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REPRESENTATIONS OF COMPACT GROUPS
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ABSTRACT. Let a compact group U act by automorphisms of a commutative
regular and Wiener Banach algebra A. We study representations R“ of U
on quotient spaces A/I(w), where w is an orbit of U in the Gelfand space
X of A and I(w) is the minimal closed ideal with hull w C X. The main
result of the paper is: if A = A,(X) is a weighted Fourier algebra on a LCA
group X = A with a subpolynomial weight p on A, and U acts by affine
transformations on X, then for any orbit w C X the representation R¥ has
finite multiplicity. Precisely, the multiplicity of 7 € U in R¥ is estimated as
k(m; R¥) < ¢ - deg(m) VY € U with a constant ¢ depending on A and p.

Applications of this result are given to topologically irreducible represen-
tations of motion groups and primary ideals of invariant subalgebras.

Introduction. Let (A,U) be a pair of commutative Banach algebra A and a
compact group U acting by automorphisms on A. We shall always assume that A
is regular and Wiener (Tauberian) on its Gelfand space X = 4 (see [11, Chapter
10]), and the representation a — a* (a € A) of U on A is strongly continuous.

There are two other algebras associated with any such pair: the crossed product,
or generalized (twisted) L!-algebra £ = L(U; A) and the subalgebra of U-invariants,
Z =AY,

Algebras L = L(U; A) naturally appear in the study of group extensions (1,
13]. Namely, if a locally compact group G = A x U is a semidirect product of
a normal subgroup A and a subgroup U acting on A by automorphisms, then the
group algebra L!(G) is isomorphic to the crossed product £(U;L!(A)). In some
cases (for instance, if U is compact) more general weighted group algebras L},(G’)
can also be realized as crossed products, L}(G) ~ L(U;L},(A)), where p' = p | A
(see [10]).

For abelian groups A and compact groups U semidirect products G = A x
U are called motion groups. Correspondingly, crossed products £ = L(U, A) of
commutative Banach algebras A by compact groups U were called motion algebras
in [14].

In harmonic analysis of motion algebras £ and subalgebras Z = AV an important
role is played by U-invariant ideals of 4 (i.e., I* = I, Yu € U). Thus in many cases
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U-invariant ideals of A are in 1-1 correspondence with ideals of Z. On the other
hand, each invariant ideal I gives rise to the ideal N = L(U;I) of the crossed
product L.

Obviously, the hull (or spectrum) o(I) of a U-invariant ideal I C £ is a closed
subset invariant under the dual action of U on X. Conversely, to any U-invariant
closed subset A C X there correspond two U-invariant ideals of A, I(A) the mini-
mal ideal with the hull A and J(A) the maximal.

We shall be mainly concerned with ideals J(w) and I(w) which correspond to
smallest possible hulls w C X, i.e., orbits of the group U in X. To any such w we
attach a representation R“ of the group U on the quotient space A/I(w).

Following [10] we consider the condition that R“ is a representation of finite
multiplicity (FM), which means that each irreducible 7 € U occurs in R¥ with a
finite multiplicity

k(m;R*) < oo Vmel.

We also introduce a stronger condition
(R) k(m; R®) < cd(n) VrelU

with some constant ¢ > 0. Here d(7) denotes the degree of . In other words the
representation R is “bounded” by a finite multiple of the regular representation.
The representation R* (precisely, the constant ¢ = ¢(w)) can serve as the measure
of the defect of spectral synthesis for I(w).
Another measure of the defect of spectral synthesis is given by the so-called
m-synthesizibility condition

(S) J(w)™ C I(w) for some m = m(w) < oo.

Notice that in the case of the trivial action of U on X, i.e., one-point orbits
w C X, both conditions reduce to a generalized form of Ditkin’s property,

(F) dim A/I(z) < oo for any minimal primary ideal I(z).

Conditions (S) and (R) were used in [14 and 10| in the study of ideals and
representations of motion algebras. In particular one of the results [14] states:
if A is a *-algebra and a pair (A,U) satisfies (S), then the only prime ideals of
the motion algebra L = L(U; A) are *-primitive ideals (i.e., kernels of irreducible
*-representations of L).

An interesting class of prime ideals are kernels of topologically irreducible Banach
representations of L. The results of [14] imply in particular that any topologically
irreducible representation T of a motion algebra L satisfying property (S)\factors
through a representation of the quotient algebra £/M, where M is a *-primitive
ideal. Since quotients £/M of motion algebras L have sufficiently “nice” structure
e.g., L/ M possesses “enough small idempotents” (cf. [4, 7]) one can derive many
nice properties of 7. Namely [10], any topologically irreducible representation T
of L is completely irreducible, T has an algebraically irreducible dense restriction,
T is Naimark-equivalent to an irreducible *-representation, etc.

In [10] we proved the last three statements also for motion algebras £ = L(U; 4)
with pairs (A, U) having finitely multiplied representations R“.

The following examples illustrate the nature of representations R and properties
(R) and (S).
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EXAMPLE 1. Let I(w) = J(w). In terms of harmonic analysis this means that
w is a set of spectral synthesis.

Obviously, property (S) holds with m = 1.

The Gelfand homomorphism identifies A/I(w) with a subspace of the space of
continuous function C(w). So R“ turns out to be a subrepresentation of the regular
representation R of U on the homogeneous space w ~ U;\U (U modulo the stabi-
lizer of a point = € w). The representation R is induced by the trivial representation
1of Uz, R=1Ind 5,,(1)- By the well-known Frobenius reciprocity theorem, for any
# € U the multiplicity of 7 in R,

k(m; R) = k(| Uz; 1) < d(m).
Then of course,
(1) k(m; R*) < k(m; R) < d(r) VreU,

i.e., R¥ is finitely multiplied.
EXAMPLE 2 (N. VAROPOULOS [24]). Let A = L}(R"), and let U = SO(n)
act on A by the change of variable

w: f(z) — f(z%) (ze R uel).
Here orbits w C R™ are spheres of radius » > 0. For any nonzero w the minimal
ideal I(w) # J(w) unless n = 2.
According to [24], there exists a decreasing chain of U-invariant ideals,
Jw)=J1(w) D J2(w) D - DIm(w)=I(w)  (m=|[(n+1)/2]),

s.t. Ji(w) = J(w)k.

Thus property (S) holds with m = [(n + 1)/2]. Moreover, it can be derived
from [24] that the representation R“ is equivalent to a multiple of the regular
representation R of U on w, namely,

R ~R®][(n+1)/2].
Since in this case the multiplicities of R are well known (k(m; R) = 1 or 0) we
get
(2) k(m;R*) <m=[(n+1)/2] ¥YreU.
This implies property (R) for all pairs (L}(R"), SO(n)).

EXAMPLE 3. Let A = C™(R") be the algebra of m-smooth functions on R™ (or
more general on a smooth manifold X) with the usual sequence of m-seminorms

I fllma = Y 18" fllL=(q)-
[v|<m

Here v = (v1,...,Vy) is a multi-index, |v| = v1+ - -+ vy, 0¥ the corresponding
partial derivative and @ runs over all compact subsets of R”. We assume that a
compact group U acts smoothly on R™ and consider an orbit w C R™. The minimal
ideal I(w) of C™(R™") is characterized by the well-known Whitney’s Theorem [26]

(3) I(w)={f€C™R") | (8" f)(x) =0 Vz € w, || <m}.

Equality (3) holds for any closed subset w C R™ and in terms of harmonic
analysis it means that the minimal ideal I(w) coincides with the intersection of
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all primary ideals which contain it, i.e., I(w) is synthesizible. Actually, Whitney’s
theorem established synthesizibility in the above sense of all closed ideals I C
C™(R™). An immediate consequence of (3) is property (S) for minimal ideals
I(w) C C™(R™) with m(w) = m + 1 (the degree of smoothness +1).

Let us study the representation R“. By (3) one can attach to each element f €
A/I(w) (f € A= C™R") a tuple of partial derivatives J™(f,z) = {3” f(2)})<m,
known as the m-jet of f, restricted on w,

(4) W:f—J"(f,z) (z€w).

The operator W embeds A/I(w) into the space of all continuous (vector-valued) jet
functions on w. One can easily verify (see [10]) that W intertwines the represen-
tation R“ and the induced representation R = Indgz(Tm), where U, is a stability
subgroup of a point z € w. The inducing representation 7,, is described as follows.
The differential d,u of a smooth map w:z — z* (z € R™, u € U) is a linear
operator on tangent spaces

dou:T, ~R" -» T« ~R",

and the family of differentials {du},cy obey the “chain rule”.

In particular, for elements u of a stabilizer U, we get a representation 7 of U,
on the tangent space T, ~ R™. The representation 7 extends to the space of
all symmetric k-tensors over R™, Sk(R") (k = 0,1,...), and thus gives rise to a
representation 7., of U on the space of m-jets, J™(R") = @, Sk(R").

By the Frobenius reciprocity theorem the induced representation R = Indj_(7m)
and therefore a subrepresentation R¥ C R, is FM, and the multiplicities

(5) k(m; RY) < k(m;R) = k(7 | Ug,™m) < d(7m) - d().

Formula (4) establishes the equivalence of R with a subrepresentation of an
induced representation. This result can be sharpened and R“, as in the second
example, is actually equivalent to an induced representation, R* ~ Indy_(77,). This
follows from the results of §5 of our paper (Theorem 3 and Lemma 6). The inducing
representation 7, acts on a subspace of J™(R™), which consists of all “transversal
(normal) derivatives” at z € w (of course this space is smaller than J™(R")). To
describe 7}, explicitly we notice that the representation 7(u):R™ — R" (u € U,)
leaves invariant the tangent space of w at z, Tp(w), considered as a subspace of
R™. By Weyl’s principle of complete reducibility T, (w) possesses a 7-invariant
complement T, in R": We denote by 7’ the restriction 7 | T, and by 7], the
extension of 7’ to the space of all “transversal m-jets”, J™(T,) = @j—q Sk(T%).
Here, as above, Si(T) denotes the space of symmetric k-tensors over 7. Then

R® ~Indy_(7),).
In particular, the multiplicities
(6) k(m; RY) = k(m | Uz; 77,) < d(7,)d(m),

which gives better estimates than (5). Indeed, the degree of 7, d(7m) = (
(k+m)
m

n+m)’

depends on n = dim R™, while d(7,,) = depends only on k = n — dimw.
EXAMPLE 4. Let A = A(X) be the Fourier algebra on a compact abelian group
X and let a closed subgroup Y C X act by translations on X. The orbits w are
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cosets in X. As is well known [20] any closed coset of a LCA group X is a set of
spectral synthesis for A(X). Hence both property (S) with m = 1 and (R) with
¢(w) = 1 hold. Moreover, R“ is equivalent to the regular representation of ¥ on
AY)~ A(X)/1(Y).

So in all the above examples we get both property (S) and (R). Moreover, the
representation R“ is induced by a finite dimensional representation and the multi-
plicities k(m; R¥) are estimated as follows:

) k(m;R®) <c-d(r) Vrel

with some constant c.

Thus we are led to the following conjectures.

Let (A,U) be a pair of a commutative regular and Wiener Banach algebra A
and a compact group U acting on A. We assume that A satisfies property (F),
codim I(z) < oo Vz € X. Then

(C1) The pair (4,U) satisfies property (S).

(C2) For any w C X the representation R“ is induced by a finite dimensional
representation.

(C3) The pair (A,U) satisfies property (R).

Keeping in mind possible applications to harmonic analysis and representation
theory we are mainly interested in the case of a Fourier algebra A.

Property (S) (Conjecture 1) was first studied by N. Varopoulos [24] for pairs
(A(R™),SO(n)), whose result was generalized by Y. Domar [3] and Kirsch and
Miiller [12]. The latter proved (S) for the algebra A(R™) and closed orbits w of
any Lie group U acting on R™. This seems to be the most general known result,
concerning (S).

Nor do we know if the second conjecture is true in a situation essentially different
from the above examples. One apparent difficulty is the very definition of the
inducing representation 7 and the space of 7. The third example suggests A/I(x)
as a candidate, but Example 2 shows that the choice is wrong once w is not a set
of spectral synthesis for 4.

In this paper we shall be concerned mainly with the third conjecture, i.e., prop-
erty (R). It has some advantages compared with the first two. Namely (Proposition
2, 81) it is stable under various “deformations” of the Banach space norm (“dense
extensions” and “dense restrictions”). This allows, in particular, substitution of
algebras with “good” synthesizibility properties like algebras of smooth functions,
for “bad” algebras, e.g., group L!-algebras, Fourier algebras, etc.

The main result of the paper is Theorem 1, which establishes property (R) for
all pairs (4,(G),U) of the weighted Fourier algebra A,(G) on a LCA group G with
a subpolynomial weight p on the dual group A = G (for definition, see §1) and a
compact group U acting by so-called affine transformations on G, i.e. combinations
of automorphisms and translations.

Moreover, the multiplicities of R“ are shown to admit the estimate (7),

k(m R*) < ¢(n,p) -d(n) ¥reU,

with the constant c(n, p) depending only on the dimension of the vector component
R"™ of G and the weight p.

Theorem 1 has several applications (§6). One of them concerns topologically
irreducible representations of motion groups G = A X U and maximal one-sided
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ideals of group algebras L},(G) on motion groups. The second one deals with pri-
mary ideals of invariant subalgebras £ = L },(A)U on LCA groups A and more gen-
eral invariant subalgebras, which appear in the context of so-called [FC]g groups
(see (8, 15]).

Let us sketch some basic ideas behind the proof of Theorem 1. For Euclidean (or
more general compactly generated) groups A, i.e., Lie groups G = A, the theorem
was proved in [10]. The argument based on Whitney’s Theorem is essentially
outlined in Example 3. To complete the details let us notice that for any polynomial
weight p on A, the Fourier algebra A,(G) (the Fourier transform of L}(A)) contains
a dense subalgebra C§*(G) for sufficiently large m, depending on p and dim G. Using
some easily verified properties of FM-representations (Proposition 2, §1) one can
substitute C§*(G) for A,(G) and then proceed as in Example 3.

An opposite class of groups are LCA groups which contain an open compact
subgroup (like p-adics Qp). Here the argument requires a different sort of ideas:
a certain “reduction lemma” (cf. Lemma 4, §4), “inductive limits” (§1.2), and
“synthesizibility- of closed subgroups” (cf. Example 4 and Lemma 2, §3).

The general result (arbitrary LCA group) is a synthesis of both kinds of ideas.
Namely, we study the structure of a LCA group A (respectively dual group G = /i),
upon which a compact group acts by affine transformations and “approximate” G
by Lie groups G, (Lemma 4),

G =limprG,,.

This implies that the representation R¥ = lim, ind R“=, where R“= is obtained
from the action of U on the Lie group G,. The problem is thus reduced to the
“Lie-group” case. However at this point the main technical difficulty arises. We
can no longer use Whitney’s Theorem for G, and substitute the algebra of smooth
functions C3*(G ) for the Fourier algebra A,(G o). Indeed, the degree of smoothness
m, and therefore the multiplicities k(m; R¥=) (cf. Example 3) depend on dim G,
and go to oo as dim G, — o0o. So there is no way to control the multiplicity of =
in R¥. Now instead of the algebra C§*(G) with “nice” synthesizibility properties
we have to consider the algebra C§*(R™; B) of all m-smooth B-valued functions
on R™, where B = A,(X) is the Fourier algebra on the compact component X of
G (G=R" x X).

A crucial step in the proof of Theorem 1 is Lemma 3, which gives a Whitney-type
characterization of minimal ideals I(w) of the algebra CJ*(R™;B), w C R™ x X.

Let us notice that Whitney’s Theorem extends to vector-valued functions with
values in a-finite dimensional space B (see [16, Chapter 2]). However, the “Banach”
verson is not known in general and probably not true.

In §5 we prove this result for a special class of submodules M C C§*(R™; B)
(essentially, for M = I(w)). The lengthy argument of §5 exploits a variety of tech-
niques: “jets”, “Whitney functions”, “vector bundles”, “induced representations”,
etc. Some of them are known in the classical Whitney’s theory (cf. [16, 26]), some
others are new in this context.

Let us briefly describe the organization of the paper. §1 contains preliminary
definitions and results, such as weights, Beurling (weighted) group algebras and
Fourier algebras. We also discuss two important classes of representations of com-
pact groups, induced representations and finitely multiplied (FM) representations.
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Then (§2) we formulate the main Theorem 1.

Most of the paper (§§3-5) deals with the proof of Theorem 1. In §3 we prove it
for compactly generated groups A, respectively Lie groups G = A

Then (§4) we study the action of a compact group U on a LCA group A, and
complete the proof of Theorem 1 via certain limit procedures. We also indicate an
extension of Theorem 1 to the case when a compact group U acts by automorphisms
of the Fourier algebra A(G).

An important Lemma 3 (Whitney-type characterization of minimal ideals I(w) C
CT*(R™; B)) is proved in §5, some results of which are of independent interest.

In the last section (§6) we give applications of Theorem 1 to Banach irreducible
representations of motions groups (Burnside type theorem) and primary ideals of
invariant subalgebras.

Two appendices A and B include some technical results needed in §5.

We would like to thank a referee for a number of helpful suggestions.

1. Preliminaries.

1.1. Weights, Beurling and Fourier algebras, finiteness conditions. Let G be a
locally compact group. By a weight on G we mean a measurable locally bounded
submultiplicative function p: G — [1,00), i.e.,

(L.1.1) p(z-y) < p(z)p(y) Vz,y€G.

We also assume that p is symmetric p(z) = p(z~!) (z € G).
The space L,(G) of all p-summable functions f on G with norm

(112) 1l = /G /(@) lolz) dz

(dz is a Haar measure on G) and convolution as multiplication, forms a Banach al-
gebra called the weighted (or Beurling) group algebra. The usual L!-group algebras
L*(G) correspond to the trivial weight p, p(z) =1Vz € G.

These algebras naturally appear in Banach representation theory. Let z +—
T, (z € G) be a strongly continuous Banach representation of G. Then the function
p(z) = ||T|| is obviously a semicontinuous weight on G. The representation T
extends to a representation of the group algebra L}(G),

(1.1.3) [Ty = /G f(z)T, da.

Moreover, there is a 1-1 correspondence between nondegenerate representations
T of the Beurling algebra L(G) and those representations T of G, whose growth
is dominated by p, i.e., |T;|| < ¢ p(z) (z € G).

Given a pair of weights p and p’ on G we say that p’ is stronger than p, if
L,l,,(G) C L}(G), or equivalently p(g) < c- p’(g) a.e. on G for some constant ¢ > 0.
If L), (G) = L}(G) we call p and p' equivalent.

Further on we shall often deal with a situation when a compact group U acts
on a locally compact group G. The typical actions will be the action of U by
automorphisms of G or the action of a subgroup U C G by left (right) translations
on G.

In both cases we can assume the weight p on G to be U-invariant, i.e.;

(I) p(g*) = p(g) Vg € G, u € U, when U acts by automorphisms.
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(IT) p(ugv) = p(g) Vg € G, u,v € U, when U acts by translations.

In the second case any weight p on G is equivalent to a U-biinvariant one, while
in the first case this condition is necessary and sufficient in order that the action of
U on G gives rise to a Banach representation of U on the space Lj(G).

Let A be a locally compact abelian group with the dual group G = A. A
sufficient condition on p for the group algebra L},(A) to be regular and Wiener is
the nongquasianalyticity condition 2]

o]

(1.1.4) E % <oo Vae A

It will be assumed elsewhere in the sequel.

A

We denote by 7: f(a) — f(z) the Fourier transform on A,
(1.1.5) Fif o flz) = / fla)(T;a)da  (z€G).
A

The map 7 takes L}(A) into the algebra Coo(G) of all continuous functions
vanishing at oo, and the image ¥ L},(A) = A,(G), equipped with the norm of
L}(A), is called a weighted Fourier algebra on G.

We discuss some “finiteness” conditions on the weight p, which assure property
(F) of the Fourier algebra. The translations W,: f(z) — f(z + y) form a transitive
family of isometric automorphisms of the Fourier algebra A,(G). In particular, all
quotients A(z) = 4,(G)/I(z) are isomorphic (here I(z) is the minimal primary
ideal of A,(G) at {z}) and the dimensions m(z) = dim A(z) are equal for all z € G,

m(z) = m(0) = m/(p).

We shall call a wéight p finite if the number m’(p) < co. Given an open subgroup
B C A, we denote by pp the restriction of p on B and by m(p, B) the number
m'(pB). The weight p on A is called uniformly finite, if the number

(1.1.6) m(p) = sup{m(p,B) | B C A} < o0.

The sup is taken over all compactly generated open subgroups B C A.

A simple “inductive limit” argument (cf. Proposition 3) shows that each uni-
formly finite weight is finite and m’(p) < m(p). It seems plausible that both
conditions are equivalent and m/(p) = m(p) but we cannot prove this in general.
The trivial weight p(a) = 1 is uniformly finite by Ditkin-Helson’s Theorem (see [11,
Chapter 10]). Here m'(p) = m(p) = 1.

In the special case A = R™, Z¥ (k < 00) or any compactly generated group A
the polynomial growth condition suffices for uniform finiteness,

(L.1.7) Va€ A, p(na)=0(|n]*) asn — oo for some a = a(a)

but in general neither condition (1.1.6) or (1.1.7) implies the other. So we must
often impose both of them in order to get a required result.

Precisely, by the well-known structure theorem [19] any LCA group A splits into
the direct sum of a vector group L = R™ and a group D which contains an open
compact subgroup K C D. Given a weight p on A we denote by p’ and p” its
restrictions on L and D respectively.
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DEFINITION 1. The weight p is called subpolynomial if p' = p | L is polynomial
and p” = p| D is uniformly finite.

One can show that this condition has an equivalent form: the restriction p' =
p | L is polynomial and the weight p on the whole group A is uniformly finite.
In particular, the subpolynomial growth condition is independent of a particular
choice of components L and D in A (they are not uniquely determined, in general).

With any subpolynomial weight p we associate two invariants: m(p"), the degree
of finiteness of p” (1.1.6) and

a(p') = inf{a | p'(z) = O(|e|*) as £ — o0 (z € R")},

the exponent of p'.

Let us remark that finiteness of the weight (i.e. property (F) of the algebra
A,(@)) is generically (in the sense of the action of U on G) a “necessary” condition
in order to have results of the type of Theorem 1. We require a close but little
stronger condition (“uniform finiteness” and “polynomial growth”) for technical
reasons.

1.2. Finitely multiplied representations. We shall introduce an important class
of representations of compact groups needed further on.

Let U be a compact group, U its dual object, the set of all equivalence classes of
irreducible representations of U. For an irreducible representation 7 € U we denote
its space by E, its degree by d(7) = dim E, and its character by x, = tr.

Let u — T, be a Banach representation of U on the space E. As usual, we define
a primary projection

m:aﬂ/zwnm,

and a primary (isotypical) subspace E(m) = P E. The subspace E(r) is the max-
imal invariant subspace of T such that the restriction T | E(r) is equivalent to a
multiple of 7. Let us denote by kr(7) the multiplicity of 7 in T,

(1.2.1) k() = dim E(r) /d(r).

A representation T is called finitely multiplied (or FM-representation) if kr(m) <
00, TE U .

The well-known examples of FM-representations are induced representations
T = indY(r), where V C U is a closed subgroup and 7 is a finite dimensional
representation of V.

Throughout this paper we shall often use a notion of induced representation in
Banach space setting. So let us briefly discuss some basic definitions and results.
We refer to [5, 17, 21] for more details.

Induced representations are naturally defined in terms of Banach vector bundles
(or continuous fields of Banach spaces) (see [5]). By the latter we mean triples
(€,p, X) of topological spaces £ and X (base) and a continuous projection p: £ —
X, such that all fibres E, = p~1(z) (z € X) are Banach spaces. The triple (£, p, X)
satisfies some natural continuity assumptions (see [5, Chapter II]), in particular
there is a notion of a continuous cross-section f: X — £ (f(z) € E,Vz € X) and
the space of all continuous sections has “enough” elements [5, Appendix].

One naturally defines morphisms, e.g., homomorphism, isomorphisms, etc. of
Banach bundles. In particular, the group U acts by automorphisms of (£, p, X) if
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to each element u € U there corresponds a pair of homeomorphisms u: X — X and
4: & — & such that:

(1) p(€*) =p(§)*;Vz € X; € ErsuelU.

(2) The map 7(z,u): E; — Epu(7(z,u)€ = %) is a linear isomorphism of Banach
spaces F; and F ..

(3) For any ¢ € &, the function u — €%, from U to € is continuous.

The action of U on the bundle (£, p, X) induces a representation of U on the
space of all continuous sections I'( X, £),

(1.2.2) (Tuf)(z) = 7(z,u)"  f(z¥), fel(X,€), uel.

We shall call (£,p, X) a homogeneous Banach bundle if the base space X is a
homogeneous U-space, X = V\U.

One can show (cf. [5, 21]) that a homogeneous Banach bundle (£,p, X), and
consequently the representation T in (1.2.2), is uniquely (up to equivalence) deter-
mined by a single fibre E; (z € X) and the equivalence class of a representation
v — 7(z,v) of a stabilizer V = U, on the space E;. The corresponding representa-
tion T of U is called induced and denoted by IndY(7) (r = r(z,-)). More general
induced representations, in particular, representations in spaces of measurable sec-
tions (LP(X, &), etc.) were studied in [5, 17, 21].

Here we shall be concerned only with induced representations of compact groups
in spaces of continuous sections and later on (§5) in spaces of smooth sections.

A decomposition of an induced representation into the sum of isotypical com-
ponents is described by the well-known Frobenius reciprocity theorem (see [17,
21]).

Given a pair of Banach representations T and S of a compact group U we denote
by Homy (T'; S) the space of all bounded intertwining operators and by k(T'; S) the
intertwining number,

(1.2.3) k(T; S) = dimHomy (T; S) = Z kr(m) - ks(m).
nel

PROPOSITION 1 (FROBENIUS RECIPROCITY THEOREM). If T = Ind{(r) is
induced and S is a Banach representation of a compact group U, then the spaces
Homy (S;IndY (7)) and Homy (S | V;7) are naturally isomorphic. In particular, if
S =n €U is irreducible, the multiplicity

(1.2.4) kr(n) = k(m;T) = k(n | V;7).

Since the right-hand part of (1.2.4) is finite for a finite dimensional 7, the induced
representation T = IndY)(7) is finitely multiplied.

Propostion 1 is well known in the case of measurable sections [17, 21]. The
“continuous” version goes along the same lines and the proof becomes even easier
owing to continuity. We omit details.

Let us mention some properties of FM-representations needed further on.

PROPOSITION 2. Let T,S be a pair of Banach representations and W €
Homy (S, T) be an intertunning operator.

(a) If the range of W 1is dense, then the finite multiplicity of S implies the finite
multiplicity of T and kr(n) < ks(r) Vr € U.

(b) If the kernel of W 1s zero, then the inverse 1s true and ks(w) < k(7).
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If in particular both assumptions (a) and (b) hold, i.e., T and S are Naimark-
equivalent, then kg(r) = kp(r), 1€ U.

(c) If S 15 an FM-representation of a closed subgroup V C U and T = IndV(S)
then T 15 an FM-representation of U.

(d) The tensor (Kronecker) product of an FM-representation T and a finite di-
menstonal representation o, T @ o, 13 also FM.

The proof of this statement is easy and can be found in {10, Lemma 1].

The following proposition concerns inductive limits of FM-representations. Let
¥ ={a,0,...} be a partially ordered set and {E,},ex be an inductive family of
Banach U-modules. This means that we are given a representation 7% of U on each
E, and a family of intertwining operators W8 € Homy (T'; T?), o < 8, such that

W3 -WE=W) Va<fB<n.

We shall call a Banach U-module E an inductive limit of the family {E, }qex,
if there exists a family of intertwining operators {W, € Homy (E,, E)},, whose
ranges span a dense subspace in E, such that W, = Ws - W2 Va < 8.

PROPOSITION 3. If all representations {T*}qex are FM and the multiplicities

{k(m;T*)}a are uniformly bounded, i.e.,
k(m;T*) <m(r) VrelU, ac¥,
then the inductive limit T = lim,, ind T, is also FM, and k(m;T) < m(r) ¥r € U.

PROOF. Let us consider n-primary components E(m) and E,(7) of the repre-
sentations T and 7. Obviously, W,(E4(m)) C E(rn) and the inductive family of
finite dimensional subspaces {Fo = W4 (Eq(7))}a (dim Fy < dim E4(7)) span a
dense subspace in E(r). But the dimensions of {F,}, are uniformly bounded.

dim F, < dim E,(7) = d(7) - k(7; T*) < d(7) - m(m).

Hence dim E(r) < d(x) - m(n), i.e., k(m;T) < m(n) Vr € U. QE.D.

2. The main theorem. Let G be a LCA group with dual group G and let p
be a subpolynomial weight on G. We decompose G into the sum R™ @ D, where
D has a compact-open subgroup, and write p’ and p” for restrictions p’ = p | R"
and p” = p | D. By definition, p’ is polynomial, i.e.,

(2.1.1) P (z) = O(|]z|*) as z — oo for some a >0
while p” is uniformly finite. As above we denote by m(p”) the degree of finiteness
of p” and by a(p') the exponent of p’, i.e., the infimum of all o satisfying (2.1.1).

We consider the action of a compact group U by affine transformations on G.

Recall that an affine transformation is a continuous map u: G — G, which satisfies
(a+b—c)% =a® +b* - c* Va,bceG.

So 4 is uniquely determined by a pair (u,!) of an automorphism u € Aut(G) and
a translation with an element ! € G,

(2.1.2) a®=a"+1 (a€Q).

The group of affine transformations Aff(G) is isomorphic to a semidirect product
G x Aut(G). Hence an affine action of U on G consists of a pair of an automorphic
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action u:a — a* (a € G,u € U) and a cocycle l(u), i.e. a continuous function
.U - G st.

(2.1.3) l(urug) = l(ug)™® + l(uz) Vuq,up € U.

Obviously the action of U by automorphisms of G as well as the action of a
subgroup Y C G by translations on G are special cases of affine actions. Another
important example arises as follows.

EXAMPLE 5. Let X be a subgroup of a LCA group B and let the group U act
by automorphisms of B, which leave X invariant. Then U acts also on the factor
group B = B/X. Let b € B be a U-stable coset, i.e., b* = b (u € U). We choose
an element b in the coset b = b+ X and define a cocycle I: U — X, to be

(2.1.4) (w)=b"~b  (uel).

Obviously ! is continuous and satisfies equation (2.1.3). The automorphic action
of U on the coset b = b+ X and its cocyclic action on X are naturally related.
Indeed, the translation W:z — z + b (z € X) from X onto b permutes these
actions,

W(z®) = (¥ +b* —b) + b= (z +b)* = [W(z)]“

Notice that each affine transformation defines an automorphism of the Fourier
algebra A,(G),

A~

@ f(z) = f(z%)  (ueU; fe 4,(G)).
The main result of this paper is the following

THEOREM 1. Let a compact group U act by affine transformations on a LCA
group G and let A,(G) be a Fourier algebra on G with a subpolynomial weight p
on A = G. Then for any orbit w C G the representation R¥ 1s finitely multiplied.
Moreover, the multiplicities k(m; R“) are estimated as

(2.1.5) k(m; R®) < ¢(n, p)d(n), VreU,

m+n

with the constant c(n, p) = m(p")(™*+"), where m(p") is the degree of finiteness of
p", n is the dimension of the vector component R™ of A and m = [n + 1 + a] with
a = ap'), the exponent of p'.

Obuviously c(n, p) depends only on n and p.

The appearance of the number m = [n+1+a] and the binomial coefficient (™"

in estimate (2.1.5) will become clear later on. Their “geometrical” meaning is the
following: m is the smallest integer such that the space C§*(R™) is contained in the
Fourier algebra 4, (R"), while (™™) = d(r,,) is the degree of the representation
Tm constructed in Example 3 of the Introduction.

3. Compactly generated-Lie group case.

3.1. We start the proof of Theorem 1 with the case of a compactly generated
group A, respectively Lie group G = A [19]. By Lie group we mean a (not nec-
essarily connected) locally compact group B, whose identity component By is a
connected Lie group and such that the factor group B/ By is discrete.

In this section we shall prove the following version of Theorem 1.



REPRESENTATIONS OF COMPACT GROUPS 13

LEMMA 1. Let a compact group U act by affine transformations on an abelian
Lie group G. If A,(G) ts a Fourier algebra on G with a subpolynomial weight p on
A = G, then for any orbit w C G the representation R is finitely multiplied and
its multiplicities are estimated as

(3.1.1) k(m; R¥) < c(n, p)d(n) VreU,
with the constant c(n, p) of Theorem 1.

For convenience we divide the proof of Lemma 1 into 4 steps. We start with the
simplest case of affine action, i.e., the action of a closed subgroup Y of a compact
group X by translations on X (Lemma 2). Here A = A,(X), w =Y +z is a coset,
and the multiplicities

k(u; R“) < m(p) (the degree of finiteness of p).

Next (3.3) we consider a Lie group R™ @ X with the following actions of U
on components: affine action on R™ and translations with elements of a subgroup
Y = (U) on X. Here I:U — X is a group homomorphism. We show that the
Fourier algebra

AR © X) = Ay (R")B A (X)
can be replaced by a dense subalgebra

A=Cg'(R%B),  B=Ay(X)

of all m-smooth compactly supported B-valued functions on R™.

Then we formulate an important Lemma 3, a Whitney-type characterization of
minimal ideals I(w) C A = C*(R™; B) with hulls w C R™ & X, whose proof is
given in §5.

Lemma 3 enables us to embed the representation R“ on A/I(w) (A =
C§*(R™; B)) into a certain induced representation T', composed of the represen-
tation 7,, of Example 3 of the Introduction and the representation of Lemma 2.
The multiplicities of the latter are estimated as k(m;T) < c(n,p)d(w) with the
constant ¢(n, p) of Theorem 1.

In the next two steps we use structure results of §4 to reduce a general affine
action on the Lie group G = R™ @ X (X compact) to the action of Lemma 3 (3.4).
Finally in (3.5) we proceed to a general Lie group G.

3.2. LEMMA 2. Let p be a uniformly finite weight on a discrete abelian group A
dual to a compact group X. If Y C X 1s a closed subgroup, then the representation
RY of Y on the quotient space A,(X)/I(Y) 1s FM. Moreover, we get the estimate
of multiplicities

(3.2.1) k(\, RY)<m(p) VreY.

PROOF. Let us notice that for the trivial weight p, i.e. the Fourier algebra A(X),
Lemma 3 follows from the well-known result [20], by H. Reiter (see Example 4).
Indeed, according to [20], any closed subgroup Y of a LCA group X is a set of
synthesis, i.e., J(Y) = I(Y). So the quotient algebra is isomorphic to the Fourier
algebra A(Y) and the representation RY is equivalent to the regular representation
of Y on the space A(Y). The regular representation R of a compact abelian group
Y on a translation invariant space A(Y') is well known to decompose into the direct
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sum of characters, each of them occurring in R with multiplicity 1. So the equality
in (3.2.1) holds with m = 1. But m =1 is precisely the degree of finiteness of the
trivial weight p by Helson-Ditkin’s Theorem [11, Chapter 10].

One can expect that a similar result holds for weighted Fourier algebras A,(X).
Namely, the representation RY of Y in the quotient space A,(Y)/I(Y) is equivalent
to a multiple of the regular representation R on A,(X)/I(Y) = A,(Y), i.e.,

(3.2.2) RY ~R®m/
for some m’ depending on p and Y. Of course, this would immediately imply
(3.2.1).

Actually we shall prove somewhat less. We shall prove the factorization formula
(3.2.2) for another Fourier algebra A; = A, (X) on a different group X, which is
densely embedded into A = A,(X). Then the “density” argument of Proposition 2
will give us the estimate (3.2.1) for the Fourier algebra 4 = A,(X) itself.

Let X be a compact abelian group, Y C X be a closed subgroup and Z = X/Y
be the factor group. We denote by A = X, B =Y and C = Z their dual (discrete)
groups, A D C and A/C = B.

Given a weight p on A let us define the weights p’ and p” onC and Basp’' =p | C
and p”(b) = inf{p(a+c)|ceC} (b=a+C € B).

We shall consider a discrete abelian group A; = B®C and the weight p; = p' xp”
on Ay, pi(b,c) =p"(b) -p'(c) (be B, ceC).

The group algebra L} (A,) factors into the product L} (C)®L},(B) with the
strongest (projective) cross-norm.

Correspondingly the Fourier algebra By of L}, (A;) factors as

Bi=Ay(2)®A(Y).

The group Y acts by translations on both Fourier algebras By = A,, (Y & Z) and
B = A,(X):

(3.2.3) Yo Ry f(,2) > f(y+y0,2)  (y,y0€Y,2€2).

Correspondingly it acts by multiplication with a character (yo,b) on the group
algebras L} (B @ C) and L}(A):

(3.2.4) f(b¢) = (yo,b) - f(b,e),  fe L, (B&C).
The subalgebra A,/ (Z) acts on the Fourier algebras B; and B by multiplication,
(3.25) o fop(2) fly2),  feBiorBpedz).

For any € > 0 we can choose a system of coset representatives {ay | b€ B} C A
with the property
plap) < p"(b) +e Vbe B.

Given such a system we define a linear operator W:L} (A1) — Lj(A) to be
(Wf)(a) = f(be), f € L} (A1), where a = ap + ¢ (b € B,c € C) is a unique
decomposition of an element a € A.

The operator W is easily seen to have the following properties.

(@) IWfll, < (1 +e)lf o
(b) The range of W is dense in L})(A).
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(c) W: By — B commutes with the actions (3.2.3) and (3.2.5) of the subgroup Y’
and the subalgebra A, (Z) on B; and B.

Now let us consider the minimal ideal I(Y') of the algebra By = A,/ (Y)®4,(Z).
We claim that

(3.2.6) I(Y) = A, (Y)R®I1(0),

I(0) being the minimal primary ideal of A,/ (Z) at {0}. Indeed, the right-hand side
of (3.2.6) is obviously included in I(Y). Conversely, if a function f € B; vanishes
on a neighborhood of Y, there exists ¢ € A, (Z) vanishing on a neighborhood of

0 € Z such that ¢f = f (@ considered as a function on Y @ Z). By the definition
of tensor products,

(3.2.7) f= lim (Z fi® Aj) (fi € Aw(Y), §; € Ap(2)).

Multiplying both sides of (3.2.7) by ¢ we get ¢f = lim ) _( fj ®@g;). Of course each
element f; ® pg; € A, (Y)®I(0). So both ideals in (3.2.6) are equal. In particular,
the quotient algebra B;(Y) = B;/I(Y) is isomorphic to the product
Ao (V)& (A (2)/1(0))
and the representation RY in BI(Y) is a multiple of the regular representation R
of Y in A, (Y),
RY ~R®m/,

with multiplicity m’ = dim A,/ (Z)/1(0) = m(p’).

We claim that the operator W takes the minimal ideal I(Y) of B, into the

minimal ideal I(Y) of B. Indeed, if an element f € B, vanishes on a neighborhood
of Y and ¢ € A,(Z) is chosen as above, we get by (c)

W(f) =W (ef) =eW(f)
and the function oW ( f) vanishes on a neighborhood of Y. Thus W defines a

bounded dense range operator W: B; /I(Y) — B/I(Y) which intertwines the repre-
sentations RY in these spaces. By Proposition 2(a),
k(RY | B(Y)) < k(M RY | By(Y)) < m(p') < m(p).

The lemma is proved.

3.3. Let now a LCA group A = R™ @ D be the sum of the vector group R™ and
a finitely generated discrete group D. Then the dual group G = R™" @ X is a Lie
group (X is a compact Lie group).

Given a weight p on A we can always replace it by a stronger one p = p’ x p”.

Indeed, the natural embedding L%(A) — L},(A) defines a dense range bounded
operator W: A5(G)/I(w) — A,(G)/I(w) which intertwines the representations R*
in these spaces. By Proposition 2(a) the multiplicities k(7; R“) can only increase
after such a substitution.

So let us assume that p = p’ x p”’. Then the group algebra L}J(A) factors into
the tensor product

Li(A) = L, (R*)&®L}.(D).

Respectively, 4,(G) = A, (R™)®A,(X).
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To proceed with the proof of Lemma 1 we introduce the algebra 4 = CJ*(R"; B)
(B = A, (X)) of all B-valued m-smooth compactly supported functions f: R™ — B,
with the usual sequence of seminorms,

flma = Y 18" N@)lL=(0)-

[v|<m

Here v denotes a multi-index (vy,...,vy,) with |v| = v+ -+ -+ v, 0¥ a correspond-
ing partial derivative and @ runs over all compact subsets in R™. We consider the
weight p on A which factors into the product p’ x p” with a polynomial constituent
p on R™.

As in the scalar case (B = C), the Fourier algebra 4,(G) = A, (R")®3B is easily
verified to contain CJ*(R™, B) as a dense subalgebra for m = [n + 1 + o], where «
is the exponent of p'.

We assume that a compact group U acts by affine transformations on R™ and
by translations with elements of a subgroup Y = [(U) on X, where [:U — X is a
group homomorphism. Of course this represents a special case of an affine action
of Uon G=R"® X.

Since U acts by automorphisms of the Fourier algebra A,(R"® X) and the dense
subalgebra A = C§*(R"; B) is invariant under this action it suffices by Proposi-
tion 2 to prove finite multiplicity and estimate (3.1.1) for representations B on
Cr(R™; B).!

For this we have to study minimal ideals I(w) of A = CJ*(R™; B). They will be
shown to have the following “Whitney-type” characterization.

Let w be an orbit of U in R™ & X, the Gelfand space of 4. We denote by p and
g coordinate projections :R*" @ X — R" and ¢ R"® X — X.

The image ) = p(w) is an orbit of U in R™, and for any point a € 1, a subset
q(p~!(a)Nw) = w, is an orbit of a stability subgroup U, in X. The orbit w stratifies
over its image , w = {J,cq(a,wa)-

LEMMA 3. Let a compact group U act by affine transformations on R™ and
by translations with elements {y € Y = l(U)} (the image of U under a group
homomorphism I:U — X) on X. For any orbit w C R™ @ X, the minimal ideal
I(w) of the algebra A = CF*(R™; B) (B = A,#(X)) has the characterization

(331) 1) ={f€ 4] (0" /@) € I(wa) Va €N, [v] <m}.
Here I(w,) denotes the minimal ideal of B with hull w, C X.

The proof of Lemma 3 is long and requires a number of prerequisites We postpone
it until §5. And now let us apply Lemma 3 to complete the proof of Lemma 1.

Lemma 3 can be reformulated in terms of so-called m-jets of smooth B-valued
functions f € CJ*(R™; B). By an m-jet of f € C§*(R"; B) we mean as usual a tuple
of its partial derivatives

J™(f,z) ={(0“)(@)}vi<m
considered as a continuous map from R™ into the product 8 ® J™, where J™ is a

finite dimensional space of scalar m-jets, or equivalently, all polynomials in variables

Z1,...,Zn of degree < m. Obviously, dimJ™ = (™).

IThough CJ'(R"™; B) is not a Banach algebra on the whole space R™, one can always restrict
it to a sufficiently large compact subset Q C R"™, where || f||m,o becomes a Banach norm.
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Formula (3.3.1) then becomes
(3.3.2) I(w)={f e CTR";B) | J™(f,z) € I(wz) ® J™ Vz € Q}.

The group U acts by automorphisms on R™ and we denote this representation
by 7, 7(a) = a* (a € R", u € U). The representation 7 extends to the space of all
homogeneous polynomials (symmetric tensors) on R™ of degree k (k =0,1,...,m)
and thus gives rise to a representation 7,, of U on the space J™, d(ry) = (":’")
(see Example 3 of the Introduction).

Notice that for a smooth function f,

(3.3.3) I™(f(2%),2) = tm(w)I™(f,2%),  uel.

Indeed, z% = % + [(u), the first term is linear in z, while the second vanishes after
differentiation.

We apply Lemma 3 (in the form (3.3.2)) to embed the representation R into
some induced representation. To construct the induced representation let us con-
sider the following U-homogeneous vector bundles over :

(1) The Banach bundle (£,Q2) with fibres E'(z) = B/I(w;) (z € Q) and a
cocycle R(z,u): $(z) — (Rup)™ (%),

Here @(z) denotes the image of an element ¢ € B in the quotient space B/I(w.),
R, is the representation of U on B = A,/ (X) obtained from its action on X,

(Rup)(y) =ply+Uu)) (p€B,ucl).

The topology on £’ is “induced” by the subspace of cross sections I' = {H(z) |
(z € Q) Yo € CF*(R™; B)}, which satisfies the following assumptions:

(I) The numerical functions z — ||@(z)|| are continuous on (2 for all ¢ € T.

(IT) For each z € Q, T'(z) = {H(x) | V$ € T'} is equal to a fibre space E’'(z).

Then [5, Proposition 10.4] there exists a unique topology on £’ for making (€', (1)
a Banach bundle such that all sections ¢ € I" are continuous.

(2) The finite dimensional trivial bundle (£”,Q), £” = J™ x Q, with the fibre
space J™ and a cocycle. 7,,(z,u) = T (u) Vz € .

As usual one can form a tensor product bundle (E, ) = (£'®£", 1), whose fibres
are spaces E(a) = (B/I(wq))®J™ (a € Q) and the cocycle 7(a,u) = R(a,u)®Tm(u).

Now let us construct an intertwining operator W from the space 4 = CJ*(R", B)
to the space of continuous sections I'(£2; £) of the bundle (£,(2) as

W f - F(z) = J™(f,2)/(I(ws) ® J™) € T(Q, £).

By Lemma 3 (formula (3.3.2)) the kernel of W is equal to the minimal ideal I(w)
of A.

Let us check that W intertwines the representation T of U on A and the in-
duced representation L = Ind(U;7, ) on I'(Q2, €). The image of a function f(z) €
C§*(R™; B) under the action of T, is equal to

(Tuf)(2) = g(z) = R [f(«*)).
Computing the m-jet of g(z) at the point z € (2 we find
(3.3.4) 8"lg(z)] = R;'0"[f(&)] = Ry* D mu(w)(8*f)(aY),

|ul=m
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{7v,u}v|=|v|=m being matrix entries of the representation 7., in the “natural basis”
of J™ = @y, Sk(R™). We can rewrite (3.3.4) in the vector form as

J™[g(z)] = (Ry' ® T (w))[f(2"))

which shows the intertwining relation.

Therefore W defines an intertwining embedding of the representation R“ (the
quotient of T' modulo I(w)) into the induced representation L = Ind] (R* ® 7).

On each fibre space B/I(w,) ® J™ we get a representation R“s ® 7,,, of the
stability subgroup U,.

By Proposition 2 the multiplicities of R“ are bounded by those of L,

(3.3.5) k(o; R®) < k(o;L) VoeU
and by the Frobenius reciprocity theorem (Proposition 1)
(3.3.6) k(o;L) = k(o | Ug; R** @ 7).

But the representation R“= is of the type considered in Lemma 2 and hence FM
while 7,,, is finite dimensional. Then by Proposition 2, R¥* ® 7,,, and therefore L
and R“ (“embedded” in L) are also FM.

In order to estimate the multiplicities in the right-hand side of (3.3.6) we shall
use

PROPOSITION 4. Let R be an FM-representation of a compact group V and
0,7 be finite dimensional representations. The intertwining number k(o; R ® 7) 1s
estimated as

(3.3.7) k(o;R® 1) <sup{k(y;R) | p C 0 @ 7*}d(0)d(7),

the supremum is taken over all irreducible u € V which occur in the product o @ r*
(o tensored with contragredient of 7).

We decompose R into the sum @ u k(u; R) ® w of irreducible components p € V.
Then the intertwining number k(o; R ® 7) is equal to

(3.38) k(o;R®7)=> k(s R)k(o;p®7) < sup{k(u; R)} Y _ k(o; 4 ® 7);
©w u

the summation is taken over all u € V such that k(o; u®7) > 0. But k(o, p®7) =
k(u;0 ® 7*), since the spaces Homy (o; 4 ® 7) and Homy (u;0 ® 7*)* are naturally
isomorphic.

Since

(3:3.9) D k(o ®7) <Y k(o ® 77)d(u) = d(o)d(r),
[ M

we immediately get (3.3.7).

Let us apply Proposition 4 to the representations R = R“s, ¢ = o | U, and
T = T, of the group V = U,.

We recall that a compact group U, consequently U,, acts on the algebra B =
Ay (X) by translations with elements {y = {(v) | v € U}. Let Yy = {(U,). Each
U,-orbit is a coset £+ Yy in X. Obviously, all u, which occur in R*=, are characters
of Yy “pulled back” to U, and by Lemma 2 the multiplicities k(u; R¥*) < m(p").
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Therefore by (3.3.5), (3.3.6) and (3.3.7),
k(o; R¥) < k(o | Ug; R ® T) < m(p")d(7yn)d(0)
=¢(n,p)d(0) VoeU.

This proves Lemma 1 in the case of a Lie group G = R™ @ X and a compact
group U acting by affine transformations on R™ and by translations on X.

3.4. Now we shall reduce the general affine action on G = R™ @ X to the above
particular case.

But first let us study the automorphic and affine actions of a compact group U
on a compact abelian Lie group X.

(3.3.10)

PROPOSITION 5. Let a compact group U act by affine transformations on a
compact abelian Lie group X. There exists an open normal subgroup V C U, which
acts on X by translations, .e.,

viz — z+1(v) (zeX,veV),
where :V — X is a group homomorphism.

PROOF. First we note that the group of automorphisms of the compact abelian
Lie group X is discrete. Indeed, X = T* @ F, where F is finite and the torus
T* = X, is characteristic. So any automorphism of X is uniquely determined by a
triple (uy, h,uz2), where

uy € Aut TF = GL(k,Z), ug € AutF, h € Hom(F; T*) = F*,

Obviously, Aut X = Aut F x (F* x GL(k, Z)) is countable and therefore discrete.

Let a compact group U act on X by automorphisms z — z* and by affine
transformations £ — 2% = % +1(u). The kernel V of a homomorphism U — Aut X
is a normal subgroup of finite index in U. Since the automorphic action of V' is
trivial, the cocycle I: U — X restricted to V' turns into a homomorphism of V into
a compact abelian group X. We denote by Y the image of V in X, Y is a closed
subgroup of X. Obviously, the affine action of a subgroup V' C U on X is given by
translations by elements {y = l(v) € Y},

P =z+1l(v) Ve X, veV. QE.D.
We shall make another simple observation.

PROPOSITION 6. Letw == U;\U be a U-homogeneous space of a group U and V
be a normal subgroup of finite index in U. Then w splits into the union of disjoint
V-orbits, w = ¢, ws. Moreover, the setw’ is finite and the group U (actually the
finite factor-group U/V') acts on w' transitively, t.e., w’ is a finite U-homogeneous
space.

The proof is obvious.

Now let G = R™"® X be the sum of the vector group R™ and a compact Lie group
X. Denote by a — a* the automorphic action of U on G and by a — a® = a®+1(u)
its affine action.

Later (Lemma 4, §4) we shall prove the existence of a U-invariant decomposition
G = R™ @ X with respect to the automorphic action. Then the cocycle l: U — G
splits into the sum of two cocycles I;: U — R" and l,:U — X.
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Take an affine orbit w of U in R™ & X. By Proposition 5 there exists an open
normal subgroup V' C U which acts on X by translations with elements {l2(v) |
v € V}. Then by Proposition 6, w = |J, ., ws is a finite union of disjoint V-orbits
{ws}sew’ .

The quotient space A/I(w) (A = A,(R™ ® X)) decomposes into the direct sum
D,c. A/I(ws), since {ws}, are disjoint closed subsets of G.

The union & = |, (A/I(ws)) has a natural structure of a U-homogeneous
vector bundle over the finite base w’ and the representation R“ is induced,

R¥ =Indg (R*),

where R+ is a representation of a stability subgroup Us; on the quotient space
AlI(ws).

Notice that the action of a subgroup V on R™ & X satisfies all the assumptions
of Lemma 3. Namely, V acts by affine transformations on R™ and by translations
with elements {l(v) | v € V} on X. The representation R*+ | V on the quotient
space A/I(ws) is obtained from this action, since w; is also a V-orbit.

Therefore, estimate (3.3.10) applies to R¥* |V,

(3.4.1) k(o; R | V) < ¢(n,p)d(c) Vo eV.

To get a similar estimate for the representation R“ of the whole group U we use

scw

PROPOSITION 7. Let S be a representation of a subgroup Ug C U. If there
exists a subgroup V C Uy such that the multiplicities

(3.4.2) k(o;S | V) < cd(o) VoeV,

with some constant ¢, then a similar estimate holds for the induced representation
R =IndY (8), i.e.,

k(m;R) < cd(r) VmeU
with the same constant c.

Indeed, by the Frobenius reciprocity theorem (Proposition 1) and the inclusion
V C Uy it follows that

(3.4.3) k(m;R) = k(m | Up; S) < k(m | V;S | V).
Decompose 7 | V' into the sum of isotypical components, 7 | V = @j 0;Qk; (0j €

V) and substitute them into the right-hand side of (3.4.3). Then
k(m R) < k(r | V;S |V) =} ksk(o5S | V)
J

< CZ kid(o;) < cd(m). Q.E.D.

J

Proposition 7 applied to the representations S = R“s and R¥ = Indga(R“”)
yields the estimate

(3.4.4) k(m; R*) < c(n, p)d(n) VreU,

and thus proves Lemma 1 for all Lie groups G of the form R™ & X, with a compact
Lie group X.
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3.5. We are now able to prove Lemma 1 for all compactly generated groups
A, respectively Lie groups G = A. As above a compact group U acts on G by
automorphisms a — a* and affine transformations a — a® = a* + I(u).

In the next section (Lemma 4) we shall establish the existence of subgroups R™
and compact X of G invariant under the automorphic action of U and such that the
factor group D = G/(R"™ & X) is discrete. In particular, U acts by automorphisms
on D.

Note that if a subgroup B = R™ & X C G is stable under automorphisms of U,
then the cocycle [ on G projects on the factor group D = G/B, l(u) = l(u)/B (u €
U). So we also get an affine action of U on D,

wd—d*=d*+i(u) (deD).

Two affine actions on G and D commute with the natural homomorphism p: G —
D =G/B.

Let w C G be an affine orbit of U. Its image w’ = p(w) is a finite affine orbit
of U in D. As above we get a finite partition w = (J,¢, ws With ws =wNp~I(s)
an orbit of a stability subgroup U, in a coset B; = p~(s) = B + d. Hence the
representation R“ is induced, R = Indga (Rw“).

The translation with an element d € B; takes a coset Bs onto the subgroup B
and transforms the affine action of U, on B, into the new affine action on B (cf.
Example 5). Namely, u:b — b% + (d* — d).

Let us remark that the transformed action of U, on B would be affine even if we
started with an automorphic action on G.

But the group B splits into the sum of R™ and a compact group X. So the
previous result (3.4.4) applies and we get the estimate of multiplicities,

k(o, R**) < ¢(n, p)d(o) Vo € U,.
By Proposition 7 the same estimate holds for the induced representation R“,
k(m; R*) < ¢(n, p)d(x) V¥reU.
This completes the proof of Lemma 1.

4. Actions of compact groups on LCA groups (reduction lemma) and
the proof of the main theorem.

4.1. After we have proved Theorem 1 for compactly generated groups A the
general case will be handled by a certain limit procedure. Here an important tool
is the following “reduction lemma”, which describes the structure of a LCA group
A upon which a compact group U acts by automorphisms.

In a somewhat different setting a similar result was proved in [8, 1.1. Theorem]

LEMMA 4. Let a compact group U act by automorphisms on a LCA group A.
Then:

(a) There ezists a decomposition A = R™ @& D with U-stable subgroups R™ and
D.

(b) The subgroup D contains an open U-stable compact subgroup K. Therefore,
U acts by automorphisms on R™, D, K, and on the discrete factor group T = D/K.

(c) The group T = D/K 1s equal to lim, indT', where Ty, (a € X) runs over
the family of all finitely generated U-stable subgroups of I'. Consequently D =
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lim, ind D, where D, = p~*(Ty) and p denotes the natural homomorphisms D —
I'=D/K.

PROOF.? The identity component Ay of A is characteristic in A, hence U-
invariant, and so is the maximal compact subgroup (unique!) Ky of Ap. By
structure theory [19], Ag = Ko @ R™, and so Ay = Ko ® R™, with R (= Ky)
characteristic, hence U-invariant. We need to show that this splitting of Ao (and
the dual splitting of Ag) can be made U-invariant.

This is really a problem in continuous cohomology. More generally, suppose
U acts on a LCA group H, leaving a closed subgroup E invariant, and suppose
H = E®F as topological groups. Then U acts on H/E = F, but may not preserve
the copy of F inside H. However, one can define a cocycle ¢:U x F — E by

b = b2 4 p(u,b) forue U, beF,

where b* means the action of u on b viewed as an element of H, and where a(u) is the
action of u on F identified with H/E. One can check that ¢ € Z!(U, Hom(F, E)),
and that F can be adjusted to be U-invariant provided the cocycle ¢ is a cobound-
ary. Here Hom means “continuous Hom”.

To come back to our situation, take H = flo and E = R", F = Ko (a dis-
crete group). Then Hom(F, E) is a quasicomplete locally convex topological vec-
tor space, so as is well known, H*(U,Hom(F,E)) = 0 for k > 0. (See, for in-
stance, A. Guichardet, Cohomologie des groupes topologiques et des algébres de Lie,
CEDIC/Nathan, Paris, 1980, p. 186.) In particular, Kg- has a U-invariant com-
plement (= R"™) in Ao.

The same argument can be repeated to show that this U-invariant copy of R"
must have a U-invariant complement D = A/R™ in A, with of course D D Kp.
Here we use the fact from the structure theory that A = R" & (A/R") as LCA
groups. This proves (a).

Now note that D/Kj is totally disconnected, hence has a neighbourhood base
for the identity { /N, } consisting of compact-open subgroups. If we fix a then for Ng
sufficiently small, the image of Ng under the action of U must still be contained in
No. Hence U(Np) generates a compact-open U-invariant subgroup of D/Kjy, and
thus D/Kj has arbitrarily small U-invariant compact-open subgroups.

In particular, we can fix a U-stable compact-open subgroup K of D. Let I' =
D/K, which is discrete. I is the inductive limit of its finitely generated subgroups,
and since the U-orbit of any element of T' is finite we can take these U-stable without
losing finite generation. This proves (b) and (c).

Lemma 4 applied to the dual group G of A and the dual action of U on G yields

COROLLARY 1. (a) G admits a U-invariant decomposition G = R" & D.

(b) D contains an open compact U-invariant subgroup X = K+ = I.

(¢) If Yo = DE (o € %), then {Yo}o are small U-stable subgroups of X,
1.e., factor-groups X, = X/Y, and Do = D/ Y, are Lie groups (not necessarily
connected). Moreover

X = ligl prX,, D= ligln prDg

2This short proof of Lemma 4 was proposed by the referee.
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and X
G =limprG,, where Go=R"® D,.

4.2. Now let us study the structure of orbits w C G under the affine action of U
on G.

We fix a U-stable decomposition of Lemma 4 and Corollary 1, G = R* & D with
D> X =K' and X D Y,. Denote by {pa }aex and p the natural homomorphisms
pa:G=R"®D -G, =R"®D/Y, =R" @ Dy,
pG—-K=G/(R"®X).

Notice that all these homomorphisms commute with the automorphic action of
U on an appropriate group (G, K,R", X, D, etc.).

Furthermore since all the subgroups (R™, X,Y,, etc.) of G are invariant under
the automorphic action the cocycle I(u) projects on factor groups (K ,Ga, etc.)
and thus gives rise to affine actions of U on those, which commute with natural
homomorphisms p and {pq }.

We denote by B the subgroup R” @ X C G and for s € K we denote by B, the
coset p~1(s) = B+d (d € p~1(s)).

Let w C G be an affine orbit of U. The image w’ = p(w) is an orbit of U in the
discrete group K , 80 w' is finite. Fix a point s € w’ and let ws = wN Bs. Obviously
ws is an orbit of a stability subgroup U, in the coset B;.

Similarly the set ws,o = pa(ws) is an orbit of Us in a coset B, o = po(Bs) =
do + Ba, where B, = R" @ Dy, do = pa(d).

It is easy to see that the compact set ws is a projective limit of its images
Ws,a C Bs,aa

(4.2.1) ws = lim prws q.
o

4.3. Now we are able to complete the proof of Theorem 1. Since w = [J,¢, ws
is a disjoint union of closed subsets we get as in the proof of Lemma 1 (§3.4) a
decomposition

Allw)= @ A/I(w,), A=A,®R"®D).
s€w’

The union € = J,¢,,» A/I(ws) has a structure of a U-homogeneous vector bundle
over the finite base w’ and the representation R“ is induced by the representation
R¥: of U, on the quotient space A/I(ws),

(4.2.2) R® =Ind (R“*).

We shall realize R“* as a Banach inductive limit of the representations R

on factor groups G,. Denote by B, B, (a € X) the Fourier algebras A,(R" & D)

and A,(R" @ D,), the second considered as a subalgebra of B under the natural
“pull-back” embedding

p&:d;—MzASOpa (‘136801)‘
By (4.2.1) the monomorphism p}, takes the minimal ideal I(ws o) of By into the

minimal ideal I(w;) of B (this is true for any closed subset @ = lim pr,Qa, Qa C
G,). So p?, defines a bounded operator

Wa: Ba/I(ws,a) — B/I(ws).
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The operator W, intertwines the representations R“+= and R“* of the group U,
in these spaces.

Moreover, the linear span of images {Im W, }, is obviously dense in B/I(ws). So
R“:. So R“* is a Banach inductive limit of representations { R“*=}, in the sense
of Proposition 3 (§1.2).

Each representation R¥+= is obtained from the action of U on the Lie group
Go=R"® Da. By Lemma 1 the representation R“== is FM and its multiplicities
are estimated as X

k(m; R“*=) < ¢(n,p)d(7) VmeUs

with the constant ¢(n, p) depending only on n = dim R™ and p. Then Proposition 3
implies the same estimate for the Banach inductive limit R = lim, ind R¥==, and
by Proposition 7 it remains true for the induced representation R* = Indgs (R“*).

The theorem is proved.

REMARK 1. The above argument suggests that Theorem 1 should be true for
more general actions of U on G, namely the action by automorphisms of the Fourier
algebra A,(X). Obviously this group contains all affine transformations Aff(G) but
may be bigger than the latter.

While groups of automorphisms of weighted Fourier algebras are unknown in
general they were systematically studied in the case of the trivial weight p = 1, i.e.,
the Fourier algebra A(G) (see, for instance [22]). Any automorphism u of A(G) is
given by a so-called piecewise-affine transformation u: G — G. By definition, for
any such u there exists a partition G = |J,, B, into the union of open disjoint cosets
B, such that the map u: B, — By, is affine, i.e.,

u(la+b—c) =u(a) +u(b) —u(c) Va,b,c€ B,.

Of course, an affine action of a group V on a coset B, = B+d in G defines (via
translation) another affine action on an open subgroup B of G (see Example 5).

If we had a joint “open-coset” partition of G for all elements u € U we could
easily (via Propositions 5, 6) reduce the action of U by automorphisms of A(G) to
the case of an affine action of V = U, on an open subgroup B C G.

We do not know if for any compact group of piecewise affine transformations on
G there exists a joint “open-coset” partition.

This is obviously true for any finite family of transformations (u;,...,u,) and
therefore for any topologically finitely generated group U (i.e., a group which con-
tains a finitely generated dense subgroup), in particular for any compact Lie group
U.

We can formulate partial generalization of Theorem 1 along these lines.

THEOREM 2. If a topologically-finitely generated compact group U acts by au-
tomorphisms of the Fourier algebra A(G) on a LCA group G, then for any orbit
w C G, the representation R* 1s FM and the multiplicities k(m; R*) satisfy

2n +1
n+1

k(m; R¥) < ( ) d(r) Vrel,

n being the dimension of the vector component of X.

Indeed, the weights p’ and p” are trivial here. Hence m(p”) =1, a(p’) =0, m =

n + 1 and the constant ¢(n, p) = (2::11)
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5. A generalized version of Whitney’s theorem and the proof of
Lemma 3.

5.1. Let B be a Banach space. We consider the space A = CJ*(R"™; B) of all
m-smooth compactly supported functions f:R™ — B, equipped with the usual
sequence of Sobolev’s m-seminorms,

(5.1.1) flme =D 18" flle(@)»

lv|<m

@ running over all compact subsets in R". Given a function f € C™(R", B) we
define its m-jet at a point £ € R™ as a tuple of partial derivatives

J™(f,2) ={(0"f)(@)}yi<m € J" ® B.

Here J™ = J™(R"™) denotes the finite dimensional space of all scalar m-jets,
equivalently all polynomials in variables (z,...,z,) of degree < m.

Multiplication with scalar functions ¢ € C7*(R"™) defines a C*-module structure
on the space 4 = C§*(R"; B).

Let M be a submodule of A. For any point z € R™ we denote by M(z) the
localization of M at z,

(5.1.2) M(z) = {J™(f,2) |¥f € M} C J™ ® B,
and by M(z) the closure of M(z) in J™ ® B. We set
(5.1.3) M={feA|J™f,z) e M(z) Yz e R"}.

A generalized version of Whitney’s theorem is formulated as follows. 5
CONJECTURE. The closure M of any submodule M C A is equal to M. In
particular any closed submodule M C A admits the characterization

(5.1.4) M= {feA|J™(f z)€ M(z) Vz € R"}.

This result was first proved in [26)] for scalar functions (dim B = 1) and later for
vector-valued functions with values in a finite dimensional vector space B (see, for
instance [16, Chapter 2]).

Let us notice that the finite dimensional argument [16, Chapter 2| carries over
verbatim to prove a weaker version of (5.1.4), namely: if M is closed, then

(5.1.5) M={feA|J™(f,z) € M(z) Vz € R"}

(here localizations M(z) are substituted for their closures M(z)).

But simple examples show that localizations {M(z)}zer» may not be closed
(even for closed M) in the infinite dimensional case® (they trivially are, if dim 8 <
00). This principal difference between two cases makes the first (strong) version
of Whitney’s theorem for Banach vector-valued functions much more difficult. We
cannot prove it in general.

What we are able to prove here is a rather special case, yet sufficient for our
purpose (Lemma 3 of §3). Namely, we consider a commutative regular and Wiener
Banach algebra B with the Gelfand space X. Then A = CJ*(R",B) is also a
commutative algebra with the Gelfand space R™ x X. We assume that a compact
group U acts by affine transformations on R™ and by automorphisms on B.

3This will typically happen in our setting, as explained below.
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The class of modules to be considered are the minimal ideals M = I(w) of the
algebra A corresponding to orbits w C R™ x X. Under certain assumptions on B
and the action of U on B (to be specified later on) we shall prove the equality I(w) =
(I(w))~ for these modules. This result formulated as Lemma 3 was important in
the proof of Theorem 1.

Lemma 3 will follow from the results of this section. The first three of them
(Theorem 3, Lemmas 5 and 6) reduce the problem from the space of functions
C™(R™; B) to certain spaces of smooth cross-sections of some U-homogeneous vec-
tor bundles over the orbit (2 C R™. Roughly speaking we show that for any function
f € C™(R™; B) its m-jet J™(f,x) restricted on ( is uniquely determined by the
set of independent “normal derivatives” of f. Then in (5.5) we reformulate the
problem for vector bundles on which a Lie group U acts smoothly. Here invariant
differential operators (infinitesimal operators of induced representations) play the
role of partial derivatives 8¥. Under certain assumptions (see §5.6) we prove the
equality of modules I(w) and I(w))™ realized in spaces of smooth sections (The-
orem 4). Finally (5.7) we verify the assumptions of Theorem 4 in the setting of
Lemma 3, i.e., when B = A,(X) is the Fourier algebra on a compact abelian Lie
group X and U acts on X by translations.

Let us remark that our argument is quite different from the one known in the
finite dimensional case (cf. [26 and 16, Chapter 2]). It is heavily based upon some
peculiar features of our setting, particularly the following two:

(a) A homogeneity of spaces, bundles, modules, etc. with respect to the action
of a compact Lie group U.

(b) A possibility to study explicitly local (nonclosed) modules {M(z) | z € 1}
for M = I(w) and M = (I(w))"~.

This study (§5.6) also reveals why localizations M(z) are not closed for M = I(w)
in general, the reason being an “interplay” between two actions of U. The action
on R™ results in an induced representation L on spaces of smooth cross-sections
over (1, while the action on X gives rise to a representation R on B. In a somewhat
inaccurate form we can say that the interplay between R and L causes “local values”
(8¥f)(a) € B to be “smooth” with respect to R, i.e. (0" f)(a) an element of a dense
subspace I(wg) N B, whose B-closure is I(w,). Here B,, denotes the space of
m-smooth vectors of the representation R (see §5.3).

5.2. We shall start with a construction of some smooth vector bundles over orbits
2 of the group U in R" or more generally over smooth manifolds 2 C R™ and dis-
cuss spaces of smooth cross-sections on these bundles. These bundles will be used
to decompose the trivial jet-bundle over (2 into “tangential” and “normal” compo-
nents. We shall also show that “purely” normal components uniquely determine
the jet (0 f)|v|<m restricted on (1.

The purpose of this study is to enable us to reformulate the problem (Whitney’s
theorem) in terms of smooth sections of normal bundles.

Let 2 C R™ be a smooth closed submanifold. We consider R™ equipped with
the natural inner product

(5.2.1) a-z= Zaizi (a,z € R™).
1



REPRESENTATIONS OF COMPACT GROUPS 27

Since tangent spaces T, = T,(12) (a € (1) are embedded in R™, the inner product
(5.2.1) induces a Riemannian metric on (2.

We consider the following smooth vector bundles over (2:

(1) The trivial bundle Q x R™ equipped with the metric (inner product) (5.2.1).

(2) The tangent bundle (T, () with fibres T, (the tangent space of () at a € ),
considered as a subbundle of () x R™

(3) The normal bundle (N,) whose fibres N, are orthogonal complements of
T, in R™ with respect to the inner product (5.2.1).

Obviously, 2 x R™ is a direct orthogonal sum

(5.2.2) OxR"=(TaN,0Q).

We shall use the same notations T, N also for complexifications (T ®gr C, )
and (N ®r C, ) considered as subbundles of 2 x C™.

Let Skx(R™) denote the space of all symmetric k-tensors over R™ and Si(T),
Sk(N) the kth symmetric tensor power of the bundles T and N. Obviously, the
trivial bundle 2 x S,,,(R™) decomposes into the direct sum

(5.2.3) Ox Su(R™) = @ Sk(T)® Si(N).

k+l=m

The sum in (5.2.3) is orthogonal with respect to the metric (“unitary structure”)
induced on each fibre space Six(R™) by the inner product (5.2.1) on R™. The
trivial jet-bundle  x J™(R™) is the sum @, , 2 ® S,(R™) and hence decomposes
as Dy 41<m Sk(T) ® Si(N).

We denote by (") and & the bundles Qx S, (R™) (r = 0,1,...,m) and Sx(T)®
Si(N) (k,l = 0,1,...), respectively. Among those we are especially interested in
normal bundles S;(N).

Given a Banach space B let us define the following Banach vector bundles, each
of which is a tensor product of a finite dimensional bundle (£,(2) and the trivial
Banach bundle 2 x B:

(4) 2 x (C"Q B).

(5) Its subbundles (T ® B,(1) and (N ® 8,12).

(6) “Symmetric-tensor” bundles (&, ® B,0) (k,I > 0) and (£(M ®8,0Q) (r > 0).

If a finite dimensional bundle (&, (1) possesses a metric (unitary structure), then
the product (£ ® B,(?) is identified with the bundle (Hom(€, B); (), whose fibres
are the spaces H, = Hom(E,;B) (a € ). There is a natural (operator) norm in
each H,, which makes Hom(¢; B) a Banach bundle in the sense of [5], and a smooth
vector bundle in the usual (“finite dimensional”) sense (cf. [25, Chapter 1]).

In this way one can identify bundles (£ ®8,Q), (£, ®B,Q), etc. with bundles
of symmetric multilinear forms (P(")(B); () and (Py,(8); ) whose fibres are the
spaces P(")(a) and P (a). Here a form ¢ € P(")(a),

(5.2.4) $:R"x - xR™ > B,
r times

is symmetric in all variables, while ¢ € P (a),

(5.2.5) G:TyX - XTy X NgX -+ XNg — B,
N’ N

k times ! times
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has a mixed (k,!) symmetry (in k-tangent and l-normal variables separately).
The norm of an r-form ¢: R™ x --- x R® — B is given by

(5.2.6) loll = sup fl¢(&rs--- s &)ll-
{llg:lI<1}
If we fix a basis (e, ..., e,) in R™ and denote by f, € B the vth “matrix entry”
of a multilinear form ¢, v = (vy,...,vy), ie.
(5.2.7) fo="90(e1,....e15- €ny...,€n),
N — N —’
v; times vn times

then (5.2.6) is equivalent to the norm

(5.2.8) gl = > lI£-

lv|=r

Since all the above Banach vector bundles are smooth in the obvious sense we
can introduce the following spaces of smooth sections: I'*(2 x C"*) = C™(Q}; R");
™(Q; T); I™(Q; €M ® B); T™(Q; &k, ® B), etc. (m=0,1,...,00).

These spaces have a natural structure of modules over the algebra of m-smooth
functions C™(Q2). As in (5.2.4), (5.2.5) they can also be characterized in terms
of multilinear “module-maps”. For instance, I'"™((; £(") @ B) is identified with
the space of all m-smooth symmetric multilinear forms from the C™({2)-module
I'™(Q; R") into the C™(f2)-module C™((; B),

é:T™(Q;R™)x - - xI'™(Q; R™) - C™(Q; B),
r times

s.t.
¢(f€la SRR ﬁ‘r) = f¢(€1’ cery £r) Vf € Cm(ﬂ)7§1 T E'r € l'\m(Q’R'n)’

and
¢(§,,,§J)=¢(§J§,) Vi < J.
Similarly elements ¢ € I'"((; €k ® B) map
™ (Q; T):-uxl" (T)xT (Q;N)>l< -~ XM N) = C™(0, B)
times times

and have a (k,!)-mixed symmetry
As in (5.2.3) we get a decomposition

(5.2.9) (60 @B8)= @ I™(Q; 6, ® B).

k+l=r

A (k,l)-component of a section ¢ € I'™(Q; £(") ® B) is obtained by restriction of
the form ¢ onto the subspace of all tuples (&1, ..., &k, n1,...,m) of k tangent fields
& € I'™(Q; T) and ! normal fields n; € T™(; N).

5.3. Next we want to introduce “partial derivatives” and Sobolev’s m-norms in
spaces of smooth sections. There are different ways of doing this.

The standard definition uses “local coordinates” on the bundle (2;&) and a
partition of unity on ). Precisely, a local trivialization on ({2, £) defines a “pull-
back” isomorphism between a subspace I'§*(A; £) of all sections supported in a
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local neighborhood A C (2 and the space CJ*(R*; E), k = dim(; E = E, (z € Q).
Then the m-norm of CJ*(R*; E) is “pushed forward” on I'}(A; €).

We write “global” m-seminorms using a partition of unity {t,}; subordinated
to an open covering {A;}; of a compact @ C 2, i.e.

(5.3.1) I6llm.@ = D _lidlrma,e)-

One can show that different coverings and partitions of unity define equivalent
m-seminorms.

Another way to define seminorms is to use covariant derivatives V. on the bundle
(£,Q) (¢ is a tangent vector field on 2). Choosing a collection of vector fields

€1,-.,€m on @ s.t. &i(a) # 0 Va € Q, we set

(5.32) I¢llme= D supllVe, Ve (9)(@)l..
0<k<m *€
Here || - || g, means norm (metric) on the fibre E,.

Once again different choices of vector fields give equivalent seminorms, and those
are equivalent to (5.3.1).

Let us describe explicitly covariant derivatives in our setting, as we shall need
them later on. We denote by 0y,...,0, the basic partial derivatives on R™ re-
stricted on (2, considered as elements (sections) of the trivial bundle 2 x C". They
form a basic of free generators of the C™({2)-module I'"(Q2 x C") i.e. any ¢ €
'™ (Q1x C™) splits uniquely into a linear combination )] ¢;(z)d;, with ¢; € C™(12).
Then

$) =D 0c(c;)8;, €T (),

where 0; denotes a Lie derivative of a function c; along {. Taking tangential or
normal components of V¢(¢) for ¢ € T™(2, T) or I™((2, N) respectively, we get
covariant derivatives on the tangent and normal bundles T and N, which then can
be extended to all “tensor-bundles” & ; and £(™). Notice that for &("-sections,
realized as multilinear forms, the covariant derivative is given by

(5.3.3) (Ved)(zimy,.-. nr) = Veld(zim, .. ,nr]—z¢ = Ve(mi) ),

weﬂ, N,---,nr € T(Q;CT).

In the case when (1 is an orbit of a compact Lie group U, acting on R", we shall
need yet another characterization of I'((2, £ ® B) and m-seminorms. Any such U
acts smoothly on all the above vector bundles £ = & ; £(") etc. and consequently
on the spaces of cross-sections on £ by the induced representation L. The infinites-
imal generators of L, elements of the Lie algebra $) of U, are given by certain 1st
order differential operators.

We fix a basis {h1,...,ht} in $ (k = dim$) and consider corresponding dif-
ferential operators and all their (noncommutative) polynomials, elements of the
universal enveloping algebra $4(£)). These operators will play the role of partial
derivatives in the Euclidean case. The space ['™((); £ ® B) will be characterized in
terms of smooth vectors of the induced representation of U and the m-norm will
be defined using the above basis (hi,. .., hg).
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Let us first recall the definition of m-smooth vectors for a general Banach rep-
resentation R of a Lie group. Let u — R, be a representation of U on a Banach
space B. A vector ¢ € B is called m-smooth if the function u — R,(¢) from U
to B is m-smooth. We denote by B,, the subset of all m-smooth vectors in B.
It is well known that each B,, is a dense U-invariant subspace of B, the spaces
B, (m = 0,1,...) form a decreasing chain B8 = By D B; 2 B2 D ..., and their
intersection By = [);-_; Bm known as the Garding space of the representation is
also dense in B. Elements of the Lie algebra $) act on B by infinitesimal operators

Rh(g) = % ORexpth(g) (§ € Bl,h (S f))

Obviously Rn(B;) C Bj—1 V7 > 1, h € $. Moreover, each element p = p(hy, ..., hg)
of the universal enveloping algebra () maps B; into Bj_gegp provided j > degp.

Let us fix a basis {hq, ..., kg } in $. For a multi-index v = (v4,..., k) we denote
by h¥ the monomial H’f hY* € 84(%). Though the elements {hy,...,hx} C $ may
not commute they satisfy the commutation relation h;h;—h;h; = [h;, h;] and by the
well-known Poincare-Birkhoff- Witt Theorem [23, Chapter 3] any element p € $(5))
is uniquely represented as a linear combination

p= Z c,h” (m = degp).

lv|<m

We define the “abstract” m-norm on the space B,, as

(5.3.4) lsllm = > 1RA= ().

lvl<m

Since all operators Ry, (h € $)) are closed as generators of strongly continuous
groups one can show that B,, is a Banach space with respect to the m-norm. It
is invariant under the representation R and the restriction u — R, | B,, is a
continuous (in m-norm) Banach representation of U.

By its definition (5.3.4) the m-norm depends upon a particular choice of basis
{h1,...,ht} in $. But in fact one easily shows using the Poincare-Birkhoff-Witt
Theorem, that different bases give equivalent m-norms.

Now we shall describe explicitly infinitesimal generators Ly (h € $)), m-smooth
vectors and m-norms for induced representations L.

Let (£,2) be a smooth U-homogeneous finite dimensional vector bundle with
fibres {E, | a € 1} and a cocycle 7(a,u),

7(a,u): E, — Egu (aeQuel).

We consider a Banach space B and define a smooth Banach vector bundle
(€ ® B,Q), the action of U on B being trivial.

Let D = I'(%; € ® B) denote the space of all bounded continuous sections of
(€ ® B,0Q) equipped with L°°-norm.

The action of U on (£ ® B,() defines an induced representation on the space D,

(5.3.5) (Luf)(a) = (r(a,w) ' @ D)[f(a*)]  (weU, feD),

where 1 stands for the trivial representation of U on B. The representation L is a
tensor product of the induced representation on the space I'({); £) (which will also
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be denoted by L, if it does not cause confusion) and the trivial representation on
B. Indeed, the space D decomposes into the product

D=T(E®B)=T(0,€)Q B

with a uniform (L*°) cross-norm,

Y fi®b Y fil@)b;
7 7

i.e. D coincides with the closure of all linear combinations ) f; ® b; in the norm
(5.3.6).

The infinitesimal operators Ly (h € $)) of the induced representation L are first
order differential operators on the bundle (&,) (cf. [25, Chapter 1}), respectively
elements p € A(H) (degp = r) define rth order differential operators. Let us
notice that in the case of the trivial bundle £ = 2 x E and the trivial cocycle
(r(z,u) =1 V=z,u), the induced representation has a form

(Luf)(z) = f(z*),  feT(QE)=C(LE).

Hence infinitesimal operators L, (h € $)) are differentiations along U-invariant
tangent vector fields ¢ = £(h) € T'°(f2; T), the images of elements h € § in
reQ,7),

(5.3.6) (f; € T(Q; €), b, € B),

= sup
zeN

(Laf)(e) = Ocm o) = G| S

We remind the reader that the action of U on (2 defines a homomorphism of $j into
the Lie algebra I'°(Q2, T).
When the bundle £ = ) x E is trivial but the cocycle 7(z,u) is not we get

(5.38) (Lrf)(z) = (B¢(n) f)(x) + B(h, 2) f(2).

Here the first-order term is a tangential derivative O¢(x) and the zero-order term
is a multiplication with End(E)-valued C*-function B(h,-), which depends on
h € $ and the cocycle 7(z,u). Finally if both (£,() and the cocycle 7(z,u) are
nontrivial, the “tangential derivative” 9¢ along ¢ = £(h) € I'°(Q; T) is replaced
in (5.3.8) by a covariant derivative V¢ on the bundle £, i.e. (5.3.8) takes a form

(5.3.9) (Lnd)(@) = (Vemd)(@) + Bhz)b(z),  $€TH@,E).

The following lemma gives a characterization of I'™(Q; £ ® B) and m-norms
(5.3.1), (5.3.2) in terms of L.

LEMMA 5. Let (£,Q) be a smooth finite dimensional U-homogeneous vector
bundle over Q. The space of smooth sections I'™(Q; € ® B) s equal to the space Dy,
of all m-smooth vectors of the induced representation L on the space of continuous
sections D = T'(Q); € ® B). The m-norms on I'™(§); £ ® B) defined by (5.3.1), (5.3.2)
and by L, (5.3.4), are equivalent.

The proof of Lemma 5 is fairly standard, but for convenience we include it in
Appendix A.

5.4. After all necessary preparations in the preceding sections (5.2)—-(5.3) we
are able to start the reduction procedure of the main problem. The first step is
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to reduce the problem from the space of m-smooth B-valued functions on R™ to
“jet-functions” on (1.

Precisely, let ) be a closed subset of R™, Iy((2, B) denote the (nonclosed) sub-
module of A = C™(R"; B), whose elements, viewed as B-valued functions on R™,
vanish at a neighbourhood of 2, and let (2, B) be the closure of I((2; B) in A, the
minimal C™-module with “hull (2”.

Notice that for closed subset (! C R™, the submodule M = I({); B) of A has the
“Whitney-type” characterization

(5.4.1) I(Q;B) ={f € C™(R";B); J™(f,a) =0 Va € (1}
Indeed, the localizations of M are closed,
(5.4.2) M(@)=0 Vaec and M(a)=J"Q®B Vaé¢.

The first equality in (5.4.2) is obvious, while the second follows from the existence
for any point a ¢ (1 and a tuple (b,),j<m € J™ ® B of a smooth function f €
C™(R™; B) with the given jet {(0” f)(a) = b, }|,|<m at {a},and such that f vanishes
at a neighborhood of (1.

As we mentioned earlier, the “finite dimensional” argument of Whitney’s the-
orem (see [16, Chapter 2]) applies to any module M with closed localizations
M(z) (z € R™). So we get the equality M = M, which in our case has the form
(5.4.1).

We shall consider a quotient space A/I(f); B). Any element f € A/I(Q); B) can
be identified with a tuple of partial derivatives restricted on {2,

(5.4.3) fula)=0"f|Q, ae, |v|<m.

From Taylor’s Theorem it follows that B-valued continuous functions {f, €
C(,8), |v| < m} satisfy the relations

(544) (@)= S Sfiru@)@—a)* = ojz—a™ ) Vz,a€ || <m.

lul<m—|v|

Following [16], we call any tuple F' = (£, ),|<m of continuous B-valued functions
{f.} on a closed set ( satisfying (5.4.4) a Whitney function on 2. The left-hand
side of (5.4.4) is called a v-remainder of F' and denoted by (R F)(z,a).

On the space C™((2; B) of all Whitney functions on (2 one introduces a sequence
of seminorms (see [16, Chapter 2])

v
649 1Flng= X Ifulue +sup { LD 4 5 g},
lv]<m
where Q) runs over all compact subsets of (). If () itself is compact, then @ = (1 in
(5.4.5) defines as usual a Banach norm || F||,, on C™((, B).

We have already seen that any m-smooth function f € C™(R™; B) gives rise to
a Whitney function F = (f,),|<m by (5.4.3).

Conversely, in the scalar (B = C) and finite-dimensional (dim B < o) cases
the well-known Eztension Theorem of Whitney asserts that any Whitney function
F = (f,)|v|<m is obtained from some f € C™(R™; B). Moreover, the “extension”
F — f can be made a bounded linear operator. Precisely,
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PROPOSITION 8. There ezists a linear operator W:C™((2; B) — C™(R™; B),
s.t.

(1) 8*(WF) [a= f, V|v| <m,

(2) IWF|im@ <ClFll7,q YF € C™(};8), @ C .

The “finite dimensional” argument of this theorem (cf. [16, Chapter 1]) carries
over verbatim to Banach vector-valued functions. Thus we get an isomorphism

(5.4.6) C™(R™; B)/I(Q); B) = C™(Q; B),

for any closed subset ! C R™. Let us notice that the isomorphism (5.4.6) is
topological.

Now we shall assume that (1 is a smooth submanifold of R™. The following
important theorem gives a characterization of the quotient space A/I(f2, B), equiv-
alently the space of Whitney functions C™((2, B), for closed submanifolds 2 C R",
in terms of normal bundles over (2.

THEOREM 3. (I) If Q is a closed submanifold of R™, then there is a natural
isomorphism of the spaces

(5.4.7) C™(;8) = 4/1(; 8) = @PTI™ (2 & ® B),
1=0

where & = &, denotes the lth symmetric tensor power of the normal bundle & =
Si(N) and T*(QQ; £, ® B) the space of all k-smooth sections of the bundle (£, ® B, (1).

(I) Moreover, if Q1 1s an orbit of a Lie group U acting smoothly on ) and on
the normal bundle (2, N), then the isomorphism (5.4.7) s topological, t.e. the sum
of (m — l)-norms (5.3.4) on the spaces T™!(Q), €, ® B) is equivalent to the norm
(5.4.5) on the space of Whitney functions, the latter in its turn being equivalent to
ordinary (without the “remainder”) m-norm,

1Pl ~ IFlme =D lfullze(e)
lv|<m

For convenience the proof of Theorem 3 will be given in Appendix B. Here we
shall only describe explicitly the isomorphism (5.4.7) and mention some important
facts derived in the argument.

Given a jet-function {f,()},|<m on () we construct a tuple of symmetric r-
forms ¢ € T(Q; €N @ B), r =0,1,...,m, whose “matrix entries” are functions
(fv)|v|=r, i-e. a symmetric multilinear form #(") evaluated on a tuple of basic vector
fields

01,...,01;02,...,02; ...;0n,...,0n, v=(v1,V2,...,Vn),
N e’ N e’ N——
vi-times vo-times vn-times
is equal to
(5.4.8) ¢ (z;01,...,01; ...;0n,...) = fu(z), z €l

By multilinearity and symmetry ¢(") extends to all other tuples ¢y,...,&; & =
Y i=1¢ij(2)9; € T(Q x C™), hence defines an element of I'((; £ ") @ B).

It turns out that the forms {¢("}™ , constructed from a jet (f,)(v|<m are (m—r)-
smooth,

(5.4.9) oM e (€ @ B),
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and related in the following way; for any tangent field £ € I'(2; T) and a tuple
N1y...,Mr € TN X C"),

(5.4.10) Vg[d)(')](m,...,n,):¢(r+1)(§;n1,...,n,), r=0,1,...,m—1.

In differential-geometric terms the right-hand side of (5.4.10) means the contraction
i¢ of the tensor-field ¢("+1). So (5.4.10) can also be stated as the equality V¢¢(") =
: ¢ ¢(r+ 1)

Expanding ¢(") into the sum of (k, [)-components ¢(") = @, ,_, ¢k, according
to (5.2.4) and using (5.4.9), (5.4.10) one can show that all {¢x ;}x>0 are uniquely
determined by the normal components {¢o,;}~ and {¢o} are (m —I)-smooth (see
Appendix B for details).

5.5. Now we return to the problem posed at the beginning of the section, i.e., the
study of minimal ideals I(w) of the algebra A = C§*(R™; B) with hull w C R™ x X,
an orbit of the compact group U acting on R™ and B.

Denote by (2 = p(w) the projection of w on R™ (the orbit of U in R™) and for
any a € (2 denote by w, the fibre p~!(a) Nw, identified with the orbit in X of the
stabilizer U, of a € (1. We have to prove the equality

(5.5.1) Iw)={f€A|J™(f,a) € J™® I(w,) Ya € O},
where I(w,) is the minimal closed ideal of B with the hull w, C X. We denote by

I(w) the right-hand side of (5.5.1).

The results of §§5.3-5.4 will be used in order to reformulate the problem in terms
of smooth sections over (). For this it is more convenient to consider nonclosed
minimal ideals Ip(w,) (a € ) of the algebra B, and Ip(w) of the algebra A. By
definition they consist of all functors vanishing at a neighborhood of w, and w. The
minimal ideals I(w,) C B and I(w) C A4 are closures of Ip(w,) and Ip(w) in B and
A respectively.

The corresponding equality for nonclosed ideals should be

(5.5.2) Io(w)={f € 4] J™(f,a) € J™ ® Io(wa) Ya € O}

which is obviously false as the left-hand side is included in the right, but not vice
versa. However both sides of (5.5.2) become equal after factorization modulo the
minimal ideal I({); B) (notice that both sides of (5.5.1) contain I(2; B)). Precisely,
the quotient Ip(w)/I({); B) is equal to a subspace Mg = {F € C™(;B) | F(a) €
J™® Ip(w,), a € N} in the space of Whitney functions.

Another way to state the equality

(5.5.3) To(w)/I(Q; B) = Mo

is to say that each Whitney function F' = (f,),<m on (1 with the property f,(a) €
Ip(we) Va € Q, extends to a smooth function f(z) € C™(R™; B), vanishing at a
neighborhood of w. In such a form (5.5.3) follows from the explicit construction
of an extension operator W: F — f in Whitney’s Theorem [16, Chapter 1, §3].
Namely, the value of f = WF at z is obtained as a linear combination of “Taylor
series” > (1/V!)f,(a)(z — a)” at “nearby” points {a} C . Taking z sufficiently
close to (1 all Taylor coefficients {f,(a)}.<m at “nearby” a’s have a common open
“hull” A C X (a neighborhood of w,), i.e. {f,(a)}., consequently the value of f at
z, f(z) € B, belong to the minimal ideal I(A) of B. The “size” of A depends only
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on the distance between z and (1, hence the function f(z) = WF € A vanishes at
a neighborhood of w.

After (5.5.3) the problem can be reformulated in terms of modules in the space
of Whitney functions on (). Along with My we consider a closed submodule

M={FeC™(;B)| F(a) € J™®I(w,) Va € (1}.
Then (5.5.3) is equivalent to
(5.5.4) M= Mo (the closure in C™((); B)).
Next we shall apply the isomorphism (5.4.7) of Theorem 3,

C™(@;B)=@Pr™%6®8), &=S8(N),
=0

to write Mg and M as direct sums of submodules in the spaces of smooth sections.

LEMMA 6. (1) The tmages of modules Mo and M under the isomorphism (5.4.7)
decompose nto the direct sum

Mo=EPMos, M=PM,
1=0 1=0

where Mo, My C T™H((); £, ® B).
(2) The components Mg, and M; (I =0,...,m) are characterized as

Moy ={p €T™ ;& ® B) | ¢(a) € S(Na) ® Io(wa), Va € 0},
(5.5.5) M ={oeT™ Q& B)|(LY¢)(a) € Si(Na) ® I(w,),
VaeQ, [v|<m-1}.

Here LY = Lyv are differential operators of the induced representation L on the
bundle (& ® B; ) and Ly, h € $, are given by (5.3.9).

PROOF. To check the first equality (5.5.5) we observe that the left-hand side is
included in the right-hand side. Indeed for F € Mg local B-values of its coefficients
fu(a) € Ip(wa) ¥|v| < m, hence forms {¢(")(a)}™, with matrix-entries {f, (a)}},|=r
belong to S, (R™)®Ip(w,) (vanish at a neighbourhood of w, ) as well as their normal
components, ¢o(a) € S;(Na) ® Io(wa).

Conversely, if a tuple of (0, !)-forms has local values vanishing at a neighbourhood
of we, ¢o,(a) € Si(Ny) @ Ip(ws), then one can show (cf. Appendix B) that the
forms ¢(") obtained from ¢, by iterated “differentiation (5.4.10)” will have the
same property,

¢ (a) € S,(R™) ® Ip(wa), Va €.

Then of course all matrix entries of ¢("), {f,(a)}, belong to Ip(w,) and the jet
F= (fu)lulﬁm € Mo.

To prove the inclusion M; C “right-hand side of (5.5.5)” in the second equality
it suffices to check that for any ¢(") € I™~7((); £(") ® B) obtained from a Whitney
function F € M, one has

(LY¢™)(a) € S,(R") @ I(ws) VYa€Q, [v|<m—r.
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But F € M implies
¢(')(a;n1, cosr) € Hwg) VYa€eQ, Ynq,...,n, € C®(;R™).
By (5.4.12) an infinitesimal operator Ly, (h € $)) maps ¢(") into the form

(Lad)(@in1, - me) = UV (a5 6(R), 1, - e
+ B(h, @) (a; m1, .., my),
whose B-value at {a} is obviously in I(w,) for all a € Q, h € $ and all tuples,
N,---,Nr € C®(;R™). So
(Ln¢™)(a) € I(wa) ® S-(R™)  (a€).
Iterating this formula k times (k < m — r) we get
(5.5.6) (Ln,Lh, - Ln,¢')(a) € I(wa) ® S(R")  (a€Q), Yhy---hi C 9.

Conversely, if a form ¢(7) € T™~7((); (") @ B) satisfies (5.5.6) with k = 0,
the coefficients (f,)},|=, of the form ¢(") are obviously in I(w,). Thus we get: a
Whitney function F € M if and only if

(5.5.7) (L¥¢)(a) € I(we) ® S,(R™) Ya€Q, 0<r<m, v|<m-—r

Formula (5.5.5) follows when we restrict each form ¢("), r = 0,1,...,m, to its
normal component ¢o, | =1

5.6. The problem we have to deal with now can be reformulated as follows. Let
(£,9) be a finite dimensional smooth U-homogeneous vector bundle with fibres
{E(a):a € 1} and a cocycle 7(a,u) (a € Q,u € U). Given a Banach space B we
consider a Banach vector bundle (£ ® B,(2) with the trivial action of U on the
second factor. As above we denote by L the induced representation of U on the
spaces of smooth sections I'™({); £), I'™(Q}; £®B) (m =0,1,...) and by Ly (h € )
its infinitesimal (differential) operators.

Let us also assume that we are given a representation R of U on B and a system
of (nonclosed) subspaces of B, {Ip(a) | a € 1}, with the property

(5.6.1) R,Io(a) = Ip(a™) Vae, uel.

In our case Ip(w,) will play the role of Ip(a). We denote by I(a) the closure of
Ip(a) in B (in our case I(a) = I(w,)). Then we also have

(5.6.2) R,I(a)=I(a") VYae€Q, uel.

Given systems of subspaces {Iy(a)}scq and {I(a)},cq we can define a pair of
submodules Mo and M in the space of smooth sections I'™((); £ ® B), similar to
(5.5.5),

Mo={feT™ERB)| f(a) € E(a) ® Ip(a) Va € 0},
M=A{fel™(Q;EQRB)|(LYf)(a) € E(a) ® I(a) Va € Q, |v| < m}.

We have to prove the equality

(5.6.4) M = My (the closure in the m-norm on I'™((); £ ® B)).

(5.6.3)

For this we shall impose some conditions on the spaces {Iy(a); I(a)}scq and the
action of U on (&,Q2) and B, which eventually enable us to “localize” the problem
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to a single point a € {1 and thus to solve it. Later we shall check these conditions in
the case that we are mostly interested in, i.e., when B = 4,(X) is a Fourier algebra
on a compact group X and U acts by translations on X.

The conditions are:

(I) If a smooth section f € Mg C I'™(£); € ® B), then all “partial derivatives”
(L*f) (lv| < m) satisfy

(5.6.5) (L¥f)(a) € E(a) ® I(a) Va€Q,

i.e., any “derivative” LY f of an element f € My is itself in the “M-type” subspace
of the space I~ I¥I(); £ ® B).

Notice that instead of infinitesimal operators L one can use covariant derivatives,
Ve V¢, in (5.6.5), & being tangent vector fields. We need property (I) in order
to have the inclusion Mg C M.

(IT) The subspace Ip(a) N By, is dense in the m-norm of B, in the space

I(a)m = {b€ Bm | R¥(b) € I(a) V|v| < m},

for all a € (). Here R” are products of infinitesimal operators R}’ --- R, corre-
sponding to elements hi,...,hx C $.%

(IIT) For any a € (1 the subspace Ip(a) is stable under the primary (isotypical)
decomposition of the representation v — R, of the stabilizer U, on B (see §1.2),
i.e., if b € Ip(a), then P, (b) € Ip(a) Vo € Us,.

(IV) The submodule M, is stable under the primary decomposition of the rep-
resentation L ® R of the group U, i.e., if f € Mg C I'™(Q; € X B), then P,(f) €
.M() Ve ﬁ .

THEOREM 4. Let (£,Q) be a finite dimensional smooth U-homogeneous vector
bundle, R a representation of U on a Banach space B and {Ip(a),I(a)}ecq a system
of subspaces of B satisfying conditions (I)-(II). If the submodules Mo and M in the
spaces of sections I'((); £ @ B) are defined by (5.6.3), then

M =My (the closure in the m-norm of T™(Q; £ ® B)).

PROOF. First notice that the space A = I'(Q2; £ ® B) has a natural tensor
product structure, 4 = I'™((); ) ® B with “m-uniform cross-norm”,

ij@bj = Zma.x{ ;QIEQ}
J

lv|<m
(f; €C™(%;€), b € B). The group U acts on A by tensor product of the induced
representation L on I'™({2; £) and the representation R on B.

The submoudles Mg and M of A are invariant under the representation L @ R
on I'(Q,€) ® B. So they decompose into the direct sum of their 7-primary
components (7 € U). This is obvious for the closed L ® R-invariant subspace M
of A and for Mg follows from assumption (IV). Since Mo(7) C M(m) it suffices to
prove the equality

> L (f)(@) ®b;
J

m

(5.6.6) Mo(m) = M(n) forallmeU.

4The notation I(a)m has a slightly different meaning from that of Bm, as I(a) is not U-
invariant, but only “U,-”. However we consider m-smooth vectors of I(a) with respect to the
whole Lie algebra §) of U.
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Let us first prove it for the trivial representation 7 = 1 € U. The 1-component
A(1) consists of all U-invariants of the representation L ® R, i.e.,

feA1) e (LOR)f=f Yuel.

Consequently, the 1-primary components of M and Mg consist of all L® R-invariants
of M and My respectively.

The invariance relation (5.6.7) implies that each section f € A(1) is uniquely
determined by its value at a single point a € () and the element f(a) € E(a) ® B is
invariant under the representation v — 7(a,v) ® R, of the stabilizer Uy,

(5.6.7) (r(a,v™ 1) ® R,)[f(a)] = f(a) Vv € U,.

We rewrite the invariance relation (5.6.7) in infinitesimal form, i.e., for elements
h of the Lie algebra $

[(Lr®D)fl(a) = —(I® Rn)(f(a))  (h€H).

Consequently,
(5.6.8) (L ® ) f](a) = (-)(I ® R")[f(a)].

The latter equality shows that the vectors {b = f(a) € E(a) ® B, f € A(1)} are
m-smooth with respect to the rerpesentation I ® R on E(a) ® B. Conversely, any
m-smooth vector b € E(a) ® By, which satisfies (5.6.7) extends to a U-invariant
m-smooth section f(z) € A(1) such that f(a) = b. Namely,

(5.6.9) f(z) = 7(a,u) ® R (),

where z = a*. By (5.6.7) f(z) is independent on a particular choice of an element
u € U, which takes a to z. So (5.6.9) defines a continuous section f(z) satisfying
the invariance relation (5.6.6). To check that f(z) is m-smooth let us compute its
“partial derivatives” {L"f},. Obviously, at the point {a}

(Lrf)@) = ()R (),
exists for all [v| < m and h = (hy,...,hx) C $H. Then for any other point z € (2
we get
(LY f)(z) = (1(a,u) ® Ry N)[(Logz1 ey f)(a)]
(56.11) = (10w @ R)DM x Y auu(w)BAE).
[l <y

The coefficients a,,,(u) in the sum (5.6.11) are obtained from the expansion
of an element ad;'(h¥) € (%) in the Poincaré -Birkhoff-Witt basis {P*Hui<ivls
where h = (hy,...,hg) is a basis in $.

So a partial derivative L¥(f) exists and is continuous for all |v| < m, ie., f €
I'"(Q; € ® B). Thus we get the following characterization of A(1): a section f €
A1) iff

(a) b= f(a)€ E(a)® B Vae(,

(5.6.12) (b) (r(a,u) '@ R.)(b) =b Vue€ U,.
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Moreover, m-norms in the spaces E(a) ® B, and A(1) C I'*(Q;& ® B) are
equivalent. Indeed,

IR ®)Il = (L¥ f)(a)ll < sup{l|(L*f)(z)|: = € Q}.
So ||bllm < ||f|lm- The inverse inequality follows from (5.6.11).

Conditions (5.6.12) yield a similar characterization of 1-components M(1) C M
and Mo(1) C Mo. Namely, f € Mo(1) iff

() b= f(a) € E(a)® (Io(a) N Bm) Vaeq,
(b) (r(a,u) '@ R)b=b YueU,.
Correspondingly, f € M(1) iff

(a) (®) = f(a) € E(a) ® By and
(5.6.14) R¥(b) € E(a) ® (I(a) N Bym_pup)) VIv| <m,
(b) (r(a,u) '@ R.)b=b VueU,.

Now let b € E(a) ® By, satisfy (5.6.14). By property (II) it can be approximated
by bo € E(a) ® (Io(a) N By,), such that ||b — bo|lm < €. Since any Banach repre-
sentation of a compact group is bounded there exists a constant ¢ = ¢(R, m) such
that

(5.6.15) 15 = Ru(bo)llm = [|Ru(b = bo)||lm < ce VYu € U,.
Averaging the function b— Ru(l-)o) over U, we get

16— Bo(1)llm < ce

where b(1) = [;; Ru(bo) du is the 1-component of bg. By (III) bo(1) is in E(a) ®
Io(a) along with bg, and it satisfies the invariance relation (5.6.12)(b).

If f(z) and fo(z) is a pair of continuous sections in M(1) and M¢(1) obtained
from the local values b and by(1) by (5.6.9), then

If = follm < ¢'llb=bo(1)llm < cce.

This proves the equality Mo(1) = M(1) for 1-primary components. In order
to prove it for a nontrivial 7 € U we shall realize the spaces Mo() and M(w) as
1-primary components of a certain finite extension of the bundle £ ® B.

Let d = d(7) = d(n*) be a degree of m. We consider a smooth vector bundle
&' = £ ® C4 (CH4 is identified with the trivial bundle 2 x C?) and a cocycle

7(a,u) = 7(a,u) ®7* () (a€Q, ue).

As above we define a Banach vector bundle (£’ ® B,(2), the space of sections
A'=T™(Q; £’ ® B) and the submodules M, and M’ of 4'.

Conditions (I) through (IV) are easily verified for the new representation L’ and
modules M’ and M). Notice that the space I™(Q2; ') = I'™(();€) ® C? and the
representation L' = L ® 7*.

Let A’(1), M’'(1) and M{(1) be 1-primary components of the representation
L' ® R acting on the spaces A’, M’ and M/, respectively. Since 4’ = 4 ® C? we
can attach to each section f' € A’ a tuple (fi,..., fa) of sections f; € 4. Let us
define a continuous linear map W: 4’ — A asW: f' — E?zl [i- W is easily verified

(5.6.13)
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to map A’(1), M’(1), and Mg(1) onto A(7), M(m) and Mo() respectively. As we
have already proved ﬂ:)(l) = M/(1), then of course, Mo(m) = M(r) Vrr € U, which
implies Mg = M. The theorem is proved.

5.7. In order to apply Theorem 4 to the proof of Lemma 3 we have only to check
the above conditions (I)-(IV) in the case when B = A,(X) is the Fourier algebra on
the compact abelian Lie group X with a finite weight p on the dual group A = X.
The representation R of U on B is given by translations

(Ruf)(@) = fz+1(w)  (f € Ap(X), ue D),

where [: U — X is a group homomorphism.
We also assume that U acts by affine transformations on R™. Then for any orbit
w C R™ x X with a projection 2 C R™ and fibres w, C X(a € 1), we shall define
a system of subspaces {Io(a)}scq and {I(a)}q.en as nonclosed and closed minimal
ideals of B, Ip(a) = Ip(ws), I(a) = I(w,).
“Each w, C X is an orbit of a stabilizer U, acting on X by translations and a
subgroup Z = [(U,) C X is independent of a € Q. Therefore all w, (a € ) are
cosets of the same (fixed) subgroup Z C X.

LEMMA 7. The system of subspaces {Io(wa), I(wa)}acq and the representation
R of the group U on the space B = A,(X) satisfy properties (I)-(IV).

PROOF. Properties (I), (II) and (IV) are easily verified. For instance, to check
(I) we note that, if for some f € I'™((); £ ® B) an element b = f(a) € E(a) ® A,(X)
considered as a vector-function on X,

b(z) = (bs(z),...,bk(x)), bj(z) € Ap,(X), k =dim E(a),

vanishes at a neighborhood A, of w, (A, C X), then there exists a pair of neigh-
borhoods A’, a neighborhood of a in (2, and A” a neighborhood of w, in X, such
that A’ contains all w, (z € A’), i.e., all elements f(z) (z € A’) satisfy

f(z) € E(z) @ Iy(A") (z € A).
Then, of course, all covariant partial derivatives (V¥ f)(a) “vanish on A”, i.e.,
(VYf)(a) € E(a) ® Ip(wa) VY|v| < m.

Consequently, (L” f)(a) € E(a) ® Ip(wa), V|v| < m. Since the latter holds for any
point a € ( we obtain property (I).

To check (III) we take an element be A,(X) that vanishes at a neighborhood
A of a coset w, = Z + z and notice that there exists a Z-invariant neighborhood
A’ C A of w,. Then all isotypical components i’x (xeZ ) will vanish on A’.

To check (IV) let us note that the module Mg in our case is a union of closed
L ® R-invariant submodules {Ma }acx defined as follows. Fix a neighborhood A
of the subgroup Z in X and consider a neighborhood A, = w, + A of an orbit
we C X. We put In(a) = I(A,) to be the minimal closed ideal of B with the hull
A,. Obviously, R,Ia(a) = In(a®) (a € Q, u € U). Define a closed submodule Ma
similarly to the definition (5.6.3) of Mo,

Ma={feT™(N,ER®B)| f(a) € E(a) ® In(a) Va € }.

Obviously, Ma is a closed L ® R invariant subspace of A = T™(); £ ® B) and the
union (Jo, Ma = Mo. This implies (IV).
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Notice that until now we have not used any specific property of the Fourier
algebra B = A,(X). So (I), (III) and (IV) hold for any commutative regular and
Wiener algebra B and a representation R of U on B.

The proof of (II) however will require some specific properties of A,(X) and the
above representation R.

We recall that U acts on A,(X) by translations,

(Ruf)(@) = f(z+1(u))  (f € A(X)Vuel),

where [:U — X is a homomorphism. So in fact a commutative factor group
Y = |(U) acts on B. The infinitesimal operators of this representation R are
partial derivatives “along directions Y lifted to the Lie algebra $ of U. Precisely,
we choose a system of coordinates (yi,...,y,) in the connected component Yy of
Y, Yo = T" (r = dimY) and set 0 for a partial derivative oWVl /Byt -y on
X. Smooth vectors of the representation R are functions f € A,(X) which are
m-times differentiable in variables y € Yo and such that 9y f € 4A,(X) V|v| < m.
The m-norm of f is given by

(5.7.1) 1fllm =" 10y l4,0)5

lv|<m
Let us notice that the m-norm (5.7.1) is equivalent to a weighted L,l,,-norm on the

dual (discrete) group A = X, i.e., By, is equal to another Fourier algebra Ay (X).
The weight o’ on A is described as follows. We consider the annihilator subgroup
B =Yj* C A and the factor group A/B = Z". For an element 2 = (z1,...,2,) € Z"
we set
pm(2) =14 > ||~ 1+]2™,
lv|<m
where |z| = |z1| + - + |2

The weight function p,, “pulls back” from the factor group Z” = A/B to the
whole group A. We denote by p’ the product pp,,. Then m-norm (5.7.1) is equiv-
alent to L!,-norm.

Now let X be a compact abelian Lie group, Y C X a connected subgroup of X
and Z C Y a closed subgroup of Y. We consider the Fourier algebra B = A,(X)
with a finite weight p and a dense subalgebra B, = A, (X) (p' = ppm).

Let us define the following two ideals of B,,: I’ = I'(Z) the minimal closed ideal
of By, = A,(X) with hull Z and

(5.7.2) I=1(2)={f €Bn|04f €I(2) Vlv| < m},
where I(Z) denotes the minimal closed ideal of the algebra B = A,(X) with hull

Z. They correspond to subspaces Ip(a) N By, (the closure in B,,) and I(a)m, in
notations of (III).

We have to prove the equality I’ = I. This is done by reducing the problem to
the case of the trivial group Z = {0}, i.e., primary ideals I’ and I. The argument is
similar to Theorem 4. We observe that both ideals are invariant under the “regular
representation” of the subgroup Z on X, and hence decompose into the sum of
x-primary components I'(x) C I(x) (x € Z).
Then we show that the equality I'(x) = I

I(x) for any x is equivalent to the
equality of the “trivial” components I'(1) = I(1)

(1 is a trivial character on Z).
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The transition from 1- to x-components is accomplished by multiplication with
a smooth nonvanishing function ¢ € C*°(X), which “transforms according to x”,

d(z+2)=x(2)p(z) VzeX, z€Z.

Obviously any such ¢ maps B(1) onto B(x) and preserves minimal nonclosed
ideals. So ¢I'(1) = I'(x) in the algebra B, = Ay (X).
To show the equality ¢I(1) = I(x) for the ideal I we use the Leibniz formula

CHCHED'S (:) 9y 7#(¢)04(f) c1=1(2) C B,

u
which implies ¢I(1) C I(x). But the inverse function 1/¢ € C®(X) takes I(x)
back into I(1). So both are equal.

This reduces the problem to verification of the equality I'(1) = I(1). But the 1-
components I’(1) and I(1) are naturally identified with primary ideals at the point
{0} of the algebra A, (X1) = App,.(X1) on the factor-group X; = X/Z. Namely,
I'(1) is the minimal primary ideal at {0} of A, (X;), while [(1) is characterized
similar to (5.7.2).

Thus we arrive at the following situation: a compact abelian Lie group X with a
closed connected subgroup Y C X, Y = T", acting by translations R, on X, a pair
of Banach algebras B = A,(X) and B, = App,, (X) (m-smooth vectors of B with
respect to R), and a pair of primary ideals of B,,: I’ = I'(0) the minimal primary
ideal at {0} and the ideal
(5.7.3)

I={f€Bn] (0y f) € I(0)—the minimal primary ideal of B at {0} V|v| < m}.

We want to show that I’ = I. For this we shall use the following well-known
characterization of minimal primary ideals of Fourier algebras 4,(X) with a finite
weight p [6, §38].

Let I = I(0) be a minimal primary ideal of A,(X) at {0}. The annihilator of
I consists of all pseudomeasures ¢ = )¢, 8"(60) (6o is a Dirac measure at {0})
such that the inverse Fourier transform of 86, (0“6) (z) = (i2)", belongs to the
space L°(A), i.e., sup{|z¥|/p(z)|z € Z*} < oo.

We decompose the dual group A = Z"®Z*~"®F, where (Z¥—"®oF) =Y+, Z7 =
Y and F is finite. By definition (5.7.3) the annihilator of the ideal I C L, (A)
consists of all monomials {z¥*#}, v = (v1,...,vk), & = (K1,...,H,) With 2¥ €
L$°(A) and |u| < m. But this is precisely the set of monomials which annihilate
the minimal primary ideal I’ C L}, _(A). Therefore, I' = I. Q.E.D.

Lemma 3 of §3 follows from the results of this section. B

Indeed, by Theorem 3 and Lemma 6 the equality I(w) = I(w) in the space
C™(R"™; B) is equivalent to equalities M; = Mo, (0 < [ < m) in the spaces of
sections I ~(£); S;(N)® B), while Theorem 4 and Lemma, 7 establish the equalities
M; = Mo, under assumptions of Lemma 3.

REMARK 2. Let us note that Lemma 3 holds for any smooth action of U on
R™ (not necessarily affine, as formulated in §3).The only modification which is
required is a new definition of the “normal” bundle (N, ). Since there is no inner
product on R™ which is preserved by differentials du of smooth maps u:R" —
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R" (u € U), we do not have an invariant orthogonal complement N, of a tangent
space T, = T,(2) C R™ (a € 2). However (see Example 3 of the Introduction), a
representation 7(a,-) of a stabilizer U, is defined on R™ and the tangent space T,
is invariant under 7(a,-). By Weyl’s “complete reducibility” principle it possesses
an invariant complement 7, in R™. One easily verifies that for any u € U, the
differential du maps T, onto T,.. In particular the union T’ = (J,cq T, and
consequently all symmetric-tensor powers Sk(T’) = Uyecq Sk(T;) have a natural
structure of smooth U-homogeneous vector bundles.

REMARK 3. A version of Whitney’s Theorem proved in §5 can be posed in
a more abstract setting of Banach algebras. Let B be a Banach algebra upon
which a Lie group G acts by automorphisms. As above (5.4) we denote by R the
representation of G on B and by RY (v = (vy,...,V), k = dimG) its infinitesimal
operators. Then all subspaces of m-smooth vectors B,, (m = 0,1,2,...) are also
Banach algebras.

We take a nonclosed ideal Iy C B, whose B-closure is denoted by I, and define

[={fe€Bn|R'feIY <m}.

One can show that I is a closed (in m-norm) ideal of B,,. An abstract form
of Whitney’s Theorem is the following statement: the closure of Iy N B,, in B,, is
equal to I.

In §5 we have proved this conjecture for the Fourier algebra B = 4,(X) on a
compact abelian Lie group X, when a subgroup ¥ C X acts on X by translations
and Io is a minimal (nonclosed) ideal of B with hull Z C Y (Lemma 7).

We have also shown how the problem for the algebra C§*(R™, B) reduces to that
for B. Indeed, condition (II) of Theorem 4 is exactly “Whitney’s property” of B.

It would be interesting to find other examples, which confirm or disprove this
conjecture.

6. Applications of Theorem 1.

6.1. Burnside type theorem for Banach representations of motion groups. Let
G = A x U be a motion group, i.e., a semidirect product of LCA group A and a
compact group U acting by automorphisms on A.

An immediate consequence of Theorem 1 and [10, Theorem 2|, is the following
version of the Burnside type theorem for motion groups. Let us call a Banach
representation g — T, of the motion group G subpolynomial if the weight p(a) =
| T.|l (a € A) is subpolynomial.

THEOREM 5. IfT 13 a subpolynomial topologically irreducible representation of
a motion group G, then T s completely irreducible and therefore (9, Theorem 1] is
Naimark-equivalent to a unitary trreducible representation of G.

Indeed, the group algebra L},(G) has a crossed product structure £ = L(U; A)
with a commutative regular and Wiener algebra 4 = L}(A) and a compact group
U acting by automorphisms on A,

u f — f(a%) (feA uel).

By Theorem 1 all representations R“ (w C A) are FM. Then by [10, Theorem
2] any topologically irreducible subpolynomial representation T of G is completely
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irreducible and since A is also symmetric T is Naimark-equivalent to a unitary
irreducible representation of G [9, Theorem 1].

As in [14, 10], Theorem 5 implies that in the class of subpolynomial represen-
tations of motion groups (respectively subpolynomial weights on G) all notions of
irreducibility are essentially equivalent and therefore all different dual objects of
L = L(G) coincide.

COROLLARY 3. Let p be a subpolynomial weight on a motion group G, L =
L,l,(G). The following dual objects of L are identical:

Prim; £ = Prim, £ = Prim, £ = Prim. £ = G, = Max L.

Here Prim with a subscript denotes the space of all primitive ideals (i.e., kernels
of irreducible representations) for topological, complete, algebraic and unitary irre-

ducibility, G, 1s the unitary dual object of G and Max L the space of all mazrimal
two sided ideals of L.

REMARK 4. In special cases the restrictions on the repesentation’s growth can
be dropped. We shall mention one such class of groups: G = A x U with almost
compact abelian group A (i.e., A which coincides with the union of its compact
subgroups). Natural examples are nonarchimedean motion groups G = F" x
SL(n,Z), where F is a nonarchimedean field, Z is the ring of integers of F.

For such groups Theorem 1 and therefore Theorem 5 and Corollary 3 hold for
any weight p on G, respectively for all Banach representations of G.

Indeed, the vector component R™ = 0 in this case and any weight on A = D is
uniformly finite with m(p) = 1.

REMARK 5. Topologically irreducible representations naturally appear in the
study of one-sided ideals of Banach algebras. Indeed, every maximal closed left
(or right) ideal N of L defines a topologically irreducible representation R of £
on the quotient space £/N. The Burnside type theorem reduces the problem of
characterization of all maximal left ideals from L to its *-primitive quotients £/ M.
For the latter the problem was solved in [14]. So Theorem 5 combined with [14]
yields a complete characterization of maximal left ideals of the group algebra L,‘,(G')
on a motion group G with a subpolynomial weight p.

6.2 Primary ideals of invariant subalgebras. Let a compact group U act by
automorphisms on the Banach algebra A. We consider the subalgebra Z = AV of
all U-stable elements of 4, i.e.,

Z={fed|f*=FYuel).

If A= L}(A) and U acts by automorphisms on A, then Z = L(A)Y consists of
all U-invariant functions on A.

These algebras retain some basic properties of A, e.g., the Wiener property,
regularity, symmetry, etc., but usually they violate Ditkin’s property (cf. [24]). It
is still possible however that a weaker version of Ditkin’s property, the property
(F) of the introduction, holds.

Theorem 1 yields a positive answer to this problem for group algebras L},(A),
equivalently Fourier algebras A,(X).

Indeed, since a quotient algebra Z/I(w) (Z modulo the minimal primary ideal
of Z with the hull {w}) is identified with a subspace of U-invariants in A/I(w),
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property (R) implies
dim Z/I(w) = k(1; R*) < oo.
Thus we get the following generalization of Varopouloses’ result [24].

COROLLARY 4. Let A be a LCA group and let a compact group U act by au-
tomorphisms of A. For any subpolynomial weight p on A the subalgebra Z =
ZYLL(A) of the group algebra L}(A) satisfies property (F). Moreover, codimen-
stons of minimal primary ideals of Z are bounded by the constant c(n, p) of Theorem
1.

More general invariant subalgebras appear in the context of so-called [FC|g-
groups. We recall their definition (for more details, see [8, 5, 18]). A pair of
a LC group G and a subgroup B of its automorphisms, which contains all inner
automorphisms I(G), is called a [FC|g-group if all B-orbits B(z] = {z* | u € B}
are relatively compact in G.

Of course all pairs (A,U) of a LCA group A and a compact group U acting by
automorphisms of A belong to this class.

In the case of B = I(G) we get so-called [FC]~-groups, i.e., groups with relatively
compact conjugacy classes.

The structure of their group algebras L},(G) and harmonic analysis on them
were studied in several papers (see, for instance, [8, 15, 18]). The following two
subalgebras of L},(G) proved to be important in this study: Z L},(G) the centre of
L},(G) and a B-fized subalgebra

ZBLL(G)={f € L,(G) | f(z*) = f(x); 2 € G, u€ B}.

Obviously, ZLA(G) = Z!(@LL(G) 2 ZBLL(G). These subalgebras are always
commutative semisimple Banach algebras. In [15] a sufficient condition on the
weight p was given in order that ZP L,l,(G) is regular and Wiener. In [18] Ditkin’s
condition and property (F) were studied. In particular, property (F) was proved
for any B-invariant subalgebra ZBL!(G) of a Beurling group algebra L}(G) with
a polynomial weight p, under the following two assumptions.

(1) Group G is compactly generated.

(2) B acts on G by so-called “automorphisms of bounded displacement” (see
[8))-

The second condition holds for all [FC]~-groups G i.e., when B = I(B), but
fails in general.

The results of §§2 and 3 (Theorem 1 and Lemma 1) enable us to drop both these
restrictions, i.e., to prove property (F) for any [FC]g-group G and a B-invariant
subalgebra ZBL1(G). Of course, the polynomial growth condition must be replaced
by a “subpolynomial” condition similar to Definition 1 of §1.

To define a notion of a finite and uniformly finite weight for [FC|~ groups we
need some structural results concerning this class (see [8]).

(S1) Any [FC)g-group G coincides with the union of its open compactly gener-
ated B-invariant subgroups {Gg}q, i.€., G = lim, ind G,.

(S2) Any compactly generated [FC|5-group G contains a maximal compact char-
acteristic subgroup K such that G/K is abelian (and even torsion free).

(S3) Vector components { L } o of groups {G,/Ka }« stabilize after finitely many
steps. In particular, n = sup{dim L,, | a} < co.
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Now let p be a weight on G. Restricted on each compactly generated subgroup
G, it is equivalent to a K-invariant weight

polaz) = pa(a) Va € Gq, z€ K,.
Therefore p, factors through the weight of the commutative factor-group
Ay = Go/Ka, pala) =pala) (a € Ga,a=aKy,).

Let us say that p is uniformly finite if all {p, } are finite (cf. §1) and the degrees
of finiteness of {p4 }, are uniformly bounded,

(6.2.1) sup{m(pa) | @} =m < oco.

If, furthermore, each p, is polynomial on the vector component of A, we shall
call p subpolynomaial.

THEOREM 6. Let G be a [FClg-group and p be a subpolynomial weight on
G. The B-fized subalgebra Z = ZPL)(G) of the Beurling group algebra L1(G)
satisfies property (F). Moreover dim Z/I(z) < ¢(n, p), the constant of Theorem 1,
where n = sup{dim L, | a}.

PROOF. We consider the centre A = ZL}(G) and the B-invariant subalgebra
Z = ZBL.(G). We also introduce algebras A, = ZL}(Go) and Z, = ZBL},(GQ),
according to (S1).

The embedding p,: Zo — < defines a continuous map of Gelfand spaces, p: Z
— 24 Let z € Z and z, = p;(z) be its image in Z4. The homomorphisms p,
take the minimal primary ideal I(z,) C Z, into the minimal primary ideal I(z) of
Z. So it factors through a homomorphism of quotient-algebras

Wo: Zo/I(zo) — Z/1(x).

The images {Wy(Zo/I(2o))}a form a partially ordered family of subspaces in
Z/I(z) and their linear span is dense in Z/I(z). As in the proof of Theorem 1
it suffices to show that all quotients {Z,/I(z)}. are finite dimensional and the
numbers d, = dim(Z,/I(z,)) are uniformly bounded,

(6.2.2) do <d Vo

Then the “inductive limit” argument of Proposition 3 yields dim Z/I(z) < d.

So let us assume that G is a compactly generated [FC]g-group. As above we
define the subalgebras A = ZL}(G) and Z = ZBLL(G).

We shall use the following results of (8, 15] concerning the structure of 4 =
ZLY(g):

(S4) The Gelfand space X of A decomposes into the union of open disjoint subsets
{Xx}rea. Each X is identified with the dual of an abelian factor-group H) /K,
where H) is an open normal subgroup of G, and K is a compact characteristic
subgroup of G (cf. (S2)).

(S5) The ideal Ay = {f € A | suppf C Xy} is canonically isomorphic to the
Beurling group algebra L1(H»/K).

(S6) The ideals {Ax}rca span a dense subspace in A.
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We denote by U the closure of B in the group Aut G, equipped with the compact-
open topology. The group U is known to be compact (see [8]), and it acts by
automorphisms on A,

u:f(z) = f(z*)  (feh uel)

The subalgebra Z C A coincides with the set of all U-invariants of 4. Let us also
notice that the compact group U acts on the discrete space A, i.e., X} = X)u VA €
A, u €U (cf. [18]). Let w C X be an orbit of U in X. We shall prove that the
representation R¥ of U on the quotient space A/I(w) is FM and the multiplicities
k(m; R*) are estimated as in Theorem 1.

According to (S4) w splits into the finite union (J,,wx of disjoint subsets
wx = wN X, each of which is an orbit of a stabilizer Uy. As in the proof of Lemma
3 (83.4) the representation R“ in the quotient space A/I(w) is induced by R“*
acting on the space Ay /I(wy).

The stabilizer U acts by automorphisms on H) and consequently on the abelian
factor group Hy/K. The action of Uy on X, is dual to its action Hy/K and the
representation R“> arises from this (automorphic) action. Let us also notice that
by (S5) the representation space A, is isomorphic to the group algebra L},(H 2/ K).
Thus all the assumptions of Lemma 1 (§3) are satisfied and we get

(6.2.3) k(m; R*) < e(n, p)d(r) Vr € Us.

Then Proposition 7 yields the same estimate for the induced representation,
(6.2.4) k(m; R*) < ¢(n, p)d(n).

In particular, for the trivial representation 1 € U we obtain
(6.2.5) dim Z/I(w) = k(1; R*) < ¢(n, p).

The right-hand part of (6.2.5), ¢(n,p) = m(p”)d(7n) depends only on p and the
dimension of the vector component of Hy C G (= G,). Since dimensions of vector
components L, of LCA groups G,/K, are bounded, n, = dim L, < n, we get the
required uniform estimates (6.2.2). The theorem is proved.

Appendix A. We shall prove Lemma 5 by induction in the degree of smooth-
ness m. For m =0, ['(Q; £ ® B) = Dy = D, by definition.

Assume that T~ 1(Q; £ ® B) = D1

In order to characterize the spaces I'™((); £ ® B) and D,, we proceed to local
coordinates of the smooth vector bundle (£,(2). In local coordinates each section
f € T(Q; £ ®B) turns into a vector-valued function f: R*¥ — B®E, where k = dim (]
and E=E, (a € ).

By definition, f € I™(Q); £ ® B) iff f is m-smooth, i.e., f € C™(R¥;B ® E),
which is equivalent to

(A.1) 9,feC™ Y (R¥;BRE)

for all partial derivatives 3, on R¥. On the other hand f € Dn, iff Ln(f) €
Dm—1 Vh € $, which is equivalent by the inductive assumption to

(A.2) (Lhf)~ € C™ Y R*B®E) Vhe$.
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In order to check the equivalence of (A.1) and (A.2) we rewrite a first order
differential operator Ly on (&,() in local coordinates. Owing to local triviality it
has the form (5.3.8), i.e.

(Lnf)( Zaj h,2)9;f + B(h,2)f(z),
7=1
where a;(h,-) are scalar and B(h,-) is a Hom(E; E)-valued C*°-function.
Now let f € I™(1; € ® B), which by (A1) is equivalent to 85 f € C™"!, j =
.yk. Then of course, L;'f € C™~! Vh € § which by (A.2) implies f € D,
Thus we have proved that
I'™(Q; & ®B) C Dpn.

Conversely, let f € D,, which is equivalent to

Ly f)(z ZaJ (h,z)3;f + B(h,z)f(z) €C™ ' Vhe$H
7=1
by the inductive assumption.
Notice that any f € Dy, obviously belongs to D,_; and therefore f(z) and
B(h,z)f(z) are (m — 1)-smooth. Since the coefficient B(h,z) is co-smooth we get

k
(5.4.11) Y aj(h,z)0;f €C™! Vhe$, f €D
71=1
Let us choose elements (hy,...,hx) in $ such that the matrix A(z) =

(aj(hi, )%, is invertible at a neighborhood of 0 € R*. Applying the inverse

C°°-matrix function A(z)~! to the right-hand side of (5.4.11) we get 8; fecm1
V3 = 1,...,k, which means that f € I'™({}; ® B). This proves the equality
I"(Q;€ ®B) = Dm.

The above argument also shows the equivalence of both definitions of m-norm
(5.4.2) for T™(Q; £ ® B) and (5.4.3) for Dp,.

Appendix B: Proof of Theorem 3. We want to show the isomorphism of
spaces

(B.1) C™(Q; B) = C™(R™; B)/1(; 8) = @ T™!(2; &, ® B).
1=0
To each Whitney function F = (f,)|,j<m on {1 we attach a tuple of r-forms
(¢ s ¢ € T(E( ® B), whose matrix entries are coefficients {f,},

(B2) F — (d)(r)) -0 S. t. ¢(‘r) (a ala 613 32, ) 23 ) fU(a')
1738 1 25)
Each form ¢(") in its turn splits into the sum of (k,)-forms according to (5.2.9),
o) = @ Pk 1
k+l=r

We want to show that each ¢(") is (m —r)-smooth, equivalently ¢ ; is (m—k—1I)-
smooth, and a tuple (¢("))™, is uniquely determined by its normal components

(do,1)1%0-
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Conversely, any tuple (¢o,;)", as above gives rise to (¢("))™ , and consequently
to a Whitney function F = (f,),|<m by (B.2).

An essential step in the proof will be the following characterization of Whitney
functions on a smooth manifold ().

LEMMA 9. Let Q C R™ be a smooth submanifold.

(1) A tuple of continuous B-valued functions (f, ) |<m on Q defines a Whitney
function F € C™(Q; B) uff

(a) each f, € C™WI(Q; B) (i.e., f, is (m — |v|)-smooth),

(b) for any tangent vector field ¢ € T'(Q; T) the derivative of f, along & =
ST a;8; is given by

a{(fv) = Zajfy-q.&j Vivy| <m -1,

J=1

where b1, ...,6, denote the basic multi-indices 6 = (1,0,...,0);62 = (0,1,0,...),
etc.
(2) The remainder R¥ F s estimated by the L™ -norm of the highest order terms

(f#)|u|=m of F, namely

sup { EBNED, 2 e} <0 Ilimcan

|z — ajm-IvI’
|ul=m

with some constant C > 0, depending on (1.
In particular, the norm (5.4.5) on C™({); B) s equivalent to the usual m-norm

I ~ 1 Flm = 2 <om 1 fullee-

PROOF. (1) Necessity of conditions (a) and (b) easily follows from the definition
(5.4.4) of Whitney functions after proceeding to local coordinates on (2.

Let us prove sufficiency. Notice that (5.4.4) is nothing but a “curved” version of
the Taylor expansion of a smooth function f (if {1 were “plane” Taylor’s theorem
would immediately imply the result). We shall modify the argument in Taylor’s
theorem in such a way that geodesics on (2 will play the role of straight lines in the
Euclidean case.

Let us introduce the following notations:

(1) Let 7 = (41,...,Jr) be a tuple of integers 1 < gx <n (k=1,...,7).

(2) Let v = v(j) = (v1 - Vn) be a multitndez of j, i.e., vy is the number of 1’s
among the integers (Ji,...,Jr); V2 is the number of 2s,..., etc. (|v| = v1 +v2 +
R Vp = fr)‘

(3) A will denote a simplex (“r-interval”) A = {(t;,...,t,):1 >t >ty >
.-~ >t, >0} and Q) will denote the r-cube [0, 1]".

(4) If v = (71,...,7Yn) is a family of functions of bounded variation on [0, 1],
then dy()(t) will denote the measure d-;, (¢1) - - - dv;, (t-) on Q.

Take a pair of points a, z € (1 and a geodesic v:[0,1], — 2 with endpoints
4(0) = a; 4(1) = z. Denote by {v(t)}*, the Euclidean coordinates of ~(t).
We shall use the same procedure as in the proof of Taylor’s theorem, i.e. write the
difference f(z)— f(a) as a line integral fol (d/dt)(fo~(t))dt. But instead of straight
line intervals, as in the classical case we shall use curves ~(t). After the first step
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of the procedure we get
1 d n 1
f@) = fla)+ [ G o) de= fia)+ > [ @0 ent e

Writing each partial derivative (9, f) o 4(t) as

(8;f)(a) +1(85£) o ¥(t) — (8;f)(a)]
and applying the same procedure to the difference (9, f) o ¥(t) — (9, f)(a) yields

+Z(af / dr(t)+ Y / / (82 ,, 1) ((t2)) doyj (t2) dryy (12):

J1J2

After r iterations we get an expansion

f(z) = +Z(af<a / d; (1) +

+ Z (97 f) a)/ dy\9(t) + R (a,z)

=(J1---37)

(B.3)

with the remainder

B4 Ra=X [ (000t~ @@ 00,

In the rth sum of the expansion (B.3) we collect all tuples j, which correspond
to the same multiindex v, i.e. v(j) = v, and write it as

Z (0 f)(a) Z / dy(t)
lvl=r () =v? A7

Next we use the following modification of the well-known “simplex volume iden-
tity”

(B3) S [ a0 = S h1) A0 = Sz -a)".

sw(G)=v I A7

In the classical case dvy; = (z; —a;)dt (1 < ¢ < n) and (B.5) amounts to evaluating
the volume of A().

To show (B.5) in the general case we take any product measure du(t) =
[T, dui(t:) on [0,1]". For a permutation o € X, denote by du° the measure
[1i=1 dpoi)(ti). Then

(B5) S, ww=] () = [[ (1) - 1)

=1

Let us apply (B.6) to the measure du = dv(9). Since some factors of du are
identical now, certain permutations o will result in the same measure du. Precisely,
we divide the interval [1,2,...,7] into n disjoint subsets of the length vy, v, ..., vy
and denote by X(v) the stabilizer of this partition. Then each term in the sum
is repeated exactly v! = #{¥(v)}-times. Moreover there is 1-1 correspondence
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between all tuples 7 = (j1---Jr) s.t. ¥(j) = v and all cosets of £, modulo E(v).
The left-hand side of (B.6) thus becomes '3, ;)= fa dy?), while the right-
hand side is obviously [T,_y (v, (1) — 7(0)) = [T, (%:(1) — %(0))**, whence the
identity (B.5) follows.

The above procedure gives another derivation of the Taylor expansion of a
smooth function f on R™ and would be of little interest as such. But now we
shall apply it to the tuple of functions F' = (f,),|<m, satisfying assumptions (a)
and (b) of Lemma 9. Notice that f, are defined only on the submanifold ! C R",
and they are not assumed smooth.

Take f, (Jv| < m — 1) and write the line integral along ~ for the difference
fu(z) = fu(a). By assumption (b) of the lemma

1 n
f(@) = fu(a) = /0 S furs, 07(8) ds(t):

Here f, s, play the role of partial derivatives d; f,,, which no longer exist.

WEiting fu+6, 0 1(8) = futs,(a) + [fuss, ©2(E) = fuss,(a), using (B.5) and
repeating the above procedure r = m — |v| times we get the following “Taylor series
expansion” of f,:

(B.7) fle) = X hosula)(a—ap + (R'F)(a,a),
lvj<r 7
with the remainder RV F given by (B.4), i.e.
(B~8) (RUF)(x’ a) = Z / [fu+u(j) o 'Y(tr) - fu+u(j) (a')] d’)'(j)(t)'
yJam

J=(1---3r

In order to estimate each summand in the right-hand side of (B.8) we choose a
small neighborhood @ of {a} in Q2 such that the Euclidean distance |y(t) —a| (0 <
t < 1) increases monotonically as ¢t grows, for any geodesic v: [0,1] — @, with
endpoints 7(0) = a; (1) = z.

Notice that there exists a constant ¢ = ¢(Q), which dominates total variations
of all dv;(t) (0<t<1),ie.,

d|vi|(t) < clzi — a4 dt, 1=1,...,n.
The constant ¢ depends on the curvature of 2 at Q.
We get the following estimate of the remainder (B.8):

/A(r) [(Fotvii) o N(Er) = forw(i(@)] D (D)
(B.9) <max{|fu+v;)(¥) = forvip) @)y € st ly—al < |z —al}
X / dnyD|(t) = O(1)'|a — a["/r! as & —a| — 0.

AM

Obviously, this implies for all v that
(RVF)(z,a) = o|z — a[™" ),
i.e. the tuple F' = (f,),|<m is a Whitney function.
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We have proved the first statement of the lemma. To prove the second notice

that (B.9) gives an estimate of the “extra term” of || - ||;,-norm (5.4.5) in terms

of “highest order derivatives” {f,}.j=m of the tuple F. Indeed, for any compact
Q C 1 there exists a constant ¢ = ¢(Q) such that (B.9) holds for all a,z € Q. Then

|R,F(z,a)| Sl Ayl —
sup { iz g :Vr,aeQyp <c ﬁ2 max{|| fullLee(Q): || = m}
(r=m-—|v).

Of course, ||F||;, o < C'[|[F|lm,@ which completes the proof of the lemma.

After Lemma 9 we can give a similar characterization of forms (¢("))™ , which
correspond to a Whitney function F' = (f,)|,|<m under the monomorphism (B.1).
Given a vector field n = Y 7 a;0; € C™(Q;C™) (m > 1) and a tangent field
¢ € T(Q; T) we denote by V¢(n) the vector field ) d¢(a;)d; (a covariant derivative
of n along &) and by V%(n), V¢(n) the tangential and normal components of V¢(n).

COROLLARY 4. A tuple F = (f,)|uj<m of continuous B-valued functions f, €
C(€; B) 1s a Whitney function of and only
(a)" Each ¢ is (m —r)-smooth (0 < r < m) i.e.,
oM eI™ (M @ B).
(b)' For any tangent field ¢ € T°(Q, T) and a tuple (¢1,...,&) C C®(Q;R?),
(B.10)

VgD (Ernn &) = 60HD(E Enn &)+ D00 (€, ., Tel&), o, &),
1=1

Notice that the difference

VeldD (€ &) = D07 (6, V(&) &)
is by definition a covariant derivative V¢[#(")] “lifted” to r-forms. Hence (B.10)
can also be written as

(B.11) Ve[pD)(-) = gUHV(E,...) VEET™(Q,T).
Condition (a’) is obviously equivalent to (a) of Lemma 9.
To check the equivalence of (b) and (b’) we decompose vector fields &1, ..., &,

into linear combinations
n
&=) 00, 0 €C®(Q), i=12,...,r
1

Then apply ¢(") to the tuple (¢1,..., &),
(B12) ¢( ) Ela a{r Z fu (g1---3+) aljl cee Qpg .

J1...Jr
Differentiating (B.12) along ¢ and rearranging the terms one easily shows that
(b) implies (b’).
Conversely, let a collection of forms (¢("))™ , satisfy (a’) and (b’). Take a tuple of
basic vector fields (01,...,01,02,...,02,...,0n,...,0,) (v1 times “01”; v, times



REPRESENTATIONS OF COMPACT GROUPS 53

“9y”, etc.) and substitute for &;,...,&, in (b’). Then by the definition of ¢("),
(B.2),

a((fv) = ¢(r+l)(§’ 31, ey an) = Zaifu+6,-y
=1

where £ = Y 7 @;0;. This proves Corollary 4. After Corollary 4 we can complete
the proof of Theorem 3.

For this we shall rewrite conditions (a’) and (b’) of Corollary 4 for (k,!)-compo-
nents of ¢ =3, ., ok,

Recall that ¢i; is obtained by restriction of #(") onto the set of all tuples of
k-tangent fields &;,...,& C I'(Q; T) and l-normal fields &kyy1...& € T(QN).
Decompose V¢(¢;) into the sum of a tangent field V(;) and a normal field V(¢;)
and substitute in (B.11). We get

V£[¢k,l(€1a ceey gr)] =¢k+l,l(€a €1a ey é’r) + Zék,l(gl, ) Vlf(é‘z) T ET)
(B.13) . =
+ Y ka(€r -, VE(ED) - &)
1=1

For 1 < i < k the sth term in the second sum of (B.13) represents a certain
(k — 1,1 + 1)-form depending on ¢, while for k + 1 < 4 < r the ¢th term in the
first sum represents a (k + 1,/ — 1)-form depending on ¢ ;.

Formula (B.13) expresses a (k + 1,!)-component of the tuple (¢x,i)k+i<m corre-
sponding to a Whitney function F' = (f,)|,|<m in terms of ¢ ;. Hence the whole tu-
ple (¢k,1)k+i<m is uniquely determined by (m+ 1) its normal components {¢o}/%,
which by (a’) can be chosen independently in the spaces ¢o; € I™!((2; & ® B).
This proves the first statement of Theorem 3 and also the equivalence of norms on
the space of Whitney functions, ||F||), ~ ||F||m-

Now we want to show that the isomorphism (B.1) is topological, i.e., the m-
norm (5.4.5) on the space of Whitney functions C™((2; B) is equivalent to the sum
of (m — I)-norms (5.3.4) on the spaces of sections I™~!(Q; £, ® B).

We consider a Whitney function F' = (f,)|,|<m and a tuple of forms NN
™M ®B) (r=0,1,...,m), which corresponds to F according to Theorem
3.

In one direction the inequality between norms is easy. Indeed, a coefficient f,
is the “value” of a multilinear form ¢(") on the tuple of basic vector fields 8; (v;-
times), 92 (vo-times) etc. (|[v| =7), (B.2). So we get

Ifullzee = 16T (2;01,81, ..., 8n)ll Lo < [[6T)]| oo
Hence
S [n+r+1 . -
1Pl = 3 15w <3 ( AN ) 16z < €3 187 pnn:
lv|<m r=0 r=0

To prove the inverse inequality we need explicit formulas for the action of in-
finitesimal operators Ly, (h € $) on sections ¢(") € T™~7(Q; £(") ® B). Note that
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the bundle £(") = S, (R™) is trivial. Therefore infinitesimal operators Ly (h € $)
have the form (5.3.8), i.e.,

(B.14) Lhd'™ = 0¢(ny¢™ + B(h,-)¢(").

Regarding ¢(") as a multilinear form we write the first term of (B.14) as
Bery® ) (M1, -, 0r) = Oemy (6 (01, .. 1)) = E¢(')( “Velni)--)

Vi1, ..., € C(Q; R™), which by Corollary 4(b’) is equal to

UV (E(R), M, -, r).

Obviously,
19¢ry ¢ NIz < cll g ] eo
with some constant ¢ depending only on h.
The second term of (B.14) is estimated in a similar way,

IB(R, )6 |10 < |B(R, )]0 [|¢7]| oo
Hence,
1Lad™ Lo < (1671 |10 + (16| oo)-
Iterating the latter inequality k times (k < m — r) we get

k
IZh, - Lo lLeo <€D 1167 Lo Vha,... ke €5
=0

with some constant ¢ depending on (hy, ..., k).
The L®-norm of each ¢(") is estimated by the L*°-norms of its coefficients (B.2)

6Nz < D Mfullze.

lvl=r

Thus we get

Z||¢<'>np<m D D 1Al P

r |v|[<m-r

<C 3 Mul =CIFlm- QED.

|u|<m
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