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STABLE RANK 2 REFLEXIVE SHEAVES ON P*
WITH SMALL ¢, AND APPLICATIONS
BY
MEI-CHU CHANG

ABSTRACT. We investigate the moduli spaces of stable rank two reflexive sheaves on
P? with small Chern classes. As an application to curves of low degree in P3, we
prove the curve has maximal rank and that the corresponding Hilbert scheme is
irreducible and unirational.

Introduction. In the past few years, the subject of vector bundles on projective
spaces and, in particular, the case of rank 2 on P3, has received much attention.
Several basic theorems have been proved, e.g., the existence of the moduli space of
stable vector bundles [M], though so far very few of these moduli spaces have been
studied in detail.

The interest of vector bundles partly stems from their connection with curves.
However, the class of curves obtained in this way is rather restricted. Recently,
Hartshorne [SRS] has focused attention on reflexive sheaves of rank 2 on P3. On the
one hand, most results proved for vector bundles also turn out to be true for
reflexive sheaves. On the other hand, reflexive sheaves have two significant ad-
vantages. First, they correspond to quite general curves; second, and most im-
portantly, one has the “reduction step” introduced by Hartshorne, which is an
effective tool in studying vector bundles, by relating them to simpler reflexive
sheaves.

In this paper, we investigate the moduli spaces of stable rank 2 reflexive sheaves
on P? with ¢, < 3. For ¢, < 2, we prove the moduli spaces are irreducible, nonsingu-
lar and rational; we also classify the related unstable planes. For ¢, = 3, in most
cases we show that the moduli space is irreducible and unirational. As one of the
applications to curves of low degree in P (cf. [SRS, 4.1]), we prove that the curve
has maximal rank and that the corresponding Hilbert scheme is irreducible and
unirational. Hence, as a corollary, we conclude that the variety of moduli "JILg of
curves of genus g is unirational, for g = 5,6,7,8.

In §1, we give facts on multiple lines and deduce a criterion for unstable planes.
§2 contains our classification of semistable sheaves with ¢, < 2. §3 is about sheaves
with ¢, = 3. §4 gives the applications to curves.
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CONVENTIONS. By E(c,, ¢, ¢;) we will denote a rank 2 reflexive sheaf on P? with
Chern classes (c,, ¢,, ¢;). According to Maruyama [M], a moduli space M(c,, c,, c3)
for stable rank 2 reflexive sheaves on P?, with Chern classes (c,, ¢,, c;), exists as a
scheme of finite type over k. The underlying variety of M(c,, c,, ¢;) will be denoted
M, 4(c,, ¢y, ¢3). One fact which will be used repeatedly is that any irreducible
component of M(c,, c,, ¢;) has dimension =/ = 8¢, — 3 (respectively 8¢, — 5), if
¢, = 0 (resp. if ¢; = -1).

Let P be a property of a reflexive sheaf. We will say that P is special if every
irreducible component of M contains a nonempty open set corresponding to sheaves
which do not have property P. To show P is special, it suffices to show that the set of
E having property P has dimension < /. The remark will be used extensively. A
property which is not special is general.

Unless otherwise stated, a curve will be a generically locally complete intersection,
Cohen-Macaulay closed scheme of pure dimension one. We shall work over an
algebraically closed ground field k of arbitrary characteristic, except in §4, and 3.6.

As a general reference on reflexive sheaves, see [SRS].

1. Remarks on multiple lines. In this section we give one condition for a stable
rank 2 reflexive sheaf E to have an unstable plane, when E corresponds to a multiple
line.

DEFINITION. A curve Y is a multiplicity n line if Y is supported on a line and
length O, , = n, n being the generic point.

Lemma 10. If 0-A->B->C—-0and 0> A"-> B - C' -0 are two exact
sequences, then the sequence A® B"+ B® A - B®O® B’ > C® C’ - 0 is exact.

PRrROOF. Diagram chasing of the following:
A®A - A®B > A®C - 0

\ { )

B®4 - B®B - BO®C - 0
l \ !

c®4 - C®B - C®C - 0
N \ \
0 0 0

PROPOSITION 1.1. Let Y, be a multiplicity n line in P>. If x(Oy ) <n, then either
there exists a plane containing a subscheme of Y, of degree =2, or H ‘(GY,,(_I)) =0.
The latter occurs only when x(@,,") =n.

PRrOOF. Suppose Y, is supported on a line L defined by x =y = 0. We may
assume I, ¢ I}; otherwise any plane ax + by = 0 will do. Define Y, by Iy := I
+ I}, then we have the filtration

021,21y D ---DIy_Dly,
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and hence
X(GY,,) =x(6,) + X(IL/IYZ) + X(IYZ/IY3) +oe +X(IY,,_,/IY,,)'

So we want to study I /Iy . By definition, I, =1, +I;and I; NI, DI;*',
whence an isomorphism Iy /I, =~ 1;/(I; N Iy ) and an exact sequence

(1) 0-(Iinty, )/ -1/ - 1i/(Iin T, ) -o0.
For i = 1, using the fact that Iy, N I, = I, the above sequence becomes
) 0 Iy/I} > I,/I} > I /Iy, - 0.

1, /Iy, is arank 1 O;-module and I, /1 2~ 20,(~1) maps onto it, so we may assume
1, /1y, =0, (r — 1) + torsion, where r = 0.

Claim. 1y /Iy,  =0/(r— 1)®*! + torsion.

PrOOF. The proof is by induction. Suppose Iy /Iy =0, (r — 1)®' + torsion.
Applying Lemma 1.0 to the exact sequences (1) and (2), we get the top row in the
diagram below. The bottom row is obtained from sequence (1) by substituting i + 1
for i.

K - (/) (n/n+') - (IL/IY2)®I£/(I£OIYM) - 0

) M

I£+'/I£+2 o 1£+| (Ii'+| N IYi+2) S 0
i)
0

where K := (Iy,/I) ® (Iy/1;*") + (I/I) ® (I{ N Iy )/1;*". If we can show
that the induced dotted map is well defined, then this gives a surjective map from
U /Iy)® I /(1 N 1y, ) =0, (r = D®*! + torsion to 1M /(1M NI, )=
Iy, /Iy, ,s0ly, /Iy =0,(r—1)®*"+ torsion, and we are done.

It suffices to check that any element in K is mapped to zeroin I;*' /(I;*' N Iy, ),
ie,ifa€l, Cl,belj,orbEI; NIy ,thenab €I;*' N1y . But this is
clear from If - Iy, C Iy . Thus the claim is proved.

It follows from the claim that

x(0y,) = x(0,) + x(0,(r — 1)) + x(0,(r — 1)®*)
+e 4 x(0,(r = 1)) 44

for r=0and r>0.1f r > 1, then x(0,(r — )®") = 1, and x(O, ) = n + 1. So our
hypothesis x((‘),,") < n implies either r = 0, or r = 1 and ¢ = 0. If r = 0, then exact
sequence (2) is

0-1Iy/I} - 1,/1} - 0,(~1) + torsion - 0
1R
20,(-1)

soly Cly C(ax +by, I 7), where a, b are scalars. The plane ax + by = 0 contains
the double line defined by the ideal (ax + by, I}) which is a degree 2 subscheme
of Y,.
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Ifr=1and¢=0,thenly/Iy =0, and we have 0 > 0, - 0, -0, -0 for
all i. Twisting by —1 and taking cohomology, A'(9,(-1)) = 0 yields

hl(@yz(—l)) = h'(®y3(—l)) = ... = hl(@yn(_l)) —0.

REMARK 1.1.1. Let Y, be a multiplicity n line in P2, If x((‘)yn) =n, and Y, is
contained in a degree 2 surface, then either there exists a plane containing a
subscheme of Y, of degree = 2, or Y, is type (0, n) on a nonsingular quadric.

PROOF. As in the proof of the proposition above, we have Iy C Iy, = (ux +
vy, I}), where u, v are the other coordinates of P>. Hence the nonsingular quadric
ux + vy + ax? + bxy + cy? contains Y, where a, b, ¢ are scalars. From arithmetic
genus, it is easy to see that Y, is type (0, n).

REMARK 1.2. If E has ¢, = 0 or -1, a section of E(1) corresponds to a curve Y, let
H be a plane containing a subscheme of Y of degree r. Then H is an unstable plane
of order r — ¢; — 1. Moreover, the corresponding section gives a nonzero section of
the kernel in the reduction sequence.

PROOF. Restricting on H the exact sequence 0 - O — E(1) - I,(2 + ¢;) = 0, we
get the surjective map Ey - I 4(1 + ¢, — r) » 0. Combining with the map E -
E,, - 0, we get the surjective map for an unstable plane.

REMARK 1.3. The family of all double lines Y, with x(OYZ) = r + 1 is irreducible,
nonsingular, rational and of dimension 2r + 5. Also, ho((‘)yz(k)) =2k—r—1,if
k=1.

PROOF. Since Y, is Cohen-Macaulay, in the exact sequence 0 - I; y — 0y - 0,
=0, I, y, is a torsion-free rank 1 0;-module; since x(Oy,) = r + 1 implies x(0, y,)
=r, we have I; , = O,(r — 1). Substituting this in exact sequence (2) in 1.1, we get

=(fx+g,l L) where f and g are homogeneous forms of degree r in the
remalmng coordinates u, v of P3. Y, is determined by L, f and g. The family of
those Y, is isomorphic to an open subset of PG(vr*(Z(‘)e(r))) where £ is the universal
P! bundle considered as a subset of G(1,3) X P> 5G(1,3) =:G, G(1,3) being the

Grassmann variety of lines in P3. The choices of L, f and g depend on 4 + 2r + 1
=5 + 2r parameters. Taking the dual of the sequence 0 - 0,(r — 1) >0, -0, >
0, weget0 » w;, > wy, = w (1 —r)— 0,50 for k > 1, we have

R wy (k) = h(w (k) + R(w (k+1—r)) =2k —r—1.

2. Semistable reflexive sheaves with ¢, < 2. In this section we shall give a complete
classification of the semistable reflexive sheaves on P* with ¢, < 2. For each set of
Chern classes we shall give the spectrum and cohomology table; the latter is easy to
compute from Riemann-Roch, Castelnuovo’s theorem [Mu, p. 99], and spectrum,
and so we shall omit the details.

LEMMA 2.0. Let E be a properly semistable rank 2 reflexive sheaf on P3.
(@) If c, = 0, then dim End(E) = 4.
(b) If ¢, > 0, then dim End(E) = 2.

PROOF. (a) If ¢, = 0, then E ~ O ® O [SRS, 9.7] and dim End(E) = 4.



STABLE RANK 2 REFLEXIVE SHEAVES ON P? 61

(b) If ¢, >0, then H’(E) # 0 and Y # @ in the extension0 >0 - E -1, -0
imply #°(E) = 1. Applying Hom(E, -), we get

0 - Hom(E, 9) - Hom(E, E) - Hom(E, Iy).

So dimHom(E, E) < dim Hom(E, 0) + dimHom(E, I,) < 2dimHom(E, 0) =
2h%(E) = 2; the second inequality holds because I = O implies Hom(E, I,) =
Hom(E, ©). On the other hand, the short exact sequence above gives the endomor-
phism ¢°: E - I, = O - E which is not a scalar multiplication. So, dim End(E) = 2,
hence is 2.

LEMMA 2.1. If E(0, 1, c;) is semistable, then c; = 0 or 2. If ¢; = 0, E is stable. If
¢y = 2, E is only properly semistable.

(This is in [C2]; we give the proof for the sake of completeness.)

PrROOF. Theorem 8.2 in [SRS] implies the first statement and H2(E) = 0.
Riemann-Roch gives x(E) = 4c;. Hence if ¢; = 2, then h% E) # 0 and E is not
stable. Conversely, if E is properly semistable, then H°(E) # 0, and we have the
extension
(1) 0-0-E-1I -0.

So,c;=2p,—2+4d=2.
REMARK 2.1.1. Stable vector bundles with Chern classes (0, 1, 0) were studied in [B
and W].

LEMMA 2.2. There exists an irreducible, nonsingular, rational, 6-dimensional variety
V, (0, 1,2) whose closed points are in one-to-one correspondence with the isomorphism
classes of properly semistable sheaves with Chern classes (0, 1,2).

PROOF. E is one-to-one correspondent to the zero set L, and the image of £ in
H%w (4))/k* =~ H%0,(3))/k*, s0 V, (0,1,2) is isomorphic to Py(7,0:(2)), where
£ is the universal P' bundle considered as a subset of G(1,3) X P3 L6= G(1,3),

hence irreducible, nonsingular, and rational of dimension 6.

LeEMMA 2.3. A plane H is an unstable plane of order 1 of E(0,1,2) in 2.2, if and only
if H contains the unique line L.

PROOF. If H N L = P is a point, then restricting (1) on H gives 0 » O, - Ey; -
I, - 0, hence H*(E;(-2)) = 0, and H is not unstable for E. If H D L, then (1) on
H gives

01y (1) > Ey > 04(-1) -0
where W is the set of nonlocally-free points of E which has length 2.
Ext'(0,(-1), Iy x(1)) = H'(I, 4(2)) =0,
so the sequence above splits, and
) Ey =1y 4(1) ® 0y(-1).
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TABLE 2.3.1. h*( E(1)) for E(O, 1,2) semistable.

i~ 4 -3 -2 -1 0 1 2
3 1 0 0 0 0 0 0
2 2 2 1 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 1 6 17

Spectrum {0, -1}

For E(-1,2, c;) stable, there are three cases. The cases (-1,2,0) and (-1,2,4)
were studied in [H-S and SRS]). Here we do the case ¢; = 2.

LEMMA 2.4. Let E(-1,2,2) be stable. Then the zero set of E(1) is a pair of skew lines
(or its degeneration, a double line).

PROOF. As in 2.1, Riemann-Roch and spectrum imply H°(E(1)) # 0, and we have
(3) 0-0-E(1)->1Iy,(1)-0

where Y has deg(Y) = 2, and x(0,) = 2. So the ones in the statement are the only
possible Y.
REMARK 2.4.1. For Y as above, we always have w, ~ 0,(-2), and

(4) 0-0,-0,-0,.-0
where L’ may be equal to L (see 1.3).

THEOREM 2.5. The moduli of stable rank 2 reflexive sheaves with Chern classes
(-1,2,2) is irreducible, nonsingular, and rational of dimension 11.

PROOF. In 2.4 we have seen that A%(E(1)) = 1, so E is one-to-one correspondent to
Y and ¢/k* in H%(w,(3))/k* = H%0,(1))/k*, and the family is an open subset of
P ( p’{‘w*(‘)e(l)vGB pg'rr*@e(l)'), where 7, G, £ are as in 2.2. The choice of Y and §/k*
is 8 + 3 = 11. To conclude that this is the whole moduli, we claim Ext*(E, E) = 0.
Apply Exti(-, E) to (3), (4) in 2.4, 2.4.1, and the exact sequence for the ideal sheaf of
Y. Using the fact that Ext/(O(-k), E) = H'(E(k)) = 0 fori = 1,2,3 and k = 0, we
get

Ext’(E, E) = Ext®(1,, E) = Ext}(0,, E)

which vanishes because Ext3(9,, E) = Ext’(9,,, E) = 0 by applying Ext'(-, E) to
the resolution 0 —» 9(-2) - 20(-1) -0 -0, - 0.
PROPOSITION 2.6. Let E(~1,2,2) be stable, as in 2.4. Then a plane H is unstable of

order 1 if and only if either H contains one of the lines or H contains both
nonlocally-free points of E.

PROOF. H is unstable of order 1 if and only if the map given by the defining
equation of H, h: H*(E(-3)) » H*(E(-2)), is not surjective. Taking the long
cohomology sequence of (3), dualizing it, and identifying H*(1,(-3)) with

H'(0,(-3)) L H(0,(3)),
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we have the diagram
0 - H%wy(2)) - HYE(-2)" - 0
N N
0 - H(0(-4) > H%w,(3) - HAE(3)' - 0

where & sends 1 to £ which vanishes at the bad points of E. & is not injective on the
right-hand column, if and only if either 4 is not injective on the left-hand column, or
Im & C Im /4. Namely, either L C H or H contains both bad points.

TABLE 2.6.1. h*( E(1)) for E(-1,2,2) stable.

i -4 -3 -2 -1 0 1 2
3 1 0 0 0 0 0 0
2 2 3 2 0 0 0 0
1 0 0 0 0 1 0 0
0 0 0 0 0 0 1 8

Spectrum {-1,-1}
Stable vector bundles with Chern classes (0, 2, 0) were done in [SVB)]. For the rest
of this section, we study the other two cases, c; = 2 and 4, when ¢, = 0, ¢, = 2.

LemMMA 2.7. Let E(0,2,2) be stable. Then the zero set of a general section of E(1) is
the disjoint union of a line and a conic lying on the unique unstable plane of order 1.

PrOOF. By Table 2.8.1, h*(E(-3)) = 3 and h*(E(-2)) = 1, E has an unstable

plane of order 1. Making reduction [SRS, 9.1] on an unstable plane H, we get
E’(-1,1,1) stable, and
(5) 0-E -E-1Ip,(-1)-0.
We know that any line through P is a zero set of E’(1), so the section corresponding
to a line not in H induces a section of E(1); by arithmetic genus computation and
the formula c¢; = 2p, — 2 + 2d, the corresponding zero set for E(1) is a line disjoint
union a plane curve of degree 2.

The unstable plane H is unique because, taking cohomology of the reduction
sequence above, we have:

0o - HZ(E(‘3)) - HZ(IP.H(_4)) - 0
Ln Ln
0 - HZ(E(—2)) - HZ(IP,H(—?’)) - 0
The map A’ is never 0 unless &’ = h, the defining function of H.

THEOREM 2.8. The moduli of stable rank 2 reflexive sheaves with Chern classes
(0,2,2) is irreducible, nonsingular, and rational of dimension 13.

PROOF. Dualizing (5), we have
0 - E - E(1) - I,,2 - 0
l 2f
Ej(1)
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where E is determined by E’, H, Z and f. We note that H and P (hence E’) are
unique. H contains the nonlocally-free point P of E’, so Ey(1) =0, ® Ip ,(1).
Identify M = M(-1,1,1) with P? via the map sending E’ to P. To give E is to give
P, H and the surjective map E (1) - I, ;4(2). Since Ef(1) = Oy © I, (1), the set of
surjective maps for various Z is an open subset of Hom(E/,(1), 04(2)). This shows
that our moduli is an open set of P(q,J om( p*b, w*0(1))) where & is the universal
sheaf on P> X M, p: F={(H,x,m) EP*"XP* X M|x,m€ H} > P>*X M, m:
F - P3. The choice of E is the choice of the point P, the plane H through P, and the
map Ef(1) = 0, ® I, (1) > 0,(2); henceis 3 +2 + (6 + 3 — 1) = 13.

To show that Ext’(E, E) = 0, we use the resolution 0 - O(-1) » E - O(1) »
0y(1) - 0 where Y = LIIC, a line disjoint union a degree 2 plane curve. This is the
same reasoning as in 2.5, except that we use H'(E(/)) = 0 fori = 2,3 and / = -1, or
i = 1 and / = 1. Note that for the conic C we have

0 - 0(-2) » 0(-1) ® 0 > 0(1) - 6(1) - 0.
For the rest of the proof we ditto the last paragraph of 3.1 in [H-S].

TABLE 2.8.1. h'( E(!)) for E(0,2,2) stable.

~

i -4 -3 -2 -1 0 1 2 3
3 0 0 0 0 0 0 0 0
2 3 3 1 0 0 0 0 0
1 0 0 0 1 1 0 0 0
0 0 0 0 0 0 3 13 31
Spectrum {0, -1}
LEMMA 2.9. Let E(0,2,4) be stable; then we have
(6) 0-20(-1) - 40 - E(1) - 0.

PROOF. By 2.12.2 and Castelnuovo’s theorem, E(1) is generated by four global
sections; in fact, we have the surjective map 40 — E(1). The kernel is obtained by
Chern classes computation and [SRS, 9.7].

LEMMa 2.10. Let E(0,2,4) be as in 2.9; then Ext*(E, E) = 0.
PROOF. Applying Ext'(-, E) to (6), we get
Ext!(20(-2), E) - Ext*(E, E) - Ext?(40(-1), E).

The right and left terms are 4H*( E(1)) and 2H'(E(2)) which are zero by 2.12.2.
Q.E.D.
For any set K, define

M, (K) := {m X n matrix over K }.

LEMMA 2.11. Define O := M, (k*")/GL(2) X GL(4) through the equivalence
relation A ~ A’ if there exist B in GL(2), and C in GL(4) such that A = BA'C. Then
N is birational to P".
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PROOF. An element in 91 is a matrix whose entries are linear forms. Such a matrix
can be written as

A=Ayxy+ A x; + A,x, + A;x,4
where the x,’s are the coordinates, and 4; € IM,, (k). For A general,
4,
pi= 4

is invertible, ie., 3D~ € GL(4), such that 4,D~' = (I,,,0,,,) and 4, D' =
(Oyxz, Iyxy). If B € GL(2) and

€ Mysa(k)

R Cl CZ
C:= (C3 C, € GL(4)
such that B(4,D")C = 4,D~" fori = 0, 1, then

B(I,O)(g; gj) = (BC,, BG,) = (1,0)

implies C, = B~' and C, = 0. Similarly, we get C, = B! and C; = 0, i.e.,
-1
c= (B 0 )
0 B!
Write 4,D" as (A}, A%), where A5, A5 € I, ,,(k), then

-1
4,07 ~ B( 4y, Ag)( Bo BO" ) = (B4,B™", BA;B™).

For A, general, A} can be diagonalized uniquely, and the new 4’ can be written as
(: %), where a # 0. Let B, = (} %) which makes the diagonal matrix invariant and
the new A7 equivalent to

o 2=

Therefore, for A general, we can find a unique B € GL(2) such that

-1
a5 7
4, 0 B!
* 0 PR | _
=(1,O)x0+(0,1)x,+(0 . *)x2+A3x3.

So, an open dense set of I is isomorphic to A",

THEOREM 2.12. The moduli of stable rank 2 reflexive sheaves on P> with Chern
classes (0,2,4) is irreducible, nonsingular, and rational of dimension 13. There is a
universal family over an open set.

PROOF. Use Lemmas 2.9, 2.10 and 2.11.
REMARK 2.12.1. Okonek [O] shows that for stable rank 2 reflexive sheaves on P*
the sequence (6) is still valid. One sees easily by the same argument that the
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statement in Theorem 2.12 holds for these sheaves except that the dimension is 21
rather than 13.

TABLE 2.12.2. h'( E(!)) for E(0,2,4) stable.

i~ -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 4 4 2 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 4 14

Spectrum {-1, -1}

LeEMMA 2.13. Let E be a general member of M(0, 2,4). Then the zero set of a general
section of E(1) is a nonsingular twisted cubic curve through four distinct bad points
which determine four unstable, order-1 planes containing three points at a time.

PROOF. It is clear that such a curve is a zero set of E(1), and if we use these curves,
we can construct an open set in M(0,2,4) through the extension 0 » O — E(1) »
I4(2) - 0. Reasoning as in 2.6, we have

H°(0p(1))
0
0 > H%wy(l)) - HYE(-2)" - 0
N i

0 - H(O(-4) > H%wy(2) - HYE(-3)" - 0
0 U
k HO((‘)Pl(4))

where 8 sends 1 to ¢ which vanishes at the four bad points of E. We also identify Y
with P! by (£3, t2%s, 152, s*) <~ (1, 5). h is not injective, if and only if Im 8 C Im 4,
if and only if H contains three out of the four bad points of E.

REMARK 2.13.1. For any stable E(0,2,4), and any unstable plane H, we have
Ey = 04(-1) ® I, ,(1), where W has length 3.

LEMMA 2.14. Let E be as in 2.13, and the four bad points are P, = (1,0,0,0),
P, =(0,1,0,0), P, = (0,0, 1,0), and P; = (0,0,0, 1). Then E can be represented by

(xo 0 x, x3) in 9L

0 x;, x; Axy
(¢f. 2.11), where A is a scalar.

PROOF. Again, we write A = 3?_A,x,, where A, € M, ,(k). E is not locally free

[ A4

at P’s means A4 has rank 1 at P,’s (see exact sequence (6)), namely, 4,’s are rank 1

matrices, so
A _ ki@i
ke,
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where k;, k| are scalars, and @, € I, 4(k). If A is general, @ s are linear
independent, and

@
e
D:= | '| € GL®M),
&,
@,
hence
api= [k 000 0 k, 0 0
~ "k 0 0 o/ o &k o o)™
0 0 k, 0) (0 0 ki)
0 0 k, 0270 0 0 k)
Multiplying by
2
ko ki
on the left, we get
(1 0 0 0 0000
4 (0 0 0 0)x°+(0 1 0 0)"'
00 a 0 00 B
+(0 0 o o)"2+(0 0 0 B')"3'
Multiplying by
I 0
0 /a0 ,
0 1/8
we get
1 0 0 00 0 0
A~(0 0 0)"°+(0 1 0 0)"'

and last, applying
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together,
1 0 0 0 00 0 0
4 (o 0 0 0)°+(0 1 0 o)x'
00 1 0 0 0 1)
+(0 0 1 0)x2+(0 0 0 A%

where A = B’a/Ba. Q.E.D.

Note that to an unordered set of four distinct points, P,,...,P,, on a nonsingular
rational curve Y, one can assign a well-defined j-invariant [AG], namely, let ¢:
Y — P! be an isomorphism such that ¢(P,) = 0, ¢(P,) = 1, ¢(P;) = 00, ¢(P,) = A;
and define j = 28(A2 — A + 1)>/A%(A — 1)2. Given two sets, there exists an automor-
phism of Y taking one set to the other set if and only if the j-invariant is the same.

PROPOSITION 2.15. Let My C M = M(0,2,4) be the subset of sheaves described in
2.14, and G, C G = PGL(3) be the subgroup which fixes all the P;’s. Then:

(a) G, acts trivially on M,,.

(b) Two twisted cubics through four given fixed points have the same j-invariant, if
and only if they correspond to the same E.

(c) G does not act transitively on M.

PROOF. An element in G, can be represented as

a 0 0 O
0 B 0 O
[ )
00 y 0
0 0 0 ¢

namely, o: (x,, X;, X5, X3) = (axg, Bx,, Yx,, 6x3). As we have seen in 2.14, any 4 in
M, can be represented as

Thus
[axg 0 yx, bxy
GO IRl |
Multiplying by
a0 0 0
0 B' 0 0
0 0 y' o]

0 0 0o &'

we see that 6(A) ~ A, and G|, acts trivially on M,,. This proves (a).
Now take E, in M,. Then G, acts on H°(Ey(1))/k* (since scalar multiplication is
the only automorphism of E,) which is one-to-one correspondent to 7 := {Y|Yis a
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zero set of Ey(1)}. Take a twisted cubic Y, corresponding to a section of Ey(1). By
the remarks preceding the proposition, the orbit G, - ¥, = {0(¥;)},c¢, coincides
with the set of twisted cubics through P,,...,P; and these have the same j-invariant
as Y,. This orbit is 3-dimensional because if 6(Y,) = 7(Y;), then o7~ acts on Y, as
an identity. 07" is an automorphism of P? leaving five general points fixed, hence
01! =idps and ¢ = 7. Thus G, - Y, coincides with the open set of twisted cubics in
T.

Any E with four general nonlocally-free points can be sent to a member E; in M,
by PGL(3), hence we combine the above and conclude (b) and (c).

PROPOSITION 2.16. There exists an irreducible, nonsingular and rational variety
V =V, (0,2, c;) whose closed points are in one-to-one correspondence with the isomor-
phism classes of properly semistable sheaves with Chern classes (0,2, c;). V has
dimension 14 if c; = 0 or 6, and 13 if c; = 2 or 4.

PROOF. E is properly semistable, so we have
(7) 0-0-E-1,-0

where Y is a curve of degree 2 and x(0,) = 4 — jc;, for the case Y is a double line.
Since all such E is one-to-one correspondent to Y and ¢{/k* € H%(wy(4))/k*, by
1.3 there is a universal subscheme % of H X P, where H is the parameter space of
all such Y. So E is parametrized by an open subset of Py (7, ,ws(4)). Using 1.3 for
r =3 — icyand k = 4, we get that the dimension of such E is 14 — j¢;.

If Y is a conic (respectively, pair of skew lines), then c; = 6 (resp. ¢c; = 4), and V'
corresponds to an open subset of the Hilbert scheme (including the set of double
lines). We only need to recount the dimension which is easy.

TABLE 2.16.1. h'( E(1)) for properly semistable E(0,2, c;).

E, (0,2,0) E, (0,2,2)
N -4-32-10123 N -4-3-2-1012 3
3/1 0000000 3 |1 000000 0
213 2 1 00000| 2 |43 10000 0
1001 23210 1 /0001210 0
0[0 0 0 014133 0 |0 0 0 01413 31

Spectrum {-1,1} Spectrum {-1,0}

E, (0,2,4) E, (0,2,6)
N -4-32-10123 N _4-32-1012 3
3/1 0000000/ 3 |1 000000 0
215 4200000 2 ]65 31000 0
10 0001000 1 /0000000 0
0(0 00 0141432 0 |0 00 01515 33

Spectrum {-1, -1} Spectrum {-1,-2}
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Maruyama [M] constructed M = M(c,, c,, ¢;) which contains an open set M =
M(c,, c,, c3), the coarse moduli of stable sheaves. The points of M —M are in
one-to-one correspondence with S-equivalence classes of properly semistable sheaves.
If E is properly semistable, then it follows from exact sequence (7) that the
S-equivalence class of E is determined by O @ I, hence by Y alone.

PROPOSITION 2.17. We have the following, table for stable and semistable reflexive
sheaves with ¢, = 0, ¢, = 2:

3 0 2 4 6

dimV, 14 13 13 14
dim M 13 13 13 -1(M=2)

dim(M — M) 11 9 8 8

MdenseinM? no(MN(M—M)= @) yes yes no(M= @)

PRrOOF. The proof follows from 2.8, 2.12, 2.16 [SVB]. We see that M is dense in M
in the cases ¢; = 0,2 and 4. For ¢; = 0, a stable sheaf and a properly semistable
sheaf have different a-invariant, hence M —M and M are disjoint. For ¢c; =4, a
general member E in M(0, 2, 4) (resp. V, (0, 2,4)) can be constructed by a nonsingu-
lar curve of degree 6, genus 3, not lying in any quadric surface (resp. type (2,4) on a
nonsingular quadric) (for detailed reason, see §4). By 2.17.1, M is dense in M.

For ¢; = 2, we note that if Y = Y, U Y,, where Y, Y, are nonsingular plane cubic
curves, meeting at one point, 2.17.2 implies that Y is the limit of degree 6, genus 2,
nonsingular curves which are never in any quadric surface.

REMARK 2.17.1. It is easy to see that ford =2g — 2, H, - the Hilbert scheme of
nonsingular curves of degree d, genus g in P?, is irreducible.

REMARK 2.17.2. A result of Hirschowitz says that if ¥, and Y, are two nonsingular
curves meeting at one point, and H'(Ny ) = H'(Ny) =0, then Y = Y, U Y, can be
smoothed.

REMARK 2.17.3. For ¢; = 0, M has two irreducible disjoint components M — M
and M, of dimension 13 and 11. The latter shows that the expected lower bound
8c, — 3 on dimension of moduli does not hold for properly semistable sheaves.

3. Stable reflexive sheaves with ¢, = 3. Our goal for this section is to prove the
irreducibility of some moduli spaces M(c,, ¢,, ¢;). According to [SRS, 3.4.1], it is
sufficient to show that the set of general E in M(c,, c,, c;) forms an irreducible
family. Our method is to discuss what kind of curves or what “dereduction” E may
have, and count the maximal possible dimension of E constructed in this way. (We
do not care if different reductions give the same E.)

We do the case ¢, = O first.

REMARK. Stable rank 2 vector bundles with Chern classes (0, 3, 0) were studied by
Ellingsrud and Stremme [E-S].

LEMMA 3.1. Let E(0,3,c;) be stable, where c; = 2,4,6,8, and assume that
HO(E(1)) # 0. Then either:

(a) E(1) has a section whose zero set is the disjoint union of a line and a nonsingular
twisted cubic (in which case c; = 4), or
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(b) E(1) has a section whose zero set is a nonsingular rational quartic or a
nonsingular twisted cubic with a line attached at one point (in which case c; = 6), or

(c) E(1) has a section whose zero set is a nonsingular elliptic quartic or a nonsingular
twisted cubic with a line intersecting at two points (in which case c¢; = 8), or

(d) E has an unstable plane of order at least 1.

PRrOOF. Since H%(E(1)) # 0, we have the extension
(1) 0-0-E(1)-1,2)-0

where Y is a curve of degree 4 and x(0y) = 4 — 3¢, < 3. By 1.2, it suffices to show
that there exists a plane containing a subscheme of degree = 2 of Y, except in cases
(a)—(c) above. This is very clear from the degree of the support of Y except in the
following cases:

(i) deg(Supp Y) = 1. Then Y = Y*, a multiplicity 4 line with x(0+) < 4.

(ii) deg(Supp Y) = 2, and Supp Y is a pair of skew lines. Then Y = LIIY?, disjoint
union of a line L and a multiplicity 3 line Y* with x(0,:) <3; or Y = Y'IY?,
disjoint union of two double lines with x(0,:) < x(01). (So, x(0y2) <2, because
x(9y) <3)

(iii) deg(SuppY) = 3, and SuppY is three disjoint lines. Then Y = Y2?[[LIIL!,
disjoint union of a pair of skew lines L, L', and a double line Y with x(0,:) < 2.

1.1 implies Y™ has a degree = 2 part contained in a plane, where m = 4, 3, 2.

REMARK. It is easy to see that for c; = 0, E has an unstable plane of order 1 if and
only if E has a-invariant « = 1. (It follows from spectra that h*(E(-3)) = 3 and
h*(E(-2)) = a.)

LEMMA 3.2. The property of having an unstable plane of order 1 is a special property
for stable sheaves with Chern classes (0, 3, c;); ¢; = 2,4,6.

PrOOF. Reduction step on the plane H gives E'(-1,2, c}) stable, sequence (2), and
its dual sequence (2) :

(2) 0-E -E-1I,,(-1)-0,
0 - E - E() - Ipu2 - 0
) Voo
En(1)

Let s be the length of Z. Then ¢j = ¢; + 25 — 4 = s (this follows from the proof of
[SRS, 9.1]) and Z’ has length s" = 4 — 5. In fact, we have the table of s:

&

l 2 4 6
4 3 2 1
2 2 1 0
0 — 0 —

The dimension of each irreducible component of the moduli space is = 8¢, — 3 = 21
[SRS, 3.4.1]; so in order to prove the lemma it suffices to show that the dimension of
any such possible family is <21 by counting the dimension of choices of Z’,
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H, f/k*, and E’ in (2)V, or the dimension of choices of Y, £ in the extension (1).
(Note that H°(E’(1)) # 0 implies H°( E(1)) # 0 and such an extension.)

Case 1. c; = 4. Recall that E’(-1,2,4) has a unique unstable plane H’ containing
conic Y’ which is a general zero set of E’(1), and note that Z’ has length s’ < 3;
therefore impose s’ conditions on quadric or cubic forms on H.

Case 1.1. H = H'. Ef(1) = O4(-1) © I, ;(2), where W is of length 4 [SRS, 9.12],
so f and Z’ are given by a scalar and a cubic form with s’ conditions. The choices of
E' f/k*,and Z' are 11 + 10 — s’ = 21 — s’ < 21.

Case 1.2. H D a degree 1 component of Y’. Restricting the extension 0 - O —
E’(1) - I,(1) - 0 on H, and computing the Chern classes of the kernel of E7(1) —
Oy — 0, we have

0-1, 4(1)-E;(1)-0,-0,

where W’ has length 2. Easy calculation gives Ext'(O, 1, (1)) = H'(I, (1)) =0,
therefore Ey(1) = 0, © I, 4(1).

Claim. The choice of f/k* and Z’ has dimension < 7. If Z’ C W’, then f is given
by a linear form and a quadric form through Z’, so the dimensionis 3 + 6 — s’ — 1
<7.

If Z' ¢ W’, then the choice of each additional point is < 2 dimensions, but this
point imposes one condition on each of the forms, hence does not increase the
dimension of the choices of f/k* and Z’ as in the previous case.

Since Y’ is reducible, E’ constructed from Y’ has dimension < 10. The possible
choices of H have dimension < 1. Adding together, the dimension of choices of E’,
f/k* H,Z"is < 18 < 21.

Case 1.3. HN Y’ has dimension 0. In sequence (2), s = 1 implies H’(E’(1)) =
HO(E(1)), and a general zero set Y is a conic Y’ union another conic on H. From
arithmetic genus of Y, we know there are two situations.

(a) c; =4, and Y is disjoint union of 2 conics. So the dimension of the family
through the correspondence (E(1), s) < (Y, &) is the dimension of the choices of
Y + h%wy(2)) — K% E(1)) =16 + 6 — 2 =20 < 2I.

(b) ¢c; = 6, and Y is the union of 2 conics intersecting at one point. As above, the
dimension of the family is 15 + 7 — 2 = 20 < 21.

Case 2. ¢; = 2. Recall that E’(-1,2,2) has a pair of skew lines (or its degenera-
tion) as the unique zero set Y’ of E’(1).

Case 2.1. H N Y’ contains a line. Restricting on H the extension 0 - O - E’(1) —
Iy(1) - 0 gives 0 > I (1) » Ef(1) = Ip 5 — 0. Applying Hom(-, I, ;,(2)),

0- Hom(IP,H’ I, 4(2)) — Hom( E;(1), I, ;(2)) - Hom(/p. (1), I 4(2)).

Claim. The choices of Z’ and f/k* € Hom(E[(1), I, ;(2))/k* have
dimension < 8. Because

dim Hom(E/,(1), I, ,(2)) < dimHom(I, ,, I, ;(2))
+dim Hom(lP,‘H(l), Iz,‘,,(2)), ifz” Cc {P, P},

then the choices have dimension <6 + 3 — 1 = 8; if Z’ Z {P, P’}, then each addi-
tional point needs < 2 parameters and imposes one condition of each form in
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Hom([Ip 4, I, 4(2)) or Hom(Ip. (1), I 5(2)), so the dimension is still < 8. The
parameters of E’, H, f/k*, and Z' are< 11 + 1 + 8 = 20 < 21.

Case 2.2. H N Y’ has dimension 0. As in Case 1.3 above, we have the following
situations.

(a) ¢; = 2, and Y is disjoint union of Y’ and a conic. So in the (E(1), s) < (¥, §)
correspondence, the dimension of the family of E is 16 + h%w,(2)) — h°%(E(1)) =
16 +5—1=20<2l.

(b) c; =4, and Y is the union of Y and a conic intersecting Y’ at length 1. As
above, weget 15+ 6 — 1 =20 <21.

(c) c; =6, and Y is the union of Y and a conic intersecting Y’ at length 2. The
dimension we are countingis < 14 + 7 — 1 = 20 < 21.

Case 3. ¢; = 0. Completing (2) on H, we get the exact sequence

/
0- GH(_I) - E;—l(l) - Z’,H(z) -0

where f and Z’ are determined by a section of Ej(2). So the parameter space of E’,
H, f/k* and Z’ has dimension 11 + 3 + A%(E;,(2)/k*) =11 +3+7-1=20<
21.

LEmMMA 3.3. Let E(0, 3, c;) be stable, where c; = 2,4, 6,8. If E has an unstable plane
of order 2, then E has either c; = 8, or ¢c; = 6 and spectrum {0,-1,-2}. This is a
special property.

ProoF. If H is an unstable plane of order 2, then H2(E,(-1)) # 0, hence
H?*(E(-1)) # 0. So the cases above are the only possibilities.
Case 1. c; = 6. Reduction step gives E’(-1, 1, 1) stable, and

0-E —E-1I,,(-2) - 0.

A general section of E(1) has zero set Y = LIIC, where L, a general zero set of
E’(1), is a line through P; C is a plane “cubic.” (This is an easy exercise in degree
and arithmetic genus calculation.) A°( E(1)) = h°(E’(1)) = 3, and the dimension we
are counting is

dim{Y} + h%(wy(2)) — R°%(E(1)) = (4 + 12) + (1 + 6) — 3 = 20 < 21.

Case 2. c; = 8. By the same reasoning as in Case 1, except that L and C intersect
at one point, and the reduction sequence is 0 —» E’ > E - 0,,(-2) - 0 we conclude
that the dimension of the family is < 21.

REMARK 3.3.1. In Case 2, we have Ext*(E, E) = 0.

PROOF. Apply Ext?(-, E) to the sequence in Case 2,0 — O(-2) —» 30(=1) » E’ - 0
[SRS, 9.3], and the resolution 0 - O(-3) - 0(-2) - 0,,(~2) - 0, and use the facts
that Ext'(O(-/), E) = H'(E(!)) = 0 for [ = 2,3, and Ext?*(O(-/), E) = HXE(l)) =
0 for/=1,2 (3.9.1).

THEOREM 3.4. The moduli of stable rank 2 reflexive sheaves on P> with Chern

classes (0,3,4) is irreducible, and generically reduced of dimension 21. Its underlying
variety M, 4(0, 3,4) is rational.
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PrROOF. Riemann-Roch gives x(E(1)) =1, and spectrum gives h*(E(1)) =0,
hence H(E(1)) # 0. Lemmas 3.1-3.3 imply that for E general, E(1) has zero set
Y = LIIY,, where L is a line and Y, is a nonsingular twisted cubic. So h°(E(1)) = 1,
and E is one-to-one correspondent to Y and §{/k* € H% wy(2))/k*, and needs
(4+12)+ (1 +5)—1=21 parameters. M, 4(0,3,4) is isomorphic to an open
subset of Py ;( p*m, 0 ® p;w;w@l(z)') where G = G(1, 3) is the Grassmann variety
of lines in P?>, H = Hj, is the Hilbert scheme of nonsingular twisted cubic curves, £
and %, are the universal curves on G X P® and H X P3, and =, 7’ are the
appropriate maps from G X P> and H X P? to G and H, p,, p, are the maps from
G X H to G and H, so M_4(0,3,4) is irreducible and rational. To conclude the
moduli has the properties stated, we claim Ext?(E, E) = 0 for E general: Extension
(1) gives the first of the following resolutions:

0-0(-1) > E~0(1) > 0,(1) ®0,(1) >0,
0-0(-1)»20-0(1) > 0,(1) >0 (Koszul),
0-20(-2) - 30(-1) > 0(1) > 0, (1) >0 (well-known or cf. 2.9).

With the same reasoning as in 2.5, and using the facts that A'(E(/)) = 0 for i = 2, 3,
and /= -1,0ri=1and /=1, from 3.4.1, we have Ext’(E, E) = 0.

TABLE 3.4.1. h*( E(1)) for E(0, 3,4) stable.

General E
N -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 6 5 2 0 0 0 0
1 0 0 0 1 2 0 0
0 0 0 0 0 0 1 10
Special £
~N 0 1 2
1 2 1 0
0 0 2 10

Spectrum {-1,-1,0}

THEOREM 3.5. M, 4(0, 3, 6) is irreducible, and unirational of dimension 21.

PrROOF. The proof is the same as that of Theorem 3.4, a general E(1) has
nonsingular rational quartic as zero set. The dimension counting gives 16 + 7 — 2 =
21.
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TaBLE 3.5.1. K E(1)) for E(0,3,6) stable.

General E
i -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 7 6 3 0 0 0 0
1 0 0 0 0 1 0 0
0 0 0 0 0 0 2 11
Spectrum {-1,-1,-1}
Special E
N -4 -3 ) -1 0 1 2
3 0 0 0 0 0 0 0
2 7 6 3 1 0 0 0
1 0 0 0 1 1 1 0
0 0 0 0 0 0 3 11

Spectrum {0, -1, -2}

REMARK 3.5.2. Note that the irreducible moduli space M(0, 3, 6) has two different
spectra.

LEMMA 3.6 (Char 0). Let E(0, 3,2) be stable and general. Then a general section of
E(2) has irreducible and nonsingular curve of degree 7 and genus 2 as zero set.

PrOOF. Lemmas 3.1 and 3.2 imply that a general E has h°(E(1)) = 0. By
Riemann-Roch, x(E(1)) =0, so h°(E(1)) =0 and E(2) is generated by global
sections (3.7.1 and Castelnuovo’s theorem [Mu, p. 99]). A general zero set Y of E(2)
is nonsingular except possibly two points where £ € H%(w,) fails to generate
0-0-EQR)— 1,4 - 0whered(Y)=7and x(0,) = -1.

Claim. Y is irreducible. If Y has three components, meeting at no more than two
points, then from Z}_, x(0y) < x(0y) + 2 = 1, they are two elliptic curves and one
rational curve, so Y is contained in a cubic surface and h°(1,(3)) # 0 implies
h°(E(1)) # 0. This is a contradiction. If ¥ has two components meeting at exactly
two points P and Q, then the same reason as above implies that Y is the union of a
rational curve Y, and an elliptic curve Y,. Restricting w, at Y, we get wy|y =
@,Q(P + Q), namely, £ vanishes at P, Q on Y,, but on the other hand, wy |y, =€ v &
generates P, Q € Y, again a contradiction.

If Y has two components meeting at one point, then Y is the union of an elliptic
cubic (which is contained in a plane) and an elliptic quartic (which is in quadric
surfaces), so Y is contained in a cubic surface. Thus as before, E is not general. This
proves the claim.

If Y is a nonsingular curve of degree 7, genus 2, then the dimension of the family
of sheaves is 21. In fact, the choice of an abstract curve Y of genus 2 is 3 parameters.
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The choice of an invertible sheaf £ of degree 7 is 2 parameters. The choice of a
4-dimensional linear subspace of H°(Y, £), which is 6-dimensional, is 8 parameters.
Then add automorphisms of P? (15 parameters). This gives 28 parameters of Y. Add
h°(wy) = 2, and subtract h°(E(2)) = 9; we have 21, the expected dimension.

If Y is not nonsingular everywhere, then we claim that the choice of Y is < 28
parameters (hence the dimension of the family of sheaves is < 21, by the same
calculation as above). Using the notation in [AG, IV, Exercise 1.8], Y has abstract
model either an elliptic curve (6, = 1 means P is a node), or a rational curve (with
two nodes, or one singular point Q with 8, = 2). Modifying the parameter counting
above, we have that the choice of such Y is < 28 parameters, e.g., the abstract model
of an elliptic curve with a node needs two parameters (one for the nonsingular
elliptic curve, one for identifying two specified points as a node), the choice of
degree 7 line bundle is still 2, and the Riemann-Roch formula works for such a
curve.

As a corollary to Lemma 3.6, we have the following

THEOREM 3.7. The family M40, 3, 2) is irreducible of dimension 21.

TaBLE 3.7.1. h'( E(!)) for E(0, 3,2) stable.

General E
i -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 5 4 1 0 0 0 0
1 0 0 0 2 3 0 0
0 0 0 0 0 0 0 9
Special E
N1 2 N1 2
1 2 0 1 1 0
0 2 9 1 9

Spectrum {-1,0,0}

LeEmMMA 3.8. Let E(0,3,8) be stable and without any unstable planes of order = 1.
Then E(1) is generated by global sections.

PrROOF. The spectrum and Riemann-Roch give A%(E(1)) =0 and x(E(1)) = 3,
respectively, so in the extension

00— E(1) > I,(2) » 0,
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h°(E(1)) = 3 implies h°(1,(2)) = 2, hence is 2, and Y is a complete intersection of
two degree 2 surfaces without common component. (A reducible quadric surface
containing Y would give an unstable plane, by 1.2.) Restricting the sequence on one
of the quadric surfaces Q, we obtain Ey(1) » 0, - 0, and combined with the
surjection E(1) — Ey(1), the kernel of the surjection E(1) — 0, is properly semista-
ble, having Chern classes (0, 0, 0), so it is 20 [SRS, 9.7].

O—>2(9—>E(1)—>®Q—>0,

H'(20(1)) = 0 for all /, and both 20 and 0, are generated by global sections, so E(1)
is generated by global sections.

THEOREM 3.9. The moduli of stable rank 2 reflexive sheaves on P> with Chern
classes (0, 3, 8) is irreducible, nonsingular, and rational of dimension 21.

PROOF. The property of having an unstable plane of order d = 1 is special for E: if
d=2, this is 3.3; if d =1, the proof in 3.2 applies. In either case, we have
Ext?(E, E) =0 (cf. 3.3.1). For a general E, E(1) is generated by three global
sections, and we have 0 - O(-2) - 30 - E(1) » 0. (The kernel is obtained by
Chern classes computation and the fact that it is rank 1, reflexive, and hence locally
free.) Dualizing the exact sequence, we get

0 E(-1) > 30 > I, 5(2) - 0

where Z is the set of nonlocally-free points of E, a complete intersection of three
quadrics which determine E. Thus the family is parametrized by an open subset of
Grassmann variety of 2-planes in P(H°(9(2))), namely G(2,9), so it is irreducible,
nonsingular, and rational of dimension 21.

Applying Hom(-, E) to 0 —» O(-3) - 30(-1) » E - 0, we get

Ext'(0(-3), E) - Ext*(E, E) - Ext*(30(-1), E).

The first and last terms are H'( E(3)) and H*(3E(1)), respectively, which are both 0,
so Ext?(E, E) = 0, and the theorem is proved.

TABLE 3.9.1. h( E(!)) for E(0, 3, 8) stable.

i -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 8 7 4 1 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 3 12

Spectrum {-1, -1, 2}

Now we will treat the cases where ¢, = 1.

LEMMA 3.10. The property of HY(E(1)) # 0 is a special property for stable sheaves
with Chern classes (-1,3, c;); c; = 1,3,5.
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PROOF. A section of E(1) gives 0 - O — E(1) — (1) — 0 where Y is a degree 3
curve with x(0y) =43 — 4¢; = 2. As in Lemma 3.2, we want to show that the
dimension of any of the families is < 19.

Case 1. Y = LIIL'IL". Then the dimension of the family constructed from Y is
obtained by computing the parameters of Y, 2% wy(3)) and h°( E(1)), which are 12, 6
and 1, respectively, and hence the dimension is 17 < 19.

Case2.Y = LIIY’, where Y is a connected degree 2 curve with x(0,.) = 33 — 1c;,.
If Y is a double line, then using 1.3 for r =23 — 4¢; and k = 3, we get the
parameters of Y, h°wy(3)) and A°(E(1)) equal to 2r + 5) +4, Rk —r — 1) + 2,
and 1. Therefore, the dimension of the family is r + 2k + 9 = 173 — 4¢3 < 19. If
Y’ is a conic, then the choice of Y is 12 parameters, and h°(wy(2)) = 7. So we have
the dimension 18 < 19.

Case 3. Y has only one connected component. Then Y is either a line union a
double line intersecting it (by 1.2, E has an unstable plane H of order 2) or a
multiplicity 3 line. It follows from 1.1 that the latter has either a degree 2 part
contained in a plane H, or x(0,) = 3 or 4. If x(0,) = 3, then Y is type (3,0) on a
nonsingular quadric surface (see Remark 1.1.1), hence this is a special case of Case 1
above. If x(0,) =4, then a plane containing the support of Y is unstable of
order = 1 (in which case c; = 1).

Case 3.1. H is of order 2. A necessary condition for unstable planes of such
existing order is H*(E(-1)) # 0, hence (from spectrum) the only possibilities are
¢; =35,7, and c¢; = 3 with spectrum {0,-1,-2}. Reduction step gives E’(0, 1, c3)
properly semistable (therefore ¢; = 2 by 2.1), and the sequences

0 - E(1) - E() - I3 - 0
! 7f
E(1)

where Z has length s, and Z’ has length s’ =5 — s:

3 3 5

K 2 1

The section in H(E") = H(E(1)) gives the unique zero set L of E’, and Y of E(1).
Since H contains the support of Y, and L and Y are isomorphic outside of H, we
have L C H, and Ey(1) = I, 4(2) ® O, where W has length 2 (cf. 2.3). Now we
compute the dimension of the family. The choices of £’ and H are 6 and 1,
respectively. f and Z’ are determined by a plane cubic form imposed by s’ — 3
conditions, and a plane linear form. But an automorphism of E’ acts on f, and gives
the same kernel E£. So we need to subtract dim End(E’) from the choice of the
1-form and 3-form. Therefore, the family has dimension <6 + 1 + 13 — (s" — 3) —
2=21-s'"=16+s<18<19.
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Case 3.2. H is of order 1 and c; = 1. Reduction step gives E'(0, 2, ¢}) properly
semistable, and the sequences:

(3) 0 E(-1) = E = I, y(~1) =0,
0 - E - E = IL.,1) - 0
3) LAy
Ey

Let s be the length of Z. Then ¢} = 25 — 2 = s (since Z C nonlocally-free set of E’)
and Z’ has lengths” = 3 — s.

TABLE OF s
C3 l
C/
) 2
4 3

Claim. The dimension of the family is <19. In 2.16 we have the extension
0-0-E" - I, - 0. By the same reasoning as in the previous case, the plane H
contains the support of Y’, hence Supp Y’ has degree 1 (note that Supp Y has degree
1), and Y’ is a double line. Therefore the choices of E’ and H are 14 — 3¢}
parameters and 1 parameter, respectively. Restricting the extension on H, we have

(3.2) O—’IWZ.H(I) ‘*El'i"lw..H(—l) -0
where length(W,) = 3 — ¢} and length(W,) = 1cj. Applying Hom(-, I, (1)),
0- Hom(IW..H(_l)’ 12'.11(1)) — Hom(Ej;, ]Z'.H(l))
- Hom(IWZ.H(l)’ IZ"H(I))'

If the last term is 0, then the choice of each point which cuts 1 dimension on the first
term is 1 parameter (because Z’ is contained in the nonlocally-free set of E, hence
lies on Y which has the same support as Y’). So the choice of f and Z’ is
< dimHom(1y, y,(-1), I, (1)) < 6. If the last term is not 0, then Z’ is determined,
and f € Hom(Ej, I, 4(1)) has dimension < dim Hom(7Z,, ,(-1), I 4(1)) +
dimHom(1y, ;(1), Iz 4(1)) <7. Adding all the parameters together, and sub-
tracting the dimension of End(E’), we have that the dimension of the family is
<(14—4c})+1+7—2=20— 4c}, which is <19, if ¢ > 2. We claim that if
¢ = 2, the dimension is actually < 19 — {¢} by showing that if E’ is general in the
family, and H is general in the pencil, then Hom(/,, (1), I, ;(1)) = 0. E’ has an
extension (cf. 2.17), )

0-€-E'(Q2)~1y(4) -0
where Y, is the union of two nonsingular plane cubics. If H is general, Y, intersects

H at six points. Twisting sequence (3) by O(3), we see that Y, gives a zero set ¥, of
E(3). From arithmetic genus computation, ¥, = Y, U C, where C is a plane cubic on
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H, intersecting Y, at four points. The extension
0-0-EQ3)- 1y0(5) -0
when restricted on H, yields (3), hence Z N C = &. The nonlocally-free point Z’ of

E lies on C, hence Z’ is not contained in Z which contains W, (cf. sequence (3a)).
Therefore Hom(1y,, ;(1), I 4(1)) = 0 and the family has dimension < 19.

LEMMA 3.11. Let E(-1, 3, c;) be stable, where c; = 1 or c; = 3 and E has spectrum
{-1,-1,-1}. Then E has an unstable plane H of order 1, and the reduction sequences:

4) O*E'("l)_’E"Iz.H(‘l)—’O,
0 - E1) - E@1) - IZ’,H(Z) - 0
4) Loy
E;(1)

If H(E(1)) = 0, then E'(0,2, c}) is stable, with ¢} = 0,2,4 if c; = 3, and ¢ = 2,4 if
¢y = 1. The property that E(2) has no reduced zero set is a special property.

PROOF. The existence of an unstable plane is proved by the same reasoning as in
3.7. Note that the values of s are given by the accompanying table, and that the
length of Z’ := s’ = 3 — 5. The only nontrivial part is to show that such a property
is special (cf. 3.2). (The family has dimension < 19.)

TABLE OF s
C3

3 1 3
0 X 0
2 2 1
4 3 2

Case 1. ¢; = 2. Recall that E’(0, 2, 2) has the extension

(5) 0-0-E()-1,(2)-0
where Y’ = LIIC, C is a conic lying on the unique unstable order 1 plane H’ (cf.
3.7).

Case 1.1. H = H'. Restricting (5) on H, we have
0- IW,H(Z) - EI’-I(I) -Ip -0

where W has length 2 and is the nonlocally-free set of E’, hence lying on C, and
P = H N L. Therefore P N W = @. Applying Hom(-, I ;(2)), we get

0- Hom( Ip y, IZ',H(2)) - Hom(E;,(l), IZ’,H(2)) - Hom(IW’H(Z), IZ',H(Z)))

as in Case 2.1 of Lemma 3.2. (Note that Z’ lies on Y’. This follows from Y’ C Y,
which is the induced zero set of E(2), and H can contain at most a degree 2
subscheme of Y.) We conclude that the choice of f/k* and Z’ is

< 5 parameters.
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dim M(0,2,2) = 13. Therefore, the dimension of the familyis< 5 + 13 = 18 < 19.
Case 1.2. H D a degree 1 subscheme of Y. Restricting (5) on H, we get

0- IWZ.H(I) - Ep(1) - Iw,,H(l) - 0.

Applying Hom(-, I ;(2)) and using an argument identical to that in Case 2.1 of
3.2, we conclude that the choice of f/k* and Z’ is < 5 parameters. If the conic C is
nonsingular, then H contains L and Z’ (note that Z’ C C), and hence there are only
a finite number of H. If C is reducible, then E’ is special (hence only needs < 12
parameters), and the choice of H is 1 parameter. Putting together, we have the
dimension of the family is < 18 < 19.

Case 1.3. H N Y’ has dimension 0. Twisiting (4) by O(2), we see that Y’ induces a
zero set Y of E(2). Compute arithmetic genus for the case ¢; = 1, and we have Y as
the union of Y’ (= LIIC) and a conic C’ intersecting L at one point. To compute
the dimension of the family of E constructed from Y, we modulo only 3-dimensional
sections which are from E’(1), since we do not know if a general section corresponds
to such Y. Therefore, the dimensionis <(4+8+8—- 1)+ (1 +1+1)—3=19.
Equality holds, only if both conics are nonsingular, so Y is reduced. The same
reasons work for the case ¢; = 3.

Case 2. c¢; = 4. Recall that on an unstable plane H' for E’, Ej, = 0,(-1) ®
I, (1), and a general E’ has a nonsingular twisted cubic as zero set.

Case 2.1. H= H’. Then in (3), Z’ and f/k* are determined by a degree 2 form
with s’ conditions imposed. So the dimension of the family is 13 + (6 — §") = 19 —
s’, whichis < 19if ¢; = 3, and = 19 if ¢; = 1. For the latter case, a general E(2) has
nonsingular zero sets, i.e., a nonsingular twisted cubic disjoint union a conic.

Cases 2.2 and 2.3. Ditto Cases 1.2 and 1.3.

Case 3. c¢; = 0. In this case ¢; can only be 3. For the same reason as in 3.2, f/k*
and Z’ are determined by a section in H°(E};(1))/k*. The dimension is 13 + 3 + (3
— 1) =19. If E’ is general, then a general zero set of E’(1) is 3 skew lines; this
induces a zero set as a conic with three lines attached to it. Counting dimension as in
Case 1.3, for E(2) general, the zero set is reduced.

THEOREM 3.12. The moduli of stable reflexive sheaves on P> with Chern classes
(-1, 3, 1) is generically reduced and irreducible of dimension 19. The underlying reduced
scheme is a unirational variety.

PROOF. By the previous lemma, if E is general, then H°(E(1)) = 0 and E(2) has a
reduced zero set. Reducedness is an open property, so a general zero set Y of E(2) is
reduced. Claim. Y is the disjoint union of a twisted cubic and a conic. We know Y
has d =5 and p, = -1. Suppose Y is the union of two connected (may not be
irreducible) components intersecting at k points, then 2=1—p,=(1 —p,)
+(1 —p,,) — k gives p, +p,, + k=0, namely, Y is the disjoint union of two
rational curves, neither of them can be a line (because H’(wy(1)) # 0). Counting
dimension, we see that when both the twisted cubic and the conic are nonsingular,
the family has dimension 19. The way to parametrize is irreducible and unirational
(see the proof of Theorem 3.4).
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TaBLE 3.12.1. h'( E(7)) for E(-1, 3, 1) stable.

General E
~ -3 2 -1 0 1 2 3
3 0 0 0 0 0 0 0
2 4 2 0 0 0 0 0
1 0 0 1 3 2 0 0
0 0 0 0 0 0 4 17
Soecial E
~ 1 2 3
1 3 0 0
0 1 4 17

Spectrum {-1,-1,0}
THEOREM 3.13. M, 4(-1, 3, 3) is irreducible and rational of dimension 19.

ProOF. For the same reason as in the previous theorem, a general E(2) has a
nonsingular rational quintic as zero set. Thus M, 4(-1, 3, 3) is irreducible of dimen-
sion 19. On the other hand, take E’(0, 2, 0) (there is a universal family, by [H-S]), a
general plane H, a section of Ej(2), we construct a nonsingular, irreducible and
rational of dimension 19, open subset of M,.4(-1,3,3). Therefore M, 4(-1,3,3) is
rational.

TaBLE 3.13.1. h'( E(1)) for E(-1,3, 3) stable.

General E

i~ -3 2 -1 0 1 2 3
3 0 0 0 0 0 0 0
2 5 3 0 0 0 0 0
1 0 0 0 2 1 0 0
0 0 0 0 0 0 5 18

Special E
i~ 1 2 3
1 2 0 0
0 1 5 18
Spectrum {-1,-1-1}

i -3 -2 -1 0 1 2 3
3 0 0 0 0 0 0 0
2 5 3 1 0 0 0 0
1 0 0 1 2 2 1 1
0 0 0 0 0 1 6 19

Spectrum {0, -1, -2}
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REMARK 3.13.2. Note that the irreducible moduli space M(-1,3,3) has two
different spectra.

THEOREM 3.14. M, .4(-1, 3, 5) is irreducible and unirational of dimension 19.

PrOOF. By 3.10, if E is general, then A°( E(1)) = 0. Riemann-Roch gives x(E(1))
=0, hence h'(E(1)) = 0 and E(2) is generated by six global sections (Castelnuovo
and 3.14.1). Since E is reflexive the kernel E’ of

(6) 0—E —60-E(2)-0
is a rank 4 vector bundle. E’ has Chern classes (-3, -4, -2) and h'(E’) = h*(E'(-1))

= h3(E’'(-2)) =0, so E’(1) is generated by global section. Take a section of E’(1);
we get that the quotient E” in the sequence

(7 0-0-E(1)-E"-0

is a vector bundle. E” has Chern classes (1, 1, 1) and is generated by four sections.

Computing Chern classes of the kernel, we have the sequence
0-0(-1)-40-E" - 0.

Hence E” =Tp(-1) and Ext'(E”, 0) = Ext(T(-1),0) = H'(2(1)) = 0. So se-
quence (7) splits, and E’(1) = O & T(-1). By (6), E(2) is the quotient of O(-1) &
T(-2) - 60. Thus, the family is irreducible and unirational of

dimension = dim Hom(9(-1) ® T(-2),60) — dim End(60)
—dimEnd(0(-1) ® T(-2)) + 1 =36 + 24 —36 — 6 + 1 = 19.

TaBLE 3.14.1 h'( E(!)) for E(-1,3,5) stable.

General E

i~ 3 ) -1 0 1 2 3
3 0 0 0 0 0 0 0
2 6 4 1 0 0 0 0
1 0 0 0 1 0 0 0
0 0 0 0 0 0 6 19

i 1 2 3

1 1 0 0

0 1 6 19

Spectrum {-1, -1, -2}

THEOREM 3.15. M4 (-1, 3,7) is irreducible and rational of dimension 19. M(-1,3,7)
is generically reduced.

ProoF. This follows from the facts that #°(E(1)) = 1 and a general E(1) has a
nonsingular twisted cubic as zero set (cf. 3.13).
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TaBLE 3.15.1. h'( E(1)) for E(-1,3,7) stable.

i -3 -2 -1 0 1 2
3 0 0 0 0 0 0
2 7 5 2 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 1 7

Spectrum {-2, -2, -1}

4. Some applications to curves in P> In this section we will construct some
nonsingular curves of high degree, most of which are of maximal rank, and some
even projectively normal. For some 4 and g, we use §§2 and 3 to conclude that the
Hilbert scheme H, , of nonsingular curves with degree d, genus g, is irreducible and
unirational. Throughout the whole section we shall work over a ground field with
char = 0. Curves are always irreducible and nonsingular.

The following proposition, due to Hartshorne and Hirschowitz, will be useful to
us.

PROPOSITION H. Let E be a rank 2 reflexive sheaf on P>. If E is generated by global
sections, and through each nonlocally-free point P there is a section whose zero set is
nonsingular at P, then E corresponds to a nonsingular curve.

Fact 4.1. Let Y be a curve in P® with degree d, genus g. If g = d — 2 (resp. g > 0),
then w,(-1) (resp. wy) has a section § generating it except at finitely many points.
Hence we can construct a reflexive sheaf E(3) (resp. E(2)), where E has ¢, = -1
(resp. ¢, = 0). If Y is not contained in any quadric surface, then E is stable.

PrOOF. This is proved by [SRS, 4.1, 4.2] and Riemann-Roch.

Hence we have the following:

TaBLE 4.1.1. (Y, ¢) «(E(3), s), where E is stable and ¢ €
H%wy(-1)) is the extension 0 —» © - E(3) - I,(5) - 0.

(¢, ¢35 €3)
(_]’3’]) (_1a3s3) (—ls3a5) (_19397) (_1’2,2) (_19294)

d,g) | 0.6 O 9,8 9.9 (8,6) ()

(Y, £) & (E(2), s), where E is stable and ¢ € H(w,) is the exten-
sion 0 - € - EQ2) » I,(4) - 0.

(¢, €2, ¢3)

(0.3,2) 0,3,4) (0,3,6) 0,3,8)
(d. g) (7,2) (7.3) (7,4)" (7,5)

'"For those Y not in a quadric surface. (All the other curves are not in a quadric surface, by [AG, IV,
6.4.1].)
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PROPOSITION 4.2. For all | = ¢, = 4, there are curves with degree d = I* + ¢, and
genus g = (1> + c,))(I —2) + (2 —¢y) + 1.

PrROOF. We can construct a sheaf E(0, ¢,, ¢2 — c,) through the extension 0 —» O —
E(1) - Iy(2) - 0, where Y; is a line disjoint union a plane curve of degree c, [C3,
10.1]. E(/) is generated by global sections for /= c¢,. Therefore Proposition H
implies that a general zero set Y of E(/) is nonsingular. H'(I,) = H'(E(-[)) =0
[SRS, 7.6], hence Y is connected, with d, g as above [SRS, 4.1].

PROPOSITION 4.3. The following table gives curves of maximal rank, with degree d,
genus g.

d g Projectively Cf. Remarks
normal

P?+5 P=21+5 yes [C3,12.1]

fori=1

P+ -2 +1 2.1.1
1P+

PP+ 1(-2)+2 yes 2.3.1

( 2+ )(1-2) +1 [SVB] Eizn‘}rzor:ir1glllalr ;ur'vef

) B withd = 6,8 = 1,2,is o

?+2 (F+)(-2)+2 281 maximal rank.
=2 e ithd =

(12 +2)(1—2) +3 yes 212 Every curve wnh.d 6,

5 Y161 |87 3 and not lying on

(F+(-2)+4 o a quadric is projectively normal.
R (PP+3)—-2)+2 3.7.1

PP+ -2)+3 3.4.1
=2 2

("+3)—-2)+4 35.1

e ‘ith d = =
(P43)I—-2)+5 ves 39,1 Every curve withd =7,g =5

is projectively normal.

2 [P (=3)+

3

/ 2 ,
=2 (lz—l+l)(l—§)+§ ves [SRS]

(2= 1+2(1 = §)+2 261 | Lreryauemind = &
P2—1+2 g = 6 has maximal rank.
1=3 . e

Every curce withd = 8, g =1
2 s , . §

(F=ir = +3 yes (SRS] is projectively normal.
P—=1+3 [(P—1+-DH+] 3.12.1

(P=1+3=-D+3 3131

(P=1+3-H+] 3.14.1

(C=ry(-)+: 3.15.1

P-r+3)(=-H+y [SRS]

PROOF. The proof is the same as that of Proposition 4.2. We take Y corresponding
to E(1).

REMARK 4.3.1. If a curve Y in P? with d = 7, g = 2, is not of maximal rank, then
Y has a 5-secant.
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PROOF. By 4.1.1, Y corresponds to E(0, 3,2) stable. If Y is not of maximal rank,
i.e, Y is in a cubic surface (possibly singular), then untwisting the sequence
0- 0 - EQ) - I,4) -0, we see that H°(E(1)) # 0. Lemma 3.1 implies that E
has an unstable plane H. Twisting (2) in 3.2 by O(2) gives

0-EQ2) = E'(3) - Iz 4(4) -0,
where E’ has Chern classes (-1,2, ¢5); ¢; = 2 or 4. Y induces a zero set of Y’ of
E’(3), with d = 8 and x(0,.) = -5 or -6 [SRS, 4.1]. Therefore, Y’ is the union of Y
and a line L intersecting it at r points, and x(0,.) = x(0y) + x(0,) —r = —r.
Hence r = 5 or 6, and L is either a 5-secant or a 6-secant of Y. Because g = 2, the
degree-one divisor O,(1) ® O(-Z¢_, P,) has no nontrivial section; i.e., ¥ cannot have
any 6-secant.

EXAMPLE. It is easy to see that a nonsingular curve of type (7;43 321 1)on a
nonsingular cubic surface has a 5-secant; namely, the line of type (1;0000 1 1)
[AG, V].

THEOREM K. Let Y be a curve in P? with minimal resolution
0- @(9(‘"3.') - @G(—"zi) - 96(‘”1,‘) - Iy - 0.

Define ¢ = max{l|h'(Iy(1)) # 0} and e = max{/|h'(Oy(l)) # 0}. If ¢ < min{n,;}
and h'(Iy(n,; — 4)) = 0 for all i, then

h'(Ny) = Ehl((c)Y(nli)) - Ehl((c)y(”zi)) + Ehl((()y("y))
PRrROOF. See [K].

PROPOSITION 4.4. The Hilbert scheme H, , of nonsingular curves with degree d,
genus g, is nonsingular for d =9, g = 8, or d = 8, g = 6. Hy is generically reduced.

PROOF. Case 1. d =9, g = 8. By Table 4.1.1, Y yields stable E(-1, 3,5) through
the extension 0 —» O - E(3) — I,(5) — 0. Using notation as in Theorem K, 3 <
min{n,;} = the smallest degree of a surface containing Y. ¢ = max{/|h'(E(/ — 2))
# 0} = 2 or 3, so min{n,,} > min{n,;} =3 = c. It is easy to see from the minimal
resolution, in our case, that max{n,, — 4} < max{n,, — 4} <max{n;, — 4} =c<3.
Table 3.14.1 implies h'(Iy(/)) = h'(E(I — 2)) = 0 for all / < 1, hence

h'(Iy(n,;,—4)) =0 foralli.

R'(O,(1)) = h*(Iy(1)) = h*(E(I — 2)) = 0 for all / = 2 (see 3.14.1), therefore h'(Ny)
= 0 and the proposition follows from Theorem K.

Case 2. d=8, g=6 (resp., d =9, g = 7T), similarly, using 2.6.1 (resp. 3.13.1)
instead of 3.14.1.

The following lemma allows us to compute the dimension of a family of curves
corresponding to a family of reflexive sheaves.

LEMMA 4.5. Let Y be a curve in P3. If Y is the zero set of two sections s and s’ of a
reflexive sheaf E, then there exists 6 € Aut E, such that s = o(s’).

PROOF. Suppose we have the correspondences (E, s) < (Y, £) and (E,s’) <
(Y, &). Then since £ and £’ vanish at the same points on Y, we have £ = A§’, where
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A € k*. The second row of the following commutative diagram gives (E, s/A) <
(Y, Aé):

0 - 0 - E > I(k) - 0

2| |

s/A
0 - 0 - E 5 I(k) - 0

Since (E, s/A) and (E, s’) correspond to equivalent extensions, there is an automor-
phism sending s/A to s’, hence there exists one sending s to s’.
REMARK 4.5.1. It is clear that s and o(s) have the same zero set.

COROLLARY 4.5.2. Let E be stable. If s and s’ have the same nonsingular curve Y as
the zero set, then s’ = As for some A € k* (cf. [SVB, 1.3)).

PrOOF. The only automorphisms are scalar multiplications.

EXAMPLE 4.5.3. We can show that dim Hy 4 = 36. In fact, Fact 4.1 implies that any
curve Y in Hyg yields E(3), where E(-1,3,7) is stable. E(3) is generated by global
sections, and a general E(2) corresponds to a nonsingular curve (cf. 3.15), hence
Proposition H implies that a general zero set of E(3) is nonsingular. 2%(wy(~1)) +
dim H,, = dim M(-1,3,7) + h°(E(3)), hence dim Hyy = 19 + 20 — 3 = 36.

LEMMA 4.6. Let E be properly semistable with ¢, = 0. If for k >0, s € HY(E(k))
has zero set of codimension 2, then {o(s)|o € Aut E} has dimension 2.

PROOF. By 2.0, o can be written as Aid + po®, where A, p € k*, and oy: E - Iy,
=0 - E, where Y is the zero set of E. Therefore o(s) = As + us,f, where
5o € H(E), and f is a degree-k form. If N's + p’sof = As + psy f, then A = X’ and
p = ', since s does not vanish on any surface.

EXAMPLE 4.6.1. Let E(0, 2,4) be properly semistable (cf. 2.16.1) and general in the
family ¥, (0, 2,4). Then a general zero set of E(2) is a curve Y of the type (2,4) on a
nonsingular quadric surface.

PROOF. It is clear that such a curve Y corresponds to E(2). We show that the E
constructed from such a Y form an open set of ¥, (0, 2, 4) by counting dimension. Y
is determined by the choices of a quadric Q and a section of 04(2,4), so it needs
9 + h°((9Q(2, 4)) — 1 = 23 parameters. Therefore the dimension of the family
constructed from Y is 23 + h%wy) — A%EQ)+1=23+3-14+1=13=
dimV, (0,2,4).

Fact 4.7. If h°(E) is constant for all E in an irreducible (resp. unirational) family
M, and there is a universal sheaf & over M X P? M , then H = {Y| Y corresponds
to some E in the family M} is irreducible (resp. unirational).

PRrOOF. Since h°(E) is constant, p,& is locally free over M and commutes with
base change. Hence {(E, s)} can be identified with P( p,&b). Note the correspon-
dence H;, D H={Y} « {(Y, §)} < {(E,s5)} - M.

REMARK 4.7.1. The constancy of h°(E) is indeed necessary. For example, consider
the irreducible family M(0, 3, 4). A general E(1) corresponds to the disjoint union of
a line and a twisted cubic, but the zero set of the general section of a special E(1) is
two disjoint conics.
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PROPOSITION 4.8. Hd,g is irreducible and unirational of dimension 4d, if d =1,
g=3,450rd=8,g=6,7,0rd=9,8g=6,7,8,9.

Proor. Cf. 4.1.1, 4.5.3, 2.5, [SRS, 9.3], 3.4, 3.5, 3.9 and 3.12-3.15.

COROLLARY 4.8.1. The variety of moduli "Jllg of curves of genus g is unirational, for
g=15,6,7,8.

PRrROOF. Eisenbud and Harris [E-H] have shown that if d = 3g + 3, then a general
curve of genus g can be embedded as a curve of degree d in P3. In other words, the
natural map H, , > 9, is dominant. Thus the result follows from 4.8.

REMARK. It is well known that ‘i)llg is unirational for g < 10.

As a consequence of the irreducibility of M(c,, c,, ¢3), one can prove that certain
curves are limits of irreducible, nonsingular curves. We will write down the results
obtained from one particular family of sheaves, namely, M(0, 3, 4).

COROLLARY 4.8.2. Let C, (resp. C,) be an irreducible, nonsingular curve of degree
d,, genus g, (resp. d,, g,), such that C, and C, meet transversally at r points and
whered,|, g,, d,, g, and r are given by the following table. Then the curve Y = C, U C,
is the limit in the Hilbert scheme of irreducible, nonsingular curves:

r (dy, 81) (dy, &)
2 2,0) 5,3)
2 (1,0) (6,3)
3 3,1 4,1
3 3,0) 4,2)
3 2,0) 5,2)
3 (1,0) 6,2)
4 3,0) 4,1
4 2,0 5, 1)
4 (1,0) 6,1)
5 3,0 4,0)
5 2,0) (5,0)
5 (1,0) 6,0)

Proor. Consider, for instance, line 4. It is easy to see that w, has a section
generating it almost everywhere. Thus Y corresponds to E(0, 3,4). By 4.7 and 3.4.1,
Y is the limit of a general zero set Y’ of a general sheaf E’; as in 4.2 and 4.5.3, we see
that Y’ is nonsingular and irreducible. Q.E.D.
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