log(l+z2),
(c) ln(l - p2) < Ref^f2(t)/tdt < ln(l + p2) < In2, and

(d)

-77 p2       T   rz /2(0 j p2       77
-=- < -arctan— < lm 1 dt < arctan   , < —,
2 /T7      J°   l /T7   2

where \z\ = p < 1.

Proof. The conditions f(z) < q(z) = Hz/(\ + z2)l/2 and Re/2(z) < 1 are

equivalent. If we use B = 2 and q(z) = {2z/(\ + z2)'/2 in Theorem 1 then G(z) =

A(g)(z) = [log(l + z2)]1/2 and results (a) and (b) are consequences of the theorem.

The function h(z) = log(l + z2) is a convex function and we can easily determine

the extremal values of Reh(rz) and lm h(rz) when \z\ = 1. Combining these results

with (b) we obtain the inequalities (c) and (d).

One example of the power of this last corollary occurs if we take f(z) =

(4arctan z)/t7. Here/(z) -< -j2z/(\ + z2)1/2, and hence

r: (arctan t)   ,      it2 .    ,,       ,x
f^-—-Ldt<-log(t+z2),

^ln(l - p2) < Refo^^Ldt < ^In(l + p2) < ^ln2,

and

-773       -772 p T    cz (arctan?)   ,
-ipr < —rr arctan   , < lm /-'—dt
32 16 jYZ^i J0 t

77Z p 77
< -z-t arctan < -=■.

16 /TV       32

In our second main theorem we assume B and y are complex constants, with

ReB > 0 and Re y > 0, and we make use of the following constants:

1 |/3 + y| - |/3 - yI _ 2Re/3Rey

U °      2 1/3 + y| + |/3 - y|       (|/3 + y| + ip _ y|)2

and

(7) 5 = Min(Rey,60).

Note that 0 < 60 < {, 0 < 0 < |, and o = 8Q = 0 when Re y = 0.
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Theorem 2. Let Re/3 > 0, Re y > 0 andf, g e K0y with g'(0) * 0 and let

(8) Re[(/3-l)^l£)+(l + ^)|>-5.
g(z)        \ g(z)  I.

If the operator A: K^ y -» /7 is defined by F = A(f), where

(9) F(z) = ^(/)(z)=   ±[ffi(t)ty-ldt       ,
Z< J0

thenf< g=*A(f)<A(g).

Proof. Since -8 > -1/2, it follows from (8) and Lemma 4 that the function g is

univalent.

If we let G = A(g), then from (9) we obtain

(10) G(z)[/3z^f4+y   =g(z).
G(z)

We now show that G is univalent in U. According to Lemma 4 we can obtain the

univalency of G by showing that

(11) Re7(/3,G)>0,

and (7(0) * 0 when B = 1, or G'(0) * 0 and G(0) = 0 when B * 1. These normali-

zation conditions on G follow from G = A(g) and the fact that g satisfies each of

them. If we let P(z) = /3"'7(/3, G(z)), then F(0) = 1 and we can prove (11) by

showing that ReBP(z) > 0. By logarithmically differentiating (10) twice we obtain

(l2) ^> + ̂ 7)£H^<<!-s<z»-

where J(B, g) is defined by (3). Since g(z) is univalent in U, the function J(B, g(z))

will be regular in <7. From (7) and (8) we obtain Re[B(B]J(B, g(z))) + y] > 0.

Hence, as we have shown elsewhere [6, Theorem 1], the solution T'(z) of the

Briot-Bouquet differential equation (12) is regular and satisfies Re[BP(z) + y] > 0.

Multiplying both sides of (12) by B and letting p(z) = BP(z) (= J(B, G(z))) we

obtain

p(z)+    f(z)     =J(B,g(z)),
P(z) + y

wherep(z) is regular in U,p(0) = B and Re[p(z) + y] > 0. Combining this with (8)

we obtain

Re p(z)+    f'(z)     +5   =RetHp(z),zp'(z))>0,
p(z) + y

where \p(r, s) = r + s/(r + y) + 8.

We now use Lemma 2 to prove that Rep(z) > 0. Re \p(B,0) = Re(B + 8) > 0,

and so we only need to show that Re tp(ir, s) < 0, when 5 < -|/3 - ir\2/(2ReB)
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and s and r axe real. Now

(13) Ret(ir,s) = Re-J— +8=      .     sRey- + $
K    ' ' ir + y \y\2 + 2rlmy + r2

<s_   Rey[l/J|2-2/-Im/3 + /-2]

2Re/3[|y|2 + 2rlmy + r2]

= jj[A + 2Br+ Cr2],

where r and s are real and

A = 2o|y|2Re/3-|/3|2Rey,

B = 28ReB • Imy + Re y • lm/?,

C = 28ReB - Rey.

If Re y = 0 then 6 = 0 and from (13) we obtain Re \j/(ir,s) = 0, for real r and s.

Suppose Re y > 0. We show that Re ^(/>, s) < 0 by using (13) and showing that

t32 - AC < 0 and C < 0. The condition 732-/lC<0is equivalent to

(14)

W(5) = A82ReB   Rey - 2S[|y|2 + |/3|2 + 2Im/3 • Imy] + Re/3 ■ Rey > 0.

We now show that W(8) > 0 for 0 < 8 < S0. From the identities

(15) |/3 + y|2-|/3-y|2 = 4Re/3-Rey

and

|/3|2 +|y|2 + 2Im/3- Imy =|/3 + y|2 - 2Rey ■ Rey

= # + y|2+|/3-y|2]

we find that the discriminant of (14) can be written in the form

A = |/3 + y|2|/3-y|2>0.

A calculation shows that in (14) we have W(80) = 0, where 5() > 0 is given by (6).

Combining this with W(0) > 0 and A ;s 0 we have W(8) > 0 for 0 < 8 < S0. Hence,

by (14), B2 - AC ^ 0. From (15) we obtain

0<|/3 + y| -\B-y\ <Rey,

and using this and 0 < 5 < 50 in the definition of C we obtain

C < 260Re/3 - Rey = ^^[(l/? + y\ -|j8 - y|)2 - 4(Rey)2] < 0.

Hence Ret//(ir, s) < 0, and by applying Lemma 2 we obtain Rep(z) > 0. Since

p(z) = 7(/3, G(z)), this implies that (11) is satisfied and hence that G(z) is univa-

lent.

We have shown that G(z) is univalent in U. We will assume that G(z) is univalent

in U. If not, we can continue the remainder of the proof with G(rz), 0 < r < 1, and

obtain our final result by letting r -» 1", as was done in Theorem 1.
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We now need to show that F < G. In order to do this we first introduce the

function

r        g'(z)    v/p
(16) L(z,t) = G(z)(l + t)Bz±f± +7       ,

G(z)

where t > 0. According to (10), L(z,0) = g(z). A simple calculation yields 77(0, t)

= [1 + Bt/(B + y)]'/^0and

(17) z|fl/|i=Y + (l+0/(/3,G),

where J(B,G) is defined by (3). Since Re y > 0, and since (11) has been shown,

from (17) and Lemma 3 we conclude that L(z, t) is a subordination chain. In

particular, we have

(18) g(z) = L(z,0) < L(z,t)    forallr^O.

Suppose F -£ 5G. Then there exists z0 e U such that F(z0) = G(J0), |f0| = 1 and

F(\z\ < |z0|) c G(U). Hence by Lemma 1 we have z0F'(zQ) = (1 + t)£0G'($Q) witn

t > 0. From (9), (16) and (18) we obtain

z  F'(z  ) V/p \ G'ff ) 1I//J
/(z0) = F(z0) /3^-ii^ + y        = 6(; ) (1 + ?)/3?o^7fv + Y

= L(f0,r)€g(«7),

which contradicts the assumption/ -< g. Hence F < G and the proof of Theorem 2 is

complete.

Corollary 2.1. ///, g e H, g'(0) * 0 a«rf

r/ien

/^g=» \ff{t)dt< ~7fg(t)dt.
z j0 z J0

Proof. If we let B = y = 1 then Kx , = H, and from (6) and (7) we obtain

8 = 80 = 5. Applying Theorem 2 with these parameters, we obtain the corollary.

Note that this result improves the result of D. Hallenbeck and S. Ruscheweyh [2,

p. 192] who proved the conclusion with (19) replaced by Re(l + zg"(z)/g'(z)) > 0.

Remark. If g is univalent in U it is easy to show that (19) holds fox \z\ < r0 = A

- /T3. Using/(r0z) -< g(r0z) from Corollary 2.1 we deduce that if g is univalent in

U andf < g then

\ f f(t) dt < - f g(t) dt
Z J{) Z Jq

at least for \z\ < A - /TJ = 0.3944.... This improves a result of R. Singh and S.

Singh [11, Theorem 2] who proved this result for |z| < 2 - /J = 0.268_

We now apply Corollary 2.1 to obtain two mean-value results for regular func-

tions.
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Result 1. Taking g(z) = 1/(1 + z)2, we can easily deduce that g'(0) * 0,

Re[l + zg"(z)/g'(z)] = Re[(l - 2z)/(l + z)] > -\

and G(z) = z"'/0z g(t) dt = 1/(1 + z). Now using Corollary 2.1 we obtain

f^^ T-^i - 7/""/(') * * TT7-
(1 +z) z   ° Z

when/(z) is regular in U. Replacing/by/' we obtain

f'(z)<—l— =>^k-L_,
J    y     ' /, \2 7 14-7

(1  + z) Z '  + Z

or

Re/f[7T>I=>Re^>I.

This last result was obtained by Y. Komatu [3, Theorem 2] using a suitable Herglotz

representation.

Result 2. If we take g(z) = z/ /l + z2, then g'(0) * 0, Re[l + zg"(z)/g'(z)} >

- {- and from Corollary 2.1 we obtain

/(*) "< -J== - 7/7(0 * "<-7^= = G(z),
/I +z2 zyo 1 + /l +z2

when/(z) is regular in (/. The set g(U) is the domain containing the origin and

bounded by the hyperbola u2 - v2 = {-, while G((7) = [\w - 1| < /J, |w + 1| < /2).

If we replace/by/' we obtain

-v/   \ 2 /(z) z

/l +z2 z 1 + /l +z2

or

Re[/'(z)]2<{-(|^-l|</2)    and    (|^ + l| < /2~).

We close this paper with three additional distortion results that can be obtained

from Theorem 2.

Example- 1. If we choose B = y = { and g(z) = z/(\ + z), then the hypotheses of

Theorem 2 are satisfied. Hence for/e Kx/2 x/2 = (/e H,f(z) = z'h(z), h(z) =*= 0,

/ > 1} we obtain

r./w< i-if/*f^r*r-7—p=5-2      z l/o L   '   J       J      (i + /iTTz)

This last subordination implies the existence of a regular function u(z) with w(0) = 0

and |u(z)| < 1 such that

i[r-[/(01l/2 J2 4«(z)

z Ko L    '    J J        i + /i + M(z)2 '
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If we let v(z) = u(z)/z then v(z) is regular in U, \v(z)\ ^ 1 and we have

>[/(0|l/2  J2 4z2,(z)

For a fixed z0 e £/ there exists a determination of /t>(z0) = f 0 e {/ such that

In particular, for z0 = r, 0 < r < 1, we have

■'o L    '   J 1 + /I + rf02

The function tf(w) = 2rw/(\ + V1 + rw2), with w e [/ and 0 < r < 1, is convex

and \p(U) is symmetric with respect to the real and imaginary axes (see Result 2).

Hence from (20) we deduce that Re/(z) < { implies

-r \ fit) "11/2
-2(/2 - 1) < -2(/l + r - 1) < Re /    lXJ-       dt

<2(vT+7 - l)<2(/2 - 1)

and

r f  f ( t\ 1 '/2
-2 < -2(1 -/l -r)<Im /    J-^-       dt^2(\ -/l -r)<2,

•'o L   *

for 0 < /• < 1. These results are sharp.

Example 2. If we let B = 2, y = 1 and g(z) = z/(l + z2),/2 then the conditions

of Theorem 2 will be satisfied. Hence if f(z) is regular with/(0) = 0, /'(0) =*= 0, and

Rez/'(z)//(z) > -{ (i.e.,/G #21)then

y/  \ z f1 /"zr2/ \ j1'/2     T,      arctan zl1/2
/(zK-,-771 =*   ~     f(')dt       <   1-       ,

(1+z2)'7        L*4> J L z      J

which implies

/^,x                      r.   /■?/   \       1         1  Cz rii \  i      .       arctan z
(21) Re/2(z)< - => -j f2(')dt< 1-.

The function p,(z) = 1 - (arctan z)/z = z2/3 - z4/5 + ■ ■ • is bivalent, while the

function

,  v      ,      arctan/z 1     r:     t      _,/2

is convex and univalent [8, Theorem 5], Since p2(z2) is also convex and since

px(z) = p2(z2), from (21) we obtain the following sharp results: if Re/2(z) < \ and

F e K2, then

arctanh p      _    1   r-",, .   ,       .       arctan p       ,       77     ,    , ,
1- < Re- / f2(t) dt < 1- < 1 - t    for \z = p < 1.

P z V P 4
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For our final example we allow B and y to assume complex values.

Example 3. Let B = e'a, y = 1 - e'a, with 77/2 < a < tt/2, and let /, g e KPy.

From (6) and (7) we obtain

8 = 80= (1 -|2cosa- l|)/(2 - 2|2cosa- l|).

If g satisfies (8) and f < g then by Theorem 2 we have

■[iOT)T*«[K(^)T-
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