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THE THEORY OF G*-SUPERMANIFOLDS
BY
CHARLES P. BOYER AND SAMUEL GITLER

ABSTRACT.A theory of supermanifolds is developed in which a supermanifold is an
ordinary manifold associated with a certain integrable second order G-structure. A
structure theorem is proved showing that every G*-supermanifold has a complete
distributive lattice of foliations with flat affine leaves. Furthermore, an existence and
uniqueness theorem for local flows of G* vector fields is proved.

Introduction. Recently, with inspiration coming from physics there has been much
interest in developing a theory of “supermanifolds”. Such objects enable one to treat
commutative and anticommutative variables on an equal footing. There have been
essentially two approaches to this subject which can be qualified, loosely speaking,
as the algebraic geometry approach and the differential geometry approach. The first
approach has been developed by Berezin, Bernstein, Leites and coworkers [3-5, 11]
in the Soviet Union and by Kostant [10]. This approach defines supermanifolds or
graded manifolds by extending the (commutative) sheaf of functions on a manifold
to a sheaf of Z,-graded commutative algebras.

The second approach is due to DeWitt [8], Batchelor [1, 2], and to Rogers [15].
This approach mimics the usual definition of a manifold by replacing Euclidean
space by supereuclidean space—the product of m-copies of the even part of an
exterior algebra with n-copies of the odd part. Batchelor [2] shows that a categorical
equivalence holds between these two approaches provided a coarse topology is used
on supereuclidean space and that the “right” sheaf of functions is used. Moreover,
Batchelor [1] shows that the isomorphism classes of “graded manifolds” defined by
Kostant are in bijective correspondence with the sheaf of germs of sections of an
associated exterior bundle over some vector bundle. However, this correspondence is
not canonical. Thus a vector bundle imposes more structure.

The methods developed by Rogers [15] seem better suited to the needs of
physicists. First, supereuclidean space is given a finer topology—that of a Banach
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space. Secondly, a different sheaf of functions arises. Indeed, in the previous
approaches, the only anticommuting elements at one’s disposal are the generators of
the exterior algebra which appear as “odd coordinates” of the manifold. Thus in this
approach one does not treat explicitly the type of supersymmetry transformations
which arise in physics. What is needed are constants with values in an exterior
algebra. It is precisely this extra ingredient which arises in the sheaf of functions
used by Rogers. However, a price must be paid. The “odd derivatives” are now not
unique. This leads to several technical complications.

It is the purpose of the present paper to develop the theory of G*-supermanifolds
as begun by Rogers [15]. The outline of our paper is as follows: In §1 we discuss
differential calculus on supereuclidean spaces starting from Rogers’ definition of
derivative. The main result here is a theorem which completely characterizes G*-
functions as the solution space of a certain system of partial differential equations.
The point being that a “supermanifold” will be an ordinary manifold with an added
structure as in complex manifold theory.

In §2 we discuss the super analog of the general linear group and determine its
homotopy type. In the third section we describe the relevant pseudogroup of local
G*-diffeomorphisms. The technical point here being that this is a second order
pseudogroup. We then use this pseudogroup to give the definition of a supermani-
fold in §4. Actually there are two types of supermanifolds—G*- and G®-supermani-
folds.

In §5 we give the definition of an almost supermanifold and give some nontrivial
examples. We show that an almost supermanifold naturally determines two vector
bundles over the manifold. In §6 we describe the tangent and supertangent bundles
of a G®-supermanifold. Here we give the super analog of the theory of local flows
on a manifold. Finally, in §7 we show that there is a certain multifoliate structure [9]
associated with a supermanifold. The main theorem is that a G*-supermanifold has
a lattice of foliations all of whose leaves are flat affine manifolds.

A sequel to the present paper will devote itself to the theory of G Lie groups and
their homogeneous spaces. We also intend to address ourselves to probably the most
important outstanding problem of this approach—Berezin integration [11]. We
mention that most of the results proved in this paper were announced previously by
the authors in [6, 7]. Finally, the authors would like to thank A. Haefliger, B.
Kostant, S. Sternberg, and A. Verjovsky for discussions concerning this work.

The present paper is a revised version of an earlier manuscript. While making
various changes suggested by the referee, we found that it proved much more
convenient to generalize slightly the relevant class of functions and their derivations.
Instead of dealing with functions with values in an exterior algebra A we allow our
functions to have values in certain quotient algebras of A. This seemingly innocuous
generalization not only provides better economy of thought but also simplifies many
proofs. The key here is the pairing (1.1). We would like to thank the referee for the
constructive criticism which led to what we believe a much improved version. The
earlier version of this paper was completed in 1981 when both authors were on
sabbatical leave. The first author at Harvard University and the second at Brandeis
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University and we would like to thank the respective institutions for their hospital-
ity.

1. Elementary analysis in supereuclidean space. Let R be a euclidean N-space and
A = A(R") the exterior algebra on RY. Then A = A° + --- + A Let I, = AF +
-+« 4+ AV, thus I, = A, Iy, = 0 and /, is an ideal in A. We denote by A®) the
quotient algebra of A by I,. There are natural pairings
(1.1) & I ® AR - AKHD
induced by the pairings I, ® I, — I, ,,. We have a sequence of epimorphisms

A=ANtD 5 AN 5 L0 5 AD 5 AO =

which we call a cofiltration of A. Notice thatif k + /< N + 1, then ¢, ,(a ® x) =0

for all a and fixed x implies x = 0. We denote ¢, ,(a ® x) by a * x.
We give A®) a Z,-grading as follows. As a vector space,

AP = Z A
i<k-1
Then set
A(é() = Z AZi, A(lk) — Z AZH'I.
2ick-1 2i+1<k—1

If we give R" the standard topology, then all the algebras A’ become topologized
and we denote by || || the norm.

Let Ey" = (Ag X -+ X Ag) X (A, X --- X A,) where there are m copies of A,
and n copies of A; with the product topology. Then EJ"" is homeomorphic to
R*¥7'(m*m_Let U c Ef" be an open set. Then following A. Rogers [15], a function
f: U—= A¥ is said to be of class G! (or f € G}(U, A¥)) if there exist continuous
maps:

Gf Ern— A 1<i<m+n,
where|i| =0if1 <i<m,|ij=1ifm+1<i<m+ n,and a function n: EJ" -
A® such that

m+n

(1.2) flx+h)=f(x)= ¥ k'*Gf(x)+n(h)|hl

i=1
where h = (h',...,h™*") and x € E™", ||n|| = 0 as ||A|| = 0 and we use the pairing
(1.1) with k' € 1. We call the G, f for |i| = O the even derivatives of f and the G, f for
lil =1 the odd derivatives of f. Thus the even derivatives of f have the same
cofiltration degree as f, while the odd derivatives decrease by one the cofiltration
degree of f.

PROPOSITION (1.3). The G, are graded derivations, i.e. they satisfy:
MG(f+g)=G(f)+ Gi(‘g),
() Gi(fg) = (G,f)g + (-)"Vf(G,g)

for f, g € G{(U, A®)) and f homogeneous, with | f | its degree.

The definition of G7(U, A®) is by induction. Namely f is of class G? if the G, f
are of class G?~1. Note that if f: E™" — A is of class G" with r > k, then
GG, - G, f=0ifallthe|i|=1forj=1,...,r.
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The result of Rogers in [15, Proposition 2.8] essentially gives

PROPOSITION (1.4). Let f € GP(U, AX); then f € CP(U, A¥)). Moreover, regarded
as a p-linear continuous map, the p-total derivative D*f is given by

(D7) hnl)) = X (1B ) (G G, - Gi f)(x)
k] ..... kp=1
where |, = (I},...,I"*") and If1 - - - 37 is the product in A.

Note that the pairing * makes sense, for if (G, --- G, )f(x) decreases cofiltra-
k, Ky

tion by s, then /{1 - - - Is» liesin 1.

Let e!,...,e" be a basis for RY. Then a basis for A consists of e*, where
p = (fy,-.., 1) is a sequence with 1 < p; < p, < --+ < pu, < N, where e* = eM
A --- Aetcand 1 = e°, where 0 corresponds to the empty sequence.

We denote by {e*} the induced basis also for AX). If f: U - A®) we denote by
df/0x;: U > A the partial derivative of f with respect to the variable x;, in the real
subspace generated by e* considered in the ith component of a vector in E{"", i.e.

Y () = pim L REN) /()

dx, h—0 h

Note that whenever we write x;, then length of p and |i| have the same parity.

If » C p are sequences, we let p — » be the sequence obtained by deleting the
elements of » from p and we let o(p, ») = +1 be defined by e* = o(p, v)e*~’e”.

From (1.4) one readily obtains

PROPOSITION (1.5). A function f € CY(U, A¥) is of class G if and only if there
exist continuous functions

g(f):U—> A% 1<i<m+n,
such that
Af/xi =et*g(f), 1<i<m+n,

for all p with length of u and |i| of the same parity.
Moreover, the functions g,(f) are unique and in the definition of class G*, we have

G.f=g(f)

One of the main objectives of this section is to obtain the next theorem, which is a
characterization of functions of class G' in terms of partial derivatives.

THEOREM (1.6). Ler U C E*" be open and f € C (U, A¥). Then f € G\ (U, A®)
if and only if the following relations hold for the partial derivatives:

(i) 3f/8x, = o(u, v)e*~"3f/0x, if v C p.and p. — v has even length.

(ii) e * 9f/0x} + e® % 3f/0x!, = 0in CY(U, A**V) for |i| = 1and a, b = 1,...,N.
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PROOF. Suppose f € G'(U, A®?), then by (1.5) we have 3f/dx] = e* * G, f; there-
fore if » C p and both have lengths of the same parity, i.e. u — » has even length,

_BL =o(p,v)er %" *G,f=o(p, v)e“"’a—f.
0x, dx,
so that (i) holds.
Now again from (1.5), we have fora, b = 1,...,Nand |i| = 1,
e“*a—f,+ e"*a—f,=e”*e”*G,-f+ ePxe?xG f=0
0x, 0x},

so that (ii) holds. Thus the necessity of the conditions (i) and (ii).
Conversely, to show the sufficiency, by (1.5) it suffices to construct the functions
g (f). Forli| =0, ie.i=1,...,m,setg(f)= 9f/dx{, then for every sequence p of
even length, using (i) we have
a—f. = e"a—f.= et *g.(f).
0x, 0x

N

To finish the proof, we have to construct functions
g(f):U-> A% m+l<i<m+n,

satisfying df/dx, = e* * g,(f) for all sequences p of odd length.
We use an algebraic lemma that was kindly suggested by the referee.

LeMMA (1.7). If A is any algebra and I,,...,I, are ideals in A, there is an exact
sequence

i B
NL~4> & 4/L,~ & 4/(L+1)
k k (k.j)

where i is the inclusion, « is the diagonal followed by the natural projection, (k, j) runs
over all pairsn > k > j > 1 and

B([all""’[an]) = ([‘12 —al,[ay — a1],[a; - a,],...,[a, - an—l])'

The proof of (1.7) follows easily by induction on n.

Fix i, and let 3f/ ax; = f,- The conditions (i) and (ii) can be rewritten as:

() f, = o(p, »)e*""f,if » C p and » and p have odd length.

(i) e**f, + e+ f, = 0in C"(U, A**V)fora,b=1,...,N.

By (ii)’ when a = b, we have 2e“* f, = 0 but then f, is in the principal ideal
generated by e“ in C'(U, A¥?), and which we denote by 1¥)(e?). Thus f, = e“g, for
some function g, € C"(U, A®). If g, is the projection of g, to C"(U, A*™ D), then
g, is unique modulo 7*~D(e®). We now apply Lemma (1.7) with 4 = C"(U, A*~D)
and ideals I*~V(el),... Ik~ D(eM).

Consider the element ([g,].....,[gx])) € &, C/(U, AK=Dy /[k=D (/) We claim
B(g].-...[gy]) = 0. We have

fa = eagll = ea*ga
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and from (ii)’, we obtain
e?xebxg +ebxeixg =0 inC'(U, A**D);
thus
8. =8 mod(1*N(e) + 1% D(e"))

and hence B([g;],--.,[g,]) = 0.

Then by (1.7), there exists g € C"(U, A*~Y) with a(g) = (g;],..-,[,]). More-
over, N\Y_, I*~D(e?) = 0 so that g is unique. By definition,

g=1g, modI%* V(er).
Hence
fa=etrg,=exg.
Since p is a sequence of odd length say p = (py,... 05541)
fy= €My = efeti lag = ehug

where fi = (puy,...,M,,), by (i)’ and the above. Thus g = g,(f) is unique in
C"(U, A*~V) and satisfies 9f/dx, = e* * g,(f) for all sequences p of odd length.
This finishes the proof of (1.6).

REMARK (1.8). Equations (i) and (ii) of (1.6) are the analogues of the Cauchy-
Riemann equations.

COROLLARY (1.9). If f € CX(U, A¥) N G'(U, A®), then the even derivatives G, f
are also in G'(U, A®).

PROOF. Because of (1.6), G, f = 3f/dx}, 1 < m. Hence
d 9 8 a
—j(Gif)=—j—f,~' ; af a,(ﬂ*Gf)
0x; dx] x5 Oxp Ox)
= er e (G)f).
a 1
Hence if » C p and p — » has even length,
V 14 a
;(G f)=o(p,v)er” ax{)(fo)

= o(n, v)eﬂ-”&.(c,f)

so that (i) of (1.6) holds for G, f. Now consider
DY .,y
ox] xj ax{ 0xq 0x}

d . d
=e€ *'F( ”ij)=e *(eba—x:)ij).

Also
0 0
be —(G,f) =eb*x|e*—@G,
e (Gf) = e e |
and hence (ii) of (1.6) holds for G,f, |i| = 0, and G, f is of class G".
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Now we have
PROPOSITION (1.10). If f € GY(U, A®) N C*(U, A®), then
(a) -ai € GY(U, AW).
ox!

N

(b) Gj(a—f,.) - (6).

axu "

32f 3% N {C(U, AR ik <N

c —— + —— =
© dx9x]  9x;9x) C(U,A™M) ifk=N+1.

PROOF. (a) We have 3f/dx, = e**G,f. For i <m, the G,f € G'(U, A¥) by
(1.9), hence so are the 9f/dx,, with i < m. Now for i > m, suppose » C p and p — »
has even length, then

Sf o o
ax;(axu) ox! (axf) ax;, (€29

— o(p, »)er” ”;’ (e"+Gf)

=o(p,v)e’””

=o(p,v)er"— (

so that (i) of (1.6) holds.
Now consider

9 [ of 9 [,
G — | —— | =% — G.f),
¢ 'axg(ax;‘) ¢ *ax’(e "G/)

M

b*i i = b*i *
¢ axg(ax;) ¢ a'(e G/)

and (ii) of (1.6) holds. Hence the proof of (a) is complete.
To prove (b) consider j > m first, then

S ((x+ 1) = £(x)) = 5= (G, + (k) )

M

- ) =S

hf*G( f)+ (hf)nhfn)

u
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and (b) follows for j > m. Forj < m, we have

6| L) -2k - - o)

0x, axfox, Ox9x{ dx,

and the proof of (b) is complete.
Finally, for the proof of (c), consider,

f 8, 3
—— =—(e’*Gf)=etx—G,
dx‘3x] ax;(e ) = e ax’ !
e 2] g )
0x, 0x,
e ) e 2]
0x}, 0x},

- _i(ﬂ) __
oxJ \ 0x} 9x,0x/
and (c) follows. The difference for kK < N and k > N appears that when k < N
e’ »df/dx}, € C'(U, A**V) and then G, drops it down to C°(U, A*®) while for
k=N +1,e"*df/dx, € C'(U, A) and G, drops it to C°(U, A™).
THeoreM (1.11). If f€ G\U, A¥) N C=(U, A¥) and k < N, then f€
G*(U, A%,
PROOF. By (1.9), the G,f for j < m are in G'(U, A®’) N C=(U, A¥). We now

prove conditions (i) and (ii) for G;f, when j > m. If v C p and p — » has even length,
we have

(6= 6 af) G (e*+Gif)
xi dx,

= o(u1)G (5 e+ G, f)
= a(u,v)e“_”*Gz(ev*Gif)

— o, r)er "*G(;f)

= o, r)er "= ()
xV
so that (i) holds in C®(U, A*~V). Now consider

etn —(Gf)=e¢" *G( af)=—G,-(e“*a—f.)
0x
d

a axb ;7
of af

a
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and then (ii) of (1.6) holds for G;f. Thus we have shown that if f € G'(U, A¥) N
C®(U, A®), then G,f € G'(U, A*"1Dy N C=(U, A*~ID) if k < N. Hence we may
proceed by induction.

THEOREM (1.12). If f € G(U, A) N C*(U, A), then f € G*(U, A) if and only if
2 2
0y, o

Oxidx{ Oxidxi

(1.13)

ProoF. First sufficiency. As in (1.11), it follows that the G;f are in GU, A)N
C*(U, A) if j < m. Also as in (1.11), condition (i) of (1.6) holds for G,f if j > m.
Now to prove

9G, 3G,
*—jf+eb* ’f=0 in C*(U, A)

a

e

ax}, dxt
we have
ea*i.c,f=ea*cj(a—f)=ia—f=i.a—f
0x}, 0x}, 0xJ dx;,  Ox, ox)
2 2
-t | Y
0x.9x} 0xj0x,, T\ oxt
d
= -e?+—(G,
e ()

and hence under the hypothesis, we see that
ij IS GI(U, A(N+1—|jl)) N Cc=(U, A(N+1—IJI)).

By (1.9) and (1.11), we may proceed by induction.
Finally to prove necessity: because
0G, 0G;
*—’—f+ e”*—%_f=0 in C*®(U, A)

ell
i
ox;, 0x,,

we have, reinverting the argument above, that (1.13) holds.
We may summarize the previous results as

THEOREM (1.14). A function f € C*(U, AX) is in G*(U, A®) for k < N if and

only if
(i) For any sequences p. O v, with . — v of even length
—al; =a(p, u)e"‘”iff.
ax, 0x,

(i) e * 3f/0x) + b *df/3x. = 0in C*(U, A**V),|i|=1anda, b =1,...,N.

Moreover for k = N + 1, we need the extra condition

(iii) 9%f/dxidx) + 3°f/3x[dx’ = 0 in C®(U, A) for all |i| =|j|=1 and a, b =
1,...,N.
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For iterates of the G; we have
PROPOSITION (1.15). Let f € G*(U, A'®). Then
GG, = (-1)"'G6,G6.f
in CO(U, A%~1I=1D)y,
We now recall several extension theorems due to A. Rogers in [15].
Consider E™" LEm0 3 R™, where p is the projection and ¢ is the augumenta-

tion. We let ,: R™ - E™%and n: R™ — E™" be the “obvious” inclusions.
If Uc E™"is open, p(U) = U, and (U ) are open in E™° and R™, respectively.

THEOREM (1.16). Lgtf € C*(e(U), A®)). Then there is a unique f € G*(U,, AX)
such that f(ny(x)) = f(x).

REMARK (1.17). Rogers calls such an f a z-expansion of f. Explicitly,

f(x)= z(f)(x) = Z s(xl).’l i()'cm)lm

|
iy ll. m

ail tee ai,,,i(xo)

where 0, = 9/9x}, x = (x},...,x™), xg = (Xp5- -, XT), €o(X) = X4, and s(A) = A —
e(A)], for A € A. Moreover fori = 1,...,m,

G,z(f) = 2(8f/3xp).
The result (1.16) generalizes to

THEOREM (1.18) Let UC W C E™" be open sets with ¢(U) = e(W) and let
f € G®(U, A®). Then there exists a unique ' € G*(W, A®), such that f'\U = f.

REMARK (1.19). The result (1.18) is not true for G*-functions.
As a corollary to (1.18) one has

THEOREM (1.20). Let f € C®(U, AX). Suppose f € G®(U, A°), then there exist
unique functions f, € C*(e(U), A®), where p. runs through all sequences (p.q,. . .,u )
withl < py < p, < --+ < pu; < n,such that

(1.21) flx,y) =Ly *z(7,)(x).

Conversely suppose given {f,} € C=(e(U), A¥)), then [ defined by (1.21) is in
G*(U, AP).

REMARK (1.22). The functions fu are obtained as follows: Choose W = ¢ 1(e(U))
in E™", and let f’ be the unique extension of f to W. Define p: G®(U, A®) —
C=(e(U), A¥) by p(g)(xys...,%,,) = g'(x1,...,x,1). Then let

f~0 = p(f’)’ .fp, = p(Gu1+m T Gp,j+mf,)'

Theorem (1.20) allows us to describe the algebra G*(U, A¥)) as follows. Let V be
an n-dimensional real vector space, then



THE THEORY OF G*-SUPERMANIFOLDS 251

THEOREM (1.23). There is an algebra isomorphism induced by the z-expansion of
Rogers,

min(k, n)
Go(U,A®)= Y AP(V)® C®(e(U), Ak=P)
=0

where the right-hand side has the natural graded algebra structure and V is the vector

n

space generated by the odd coordinates y*,. .. ,y".

2. The linear groups. Suppose f: E™" — E"* is a map. Let [1/: E™* — A, be the
projection and denote by f/ the composition IT/f. We say fis G* (G*®) if each of the
maps f/ is G' (G®).

If f: E™" > E™"is G', then we may form an (m + n) X (m + n) matrix
(2.1) G,f/(x) forxe E™"
where G, f/(x) € A} "V and |i| + | j| is taken mod 2. Explicitly,

G fl(x)eA, ifl<i<mandl <j<m,
G fi(x)e A, ifl<ig
Gfl(x)e AM ifm+1<i<m+nandl <j<m,

A
Gfl(x)e AN ifm+1<i<m+nandm+1<j<m+n.

i<smandm+1<j<m+n,

More generally, consider (m + n) X (m + n) square matrices

(22) i- (“ ¢ )

n b
where the entries of a lie in A and a is an m X m matrix, 7 is an n X m matrix with
entries in A, £ is an m X n matrix with entries in A{Y) and b is an n X n matrix with
entries in A¢Y.

We may compose matrices like 4 using the pairing (1.1) when necessary. We say
the matrix A is invertible if and only if there exists a matrix B so that A B = I,
where I = ({). We denote by Gy (m|n) the group of invertible matrices thus
formed.

There is another group GL, (m|n) that has been studied in [14], and is obtained as
follows. Consider the (m + n) X (m + n) matrices 4 = (; ;) where a and 7 are as in
the matrix 4, while £ and b have entries in A, and A respectively. We can compose
such matrices and GL, (m|n) is the group of invertible matrices. There is a natural
projection A — A which defines an epimorphism

(2.3) 7: GLy(m|n) = Gy(min).

More generally, if M, (m|n) denotes the set of matrices of the form 4 and
M, (m|n) the set of matrices of the form 4, we have a commutative diagram

M,y (m|n) 5 My (min)

e\ /€
M(m + n)

(2.4)
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where M(m + n) are the (m + n) X (m + n) matrices with real entries, ¢ is induced
by the augumentation e: A — R and & is induced by both e and & AM) — R,

PROPOSITION (2.5). The following statements are equivalent.
(1) A matrix A € My (m|n) is invertible.

(2) The projection TA € My, (m|n) is invertible.

(3) The augumentation eA € M(m + n) is invertible.

Thus we have a commutative diagram:

13

GLy (m|n) Gy(mn)
(2.6) e /&
GL(m, R) X GL(n, R)

It is also very easy to describe Ker 7. Let eX = ¢! - - - e" be a generator of A" and
define H to be the subgroup of GL, (m|n) consisting of matrices

1 0 ) U
( X if N is even,
2.7) (; 1 1— re
(o $ ) if Nis odd,

where 7 is a real n X n matrix if N is even and an m X n matrix if N is odd.

PROPOSITION (2.8). H is a normal subgroup of GLy(m|n) and Ker 7 = H, so that
Gy (m|n) is the quotient of GLy(m|n) by H.

We now have

THEOREM (2.9). The group GLy(m|n) is homeomorphic to GL(m, R) X GL(n, R)
X R', where t = 2V "Y(m + n)® — m* — n? and H is homeomorphic to R™ if N is even
and to R™" if N is odd. Hence Gy (m|n) is of the same homotopy type as GL(m, R) X
GL(n, R).

PROOF. In A, we define s: A > A by s(A\)=A —¢(A) 1. This extends to
matrices in M(m|n), and thus A = e(A) + s(A) where this description is unique. If
A € GLy(m|n), then s(A) = (;*5,) runs over arbitrary matrices and counting
dimensions we see the first part. Similarly, the matrices r in the definition of H are
arbitrary, thus H is homeomorphic to R™ or R™ and from the fibration H —
GLy(m|n) 5 Gy (m]n) it follows that 7 is a homotopy equivalence.

We now construct an embedding j: Gy(m|n) > GLQ2Y *(m + n), R) such that
the following diagram commutes

GL(m, R) X GL(n, R) > Gy(mn)

(2.10) N v

GL(2¥"Y(m + n), R)
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where i is induced by R R A, i(¢) = 11 and is an inclusion, and k is the 2V~ !-fold
diagonal embedding

Observe that i is a homotopy equivalence.

There are two equivalent ways to define j. We merely outline one and describe the
second fully. The matrix (G,f/(x)) determines uniquely the Jacobian matrix of
E™" — E™" which is a real 2¥~'(m + n) X 2¥7'(m + n) matrix, by using df//9x;,
= e* * G, f/ and expanding further 9f//dx, in terms of a basis in A. Using this same
procedure, we obtain a function

My(m/n) > M(2""(m + n))
which is multiplicative, 1-1 and sends the identity to the identity and thus de-
termines an embedding
j: Gy(m|n) - GL(2V"'(m + n), R).

We now proceed to the second way. Let V' = ¥, + ¥V, be a graded vector space,
with dim = V; = m, dim V; = n and let U(V') be a free A-module generated by V. If
we choose a basis {v;}, i =1,...,m + n, for V, then we can let A € My (m|n) act
on U(V') as a A-endomorphism by defining

A(Ui)=2£jivj+zbjivja m+1 j
and extend by A-linearity.

Since dimz U(V') = 2¥(m + n), the above allows us to consider GLy(m|n) as a
subgroup of GL2¥(m + n)).

2.11) "
' <is<m+n,

PROPOSITION (2.12). The representation of GLy(m|n) on U(V') considered as a real
vector space is completely reducible to representations in U(V'), and U(V');.

This easily follows from (2.11). Now the action of GLy(m + n) on U(V'), is not
effective, however, we have

PROPOSITION (2.13). The action (2.11) on U(V') induces an effective action of
Gy (m|n) on U(V), and thus it describes an embedding

j: Gy(mln) » GL(2V~Y(m + n))
which makes (2.10) commutative.
PROOF. Let A and A’ in GL(m|n) be such that 4 = A" on U(V'),,. Then
A(v) = A'(v) fori=1,....m
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and
A(e“vj) = A’(e"vj) foralla=1,...,N
andj=m+ 1,...,m + n. Thus e*(A(v;) — A'(v;)) = O for all a in U(V'). Hence
A(v) — A'(v) = eXx;
since 4 and A’ preserve degree, and v; € U(V);, we have eXin Agand x; € V1 if N
is even and eXin A; and x; € V; if N is odd. Thus in case N is even,

x;= 3 rw, for|jl=1.
=1

If N is odd, then

x; = rv; for|jl=0
lij=0
Thus if 4 = (¢}), then
(" £ € )it N odd,
A =
(71 b+ Xr) if N even,
hence
(1 """)A if Nis odd,
, 0 1
4=\ 0
(O 1+ exr’)A if N is even,

where r’ = re(b)!.

Finally because dimz A, = dimz A, = 2V, we may choose an order in the basis
for A so that the even and the odd basis elements alternate. Suppose that the basis
elements are by, b,...,bpv-1_;. Then a basis for U(A), = R2V7'm+m) g
{bo1s-« - sDUms D1Upms 15+ - 301Vt s BV15 - -3 b30,,,,. .. }. Relative to this basis ji of the
matrix (§ g’) is precisely & of that matrix. This finishes the proof.

THEOREM (2.14). Let A € Gy (m|n). Then A acting on U(V ), satisfies

(a) A(e* ® v;) = o(p, v)e' "A(e” ® v;) where |u| = |i| = |v|and v C p. And

(b) e®A(e* ® v;) +e“A(e? ®v,)=0 for all i=m+1,....m+n and a, b=
1,...,N.

Conversely if A € GL2V~'(m + n)) satisfies (a) and (b), then A € Gy (m|n).

This result is a direct consequence of the formula (i)’ and (ii)” in the proof of (1.6).

3. The pseudogroups %' and ¥ *. Given manifolds M* and N°®, a local map f:
M — N is a differentiable map from an open set U C M onto an open set ¥ of N.
The set U is called the domain of f, and V the range of f. We say f is a local
diffeomorphism if f: U — V is a diffeomorphism.
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Ifa =b=2""Ym + n), we say fis a local G! (G*) diffeomorphism if fis a local
diffeomorphism such that for every coordinate neighborhood U C dom f, f(U) is a
coordinate neighborhood of N and in the diagram

f
m,n m,n

where f = y o f o ¢, we have fis G'(G®).
We denote by J( f) the Jacobian matrix of f.

THEOREM (3.1). A local map f: Ef" — E"" is a local G*-diffeomorphism if and
only if (Jf), € Gy(m|n) for all p € dom(f).

PROOF. This is an immediate conséquence of Theorems (1.6) and (2.14).
We thus obtain

COROLLARY (3.2). The set &' of local G'-diffeomorphisms of E"" into itself is a
pseudogroup. Moreover, " is precisely the pseudogroup of local diffeomorphisms whose
Jacobian at each point of its domain belongs to G (m|n).

COROLLARY (3.3). (The inverse mapping theorem.) Let U C E{" be open and f:
U — E™" be G'. Suppose also that (Jf), # 0 for some p € U. Then there is a
neighorhood V C U of p such that f restricted to V is open and a bijection onto f(V').
Moreover f | f(V) is also G*.

COROLLARY (3.4). (Composite mapping theorem for local diffeorphisms.) Let f and g
be local G'-diffeomorphisms of E™", with range(g) C dom( f), then f ° g is G*.

The more general composite mapping theorem can be obtained from Theorem
(1.6).

PROPOSITION (3.5). Suppose Ej-" A ER" —f> E™" are G'-maps, then fog is G'
and moreover
r+s
G(f-g)= Zl (ij)*(Gigj)-
j=
In order to obtain a characterization of G*-diffeomorphisms similar to (3.1), it is
necessary to go to higher order structures. This we do by considering higher order
frame bundles; cf. [12]. actually, since the conditions are second order, it suffices to
treat only second order jets.
Let C°(R", R) denote the maps of class C®, f: R" — R™ with f(0) = 0. For such
maps f, in a neighborhood of 0, we have

P(x) = L O+ T b= Oxm+ -
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The second order jet of f, j,( f), is the set of real numbers

a2f/
0x,0x, )}

of/
a—xi(o),

We define an equivalence relation in Cj°(R", R"), by setting f ~ g if and only if
J(f) = j>(g). Restricting this equivalence relation to local diffeomorphisms with 0
in their domain, we obtain a group G(n), with composition as multiplication. The
group G(n), is a group extension of the following sort. Let 4 be an abelian group
and G a group, so that G acts on the left and on the right of A4, so that if g - @ and
a - g denote the actions, we have g-(a-g’)=(g-a)-g’. Let G X A denote the
group which as a set is G X A, and with multiplication

(3.6) (g,a)*(g',a)=(gg’,g-a' ta-g).

In the case of G(n),, the group G = GL(n) and 4 is the vector group isomorphic
to S?(V) ® V*, where V is an n-dimensional vector space, V'* is its dual and S(V)
is the vector space of symmetric 2-tensors on V. The action of GL(n) on V induces
naturally actions of GL(n) on S?(V) and on V*. If g € GL(n), u ® v is an element
of S](V)®V* g-(u®v)=g-u®v and (u®v)-g=u®v-g are left and
right actions satisfying (3.6). Then

G(n), = GL(n, R) X(S*(V) ® V*).

Suppose now that G is a Lie subgroup of GL(n, R). Then we may consider the
abelian group

G, = Hom(V, g) N Hom(V, S2(V))

where g is the Lie algebra of G.

If we restrict the left and right actions of GL(n) to G acting on G,, we may form
G, = G X G, and G, is a subgroup of GL(n),

Suppose we consider the subgroup Gy (m|n) of GL2Y~'(m + n), R), then by the
above process we determine a subgroup G (m|n), of GRY"}(m + n)),.

We now describe a subgroup of Gy (m|n), that will characterize G*-maps. Recall
that R?"'("*m = (A ® W),, where A is the exterior algebra on RY and W is a
Z,-graded vector space, W = W, + W, with dim W, = m, dim W; = n. Thus

(A®W)y=Ay® Wy + A, ® W,.
Now we recall that Gy (m|n) acts on (A ® W), as follows. If w;,...,w,,, is an
R-basis for W, and T € G (m|n), lift Tto T € GL,(m|n). Then
Tw, = Za,j ®w
with |a;;| + |w;| = |w;|, and T(A ® w;) = AT(w;). Moreover, this action is indepen-

dent of the lift.
Consider now the mapping

E(AOW) @A W)= (A W), ®(A® W),
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defined by

. e 1
(a®v®B®wW) = BR®v®ad®w 1fa,B' A,
—a®v® B ®w otherwise.

Let (A ® W), = V, and restrict ¢ to S*(V'). Finally, define t*: S*(V) ® V* —
S2(V)® V*byr* =1 @ id.

LeMMA (3.7). Letu € S’ (V) ® V*and g € GL(V). If t*u + u = 0, then t*(g - u)
+g-u=0.

PROOF. If we choose a basis { e*} for A, we can write any u € S*(V) ® V* as
u=Y X, ((er®w)O(e’® wj)) ® v}

Z i,a,j, b((ea ® wi)Q(eb ® wj)) ® Uf,
where v§, v} are elements of V*, a © b is the symmetric tensor product of a and b,

N« v are real numbers with length p or length » greater than 1, while a, b have

length 1 and
N,

i,a,j,b

}\k = Ak

i, j,v Jovi,p

= Nj,b,i,a'
Then
tru+u=y (N ajr T Niw . a)((e" ® w,)O(e? ® wj)) ® vf.
The condition t*u + u = 0, becomes
(3.8) NiajptX
Now look at g - u:
g-u=YX, (e'g(w))O(e’s(w)) ® v}

+ z}‘i,a,j,b(eag(wi))e(ebg(wj)) ® vf.

=0.

i,b,j,a

Hence
rgou+g-u=YN, (ee(g)(w))O(e%(g)(w)) @ vf

+ ZAi,a,j,b(eae(g)(wi))o(ebs(g)(wj)) ® uf
and t*g - u + g - u = 0 follows from (3.8). Clearly
(3.9 t*u+u=0 implies *(u-g)+u-g=0.
Define Sy(m|n), = {u € Gy(m|n),|t*u + u = 0}. Then by (3.7) and (3.9),
Sy(m|n), is invariant under the left and right actions of Gy (m|n) and is clearly a
subvector space of G (m|m),. Thus we may form

Sy(min), = Gy(m|n) X Sy(min),
which is a subgroup of Gy (m|n),.
If f: Ej°" —» Ey°" is a local diffeomorphism, we define j,(f)(p) for p € dom(f)
by

(3.10) jz(f)(p)={ " ()5 af (p)}
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Now we have the characterization theorem for G*-maps.

THEOREM (3.11). A local diffeomorphism f: Ey°" — Ey" is G* if and only if its
2-jet j,(f ) p) belongs to Sy (m|n), for all p € dom( f).
PrOOF. We only show the sufficiency. If j,( f)(p) € Sy(m|n), for all p € dom(f),

then by construction of Sy (m|n),, and Theorem (3.1), f is G*. Now by definition of
Sy (m|n),, for j,(f)(p) as in (3.10), we have for i and j odd, that

aka aka
- _(p)+ - o
0x,0x} 0x,0x7

a

(p)=0

and since this holds for all p € dom(f), by Theorem (1.12), the map f is G* in
dom( f).

COROLLARY (3.12). The set of local G*-diffeomorphisms of EJ"" into itself is a
pseudogroup & . Moreover > is precisely the pseudogroup of local diffeomorphisms
whose 2-jet at each point of its domain belongs to Sy (m|n),.

This gives both the inverse and composite mapping theorems for local diffeomor-
phisms in the G*-category. Moreover, the more general theorem holds.

PROPOSITION (3.13). Suppose f and g are G*-maps from E°" to itself, then f o g is
also G*.

As a consequence of (3.13) and (1.17), we have the following result on the
z-expansion of a composition:

THEOREM (3.14). Let U C E" be open, f € C*(e(U), E};*) and g: E;* = E¥' be
G*®.Thenz(gef)=g°z(f).

4. G'- and G*-supermanifolds.

DEFINITION (4.1). Let M be a C*-manifold. M is a G*(G®-)-supermanifold of type
(m, n, N) if M has a maximal atlas, compatible with the pseudogroup &' (#*) of
local G'(G*-)-diffeomorphisms of Ef"" into itself. We will also say that M has an
FYF ®-)-structure.

PROPOSITION (4.2). A G"-supermanifold of type (m, n, N) is a real C*-manifold of
dimension 2V ~Y(m + n). Moreover a G®-supermanifold is a G*-supermanifold.

Let M, M’ be G}(G*®-)-supermanifolds of type (m, n, N) and (m’, n’, N’) respec-
tively. A C®-map f: M > M’ is G! (G*®) if for any pair of allowable charts (U, ¢),
(U, ¢') of M and M’ respectively with f(U) € U’, the coordinate representative

(4.3) f=¢cfo¢ i Efn > EF

is G (G*).

We will also need the notion of a G! (G®-)-map of M into AX). A map f:
M - A® js G' (G*) if for any allowable chart (U, ¢) of M, the composite f e ¢ is
G' (G*).
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Denote by SJf(x) the super Jacobian matrix of f at x defined by (2.1). The
augumentation e(SJf(x)) is a real-valued matrix which splits into the direct sum
A + B of two matrices. Define the super rank Stk f(p) of fat p = ¢"(x) € M as
the pair (k,/) where k is the rank of 4 and / is the rank of B. Stk f(p) is
independent of the choice of coordinate charts. We have

THEOREM (4.4). (Super rank.) Let f: M — M’ be a G'-map of G'-supermanifolds
with constant super rank (k, l). Then about every point p € M and f(p) € M there are
allowable charts (U, ¢) and (U', ¢'), respectively, such that f(U) C U’, ¢(p) =0,
' (f(p) =0, and f(x},...,.x"*") = (x,...,x5,0,...,0, x¥*1, .. x**10,...,0).

The proof of this theorem is analogous to the usual theorem and will be omitted.
Another standard result is

PROPOSITION (4.5). Let N, M, M’ be G(G*-)-supermanifolds. Suppose that f:
M > M’ is G' (G®), that i: N - M’ is a G(G*®-)-subsupermanifold, i.e. (i, N) is a
submanifold with i of class G' (G*®), and f(M) C i(N). Then there is a map g such
that g i = f. If g is continuous it is G' (G®).

5. Almost supermanifolds. We say a manifold M of dimension 2V~ *(m + n) has
an almost superstructure of type (m, n, N) if the group of the tangent bundle of M
can be reduced to Gy (m]|n). By (2.10), and passing to classifying spaces we have

BGL(m, R) X BGL(n, R) - BGy(m/n)

kN LJ
BGL(2""Y(m + n), R)

a commutative diagram and by (2.9), i is a homotopy equivalence and k is the
diagonal embedding. We thus immediately obtain

THEOREM (5.1). The manifold M of dimension 2V ~(m + n) has an almost super-
structure of type (m, n, N) if and only if the tangent bundle T(M ) can be written as

(M) =2""Ya,®B,)
where a,, and B, are m- and n-plane bundles, respectively.
We also have

THEOREM (5.2). A G*-supermanifold M of type (m, n, N) has an almost superstruc-
ture of type (m, n, N).

PRrOOF. This follows immediately from (3.2) and the definitions.

COROLLARY (5.3). If a manifold M has an almost superstructure of type (m, n, N)
its Stiefel-Whitney classes w,(M) are zero for i < 2V~ — 1.

We now give a series of examples of almost supermanifolds. Let RP* be a real
projective space and S the unit circle.
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PROPOSITION (5.4). The manifold RP?"~'(m*m =1 x SV is an example of a compact
manifold which admits an (m, n, N )-almost structure.
PROOF. By (5.1), it suffices to see the splitting of the tangent bundle. But
T(RP* x §') = @, * T(RP*) + m, * T(S!)
=T(RP*)®1+1® T(S')=T(RP*)®1+1®1
= (T(RP*)+1)®@1=(k+1)(§®1)
where 7, m, are the projections, §, is the Hopf line bundle over RP* and ® is the
exterior tensor product. Take k = 2V~"!(m + n) — 1, then
T(RP? 7'+ m=1 5 §1) = 2Y Y (m + n)(£3-1mamy1 ® 1)
=2 l(mE®1+nt®1)

and thus (5.4) follows.
To obtain noncompact examples is much easier. Let W be a manifold of
dimension m and B an n-plane bundle over W. Define T*)(W) inductively by

TOW) =T(T* D(W)) fork>1
with T%(W) = Wand T'(W) = T(W). Then

TOW) S w

is a 2~ 'm-plane bundle and
T¢D(W) = 24(ptT(W)).
Thus take kK = 2¥~! and let E be the induced bundle 7¥(W) by 2¥~18. We have a
mapping E RN W and
PROPOSITION (5.5). For the manifold E, we have
T(E) = 2""Y(q*TW + ¢*B)
and thus E admits an almost (m, n, N )-superstructure.

REMARK (5.6). We will see later that certain supermanifolds M of type (m, n, N)
determine a manifold W of dimension m and an n-plane bundle B over W and a map
q: M — W so that

T(M) =2""Y(g*TW ® ¢*B)
except that in most cases ¢ is not a fibration, but just a submersion.

6. The tangent and supertangent bundles. On a G*-manifold M, we denote by
G>(p) the Z,-algebra of germs of G*-functions at p € M and by C*(p, A) =
C*(p) ® A the algebra of germs of C*-functions into A.

If A and B are graded Z,-algebras, a map f: A — B is homogeneous of degree 0 if
f(4,) c B;, and homogeneous of degree 1 if f(A4,) C By, f(4,) € B,. We denote by
| f| the degree of f.

Consider a homogeneous map F: G®( p) — AX).
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Let e: A%) > R be the augmentation. Then we define

0 ifeF=0,
leo F| = {|F| if eF # 0,

A homogeneous graded derivation D is a homogeneous map D: G%(p)—
ANV +D=lee DD gatisfying

(6.1) D(af + Bg) = (-1)"""aDf +(-1)""" gDg,
(6.2) D(fg) = (Df)g(p) +(-1)""""'f(p) Dg

where a, 8 are homogeneous elements in A, f is a homogeneous element of G®( p)
and | | is the degree.
We make the set S7,(M) of graded derivations at p into a A-module, by defining

(6.3) (a*D)(f) = ax(Df)

foranya € A, D € ST,(M) and any f € G*(p).
The next proposition describes the structure of ST,(M), the supertangent space of
M at p as a A-module.

PROPOSITION (6.4). If M is a G*-manifold of type (m, n, N), then at every point p
of M, ST,(M) is a free A-module on a Z,-graded real vector space V =V, + V, with
dimV, = m,dimV, = n.

PrOOF. Since the result is local, we may suppose that M = Ef»" and that U is a
neighborhood of the point p. The derivations G; of (1.3) restrict to G®(p) to
produce derivations D;, 1 < i < m + n. We now check that the D, generate ST,(M)
as a A-module. If f € G®( p) then we may write

() =f(p) + L(x' = p')* hy(x)

with h,(x) € G*(p) for 1 <i<m and h(x)€ G®(p, AM) form+1<i<m
+ n. Then h,(p) = D,f and

Df = 2. D(x')*D,f

which shows that the D, generate ST,(M).

We show that the D, are linearly independent over A. Suppose XX * D, = 0. Then
taking x‘, we find N * D,(x') = 0, so N x(1) = 0, where 1 € A if |i| = 0 and then
N=0,0or1e€ A if |i| =1 and then both e(X) = 0 and s(X') = 0, by the pairing
(1.1). Thus (6.3) follows.

REMARK (6.5). It was crucial to use the pairing * in the module structure (6.3) to
make ST,(M) a free A-module.

We now define the supertangent bundle on a G*-manifold M by

(6.6) STM = U ST,M.
PEM

It is a vector bundle with fiber dimension 2V(m + n). Moreover, we have
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THEOREM (6.7). If M is a G®-manifold, then STM has GL,(m|n) as group of the
bundle. Moreover (STM ), = TM, with group of the bundle Gy(m|n) and both TM
and STM are G*-manifolds and the natural projections to M are G®-maps.

If U € M is an open set, we let 2(U) denote the set of C*-graded derivations in
U, i.e. an element D € Y(U) is a mapping: D: C*(U, A) —» C®(U, A) satisfying
(6.1) and (6.2). If M is a supermanifold, we let 2°(U) denote the set of G*-graded
derivations on U, i.e. mappings

D: G2(U, A®) — G=(U, A== D)

satisfying (6.1) and (6.2). If (U, x) is a local ¥ coordinate neighborhood, then as
above

(6.8) Df =Y Dx'*G,f.
From (6.8) one has immediately
PROPOSITION (6.9). D € 9(U) is in 2% (U) if and only if D(x') € G*(U).

As usual, D € 9(U) is a local C*-section of ST(M) and D € 2°(U) is a local
G*-section of ST(M). The local G*-sections on ST(M) form a presheaf and we
denote by £ T(M) the sheaf of germs of G*-sections of ST(M). A (local) G*®-sec-
tion X is called a G-supervectorfield.

We finish this section with two propositions which amount to the G*-analogue of
the existence and uniquess theorem for systems of ordinary differential equations. (A
similar result using a different sheaf of functions has been proved [16] for Berezin’s
approach.) This is phrased in terms of local 1-parameter supergroups. For r € A,
a = 0, 1, we denote by G the superderivative with respect to ¢. If I, € A, is an open
set containing 0 and M is a G*-manifold, a G®-map c: I, = M is called an even
G*-curve if a = 0 and an odd G*-curve if « = 1. Evidently, from (1.21) we have

LEMMA (6.10). Let ¢ be an odd G*-curve and (U, x) an ¥ *“-chart in M, then there
are o' € N} and B' € A such that
(x'oc)(t)=a'*t+ B
Let ¢: M - M be a family of local G*-diffeomorphisms. We call ¢, a local

1-parameter supergroup of transformations if the map ¢: I, X M — M defined by
(¢, p) = ¢,( p) satisfies:

1) ¢isG=int,

(2) ¢,° ¢, = ¢, whenever s, 1,1t + s € I,

(3) ¢ = identity.

PROPOSITION (6.11). Let X be an odd G*-supervectorfield on M. Then every point
P € M has an & *®-chart (U, x) and a unique G* odd curve (c(t)) such that in U,

(6.12) G(xec)(1) = (-1 X(x)(c(0)).
Furthermore, c(t) defines a 1-parameter supergroup ¢, if and only if X* = 0.

PROOF. We define for p € U C M, a curve ¢ by
(6.13) (xoc)(r) = (X(x)(p))*1 + x'(p).
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Then clearly (6.12) is satisfied. Now for any f € G®(U), fec: I = A is G® and
hence by (1.21) is linear, thus (f ° ¢)(¢) = (X(f)(c(0)))* ¢ + f(c(0)).

Consider now ¢,: M — M defined by ¢,( p) = c(t), where c is the unique curve
(6.13). Then

(x'o g o0,(p)) = (x"o¢)(c(s)) = (x"e&)(c(s))
= X(x")(c(s)) =t + x'(c(s))
= X(x")(c(s))xt + X(x')(p)*s + x'(p).
Now consider the function X(x')ec: I — A, by the above (X(x‘)cc)(s)=
X%(x")c(0)*s + X(x")(p). Hence
x'ogo0,(p) = (X2(x)(p)*st +(X(x)(p))*(t +5) + x'(p))
and thus

x'op 00, (p)=1x"o¢,,(p) forallp,

and is a 1-parameter supergroup, if and only if X? = 0.
Finally, for even curves we have

PROPOSITION (6.14). Let X be an even G*-supervectorfield on M. Then for every
P € M, there are neighborhoods U of p, I, of 0 in A, an allowable chart (U, x) and a
unique local 1-parameter supergroup ¢, satisfying

(6.15) G(x'oc)(1) = X(x'o¢,)

where c is an integral curve of X, with ¢(0) = p.
PROOF. By (6.7) ST(M), = T(M), and we may write X in local coordinates as
Xw= Y Xjb,
|i]+|p] even
Then by the standard theorem for differentiable manifolds, there exists a local
1-parameter group ¢, which in local coordinates for M as a manifold satisfies
d('xl{ ° (i;io)/dt0 = X(‘x;l ° é‘o)‘
Furthermore, there are neighborhoods U of p € M and J of 0 € R such that ¢:
JXU—-Uis C* and ¢;: U - U is a C*-diffeomorphism for all 7, € J. Let x'
denote the supercoordinates x’ = Zx,ﬁe“, where the sum is taken over all i and p with
|i] + |u| even. There is a neighborhood I, of 0 € A, &(l,) C J, such that ﬁxmg
peEUxod(pt)e C=(e(1y), A). By (1.16) and (1.17), there is a unique ¢ = z(qb)
€ G°°(IO) such that ¢|s(,) . Furthermore by (3 14) and (6.15), Gz(x °§) =
z(X(x o $)). Since X is G* and x'o¢is G®, X(x'o¢)is G and z(X(x'° ¢)) =
X(x'o¢). Also z(x' $) = x' o ¢ and (6.14) follows. The uniqueness of ¢ implies [
is a local 1-parameter supergroup.

7. Multifoliations. Let M be an almost supermanifold, then the tangent bundle
T(M) has the structure of the even part of a bundle of free A-modules. More
precisely let U C M be open and

X,;: U - E(a), i=1,...,m,
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m linearly independent local sections of the vector bundle a of Theorem (5.1).
Similarly let

Xm+j:U—>E(B), j=1,...,n,

be n linearly independent sections of 8. Then ( Xi,...,X,,, ,) is a local moving frame
for E(a @ B). Furthermore, at each p € U, T,(M) has the structure of the even part
of a free A-module. It follows that X! = X; ® e*, |i| + |u| = 0, is a basis of T,(M)
for every p € U. Moreover, T,(M) is a free Aj-module and the A, action on the
basis { X!} implies for » even and all p

(7.1) X't =o(p+v,v) X",

Now if I(e*) is the principal ideal generated by e* € A then let I(e*), and I(e*),
denote the even and odd parts respectively. On U, E* defined as

(E(a)I(e*)o) ®(E(B)I(e"),)

has a basis { X}, A D p}. But it is readily checked that E* is invariant under the
Gy(m|n) action on T(M)|,,. Thus for almost supermanifolds we have

PROPOSITION (7.2). For every pn, E* = (E(a)I(e*),) ® (E(B)I(e"),) is a subbun-
dle of T(M) of fibre dimension 2V =1 ~'®)(m + n).

PrROOF. We need only check the dimensions. We have I(e*) = e* - A(W), where
W is a vector space of dimension N — /(). So dim I(e*) = 2¥~/® and hence
dim I(e*), = dim I(e*), = 2V ~/® — 1.

As a corollary of this result and Theorem (5.1) we have

COROLLARY (7.3). If I(p) = I(»), then E* = E” canonically.
The main result of this section is

THEOREM (7.4). Let M be a G'-supermanifold. Then for every p. + 0 € S, E* is an
integrable subbundle. If I(n) > 2 the leaves of the corresponding foliation are all flat
affine manifolds. Furthermore, if M is a G*-manifold, then all the leaves of all the
integrable subbundles E* are flat affine manifolds.

We need the following lemma whose proof follows directly from (1.6) and will be
omitted.

LEMMA (7.5). Let U C Ej7" be open, f € C'(U, A°), and write f = %, f,e*. Then
f € GYU, A®) if and only if for every p € S, f, satisfies

3
(1) i =0 ifvep.
0x,
3 of.
@ e o(v, Yo, v — p) Lte)
ox, 0x,

forallpc v Cp,and|v — p|=0.
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() Yect - (v, a)o(v, b)L=e

dx’ ax}
foralla # banda,b € ».

PROOF OF THEOREM (7.4). To prove the first statement we consider the underlying
almost superstructure on M determined in a local coordinate chart (U, x) by
{8xi =e'® Gl}

Now let (U, x’) be another coordinate chart compatible with the pseudogroup
&1. Then by (1) of (7.5) the transition functions x"o x~* satisfy dx}//3x/ = 0 unless
p C A. It follows that {9,;: » D p} extends to global commuting sections of E*. Thus
E*is integrable.

To prove the second statement of the theorem, we must show that the pseudo-
group & restricted to any leaf & of the foliation E* with /(p) > 2 is contained in
the affine pseudogroup on #. That is, we must show that for every v, p, 0 € S
containing p a change of coordinates &' satisfies 9%x’s/dx/3x] = 0 for all i, j,
k =1,...,m + n. Suppose p is odd, then necessarily /(p) > 1 and by (2) of (7.5)

2.7k
Xy—(p-a)

Xy oo, a)o(r, p)-
dx9x) oLp, 4JORY. P 0xi9x/

for each a € p. The result will follow from (1) of (7.5) if we show thato ¢ v — (p —
a). Again by (1) of (7.5) it suffices to restrict ourselves to those o, p contained in ».
But by hypothesis p C p, o, », so it suffices to show that p ¢ » — (p — a). Since
p O u the only way » — (p — a) can contain p is if p = a. But this contradicts
I(p) = () > 1. The case p even is proved similarly.

To prove the last statement we argue as above to reduce our considerations to
showing that 32x"* /dx'9x. = 0. But this clearly follows from Theorem (1.12). This
completes the proof of the theorem.

REMARK. By (1.10) the hypothesis that M be G* in the last statement of the
theorem is needed only for » = x = 1 - - - N in the formula above.

Let us look more closely at the foliation involved. For any p = p, consider a flag
of sequences py C p; C --- C p, = x where the length / satisfies /(p;,,) = I(p;) +
1. This gives rise to a flag of subbundles

EXC --- CEMCT(M).

Moreover, we have just seen that each subbundle is integrable, and if E* C E* then
each leaf of E¥ is contained in a leaf of E*. Hence, if we consider the set
J={E*C T(M): p € S}, thenJ has a natural partial ordering. Let E*, E* € 7,
we say that E* meets E”, written E* A E”, if there is an E* in J such that every leaf
of E*is contained in both a leaf of E* and a leaf of E* and if E° € J with the same
property then E° C E*. Similarly, we say that E* joins E*, written E* V E’, if there
is an E* € 7 such that E* c E* E* C E* and for any other E° having this
property, E* C E°. We see that E* V E* = E*"* and E* A E* = E***. Thus T is a
lattice. We call T a lattice of foliations on M. Since for any two subbundles E* and
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E*,E*V E* C E° = T(M) and E* A E* D EX, J is complete. Furthermore, E* A
(E*V E*) = (E* A E*) V (E* A EY), and E* V (E* A E}) = (E* V E}), so we
have

COROLLARY (7.6). For every G'-supermanifold M, the set T defines a complete
distributive lattice of foliations on M.

Actually there are more foliations than those in the lattice 7. Let E*, E* € 9 and
denote by E* + E” the subbundle obtained by taking the vector space sum (not
direct) at each point p € M. This is the space generated by the ideal I(e*, e”), i.e.
(V ® I(e*, e”),), and is thus integrable since it is invariant under &*. We have

PROPOSITION (7.7). E* + E” is integrable.

In particular, define

E is generated by the augmentation ideal I( A). We will refer to E as the augmenta-
tion bundle or augmentation foliation. Its fibre codimension is m. Let Q = T(M)/E
denote the normal bundle and Pont(Q) the Pontryagin ring of Q. Then by Bott’s
vanishing theorem

COROLLARY (7.8). If M is a G*-supermanifold, then Pont?(Q) = 0 for all ¢ > 2m.

Denote by M, the space of leaves of the augmentation foliation and let p:
M — M, denote the projection map. It is not always possible to give M, the
structure of a C*-manifold which makes p a C*-map. In fact it is well known [13]
that this is possible if and only if the foliation is regular, i.e. if (U, x) is a chart of #*
(or £ ) then every leaf intersects U in only one slice. We will say that M is a regular
G'- or G®-supermanifold if the augmentation foliation E is regular. In this case M,
is a C*-manifold (not necessarily Hausdorff) and p: M — M, is a submersion.
Furthermore, every leaf p™!( p), p € M,, is a closed submanifold of M.

To see that not all G*-supermanifolds are regular, consider any G*-supermani-
fold of type (m, n; 1). This is equivalent to giving a manifold of dimension (m + n)
with a foliation of codimension m all of whose leaves are flat affine. As a
counterexample to regularity consider the torus S! X S! with the foliation de-
termined by an irrational flow. This gives S* X S a G*®-structure of type (1,1; 1)
which is clearly not regular.
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