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CONVERGENCE OF MULTIVARIATE POLYNOMIALS
INTERPOLATING ON A TRIANGULAR ARRAY

BY
T. N. T. GOODMAN AND A. SHARMA

ABSTRACT. Given a triangular array of complex numbers, it is well known
that for any function f smooth enough, there is a unique polynomial G f of
degree < n such that on each of the first n + 1 rows of the array the divided
difference of G f coincides with that of f. This result has recently been
generalized to give a unique polynomial Gnf in k variables (k > 1) of total
degree < n which interpolates a given function f on a triangular array in C*.
In this paper we extend some results of A. O. Gelfond and derive formulas for
Gnf and f — Gnf to prove some results on convergence of Gn f to f asn — oo
under various conditions on f and on the triangular array.

1. Introduction. Suppose we have a triangular array of points in R*, k > 1,
whose nth row p,, is given by

(1.1) pn = {z%,...,2™}, n=0,1,....

First suppose k = 1 and let [p,,]|f denote the divided difference of a function f with
respect to the points of the row p,. For k = 1, Gelfond (3, p. 39] showed that for
any integer n > 0 and any given function f for which the divided differences have
a meaning, there is a unique polynomial of degree < n satisfying

(12) 01Gaf = pslf,  5=0,1,....m.
Iffor j=0,1,...,n the yth column comprises only one element Tl ie, ) =197 =
- = 2", then G, f reduces to the polynomial interpolating f at 9, .. Lt If
instead each row comprises only one element, ie., 2/ = 2% = ... = ¥ j =
0,1,...,n, then the interpolation procedure is known as Abel-Gontcharoff interpo-
lation.
In [2, §5] Gelfond’s interpolation procedure is generalized to k > 1. To describe

this, we must first make some definitions. For p = {z°,...,2"} C R¥ and f €
C(R¥), we define

(1.3) f(z)dz = / f(z)dz = / f(0z® + -+ vpz™) dvy - - - du,
[p] [29,...,z"] gn

where S™ = {(v1,...,vn):v; 20, 5=1,...,m;> Jv; <1}and D gv; = 1.

The term dz in (1.3) will play an important role in distinguishing with respect
to which variable the integral is being taken. If this is unnecessary, we revert to
the usual notation (introduced in [5]) and write

(x)de= [ f.
(e) (o]
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142 T. N. T. GOODMAN AND A. SHARMA

It is shown in [2] that for any n > 0 and any f € C™(RFX), there is a unique
polynomial Gn(f | po,.-.,pn) (or Gnf) of total degree < n satisfying

(1.4) D*G,.f = D*f, Vawith|e|=5(j=0,1,...,n),
[ps] [ps]

where a = (ay, ..., ak),
|a| = a1 + -+ + ok and D* = 0% /9x{* --- 0% [Ox k.

Using the Hermite-Genocchi formula (e.g., [5])

(15) tor. . talf = 7
[to,...,tn]
we see that G, f reduces to G, f when k = 1.

If k> 1landiffor j =0,1,...,n the sth column of the triangular array comprises
only one element, then the above reduces to Kergin interpolation at z9,...,z", a
form of multivariate interpolation recently introduced in [4]. Further if we have
that 20 = --- = z™, then §,f reduces to the Taylor polynomial of f at z0. A
convenient remainder formula for Kergin interpolation is given in [5]. In [2] the
authors remark that it would be interesting to have an analogous remainder formula
for f — G, f when G, f satisfies (1.4). Such a formula is derived in §2 together with
a corresponding formula for G, f.

The above definitions extend in an obvious way to a triangular array in C* and a
holomorphic function f. For such a case with k = 1, Gelfond proves several results
about convergence of G, f to f as n — 0o, under various conditions on f and the
triangular array (3, pp. 36-54]. In §5 we state and prove some generalizations of
these results to k > 1. Our proofs generalize Gelfond’s proofs step by step and are
based on some lemmas in §3 and on some estimates in §4.

Recently T. Bloom [1] has generalized another result of Gelfond on the conver-
gence of Lagrange interpolation polynomials to the corresponding case of Kergin
interpolation. He also remarks that “it is quite likely that other results on Lagrange
interpolation for functions of one complex variable can be generalized to functions
of several complex variables by considering Kergin interpolation”.

2. Basic formulas. We first state some properties of the integral (1.3). The
proofs follow easily from the definition and are omitted. For any set S, [S] will
denote its closed convex hull.

PROPOSITION 1. Suppose T:R* — R! is an affine map, ie., Tz = Az + ¢

where A:R* — R! is linear and ¢ € R'. Then for any 2°,z',... 2" in R* and
f €C[T1",...,Tz"}|, we have
(2.) / fway= [ fTo)ds

[TzO°,...,Tz"] [z9,...,z7]

PROPOSITION 2. For z%,...,2" in R* and f € C[{zY,..., 2"}

(2.2) /[ ROEE / f(2)) de.

[Iou“wzn]
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PROPOSITION 3. For a,b€ RF and f € C'[{a,b}]

(2.3 /[a’b] Dyof = £(6) — f(a) = /M Dyf- [ Duf.

(0,a]

Here we have used the notation that for any y € R¥, D, denotes the directional
derivative

k
0
D, :=Zijj, DjzaTj’ y=(¥1,-- Yk

J=1

The following theorem is proved in [2]. Since there are some minor errors in pre-
sentation, we reproduce it here in a revised form.

THEOREM A (CAVARETTA, MICCHELLI AND SHARMA). There is a unique
polynomial G,.(f|po,...,pn)(z) of degree < n satisfying equation (1.4) for f(z) €
C™po U ---U py], where py,...,pn are given by (1.1).

PROOF. Consider first the case k = 1 with a triangular array of rows 7, =
{ton,---stnn}, n=0,1,... whereton,...,tnn where ton,...,tn, are real numbers.
In this case we can construct [3, p. 37] the fundamental polynomials of interpolation
Pn(t) = pn(t| 70,-..,™), n=0,1,..., satisfying

(2.4) [75]Pn = bjn, 7=0,1,....
Let {t}UroU---UTp_1 = {t1,...,tn}. Then p,(t|70,...,7n—1) is a homogeneous
polynomial of degree n in t;,...,tx; and so can be written
(2.5) Pr(tI 7o, Tno1) = 3 aatfl - tRN.
|ae|=n

We now take our triangular array in R* and define correspondingly
{£}UpoU---Upp_1 = {zt,...,2V}.

Next we define a differential operator g,(D|z;po, - - ,pn-1) on C*(RF):

(2.6) gn(D|z;p0,- .-y Pn-1) = Z aaD7}--- DY

lal=n

Finally we define
@1 Galfloosspn)@) =Y /[ 0Dl 0y-1)(8) .
§=0 Pj

We note that if

(2.8) f)=9(X-y), Ae€RF geC™A-poU---UX-pn],
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where A -y = A\y1 + -+ + Akyk, then

G6u(f1 90, ., pu)(a E / S aa(hah)@ e (A 2V g (X - y) dy

il |of=j

Ial—y

= Z/ gD (t)dt aa()\-:cl)"“ s (A-zN)eN by (2.1)
[A-p5]

E/\ pslg - pi(A -zl X po,..., A pj—1) by (1.5), (2.5)

In the terminology of [2], this says that G, lifts G,. It follows easily, as in 2], that
(1.4) is satisfied. Since functions of the form (2.8) are dense in C™*[pg U - - - U pn], it
follows that (1.4) is satisfied for all f € C™[po U --- U py).

Next we show that the polynomial G, f is the only polynomial of degree < n
satisfying (1.4). It is enough to show that if p is a polynomial of degree < n
satisfying

D®p =0, Vawith|a|=7 j=0,1,...,n,
[ps]

then p = 0. This is easily seen, since for any multi-index 3 with |3| = n, we have

0= DPp=DPp dz = DPp/n!.
[Pn] [Pn]

Thus p is of degree < n — 1. Continuing this process shows that p=0. O
The following result will be useful later.

PROPOSITION 4. Suppose T:R*¥ — R! is an affine map. For p; C R¥, j =
0,1,...,n, and g € C*"[Tpo U ---UTp,], define

f(@)=9(Tz), Gnf=Gn(f1po,--,Pn); Gng=Gn(g|Tpo,...,Tpn)-

Then
(2.8a) Gnf(z) = Gng(Tz).

PROOF. Let ¥(z) = Gng(Tz). We need to show that

D*¥ = D*f Vawithl|a|=7, 7=0,1,...,n
[p;] (]
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Let (Tz); = EJ 184;Zj + ¢y 1 =1,...,1. Then

Dy, -+ Dy, ¥(z)dz = E Qisky @ik Diy - Di; Gng(Tx) dx

p3] lpil 4. oii=1
l
Z Qiyky * " Qijk; (o] Dil T D‘l,gng(y) dy, by (21)

il,...,‘ij=l Pj
l
= Z Qiyky " Qijk; / Dil ”'Dijg(y) dy
T1yt5=1 (Tp;)

l
= / Z Qi ky 'aijijil o D’ljg(Tz) dx

[ps] 11,85 =1

= [ Di- Dy f(@)da.

[p5]
This completes the proof of (2.8a). O

To simplify the forthcoming formulas we shall put z°° = ¢° and for j = 1,2,...,
we put

/f(:c) dz = j! f(z)dz.
J (]
Now for k = 1, there are the following formulas for f € C™*1[{t} Upo U--- U py]

(3, p. 37]:
t) = lpslf -pi(t)
=0

where po(t) =1, and for 7 = 1,.

ti—1
(2.9) p;(t —J'/ / // / dt;---dtydy;_y1---dys.
J—1JY0 YY1 Yj-1

1
Putting R, f(t) = G f(t), we have

(2 10)
tn
// /// / FOD () dngr - dtr dyy - - dyy
Yo Yy1 n

These results are generalized to k > 1 as follows:

THEOREM 1. For f € C"*1[{z}UpoU- - -Upy], we have the following formulas:
n
(211) Gnf(@)=)_Pif(a)
j=0

where Pof(z) = f(y°), and for j =1,...,n we have

7-1
@) 2@ = [ [ [ [ f D[ Deey
1 J [yo):t] (ylvzl] [y',_lvxj_l] v=1

x f(y’)dz? - -dz dy’ - - - dy?
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Putting R, f(z) = f(z) — Gnf(z), we have

@13) Raf@= [ [ [ [ D o [ Doy

v=1

X f(:c"+l)d1:n+1 . -d:r:l dyn . -dyl.

PROOF. We first prove (2.13). As in the proof of Theorem A, it is sufficient to
prove it for functions of the form f(z) = g() - z), A € R*, where

geC™H{A-z}ur-pPU---UX-p".
In this case the right-hand side of (2.13) becomes

(2.14) /// / Az=Ag?) [ 2" = A y*)gn
1 n [yova;] [yn‘xn] v=1
X (/\ . xn+l)dzn+1 . ~d:c1 . dyn' . -dyl.

Since

)- (13" _ yn) / g(n+l)(/\ . zn+l) dr"t!
ly™z"]

— (A2t Ay / ™ (1) dt
A-ym,A-zn]

=A== A-yV)A-y A :c"]g(") = / g(""'l)(t) dt,
Ayn

it follows on successively reducing the integrals in (2.14) that we eventually get

Az
/// / / 9" (b)) dbpgr - dty dy™ - - - dy*.
1 nJAy? Syl Sy

Putting A -3/ = u; (7 =0,1,...,n) and applying (2.1), the above reduces to

Az tl tn
(2.15) /[]/[]/ / / gV (tpy1) dtngy - - dby duy, - - - duy
1 n] Juo uy Un

where [, h = j! f[/\.pj]h ( = 1,...,n). But by (2.10), we see that (2.15) is
precisely g(A-z) — Gn(g | A-po,-.., A pn)(A-z) which by Proposition 4 reduces to
f(z) — Gnf(z) and this proves (2.13).

In order to prove (2.11), we put

hj=Dgyo [[ Doy fs  7=1,2,...,m,
v=1
and observe that on using (2.3), we have
/ Dy _yo by (27 1) da?* ! = hy() — hy(y)
[y?,27]

so that

R;1(x) = R;-1f(z) - ] (x).
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Since R f(z) = f(z) — G, f(z), we get
9if(@) = Gj-1f(z) = P; f(2).

Relation (2.11) follows from summing this for j = 1,...,n, and recalling that

Gof(z) = f(¥°). O
REMARK. (2.12) and (2.13) for P, f and R, f, respectively, can be considerably-

simplified if we introduce the following notation. If w9 w!,... are elements of R¥

and f is sufficiently smooth, we set
To(z; f) = f(2),
(216) T (fC f) ((B UJ v ,wn;f)

= / T 1(z" Y Dy_in f) dz™ 1, n>1.
[w"‘,:l:]
Similarly we define
To(z; ) = To(z;0% f) = f(°),
(217) Tn(z; f) =Tn(x;w0v-~,wn;f)
= / f’n_l(a:"_l; Dy f)da™ 1, n> 1
[wm 2]

We can then rewrite (2.12) and (2.13) as follows:

(2.12a) / / (390, .., 9% fdy (1=1,...,n),

(213&) Rnf(il?)=‘/1"’/Tn+l(x;yna"‘ay0;f)dy

3. Some lemmas. Henceforth we suppose that the elements of our triangular
array lie in C* (k > 1), i.e., p, = {2°7,...,2""} C C¥, n=0,1,.... All the results
of §2 hold without change if we allow f to be holomorphic in the appropriate region.

For z,w € C*, we write 2 - w = zjw1 + -+ + 2wk and |z| = (z-2)V/2. If f is
holomorphic in a region containing {z € C*: |z| < r}, we set

(3.1) My (f;7) = sup{|D*f(2)|: la] = n, |2| = r}.
LEMMA 1. If a is a multi-indez with |a| = v < n, we have

(3.2) DT (z; f) = Tn-u(2; D*f),

(3.3) D*T(2; f) = Tn-u(2; D* )

where T, (2; f) and T, (2; f) are given by (2.16) and (2.17).
PROOF. It is sufficient to prove (3.2) for v = 1, i.e., for 1 < j < k, we have

(3.4) D;Tn(2; f) = Ta—1(2; D;f).
We shall prove this by induction on n. For n = 1, we have
D;Ti(z; f) = D; " ]Dz-—w‘f(zo)dzo = D;(f(2) - f(w')) by (23)

= D, f(z) = To(2; D;f).
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Assume that (3.4) is valid for n — 1. Then by (3.2) we get

(3.5) D;Tn(z f) = 9 Tno1(z" YD, n f)dz" 1.
(923' [wn,2]

Since T, is a linear operator on f, it follows that

/ Tp_1(z" YD, n f)dz™ !
[wn,2]

1
'M’“

I
—

(3.6) (z - Wn)i/[ ]Tn—l(zn_l;Dif) dz"!
wnh,z

K3

1
(z —w™); /0 Tho1(w™ +t(z —w™); D;f) dt.

Il
.M”

=1

We observe that
9 1
—/ T 1(w" + t(z — w™); Dif) dt
9z; Jo
1
(3.7) - / D,To1(w" + t(z — w™); Dif)t dt
0
1
= [ DTstor 4tz - ) Dyt
0

where the last equality follows from the inductive hypothesis.
From (3.5) and (3.6) we have, by using (3.7),

1
D;Tu(% f) =/O Ty (0" + t(z — w™); D; f) dt

k 1
+> (z- wn)iDi/ Ta-1(w™ +t(z — w"); D;f)t dt
i=1 0

_ / Chyde + / oy
0 0
=h(1) = To-1(2; D; f)

where
B() = Tao1 (" + t{z — w™); Dy ).
This completes the induction. Relation (3.3) follows similarly. O
When w! = --. = w™ =0 in (2.16), we shall denote Ty (z; f) by TO(z; f).
LEMMA 2. We have

k’nlzln
n!

(3:8) TR (= f)] < M.(f;2])-
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PROOF. We prove (3.8) by induction on n. It is clearly true for n = 0. If (3.8)
is valid for n — 1, then

Tz f)| = ’ /[0 T8 w3 D2f)

k

/ > AT (w; Dif) dw

[O,Z] =1

n—11. .1m—1
S/ lei'%_Mn—l(Dif; |w|)du)
< ognlsleD [ ot

Since

1 n—1
/ |1 duw =/ et = P
[0,2] 0 n

the inequality (3.8) follows immediately. O

For given v%,v!,... in C*, we define

QO,n(zl§ f) = Tr?(v0§f),

3.9 id
(39) Qma(z'; f) =/ / T? <U0;HDzi_vif) dz™t1. . d22
[vmvzm] =1

[vt,21]

Observe that, for 1 < <k,
9 0 9 ¢ 0,0 0,0
5;T,?(v iD2g) = o7 > 4 T3(w% Dyg) = T3(v% Dig).
1 j=1

A similar computation confirms the identity

(3.10) 2 19, D2g) = pTYW; DI Dig), 2 1.
This leads to

LEMMA 3. The following representation is valid for m > 1:

m—1
B1)  Qualaif) = TR0 0PN = X Qo (5 D231).
J=0 )
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PROOF. We note that

/ Tr? (vo; H Dz"—v"f) dzmt!
[v™,2m)

v=1

k m—1
:/ E(z"‘ -v™), T (vo; H Dzv_quif> dzm11

v=1

k m—
:/ Z(zm _vm) 9z Z+l n ( H z"—v"Dz’"+‘f> dzmt!
[vm,zm] =

v=1

=70 (v : H D,v_yvDym f) —-T0 <v°; H Dy _yvDym f)) ,

v=1 v=1

where we have used (3.10) and (2.3) successively. Thus, we have

Qm,n(zl§f) =/ / Tg <v0§1ri—[1Dz"—v"Dsz) dz™ - d2?
[v!,21] [vm-t,zm ] v=1
= Qm-1,n (25 Dym f) .
Repeating this process successively we derive (3.11). O
LEMMA 4. If|[v'| <7, ¢=0,1,...,m, then for any p > 0, there exists a number

K depending on p such that

(3.12) @i < K () M)

for |z| < p.

PROOF. Let {o;}§° be a sequence of numbers in C given by the recursion
relation

kp)? kr) .
(3.13) o; = (J') 2-:1 ( V!) @y, J=1,2,..., =L
We shall first show that
(3.14) |@m.n (25 )] < Crnom

where Cpn o = (k7)™ Mpm4n(f;7)/n!. It has been shown in [3, p. 42] that there is a
constant K depending only on p such that

3.15 am < K (kr/log2)™, m=0,1,....
(3.15) (kr/log

Inequality (3.12) follows from (3.14) and (3.15).

We shall prove (3.14) by induction on m for fixed n. From (3.8) and (3.9) we see
that (3.14) is true for m = 0. We now suppose that it is true form =0,1,...,p—1.
Then using (3.11) we get

(3.16)  Qun(s /I < T2 D”f|+Z = @ (50252 )|.
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From (3.8) we see that for |z| < p, we have
knl,UOIn
M, (fo ] |'Uo|)

~——kP|2[P My 1 p(f;7) < Cpn(kp)P.
Similarly, by the inductive hypothe31s, we have
|Q] n(z’ Dﬁ:ﬁ’lf)l < ( ) MJ+n ( ,’L_fof,r) Qy
(kr)

|Ta (% DES)| <
(kr)

(kr)”"’Mp+n(f, r)a; < Cpnl(kr)P™ JaJ

Therefore (3.16) yields

oo
1Qpin(# )| < Cpm [(":!)” +y & ap-j] = Cpmep by (3.13). O

s=1
LEMMA 5. For n> 1 and given vectors w',..., w™, 2" € C¥, we have
(3.17) Tn(z™wh,...,w™ f)

n—1
=T3(Z";f)—T3(w";f)—Z/[ |
j=1 wn,2"

.. T [ w?; Dav_ov dz? ... dz"!
/[wj+1,za‘+1] 7 ( H 2w f | 42 #

v=j5+1
PROOF. We prove this by induction on n. For n = 1, we have

Ty (24wl f) = / D1y f(2%) d2?

fwt,21]

— [ Dafz?)de? - / Dy f(22) dz?
[0,21] [0,w?)

=T(2*; f) — T (w'; f).

We next assume the formula to be true for n — 1. Then we have, from (2.16),

(3.18)
Tn(z";wl,...,w";f) =/ Thn-1 (z""l;wl,...,w"‘l;Dz»_wnf) dz""
[w™,z7]

n—1
- /[ | TO (2" Y; Dy f) dz"~ — Z /
wn,zn

w”,z"]

151

. 'I‘O w]; Dzu_wu dj"‘d -
/[wj+1,zj+1] J ( H f) ? ?

v=3+1
By (3.2) the first term in the above is

/ Dan T f)d 1 = T2 f) - TO(w™ f)
fwn,2n]

which together with (3.18) gives (3.17). O
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4. Estimates for R,f and P, f.

PROPOSITION 5. Suppose f is an entire function in Ck. If |z| < p and of
|z <r, 0<i<j, 7=0,1,2,..., then forn =0,1,2,..., the following estimate
holds:

(kp)" ! kr \"
. < n ; I a n ) .
W) Raf@ < A Mea(£30)+C (g ) Manalfir)
PROOF. We recall (2.13a) and note that fj dy’ = 1, so that in order to prove

(4.1) it is sufficient to show that | Ty, 11 (2; 4™, .. .,%% f)| is bounded by the expression
on the right in (4.1). But by Lemma 5 and (3.9), after an obvious adjustment of
notation, we have

Tn+1(z;y", ,y i f) = +1(3 - +1 y i f) = EQn J+l,J(z f)-

7j=1

Using Lemmas 2 and 4, we get for |2| < p,
ITn+1(Z; yn, .o 7y0' f)l

Gyt R (kry R
Sm Mni1(f;p) + KMy (fir ; ! <log2>

_ (kp) ! ‘ kr \"T AR log2
=t 1)!Mn+1(fap)+K Tog2 J; Myi1(f;r)
which proves the result with C < 2K. O

PROPOSITION 6. For j = 0,1,... let C; = max{|y|:y € [p;]} and let d; =
max{|y — z|:y € [pj+1], 2 € [pj]}. For 2° € Ck, let
Duz[{zo}UpUU...Upn], v=0,1,...,n,

and assume that f is holomorphic in a region containing D, 9. Then for any multi-
indez o with 0 < |a| = v < n, we have
(4.2)

|D*Rn f(2°)] <

{|z0| +k(c, +dyp +-+-+ dn—l)}"_”+l
(n—v+1)

8
|ﬁ|=a)-(|-1{'D f(2)],2 € Dpu}
and

(43)  1Dopu ()| < UL ERer Tl gy

Max

Dﬂf)

(n=v)! |8l=n
PROOF. We introduce some notation which we shall require. We set
(4.4) Mni1 = Max {ID?f(2): 2 € Dn}
and |w|| = le |wj| for any w € C*.

We rotate the coordinates so that z? =0, 2 = 2,...,k. We shall prove our
formula for this choice of 2% which entails no loss of generality because of Proposition
4. Take y? € [p;], 7 =0,1,...,n, and observe that

T = [ Dol ey dst
20—y
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and more generally

(

=[]
0:20-4%) /0,22 +30-31] /0,7 4ym=1 —y]

X DzO_yODz1+y0_yl o Dzn+yn—l_ynf(zn+1 + yn) dz"+1 cee dzl.
Since we have the inequality
n
|Dgo -+ Dan f(2)] < ] lle”|l P IDPf(2)],
v=0
it follows that

u&|nHwJNSMHm/ i
[0,20—4°]

n
/ 120~ 90 T I + =" — gl a2
[0’2"+'y"—l_y"] v=1

Observe that for any nonnegative function g(s), we have

/[0 +yrot ]“z”—yu—l“yyn-‘7(||zu+lll)dz'”rl
2V4yv—l—yv

2+~ —y¥|| iz 1+ ly” = —y¥ |l
-/ oleds < | o(s) ds
0 0

and for any A > 0, a > 0, we have the inequality

A ti+a A+a t1
/ / g(t2) dtadty < / / g(t2) dtg dt;.
o Jo o Jo

By repeated application of the above observation in the integrals on the right side
in (4.6), we arrive at the estimate

B t1 tn
| Tns1(2% )] < Mn+1,0/ / e | dtngye-dty
0 0 0

where

n
B =20+ lI°ll + D_ lly” — oMl < 12° + k(co + do + -+ + dn—1).

v=1

Thus

[T (2° n_(fﬁﬂﬂ+m%+%+ T+ dno)}

From (3.2) we see that for 0 < |a| = v < n, we have
IDT,(2% )| = |Ta- (2% D*f)|
(4'7) M +1 0 —
< ntly _ \n—vtl
< (n—v+1)!{|z |+k(co +dv+ -+ +dn-1)}
From (2.13a) and (4.7) we get (4.2).
In order to prove (4.3), we note that for |a| = v < n, from (3.3) we have

%y % N dyt| = | | T (2%9™, ..., 4% D f) dy™
n
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and representing this as a multiple integral similar to (4.5) we see that it is bounded
above by

‘/{o,zo_yul v/[O,Z"—l+y"’2—y"'1]

/ DzO_vazl+yv_yv+l cr
n

Dyn-1pyn-2_yn-1 D*f(y™)dy™ | d2™ - - - dz* T

Dﬁ / .
|ﬂ|-—n,/ D71 [0, zo_yu]
n—1

/ 12~ T] 12 + 9" - yllde -z,
[o’zn—l+yn—2_yn—l] ]=V+l

Applying the same method as above and (2.12a), we get (4.3). O

5. Convergence results. We now apply the estimates of §4 to prove that
under various conditions on f and the triangular array, §,f(z) — f(z) as n — oo,
or equivalently, f(z) = ) 72, P; f(2). We shall prove

THEOREM 2. Suppose |2¥|<r, 0<i<j, 7=0,1,.... Suppose f is an entire
function on C* (k > 1) satisfying the inequality

(5.1) |f(2)] < C-p/27k=e . g0/k ] =
where C 1s a constant and € > 0 1s as small as we like. Then
(5.2) lim_ Gaf(2) = £(2)

where the convergence is uniform on bounded subsets of C*.

THEOREM 3. Let the numbers d; be defined as in Proposition 6. Suppose
Y ge0d;j converges and that

(5.3) 2= lim 2™
0<j<n
n—oo

If f 1s holomorphic in the region B = {z € C*,k > 1:|z — 2°| < R} and if
Bpr contains the points 22", 0 < 7 <n, n=0,1,..., then (5.2) holds, where the
convergence 1s uniform on compact subsets of Bgr.

If Z‘;’;O d; is not convergent, we have

THEOREM 4. With the numbers d; defined as in Theorem 3 let

N(r) =min{n:k(do + --- + dn—1) > r}.

Suppose f 13 an entire function and suppose there are numbers 0, with 0 < 6 <
1/2, 0 < X <log(8~! — 1), such that for all large enough r, we have
(5.4) max{|f(2)|:|z| =7} < exp{AN(0r)}.
Then (5.2) holds, where the convergence is uniform on bounded subsets of C*.

The basic tool in the proofs will be the Cauchy-Szego kernel for the ball [6,
Chapter 1]:

(k- 1D'R f(w)do(w)

(5.5) f(z) = Tont Jr B2z )R lz| < R,
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where f is holomorphic in a region containing {z:|2| < R} and do(w) denotes
surface measure.

PROOF OF THEOREM 2. For any s > 0, choose z° and a multi-index o with
|a| = n+ 1 such that |[D* f(2°)| = Mp+1(f;s). From (5.5) we have, for any R > s,

R(k ! we do(w
ID*f(2°)| = % /IwI=R (R(:_figu?w)lg+3;+1 ’

whence for some constant C; we have

(k+n)!Mo(f; R)
Rn+l(1 — s/R)k+"+l '
For any p > 0, we take s = p and R > (k + 1)p in (5.6) which shows that
(kp)™*1
(n+1)!
Moreover, from (5.1) and (5.6) for R > r we have

(5.6) Mpy1(f5s) < Cy

(5.7) Mny1(f;p) >0 asn — oo.

k+n)! g ,
M) < Oxg T e g

Putting R = r + (n + k)kr/log 2 in the above inequality, we get

' (k+n)!(’n+k)1/2"k"e ik loﬂ n+1
Mpi1(f;7) < Cs (n+ k)nt? € kr

which by Stirling’s formula yields

n+1
(5.8) M (fi7) < Ca(k +n)~¢ (%) .

The result now follows from (5.7), (5.8) and (4.1). O
PROOF OF THEOREM 3. On making a suitable translation and using Proposi-

tion 4, we may choose z° = 0 without loss of generality. The proof will be divided
into two parts (a) and (b). In (a) we shall show that

(5.9) f: P,f(2) = fi(2)
v=0

where f1(2) is some function holomorphic in Bg and that the convergence is uniform
on compact subsets of Bg. In (b) we show that fi(z) = f(z).

(a) We shall use formula (4.3) and to this effect we shall need a bound on
| [, DPf| = "!lf[p,.] DA f| with |8| = n. Take any R;,R; with0 < R; < R; < R
and for a given & > 0, choose N so large that 3 72 v d; < ¢ and ¢, < € forn > N,
where ¢, = max{|z|: z € [p,|}. From (5.5), we have

—_ 1
(5.10) / DAf(z)dz = K= VP2 / f(w) / DA(R? - 2-@)*dz do(w)
[pn] 2n |w|=Rs [pn]
where |8| = n. Putting g(t) = t~* and h; = R -2".% (j=0,1,...,n), we have

DA(RE - z-@) % dz = (—@)P f o™ (t) dt
[ho,--- hn]

= (—@)®[ho, - - -, hn]g-
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It is easy to verify (see also (1, Lemma 1.10, p. 75]) that

_ (= 5
(5.12) [ho, .- halg = oo Y 1/h
[v|=k-1
where h = (ho,...,hy,) and v = (Y0,...,7). From (5.10), (5.11) and (5.12), we
have forn > N,

(5.13

J

)
Dﬂf\ o nl(k—1)!Ry  Mo(f; Ro) K1 RS* 'Ry <n+k— 1) 1

2k (R% — st)"'H k—1 (R% — RQE)k_l
nink—1
<K,
<K, R o)

where K1, K, are constants independent of n. We now use (4.3) with |a| = N, |2] <
R; and obtain

(5.14)  |D*Puf(2)| < |

R1 + 2k€)n_N K2n!nk_l < KN+k_1 R1 + 2ke i
(n—N) (Rp—¢en ~ 3 '
Choosing € so small that (R + 2ke)/(Rz — €) < 1, we see that ) oo D*P, f(z)
converges uniformly for |2| < R;. We can then integrate N times to get the uniform
convergence of Y oo P, f(2) in |z| < Ry. Since Ry < R was arbitrary this gives
(5.9).
(b) For a multiple index 3 with |3| = n + 1 and for || < €, we have from (5.5)

k+n)R ~w)P f(w)do
|D?f(z)| = % /le=Rz ((ngz ;f(c::—,))kﬂ(:{
< M (K4 independent of n).

T (Re—e)"
Applying (4.2), we have for |a| = N <n

o ((2k + 1)g)n~N+1 (k+mn)!
< .
|ID*Rn f(2)] < (n—N+1)! i (Ry — &)™
2k+1 \"
< k+N—-1 '
< K5n <R2 — EE)
If we choose € such that (2k + 1)e/(R2 — €) < 1, we see that D*R,f(z) — 0
uniformly in |2z| < € which is equivalent to saying that D*§, f(z) — D*f(z).
From (5.9) we know that D*G,f(z) — D*fi(z). Thus D*f(z) = D*f;(z) in
|2| < € and hence for z € Bg for all a with |o| = N. Hence f(z) — fi(z) is a
polynomial of degree < N — 1. Since

D°f = DPGn = DAy, Bl=v, v=0,1,...,N-1,
[Pv] [pV] [Pu]

it follows that f(2) — fi(2) = 0, which completes the proof of Theorem 3. O
PROOF OF THEOREM 4. For a fixed p > 0, set

pn =p+ k(2% +do+ - +dn-1).
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Choose 1 with 0 < n < 6=1. Since Z;io d; diverges, it follows that for large
enough n we have
(5.15) Onpn < k(do + -+ + dn—1).

From (5.15) and the definition of N(r), we have N(fnu,) < n. Hence from (5.4),
we obtain

(5.16) Mo(f;npn) < exp{AN(6np,)} < exp(An).
If |2| < p we use (4.2) with v = 0 and obtain

pat!
(5.17) |Rnf(2)] < mMn+l(f§ pn)y |2 <p.

If we also require n > 1, then from (5.5) we have for |2| = p,, and || =n+1,
(k + n)'npn / w* f(w) do(w)
27k w=nun (M2HE — 2 - @)ktntl

(k+n)!Mo(f;nun) _ Ke(k+n)lexpin

=611 S —FT
gt (n = )FEnal T T (n — Dkt

From (5.17) and (5.18), we obtain

(k+n)!exp An
(n+ 1)!(n — 1)ktn+1

Choosing 1 so that log(n — 1) > ), we get the convergence of R,f(z) to zero
uniformly for |2| <p. O

|D*f(2)| =

(5.18)

by (5.16).

|Rnf(2) < Ke < K7 -n*exp{\ — log(n — 1)}n.
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