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CONVERGENCE OF MULTIVARIATE POLYNOMIALS
INTERPOLATING ON A TRIANGULAR ARRAY

BY

T. N. T. GOODMAN AND A. SHARMA

ABSTRACT. Given a triangular array of complex numbers, it is well known

that for any function / smooth enough, there is a unique polynomial Gnf of

degree < n such that on each of the first n + 1 rows of the array the divided

difference of Gnf coincides with that of /. This result has recently been

generalized to give a unique polynomial §nf in k variables (fc > 1) of total

degree < n which interpolates a given function / on a triangular array in Ck.

In this paper we extend some results of A. O. Gelfond and derive formulas for

Qnf and / — Qnf to prove some results on convergence of Qnf to / as n —> oo

under various conditions on / and on the triangular array.

1. Introduction. Suppose we have a triangular array of points in R , k > 1,

whose nth row pn is given by

(1.1) pn:={x0n,...,xnn},        n = 0,l,....

First suppose zc = 1 and let [pn]f denote the divided difference of a function / with

respect to the points of the row pn. For k — 1, Gelfond [3, p. 39] showed that for

any integer n > 0 and any given function / for which the divided differences have

a meaning, there is a unique polynomial of degree < n satisfying

(1.2) \Pj]Gnf = \pj]f,        j = 0,l,...,n.

If for j — 0,1,..., n the jih column comprises only one element x3, i.e., x3 = x33 =

• • • = x3n, then Gnf reduces to the polynomial interpolating / at x°,... ,xn. If

instead each row comprises only one element, i.e., x3 = x°3 = ••• = x33, j —

0,1,..., n, then the interpolation procedure is known as Abel-Gontcharoff interpo-

lation.

In [2, §5] Gelfond's interpolation procedure is generalized to zc > 1. To describe

this, we must first make some definitions. For p = {x°,...,xn} C Rfc and / G

C(Rk), we define

(1.3) /   f(x)dx= f f(x)dx= f   f(vQx° + --- + i>nxn)dux ■■■dvn,
J[p] J\x°,...,xn] JS"

where 5™ = {(vx,..., un): Uj>0, j = 1,..., n; £? Vj < 1} and J22 v, = 1.
The term dx in (1.3) will play an important role in distinguishing with respect

to which variable the integral is being taken. If this is unnecessary, we revert to

the usual notation (introduced in [5]) and write

/  f(x)dx= f  f.
_ J[p] J[p]
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It is shown in [2] that for any n > 0 and any / G Cn(Rk), there is a unique

polynomial §n(f \ po, ■ ■ ■ ,pn) (or §nf) of total degree < n satisfying

(1.4) /    Dagnf=f    Daf,    VQwith|a|=i(i = 0,l,...,n),
J\Pi\ JIpj]

where a = (ax,...,ak),

|a| = ai + ■ ■ ■ + a* and Da = dai/dx[*1 ■ ■ ■ da"/dx^k.

Using the Hermite-Genocchi formula (e.g., [5])

(1.5) [t0,..;tn]f=  [ fin)
J[to,...,tn]

we see that Çnf reduces to Gnf when k — I.

If zc > 1 and if for j = 0,1,..., n the j'th column of the triangular array comprises

only one element, then the above reduces to Kergin interpolation at x°,... ,x™, a

form of multivariate interpolation recently introduced in [4]. Further if we have

that x° = • • • = x™, then §nf reduces to the Taylor polynomial of / at x°. A

convenient remainder formula for Kergin interpolation is given in [5]. In [2] the

authors remark that it would be interesting to have an analogous remainder formula

for f — Qnf when Qnf satisfies (1.4). Such a formula is derived in §2 together with

a corresponding formula for Çnf.

The above definitions extend in an obvious way to a triangular array in Cfc and a

holomorphic function /. For such a case with k = I, Gelfond proves several results

about convergence of Gnf to / as n —> oo, under various conditions on / and the

triangular array [3, pp. 36-54]. In §5 we state and prove some generalizations of

these results to zc > 1. Our proofs generalize Gelfond's proofs step by step and are

based on some lemmas in §3 and on some estimates in §4.

Recently T. Bloom [1] has generalized another result of Gelfond on the conver-

gence of Lagrange interpolation polynomials to the corresponding case of Kergin

interpolation. He also remarks that "it is quite likely that other results on Lagrange

interpolation for functions of one complex variable can be generalized to functions

of several complex variables by considering Kergin interpolation".

2. Basic formulas. We first state some properties of the integral (1.3). The

proofs follow easily from the definition and are omitted. For any set S, [S] will

denote its closed convex hull.

PROPOSITION 1. Suppose T:Rk -> R' is an affine map, i.e., Tx - Ax + c

where A: Rfc —> R' is linear and c € R'. Then for any x°, x1,..., x" in Rfc and

feC[{Tx°,...,Txn}\, we have

(2.1) f f(y)dy= [ f(Tx)dx.
J[Tx°,...,Txn] J[x°,...,xn]

PROPOSITION 2.   For x°,..., x" m Rk and f G C[{x°,..., x"}]

(2.2) / f(x)dx< f \f(x)\dx.
J\x°,...,xn] J[x°,...,xn]
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PROPOSITION 3.  Fora,be Rk and f G C1 [{a,6}]

(2.3) /     Db-af = f(b) - f(a) = [    Dbf- [     DJ.
J[a,b] J[0,b] J[0,a]

Here we have used the notation that for any y G R*, Dy denotes the directional

derivative

Dy '■= ̂ ,Vjdv    Di = âTT>        V = (»i. ■ • • > Vk)-

7 = 1 3

The following theorem is proved in [2]. Since there are some minor errors in pre-

sentation, we reproduce it here in a revised form.

THEOREM A (CAVARETTA, MlCCHELLI AND Sharma). There is a unique

polynomial Qn(f\ Po, ■ ■ -,Pn)(x) of degree < n satisfying equation (1.4) for f(x) G

Cn[po U • • • U pn], where po,...,pn are given by (1.1).

PROOF. Consider first the case k = 1 with a triangular array of rows t„ =

{t0n, • • •, tnn}, n — 0,1,..., where t0n, ■ ■ ■ ,tnn where t0n,. ■., tnn are real numbers.

In this case we can construct [3, p. 37] the fundamental polynomials of interpolation

pn(t) = Pn(t\r0,... ,Tn), n = 0,1,..., satisfying

(2.4) [Tj]pn = 6jn, j = 0,1,....

Let {i} U ro U • • • U Tn-\ = {iii..., ijv}. Then pn(i| To,..., rn-\) is a homogeneous

polynomial of degree n in ti,..., ijv and so can be written

(2.5) P„(i|r0,...,rn_1)=  £ aat?--t%».

\a\=n

We now take our triangular array in Rfc and define correspondingly

{x}Up0U---Up„-i={x1,...,xJV}.

Next we define a differential operator c7„(Z?| x; pn,...,pn-i) on Cn(Rk):

(2.6) qn(D\x;p0,...,Pn-i)=  ^ a*D% ' ' ' Dx% ■

\a\=n

Finally we define

n      p

(2-7) 9n{f\po,---,Pn)(x) = y*        qj{D\x;p0,...,p^x)f(y)dy.
jíohpi]

We note that if

(2.8) f(y) = g(X -y),        A G Rfc, g G Cn[\ ■ Po U • • • U A • pn],
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where A • y — Aiyi H-h Afcj/fc, then

n      p

9n(f\P0,...,Pn)(x) = J£2 J2a^X-xl)ai-"(X-xN)°"'9U)^-y)dy
j=0J[Pj] \a\=j

= Ê/       gU)(t)dtY,*c*(X-x1r---(\-xN)a»    by (2.1)
,■=0'[*•«] \a\=j

n

= 3A ' ̂  ' P^X  x\X-po,...,X- pj-i)    by (1.5), (2.5)
7=0

= G„(g| Ap0,--.,A-pn)(A-x)   by (2.4).

In the terminology of [2], this says that Qn lifts Gn- It follows easily, as in [2], that

(1.4) is satisfied. Since functions of the form (2.8) are dense in Cn[po U • ■ ■ Upn], it

follows that (1.4) is satisfied for all / G Cn[po U • • ■ U p„].

Next we show that the polynomial QJ is the only polynomial of degree < n

satisfying (1.4). It is enough to show that if p is a polynomial of degree < n

satisfying

/     DQp = 0,    Vawith |a| = j, j = 0, l,...,n,
J[Pi)

then p = 0. This is easily seen, since for any multi-index ß with \ß\ = n, we have

0 = f    D0p = D0p f     dx = Dßp/n\.
J[Pn] J[Pn]

Thus p is of degree < n — 1. Continuing this process shows that p = 0.    D

The following result will be useful later.

PROPOSITION 4.   Suppose T:Rk —► R' is an affine map.  For pj C Rk, j =

0,1,..., n, and g G Cn[Tpo U • • • U Tpn], define

f(x) = g(Tx),       Qnf = 9n{f\P0,---,Pn),       QnÇ = 9Á9 | ?>o, • • • ,Tpn).

Then

(2.8a) 9J(x) = 9n9{Tx).

PROOF. Let M(x) = 9nÇ(Tx). We need to show that

/    DaU= (   Daf   V« with |q| =j, j = 0,1,...,n.
J\pi\ J\pA
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Let (Tx)i = I3j=i aijxi +ci, * = 1,• • • ,i- Then

/     Dkl ■■■DkU(x)dx = / Y]     allkl--aijkjDil---Di9ng(Tx)dx

JM 'Wi,,.^!

=     Z]     ailkl ■ ■ ■ aijkj Dil---Dijgng(y)dy,    by (2.1)

=   y]   anfci • • • Sfcj /     dh • • • ¿MCy) <fy

= / H    a¿ifei • ■ 'aijkjDi! ■ ■ ■ Di;jg(Tx) dx
JMi1,...,iJ=i

= f    Dkl--Dkjf(x)dx.

This completes the proof of (2.8a).    □

To simplify the forthcoming formulas we shall put x00 = y° and for j = 1,2,...,

we put

[f(x)dx = j\f    f(x)dx.
Jj j[pa

Now for k — 1, there are the following formulas for / G Cn+1[{í} U po U • • • U p„]

[3, p. 37]:

Gn/(*) = ¿b;]/-P;(*)
7=0

where po(t) = 1, and for j — 1,... ,n

iff1  ftl       /"'j-1
(2.9) Pi(i) = j\ / • • • /      /    /    • • • /        dtydh dy3_x ■ ■ ■ dyx.

Jl       Jj—1 Jyo Jyi        Jyj-i

Putting Ä„/(t) = /(í) - GJ(t), we have

(2.10)

Rnf(t)= [[•■■[[   f' ■■■ i" f{n+1)(tn+i)dtn+1---dtxdyn..-dyx.
Jl J2        Jn Jyo Jyi Jyn

These results are generalized to k > 1 as follows:

THEOREM 1.   For f ECn+1[{x}Lipol>---lipn], we have the following formulas:

(2.11) 9nf{x) = Yd?J(x)
3=0

where Pof(x) = f(y°), and for j = 1,...,n we have

7 — 1

(2.12) Pjf(x) =[■■[[       i        •■/ Dx_yo J] L>x,_y,
Jl       JjJ[y°,x}J[y1,xi]       J[yi-i,xi-i\ „J\

x f(y3) dx3 ■ ■ ■ dx1 dy3 ■ ■ ■ dy1.
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Putting Znf(x) = /(x) — 9nf(x), we have

(2.13)    ZJ(x) =/■•/ /        / •/ Dx_y0f[Dx^y,
Jl JnJ{y°,x]J{yi,xi} J{y" ,i«] "

x f(xn+1)dxn+1 ■ ■ ■ dx1 dyn ■ ■ ■ dy1.

PROOF. We first prove (2.13). As in the proof of Theorem A, it is sufficient to

prove it for functions of the form /(x) = g(X ■ x), A G Rfc, where

g e Cn+1[{X ■ x} Ö X ■ p° Ö ■ ■ ■ U X ■ pn].

In this case the right-hand side of (2.13) becomes

(2.14)     [■■[[       ■•■/        (X-x-X-y0)f[(X-x»-X-y»)9in+1
Jl JnJ[yo,x] J{y»,x«] "x

)

x (A • xn+1) dxn+i ■ ■ ■ dx1 ■ dyn ■ ■ ■ dy1.

Since

A (xn - yn) f (7("+1)(A • xn+1) dxn+1
J[y",xn]

= (X-xn-X-yn) [ g(n+1\t)dt
J[Xyn,Xxn]

= (X-xn-X-yn)[X-yn,X-xn]g^ = f   *  g{n+1Ht)dt,
Jxy

it follows on successively reducing the integrals in (2.14) that we eventually get

[...[ f   X f'    Í"  g("+l)(tn+i)dtn+i---dt1dyn---dy1.
Jl        Jn Jx-y° JXy1 J Xyn

Putting A ■ y3 = Uj (j = 0,1,... ,n) and applying (2.1), the above reduces to

(2.15) /••/    /      / 1-- [n 9in+1){tn+i)dtn+i---dtxdun---du1

where f,.xh = j\f,x    ,h (j .= l,...,n).    But by (2.10), we see that (2.15) is

precisely g(X ■ x) - Gn(g | A • po, • • •, A • pn)(X • x) which by Proposition 4 reduces to

f(x) - 9nf(x) and this proves (2.13).

In order to prove (2.11), we put

7-1

hj = Dx_yo Y[ Dx.-yJ,        j = l,2,...,n,
v=l

and observe that on using (2.3), we have

/        Dx3_ylh3(x3+1)dx3+1 = hj(x3) - h^y3)
J[yJ,x3]

so that

RJ(x) = Zj^f(x)-Pjf(x).
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Since Zjf(x) = f(x) - 9jf(x), we get

9J(x)-9j-if(x) = PJ(x).

Relation (2.11) follows from summing this for j = l,...,n, and recalling that

9of(x) = f(y°).   o
REMARK. (2.12) and (2.13) for PJ and P.J, respectively, can be considerably-

simplified if we introduce the following notation. If uj0,^1, ... are elements of Rk

and / is sufficiently smooth, we set

7o(s;/) = /(*),

(2.16) Tn(x;/) = Tn(x;uz\...,u,";/)

= /       Tn-i(xn-l;Dx^J)dxn-\        n>l.
J[wn,x]

Similarly we define

To(x;f) = T0(x;u,°;f) = f(uj0),

(2.17) fn(x;f) = Tn(x;u°,...,wn;f)

= [       fn-i(xn-l;Dx^nf)dxn-\        n>l.
Jk, x]

We can then rewrite (2.12) and (2.13) as follows:

(2.12a)        PJ(x) = J'■■• jfj(x;y3,...,y°;f)dy3---dyl       (¿ = l,...,n),

(2.13a) P.J(x) = j ■■■ j Tn+i(x;yn,...,y°;f)dyn---dyl.

3. Some lemmas. Henceforth we suppose that the elements of our triangular

array lie in Cfc (k > 1), i.e., pn = {z0n,..., znn} C Cfc, n = 0,1,.... All the results

of §2 hold without change if we allow / to be holomorphic in the appropriate region.

For z,w G Cfc, we write z ■ w = 2iuzi + • • • + zkujk and |z| = (z • z)1/2. If / is

holomorphic in a region containing {z G Cfc: |z| < r}, we set

(3.1) Mn(f;r) = sap{\Daf(z)\: \a\ = n, \z\ = r}.

LEMMA 1.  If a is a multi-index with \a\ = v < n, we have

(3.2) DaTn(z;f)=Tn-v(z;Daf),

(3.3) DaTn(z;f) = Tn-„(z;Daf)

where Tn(z;f) andTn(z;f) are given by (2.16) and (2.17).

PROOF. It is sufficient to prove (3.2) for v — 1, i.e., for 1 < j < k, we have

(3.4) D3Tn{z;f) = Tn-i(z;DJ).

We shall prove this by induction on n. For n = 1, we have

DjTx(z;f) = Dj f       Dz.w,f(zQ)dz° = D3(f(z) - /(a;1))    by (2.3)

= Djf(z)=T0(z;Djf).
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Assume that (3.4) is valid for n — 1. Then by (3.2) we get

(3.5) DjTn(z;f) = -£- í       T„-1{z*-1;DM-iil*f)dz"-1.
OZj J[u>",z]

Since Tn is a linear operator on /, it follows that

/       Tn-i(zn-l;Dz-uJ)dzr<

(3.6)

= T/(Z-Wn)i   [   Tn-l^ + ^Z-OJ^D^dt.
,=1 Jo

We observe that

/- [  Tn-i(un + t(z-ojn);Dtf)dt
OZj Jo

(3.7) = [ DjTn-^ + t^-u^DJ^dt
Jo

= I DlTn-i(uJn + t(z-ojn);DJf)t
Jo

,n—1

Í>2(z-un)i[       rn_1(z"-1;i?i/)dzn-1
i=i ■/[w",i]

k

dt

where the last equality follows from the inductive hypothesis.

From (3.5) and (3.6) we have, by using (3.7),

dt

dt

D3Tn(z; f)= [ Tn-i(ujn + t(z - ojn);D3f)
Jo

+ ¿(^-^),A /  Tn-i(ujn+t{z-ujn);DJ)t
i=i Jo

= /   h(t) dt+       th'(t) dt
Jo Jo

=h(l) = Tn.i(z;Djf)

where

h(t) = Tn-i(un + t(z-wn);D3f).

This completes the induction. Relation (3.3) follows similarly.    O

When a;1 = • • • = wn = 0 in (2.16), we shall denote Tn(z; f) by T°(z; f).

LEMMA 2.   We have

(3-8) |Tn°(2;/)|<ÄMn(/;N).
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PROOF. We prove (3.8) by induction on n. It is clearly true for n — 0.

is valid for n - 1, then

\T°(z;f)\ = \[     T°_x(w;DJ)dw

<
J\0,z] ti

zcn_1|uzln_1
4r^Mn_i(Dj/; |ti;|) dw

<

'10,*] — (» - !)!

fcn|z

(n
z-\-Mn(f;\z\) I    \w\n-xdw.
1" J[0,z]

Since

/     M"-1du> = f  \tz\n~1dt =
J\0,z\ JO

ln-1

'[0

the inequality (3.8) follows immediately.    D

For given v°, v1,... in Ck, we define

(3.9)

Qo,n(z1;f) = T^(v°;f),

Qm,n(zl;f) = f        ■■■ f T° (v°; fl Dzi_vif]dzrn+1

Observe that, for 1 < i < k,

±-T*{v»;D,g) = |- £z/TnV; Z^) = 7>°;Dt9).
1 l 7 = 1

A similar computation confirms the identity

d
(3.10)

This leads to

dzi
TZ^DPg) =pTn,(v»;Dz'-1Dlg),        p > 1.

LEMMA 3.   The following representation is valid for m > 1 :

1 m — 1 -

(3.11) Qm,n(z; f) = -xTt(v°;D?f) - £ T—yQ,,n (r,D^Jf)
]=o y        Jh
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PROOF. We note that

/ 7^ (v°; ft Dr-vf) dzm+l
J[v™,z™\ \        v=x )

/k /        m —1 \
Y, (*m - «m)i T°   tz°; ] [ D^Dif    dzm+l

.»m,*m}l=l \        v=l J

/k rj /        m—1 \

.•-.•"] t[ dzi V     ,=1 /
/       m-l \ /       m-1 \

= T° iv°; ] [ Dz»_v»Dz~f    - 2$   «°; ] I Dz^v»Dv~f)    ,
\       v=l / \       v=l J

where we have used (3.10) and (2.3) successively. Thus, we have

Qm,n(z1;f)= f       ■■• f Tt[v0]Tf\Dz,.v.Dzmf)dzm---dz2
/[V,*»] /[„"-V—l] V </=l /

~ Wm-l,n (2   \Dvmf).

Repeating this process successively we derive (3.11).    G

LEMMA 4. If |tz*| < r, i — 0,1,... ,m, i/ien /or ont/ p > 0, there exists a number

K depending on p such that

(3.12) \Qm,n(z;f)\ < K(-^ (¿)mMm+n(f;r)

for \z\ < p.

PROOF. Let {a¿}o° be a sequence of numbers in C given by the recursion

relation

(3.13) ai = Ml + ¿ M:ai_M    > = 1,2,...,       ao = l-
-''        i/=i

We shall first show that

(3.14) \Qm,n(z;f)\ < Cm,nOtm

where Cm,n = (fcr)nMm+n(/;r)/n!. It has been shown in [3, p. 42] that there is a

constant K depending only on p such that

(3.15) am <X (Ax/log 2)m,        m = 0,1,....

Inequality (3.12) follows from (3.14) and (3.15).

We shall prove (3.14) by induction on m for fixed n. From (3.8) and (3.9) we see

that (3.14) is true for m = 0. We now suppose that it is true for m = 0,1,... ,p — 1.

Then using (3.11) we get

1 p_1      1
(3.16) \QP,n(z;f)\ < ^\Tt(v°;DU)\ + £ j^jy IQ;,» (*',D&if)\.
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From (3.8) we see that for |e| < p, we have

\^(vo.,DPf)\<^^Mn(DPJ-y\)

< i^kP\z\PMn+p(f;r) < Cp,n(MP-

Similarly, by the inductive hypothesis, we have

(kr)n
\QiAz;Dl7+{f)\ < (J^-Mj+n f>7¿/;r) a3

Therefore (3.16) yields

< í^p(fcí.)P-7Mp+n(/;r)QJ < CPtn(kry-3a3.
n!

\QP,n(z;f)\<Cp,n
(kPy

+ £
(kr)3

7 = 1
J!

ap-3 = Gp,„Qp   by (3.13).    G

LEMMA 5.   For n > 1 and given vectors tü1,..., wn, zn G Cfc, we have

(3.17)    Tn{zn;w\...,wn;f)

TnV;/)-*n;/)-¿/
j=l J{wn,zn]

■■ [ ^K; ft JV-WF (fc>---<fen-1.

PROOF. We prove this by induction on n. For n = 1, we have

Tx(z1;w1;f)=  í Dz^wif(z2)dz2

= /      Dz,f(z2)dz2- j       Dwlf(z2)dz2
J[0,zi] J[0,w*}

= T1V;/)-T1V1;/).

We next assume the formula to be true for n - 1. Then we have, from (2.16),

(3.18)

Tn(zn;w\...,wn;f)= f Tn-i i/1"1;«;1,... .t//1"1 ;£>,«-«,»/) dz""1
•/[tu",«"]

= / 7^_1(2"-1;üzn_U)„/)íi^-1 - £ /

7 = 1

/ Tflw3;   fl   DZ*-WJ]aV ■ • • aVn-l

By (3.2) the first term in the above is

f Dz^wnT°(zn-1;f)dzn-1 = r°(z";/)-T°K;/)
J[wn,zn]

which together with (3.18) gives (3.17).    G
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4. Estimates for Znf and PJ•

PROPOSITION 5. Suppose f is an entire function in Cfc. // \z\ < p and if

|xÎJ | < r, 0 < i < j, j = 0,1,2,..., then for n = 0,1,2,..., i/ie following estimate

holds:

(kn\n+1 (   kr   \n+1

(AI) \ZJ(z)\ < m-^Mn+1{f.p) + C^ — j       Mn+X(f;r).

PROOF. We recall (2.13a) and note that J. dy3 = 1, so that in order to prove

(4.1) it is sufficient to show that \Tn+i(z; yn,..., y°; f)\ is bounded by the expression

on the right in (4.1). But by Lemma 5 and (3.9), after an obvious adjustment of

notation, we have

Tn+x(z;yn,...,y0;f)=T0+x(z-,f)-T°+x(y0-,f)-J2Qn-]+iAz-J).
7 = 1

Using Lemmas 2 and 4, we get for |z| < p,

\Tn+x(z;yn,...,y°;f)\

which proves the result with C < 2K.    G

PROPOSITION 6. For j = 0,1,... let C3 = max{\y\:y G [p3]} and let d3 =

max.{\y — z\:y G [pj+i],z G [p3]}- For z° G Cfc, let

Vn,u = [{z°}Up„U---Upn],        i/ = 0,l,...,n,

and assume that f is holomorphic in a region containing Vn,o ■ Then for any multi-

index a with 0 < |a| — u < n, we have

(4.2)

\D°RJ(z°)\ < 1>°1 + Kcu +(^_+;+- + d"-l)}""'/+11 Max+i{|^/(,)|, z g fl.,,}

and

(4.3) \D°PJ(z»)\ < {^ + *<c» +^u); + *-'»""" Max |/ pßf .

PROOF. We introduce some notation which we shall require. We set

(4.4) Mn+1,„=   Max {\D^f(z)\:zeDn,u}
\ß\=n+l

and ||u>|| = £~J,_ 1 \w3\ for any w G Cfc.

We rotate the coordinates so that zf = 0, i = 2,..., k. We shall prove our

formula for this choice of z° which entails no loss of generality because of Proposition

4. Take y3 G [p3], j = 0,1,... ,n, and observe that

Tx(z°;f)= f Dzo_yof(zl+y°)dzl
J[0,z°-y°]
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and more generally

(4.5)

Tn+i(z°;f) = f f j
J[0,z°-y°] J[0,z1+y°-yl] J[0,zn+yn-1-yn]

x Dzo_yoDzi+yo_yi ■ ■ ■ Dzn+yn-i_yJ(zn+1 + yn)dzn+1 ---dz1.

Since we have the inequality

n

Dao---Danf(z)\< JIlKllmax   \D?f(z)\,
~ |/3|=n+l

t/=0

it follows that

(4.6)    \Tn+i(z°;f)\<Mn+i,0 [
J[0,z°-y0}

r ™
/ \\z°-y°\\ \\\\zu + yv~1 -yu\\dzn+l---dz\

J[0,z"+yn-1-yn] v=x

Observe that for any nonnegative function g(s), we have

f ||^+^-1-^|lff(IK+1H)^+1
J[0,z"-ry"-1-yi,\

.\\Z»+y"-l-y->\\ /•Kll+ll»"-1-»"!!
= / g(s)ds < / g(s)ds

Jo Jo

and for any A > 0, a > 0, we have the inequality

cA    cti+a cA+a    cti

/     /        g(h)dt2dtx< /        /    g(t2)dt2dtl.
Jo   Jo Jo      Jo

By repeated application of the above observation in the integrals on the right side

in (4.6), we arrive at the estimate

|T„+i(z°;/)|<Mn+i,o [    f' ••• / " dtn+i ■ • • dtx
Jo   Jo        Jo

where
n

B = \\z°\\ + \\y°\\ + Y 111/" - y"_1H < l*°l + k(co + do + ■ ■ ■ + dn-i).
v=\

Thus

\Tn+x(z0;f)\<^^{\z0\ + k(c0 + do + --- + dn-i)}n+1.
(n + 1)!

From (3.2) we see that for 0 < |q| = u < n, we have

\DaTn(z°;f)\ = \Tn-Az°;Daf)\

< ,  Mn^u.{\z°\ + k(cv -r dv + ■ ■ ■ + dn-i)}n-"+l.
[n — v + 1):

From (2.13a) and (4.7) we get (4.2).

In order to prove (4.3), we note that for |a| = v < n, from (3.3) we have

\f fn(z0;yn,...,y°;f)dyn\ = \f fn-AAyn,---,y°;Daf)dyn
\Jn \Jn
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and representing this as a multiple integral similar to (4.5) we see that it is bounded

above by

f •• f \l Dz0_y.D
J[0,z0-y"]        J[O,*""1 +yn-2-y"'1} Un

Dzn-i+yn-^yn-lDaf(yn)dyn

<max/|^/|/
\0\=nJn JlO.zO-y"]

z^+yv-y"*1 ' "

dzn ■ ■■dzu+l

i
J\o

n-1

||«° - y"\\ ||2J' + y»'"1 - 2/J||dzn • • • dzv+1.

Applying the same method as above and (2.12a), we get (4.3).    G

5. Convergence results. We now apply the estimates of §4 to prove that

under various conditions on / and the triangular array, 9nf(z) —► f(z) as n —► oo,

or equivalently, f(z) = £~J°10 Pjf(z). We shall prove

THEOREM 2. Suppose \zl3\ <r, 0 < i < j, j = 0,1, — Suppose f is an entire

function on Ck (zc > 1) satisfying the inequality

(5.1) \f(z)\<C-p1/2-k-£-2p/kr,        \z\=p,

where C is a constant and e > 0 is as small as we like. Then

(5.2) lim 9J(z) = f(z)
n—>oo

where the convergence is uniform on bounded subsets ofCk.

THEOREM 3. Let the numbers d3 be defined as in Proposition 6. Suppose

X^lo d3 converges and that

(5.3) z°=   lim   z3n.
0<j<n
n—*oo

/// is holomorphic in the region Br — {z G Cfc,fc > I:\z — z°\ < R} and if

Br contains the points z3n, 0 < j < n, n = 0,1,..., then (5.2) holds, where the

convergence is uniform on compact subsets of Br .

If Y^jLo dj is not convergent, we have

THEOREM 4.   With the numbers d3 defined as in Theorem 3 let

N(r) = min{n: k(do -I-h dn-i) > r}.

Suppose f is an entire function and suppose there are numbers 9, X with 0 < 6 <

1/2, 0 < A < log(f?_1 - 1), such that for all large enough r, we have

(5.4) max{|/(z)|: \z\ = r}< exo{XN(Or)}.

Then (5.2) holds, where the convergence is uniform on bounded subsets ofCk.

The basic tool in the proofs will be the Cauchy-Szegö kernel for the ball [6,

Chapter 1]:

KO (fc-l)LB f f(u,)d*(u)
(5-5)        f{z) - -^- JM=R w-z.*r    w < *'
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where / is holomorphic in a region containing {z: \z\ < R} and da(uj) denotes

surface measure.

PROOF OF THEOREM 2. For any s > 0, choose 2° and a multi-index a with

|a| = n + 1 such that \Daf(z°)\ = Mn+i(f;s). From (5.5) we have, for any R> s,

27rfc       J\u\=r

Ujaf(uj)d<x(uj)

(R2-z°-üJ)k+n+1

whence for some constant Ci we have

(5.6) M„+1(/;S)<0,   (* + »>"W;*>

n+1

n+1

Ä"+1(l-s/Ä)fc+"+1'

For any p > 0, we take s = p and Ä > (k + l)p in (5.6) which shows that

(ko)n+1
(5.7) iJLMn+1(/;p)->0   asn^oo.

(n-|-1)!

Moreover, from (5.1) and (5.6) for R > r we have

Mn+i(/;r) < ft^^a1^^ -2H/fcy.

Putting i2 = r + (n + zc)fcr/log2 in the above inequality, we get

(fc + n^Cn + fc)1/"-"-'    +t /log2
Mn+i(f,r)<C3-(n + fc)n+1-e       ^—

which by Stirling's formula yields

(5.8) Mn+1(/;r)<C3(fc + n)-£(^y

The result now follows from (5.7), (5.8) and (4.1).    G

PROOF OF THEOREM 3. On making a suitable translation and using Proposi-

tion 4, we may choose z° = 0 without loss of generality. The proof will be divided

into two parts (a) and (b). In (a) we shall show that

oo

(5-9) £^/(2) = /i(z)
i/=0

where /i (z) is some function holomorphic in Br and that the convergence is uniform

on compact subsets of £?#. In (b) we show that fi(z) = f(z).

(a) We shall use formula (4.3) and to this effect we shall need a bound on

| ¡n Dßf\ = n\\ ¡[pX Dßf\ with \ß\ - n. Take any RX,R2 with 0 < Rx < R2 < R

and for a given e > 0, choose TV so large that YI^n dj < £ and cn < e for n > N,

where cn = max{|z|:z G [pn]}- From (5.5), we have

(5.10) /    D0f(z)dz= (fc~1)!JZa  / /(w) f    Dß(R22-z-ü})-kdzdo(uj)
J[pn] 2n J\v\=Ra J{Pn}

where \ß\ = n. Putting g(t) = t~k and h3 = R2 - z3n ■ w (j = 0,1,..., n), we have

f    Dß{R2-z-ü)-kdz = (-w)ß í g(n)(t)dt
(5.11) J[Pn] J[ho,...,hn]

= (-ü)ß[ho,...,hn]g.
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It is easy to verify (see also [1, Lemma 1.10, p. 75]) that

(-1)"
(5.12) [ho,..., hn]g =

ho■■ ■ hn
£ v^

hl=fc-i

where h = (h0, ■.., hn) and 7 = (70, • • •, In)- From (5.10), (5.11) and (5.12), we
have for n > N,

(5.13)

\f    0        n\(k-I)\R2   M0(f;R2)K1R2k-1R^ (n + k-l\ 1

\L ^k        '       (R22-R2S)-+Í        \    fc-1

<K2

2irk

n\nk~1

(Ä2 - e)n

(R2 - ¿fee)*-!

where KX,K2 are constants independent of n. We now use (4.3) with |a| = N, \z\ <

Ri and obtain

(,14) ̂m<j*^XT>-^-i^)"-
Choosing £ so small that (Ri + 2ke)/(R2 - e) < 1, we see that Y,n°=N DctPnf(z)

converges uniformly for |^r| < i2i. We can then integrate AT times to get the uniform

convergence of YlV=o ?vf(z) m N ^ -^i- Since Rx < R was arbitrary this gives

(5.9).
(b) For a multiple index ß with \ß\ = n + 1 and for \z\ < e, we have from (5.5)

\Dßf(z)\ =

<

f (-ü)ßf(u)da(u)
JW]=R2(Rí-z^)k+n+1

(K4 independent of n).

(k + n)\R2

2nk

K4(k + n)\
(Ä2 - £)n

Applying (4.2), we have for |a| = N < n

in-p   f(z)\ < ((2fc + l)£)"-N+1Jf      (fc + n)l

<r u „fc+JV-i / 2fc + 1
-Khn [r^~s£

If we choose e such that (2k + I)e/(R2 - e) < 1, we see that DaZnf{z) ~* 0

uniformly in |z| < e which is equivalent to saying that Da9nf(z) —* Daf(z).

From (5.9) we know that Da9J(z) -> Dafi(z). Thus Daf(z) = Dafx(z) in

[z\ < e and hence for z G Br for all et with |a| = N. Hence /(z) - fi(z) is a

polynomial of degree < N - I. Since

f    Dßf=f    Dß9N=l    Dßh,
J\pA V] J\pA

|)9| = i/,    z/ = 0,l,...,/V-l,

it follows that /(z) - fi(z) = 0, which completes the proof of Theorem 3.    G

PROOF OF THEOREM 4. For a fixed p > 0, set

Pn=P + k(\z°°\ + do + • • • + dn-l).
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Choose n with 0 < n < 0 1.   Since YlT=o dj diverges, it follows that for large

enough n we have

(5.15) 6rißn < k(d0 + --- + dn-x).

From (5.15) and the definition of N(r), we have N(6rjpn) < n. Hence from (5.4),

we obtain

(5.16) M0(f; npn) < exp{XN(6npn)} < exp(An).

If \z\ < p we use (4.2) with v = 0 and obtain

(5.17) \P.J{z)\ < j^—^Mn+i(f;Pnl       \z\ < p.

If we also require r) > 1, then from (5.5) we have for |z| = pn and |a| — n + 1,

\n<*f(r\\- (fc + n)!r?M"
\u JW\ -        2*k

5.18
/J\<.

w°7(w) do(oj)

W=r,^(V2ti-Z-*)k+n+1

(k + n)\M0(f;riPn)  . K6(k + n)!exp An
-Jffl/Ä+1(^-1)*+-+1  -^+1(r?- l)*+«+i    by(5-16)-

From (5.17) and (5.18), we obtain

I*"'«' * g^n|\|!(t!-ei)^^ < *7 • nk eXp{A - l0g(i? - 1)}n'

Choosing z? so that log(n - 1) > A, we get the convergence of P.nf(z) to zero

uniformly for \z\ < p.    G

References

1. T. Bloom, Kergin interpolation of entire functions on Cn, Duke Math. J. 48 (1981), 69-83.

2. A. S. Cavaretta, Jr., C. A. Micchelli and A. Sharma, Muttivariate interpolation and the Radon

transform, Math. Z. 174 (1980), 263-279.
3. A. O. Gelfond, Calcul des differences finis, Dunod, Paris, 1963.

4. P. Kergin, A natural interpolation of Ck functions, J. Approx. Theory 29 (1980), 278-293.
5. C. A. Micchelli, A constructive approach to Kergin interpolation in Rfc: Muttivariate B-splines and

Lagrange interpolation, Rocky Mountain J. Math. 10 (1980), 485-497.

6. E. Stein, Boundary values of holomorphic functions of several complex variables, Math. Notes, Prince-

ton Univ. Press, Princeton, N.J.

department of mathematics, university of dundee, dundee, scotland

Department of Mathematics, University of Alberta, Edmonton, Alberta
T6G 2G1, CANADA

Current address:   Department of Mathematics, Kent State University, Kent, Ohio 44242


