TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 286, Number |, November 1984

R-SETS AND CATEGORY
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RANA BARUA

ABSTRACT. We prove some category theoretic results for R-sets much in the spirit of
Vaught and Burgess. Since the proofs entail many results on R-sets and the
R-operator, we have studied them in some detail and have formulated many results
appropriate for our purpose in, perhaps, a more unified manner than is available in
the literature. Our main theorem is the following: Any R-set in the product of two
Polish spaces can be approximated, in category, uniformly over all sections, by sets
generated by rectangles with one side an R-set and the other a Borel set. In fact, we
prove a levelwise version of this result. For C-sets, this has been proved by V. V.
Srivatsa.

1. Introduction and preliminaries. The theory of R-sets and the R-operator,
introduced by Kolmogorov almost half a century ago, has been studied extensively
by Russian mathematicians (10, 12, 13] and most of the basic properties have been
deduced by them. However, it is only very recently that interest in the theory has
been revived due mainly to the work of Hinman [7, 9] who developed the effective
counterpart and showed that the effective hierarchies have deep interconnections
with recursion-theoretic hierarchies. The introduction of Borel-programmable (BP)
sets by Blackwell added a new dimension to the theory, and since then it has been
shown by Burgess and Lockhart that the hierarchy obtained from BP-sets by
iteration gives precisely the R-sets [6]). That two seemingly different definitions yield
the same class of sets suggests that the R-sets form a natural class of subsets of the
reals. Burgess has also obtained a different characterization for R-sets. He has
proved that the entire hierarchy of R-sets can be obtained by applying the game
quantifier to the “difference hierarchy” (of A%) obtained from sequences of G-sets
[3]. Hinman (and also independently Aczel and Vaught, for the first level) first
observed that the theory of inductive definability and games can be effectively used
to study the hierarchy of R-sets [8, 1, 19]. These are the major tools employed by
Burgess to prove most of his results on R-sets [3, 4]. In this paper, to obtain our
main result, viz. the approximation theorem, we have taken recourse to these
methods.

R-sets in X X Y, the product of two Polish spaces, are in general complicated sets
and cannot be related to any reasonable product o-field. For instance, as observed
by B. V. Rao [16], C-sets in R X R need not belong to #(R) ® #(R), the product of
the o-fields of Lebesgue measurable sets. However, as shown by V. V. Srivatsa [17],
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C-sets in X X Y can be “approximated” sectionwise, in the sense of measure and
category, by sets in product o-fields. His methods do not seem to generalize to
R-sets. In this paper, we have shown that R-sets can be similarly approximated, in
category, by sets in product o-fields. This incidentally gives the selection theorem of
Burgess (cf. [3]).

To obtain the approximation theorem, it is necessary to reprove some of Burgess’
results in a more rigorous, accessible and, perhaps, transparent style. Our paper,
therefore, serves a two-fold purpose.

The paper is organized as follows. Positive analytical operations and 8 — s
operations are introduced in §2, and some of their elementary properties are
discussed there. The papers of Kantorovitch and Livenson [10] give a detailed
exposition of these operations. In §3, we have studied the operator R of Kolmogorov
and the more general operator # . In this section, we have also shown how
inductive definability and games arise in the context of these operations. The theory
of R-sets, studied in great detail by Lyapunov [12, 13], is treated in §4. In this
section, we have given a proof of the pre-well-ordering property enjoyed by the
classes c#° (p < w,) via the comparison of indices lemma. The proof of this lemma
is much along the lines of the Kunen-Aczel theorem (cf. [14]). The comparison of
indices lemma is crucial for our purpose since it helps in computing the complexity
of the winning strategy for the existential player in the game associated with the
operator R. This is done in §5. Here we have also obtained a decomposition of
E* = {x: E* is comeager} for sets E € Z}°, analogous to the one obtained by
Vaught for analytic sets [19] and for %£'-sets obtained by Burgess and Miller [5]. This
immediately gives us the transfer theorem (cf. 5.4), which essentially computes E*
when E is computed by R®,, whenever the computation for F* for sets F computed
by @, is known. §6 deals with a few applications of the transfer theorem, viz. the
computation of E* for R-sets E. It is worth mentioning here that although our
methods for computing E* are implicit in Burgess’ proof for the same (cf. [S]), he
computes E* only for #'-sets E, as any computation for higher levels using his
methods will involve great notational complexities. By restricting ourselves to certain
games of length w and isolating the “core” of his proof (viz. the transfer theorem) we
have been able to compute E* for all levels of the hierarchy of R-sets by a simple
inductive argument. These computations yield sets in product o-fields which “ap-
proximate” sectionwise (in the sense of category) R-sets in two dimensions. This is
done in §7. Incidentally, in this section, we have proved a slightly stronger version of
the Game Formula of Kechris (cf. [11]) needed for our purpose.

For our notation and terminology we shall mainly follow Moschovakis [15]. The
letter w will denote the set of natural numbers and w“ the set of all sequences of
natural numbers equipped with the product of discrete topologies. Letters a, 8, v,
d,... will serve as variables over w* and 7, £,... as variables over 2¢. Seq will denote
the set of sequence numbers of all finite sequences of natural numbers. We will
mainly use s, ¢, u, v to denote sequence numbers. We fix a base Z(s) for the
topology of w*, where

2(s)={a€ w:ah(s))=s).
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If s and ¢ are sequence numbers, we write s < ¢ if s = ¢ | i for some i < lh(s); s * ¢
or st is the catenation of s and ¢. If s = (ay,..., a,_,), then (s);=a;fori <k.eor
( ) will denote the empty sequence as well as its code.

If #is a collection of subsets of X, then ¢(% ) denotes the o-field generated by #.
If # and € are o-fields on T and X, respectively, # ® ¥ denotes the product o-field.
For X a separable metric, %, denotes its Borel o-field.

Given a monotone set relation I'(w, x, A), where w varies over W and A4 varies
over subsets of W, I', denotes the induced set operation

r(A)={(we wW:TI'(w,x, 4)); xe€X.
T'* denotes the uth iterate, viz.

r-r(Ur).

vep
We define
r>= U
i
and put
welto (Ir<p)werl?].
The fixed point of T" is

I~ ={(w,x):werlx®)

and is called the relation built up by I'. We shall use elementary facts on inductive
definability and games as found in [15]. Note that all unexplained notation and
terminology is from Moschovakis [15].

The author wishes to express his gratitude to Professor Ashok Maitra for introduc-
ing R-sets to him and for general guidance at every stage in the preparation of this
paper. He is also grateful to V. V. Srivatsa for innumerable discussions. The
influence of J. P. Burgess is evident on every page.

2. Positive analytical operations. In this section, we shall discuss positive analytical
operations and some of their properties needed for our purpose.

Let X be a nonempty set and N C w“. Let { E,: n € w} be a sequence of subsets
of X.

DEFINITION 2.1. The § — s operation with base N is defined by

k9

Oy({E;:new))=U Eqky-
a€N k=0

In most cases we shall take the base set N € 2“ so that

oy(E,snew))= U NE,

neEN n€n

To avoid trivialities, we shall always assume @ € Nand N # @.
EXAMPLES. If N = { Ana&(n): a € w*}, then @, = operation . If

N = { a € w*|Range(a) is infinite} ,

then @, = limsup. If N = {( n, n,... )ln € w), then ®,, = U (countable).
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An operation over X is a function ® : #(x)* — P(x).

DEFINITION 2.2. An operation over X is said to be a positive analytical operation
if

(a) ® is nonconstant and

b)xeP(E,:nc€w) &y ®(F,:n€w) > 3An) x€E, &y &F).
Clearly, U, &/, limsup are positive analytical operations. A positive analytical
operation on constant sequences takes on the constant value and is isotone i.e. for
any families{ F,: n € w} and {G,: n € w), iIf (Vn)(F, € G,), then ®(( F,: n € w})
CP(G,:n€ w).

Given a positive analytical operation ® over X, one can define a positive
analytical operation @’ over any set Y as follows. For any family { F,: n € w) of
subsets of Y and y € Y, put

yE€®({F,:n€ w))othereisa family ( E,: n € w) of subsets of X
and x € Xsuch that x € ®({ E,: n € w})
and (Vn)(x € E, > y € F,).

It is easy to check that @’ is positive analytical and @’ = ® when Y = X. The
operation @’ is called the extension of ® over Y. Henceforth we shall use the same
symbol ® to denote a positive analytical operation together with all its extensions.

Notice that a § — s operation is a positive analytical operation (over any set X).
The converse is true and follows from the following.

PROPOSITION. Let ® be a positive analytical operation over X. Then ® = &, for
some N C 2 (N C w®).

PROOF. Let
D, ={ne2ie€n), or,
= {a € w*|i € Range(a)}, i€ w.
Put N = ®(( D;: i € w)). Itis easy to check that ® = ®,. The set N obtained above
is called the canonical base for ®.
DEFINITION 2.3. A base N C w“ is complete if N = ®,({ D,: n € w}), when D, is
defined as in the Proposition. Thus the canonical base for a positive analytical

operation is complete.
Equivalently, a base N C 2¢ is complete if

NEN&WC Y Cw—7n EN.
If N=®y(D,:n € w)), then N is complete (called the completion of N) and,
moreover, &5 = ®,.
DEFINITION 2.4. For any operation ®, the dual ®° is defined by

(E,inew))=[oy({E:new))]

e.g. U%= N, (limsup)® = liminf,&° = T, where
T(E,:n€w))={x:(Va)3n)(x € Eg,,)} -
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If ®, is a & — s operation with base N C 2“, then the canonical base N of its
dual is given by

(1) Nl={(ne2:qgny + @ foreveryy € N)
={ne€2“:qn°& N}, ifNiscomplete.

Plainly, N° is always complete. Thus, for any family { E,: n € ),

(2)  @neN°)(Vnen)xeE,]o (YneN)@ncn)x ek,

If N is complete, N® = N and hence

(3) (VvneN°)3nen)[x€E]o (3neN)Vneq)[xe€E,]

3. The R-operator. Although the R-operator was first introduced by Kolmogorov,
the first published account of the theory appeared in [10] and further results
obtained in [12, 13]. Lyapunov also studied the hierarchies of R-sets (cf. §4) and
obtained most of their properties. The interconnection between R-operators and
games was first noticed by Hinman (8] (and also independently by Aczel [1)).
Hinman also developed the effective theory and did most of the groundwork. Much
of the material in this section is adapted from these sources.

DEFINITION 3.1. Let #'= (N, C 2“: p € w) be a sequence of nonempty bases.
0 C wis called an A~chain if

(a)e €4,

(b)sefandt<s—-1r1€40,

(c)s€8—>(n:s(ny€b) €N,

Put © .= ( 6: 8 is an A-chain).
2 4, is the set operation defined by

2, (E;new))= U NE,.
0O, s<b
Clearly, # ,- is a § — s operation with base © ,..

If N, = N for each p, then #,-is denoted by R®, and its base by RN. An
A~chain will then be called an N-chain.

EXAMPLES. Let N = {{ n} : n € w) so that ®,, = U and put #'= { N). Clearly,
an A-chain is any set of the form {a(n):n € w). Thus RU = R®, =«. If
N = { w), then ®y, = N (countable) and the only A~chainisw,s0 R N = N.

DEFINITION 3.2. Let @, and ®,, be two 6 — s operations with bases N, M C 2.
The composed operation ¥ is given by

Y((F:new))=0,({,({F,.,ncw)):pew)})

¥ is sometimes denoted by ®,®,,. By the characterization lemma, ¥ is a § — s
operation whose canonical base we shall denote by NM. Thus ¥ = &, ®,, = &,,,
and

n € NM & (An, € N)(Vn, € n,)(3¢, € M)(Vm, € §)[(n,, m,) € n].

Henceforth, for simplicity, we shall take X = «“ or (w*)* X «!, although most of the
results hold for a general Polish space.
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DEFINITION 3.3. For any operation @, let 2} be the class of relations of the form
®({ F,: n € w)) with all F, clopen, II{ the class of complements of such relations,
and A} = = N II. Then == 20 and I = 3.

If ® = @,, then define ®* = RP, 0.

The next two lemmas show a close connection between R-operators, inductive
definability and games.

LEMMA 3.4. (a) Suppose F = R®\({ F,: n € w)). Then
x€Feo (Any€N)(Vny€ny)(3n, € N)(Vn, €7))---

(+) )X € P ).

(b) IfE = ®¥{ E,: n € w)), then
x € E o (Iny € N)(Vn, € ny)(VE, € N)(3mg € §,)(3n, € N)(Vn, € 7,)
(vzl € N)(aml € gl) ..... (Vk)[x € E((no.mo).....(n‘_,.m,._l))]'

(The right-hand side of each equivalence is interpreted in terms of games between two
players ¥ and 3.)

PROOF. Clearly (b) follows from (a) and the fact that
n € NN° & (3, € N)(Vn, € n,)(VE, € N)(3m, € §)[(n,, m)) €7].

To prove the first assertion, fix x and suppose x € F. Get an N-chain § € RN such
that (Vs € 0)[x € F,]. Now, consider the following strategy for 3. As his first move
3 plays 9y = { n: (n) € @) which is clearly in N. Any response n, € 7, by V gives a
set n, ={n:(ny,n) €0) € N and 3 should play 7, as his next move. If V then
plays n, € n,, we still have (n,, n;) € 6 and 3 responds with 1, = { n: (nqy, n;, n)
€ 6). If 3 follows this strategy, then clearly for any k, (ng, n;,..., n,_,) €  and
sox € F,, , - Henceitisa winning strategy for 3 in the game (*).

For the converse implication suppose o is a winning strategy for 3. Let 8 be the set
of sequences (n,..., n,_,) of first k possible moves of player V¥ when 3 follows this
strategy o. Clearly 8 is an N-chain and since o is a winning strategy for 3,

(Vk)[<"0v--’ n,,)€l—->xe F(n(,.nl,“..n,._,)]'

Hencex € R®,(( F,:n € w}) = F.

REMARK. It follows from Lemma 3.4 that our definition of ®* is equivalent (cf.
Definition 3.9) to that introduced in [8, V. 4].

The next result is due to Hinman [8].

THEOREM 3.5. For any positive analytical operation ® and any E C (w*)* X &' in
I, there exists a (monotone) inductive operator T such that for all x
E(x) o eIy,

PROOF. Let { E, : s € w) be a family of clopen subsets of (w*)* X &' such that

xXEEoxe®*({E:s€w)).
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Let N C 2 be the canonical base for ®. Then ®* = R®, 0. Define a set relation
operative on w as follows:

(4)
seT(A)oxg E,v(Vne N)@nen)@3¢te N)(Vme £)[s((n, m)) € 4].

Clearly, I'(s, x, A) is a monotone set relation. Put E* = ®*({ E_,,: t € w)). One
can easily see that E¢ = E€ and E* C E,. We claim that for all s,

(5) x¢E'osel?

and the result follows by putting s = ( ). We shall prove the implication (<) by
induction. If s € T?, then x & E, D E*. Now suppose s € I'*, p > 0. Then

x€E v (Vne N)3nen)(3¢ € N)(Vm € ¢)[s=((n, m)) € T7+].

If x € E,, we are done; otherwise by induction hypothesis
(VneN)Anen)(3¢,e N)(Vme §)|[x & Es=(nm)]
which by Lemma 3.4 (and determinacy) implies
(Vne N)3nen)(3 e N)(Vm € §){(Vn, € N)(3n, € ;)

(3%, € N)(Ym, € £) - (@)% € E,o(Cnmyy o( (mmdo (mem)) ] )

This clearly implies
(Vo € N)(3ng € 19)(3¢o € N)(Vm, € §)(Vn, € N)(3n, € 1)

(3L, e N)(Vm, €¢)--- (3k)[x & E,,((,,o‘,,,o%w(nk_l_mk_.))]

and thus x € R®,o( E,.,; 1 € w}) = E*, by Lemma 3.4 again.
Conversely, let s € I'®. We shall show that x € E* i.e.,

(**) (3mg € N)(Vny € no)(Vép € N)(Amg € §,)(3n, € N)(Vn, € my)
(Vél € N)(aml € £l) e (Vk)[x € EJ‘<<"0~m0>-<~-'<"lr—l"”A—l))].

Since s € I’ (I'y°), by definition of I', x € E and moreover,

(3mg € N)(Vng € no) (V&g € N)(3mg € £g)[s *((ng, my)) & T7°].
Now, 3 can win the game (* *) by adopting the following strategy. He picks n, € N
such that for any choice of ny, € 7y and £, € N, there is an m, € §, such that
s*{{ng, my)) & I* = T (IY°). Thus x € E,, () m,yy and

(3m, € N)(Yn, € 0))(V€, € N)(3m, € §)[s*((ng, mo),(n;, m)) & ]

3 then picks 1, € N such that for any choice of n, € 9, and £, € N made by V,
there is an m, € £, (and 3 plays such an m,) such that s * ((ny, my),(n,, m;)) &

I'*. Proceeding this way, 3 has a strategy which ensures that for .all k, x €

E, . ((ng.mo)...(nx1.my_yy a0d 50 3 wins the game (= *). Consequently, x € E*.

REMARK. If E is such that x € E & x € R®y({ E,: s € w}), then the inductive
operator takes a simpler form, viz.,

(6) seT(A)exe&E vV (Vne N)3nen)|s«(n) € A].
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More generally, if #”= { N,: p € w} is a sequence of bases and
E‘. ='Q./f‘(< ES:S e w))~
then we take the following inductive operator
(7) seT(A)eox&E VvV (VneN,)(3nen)[s+(n) € A],
and the conclusion of the above theorem still holds.
The inductive operator (4) (or (6) or (7)) is called the canonical inductive operator
associated with { E_: 5 € w} and N (or A").
The above characterization theorem yields a decomposition of sets in I (Z{")
into simpler sets as is evident from the next theorem.
DEFINITION 3.6. For any operation ®, v(®) is the smallest class of relations
containing clopen relations and closed under ® and ®°.
Thus v(U) = v(N) = A,.
Let E € 2} and suppose E = ®*({ E,: s € w)). Let N and T be as above. Then
by 3.5, E(x) @ e & I'. Set
EF={x:s&Tt).
Then E = N, E!. Now define
™= U (EF - EM!).

S€w
It is easy to prove by induction on p that for all p < w,, s € w, E} and T* are in
V(®). Then we have

THEOREM 3.7. E = U (El—TH) = N Er

b<w p<w Ter
PROOF. Let x € E. Define
least ordinal p such that x & E? if (3p)(x & E?),
B(s) = .
0 otherwise.
Let w, > p, > B(s), Vs. Then (Vs)[x € Ef* & x € EPo*!]. Consequently, x & TP
and thus x € Efo — TPo.
Conversely, suppose for some p, < w;, x € Ef° — T*9, Then
(Vs)[x € Efr o x € Epot].
One can check by induction that
(Vp > po)(Vs)[x € EPo & x € EP].
So in particular, x € N EP =N Ef=E.

p>po e p<uw )
Standard arguments using the above decomposition and the countable chain

condition yield the following (cf. [8]).

THEOREM 3.8. If ® preserves measurability ( preserves the Baire property), then so
does ®*.

DEFINITION 3.9. For any two operations ® and ¥, ® subsumes ¥ (® > V) if there
is a function f: w —  such that for any family { F,: n € w},

‘I’((F,,:nEw))=‘l>(( Fﬂ,,,:nel.o)).
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® and ¥ are said to be equivalent (® ~ ¥) if ® > ¥ and ¥ > ®. For example, &/
subsumes both U and N.

DEFINITION 3.10. A positive analytical operation @ is said to be normal if there is
a function g such that for any family { F,: n € w),

o({@({ F,p:q€w)):pew))=0((Eyy:new)).
We shall omit the proof of the next lemma which can be found in [7, 9].

LEMMA 3.11. For any operations ® and ¥

(a) ®%° = @;

b)®>V¥ > %> ¥

) P-0° > &, 0

(d)RD > 9,

(e)® > ¥ — R® > RY;

(HR® > ¥and R® > ¥° - R® > ¥- ¥
(8) R® ~ RRY;

(h) R® is normal.

4. The R-sets. We shall first construct a sequence { R,: p < w,} of positive
analytical operations by induction as follows. Put R, = %/ and having defined R,,
put

R,., =R:.

If A is the limit, choose a sequence p; T A and set, for any family{ E,,: n € ),
o«
O(E,;n€w))= (\0 QN,,M?({ Eim:mea)),
i=

where N, is the canonical base for R,, . Then define
R, = ®*.
Note that any other sequence p; T A gives rise to an equivalent operation by Lemma
3.11. Also, it is easy to check that R, > R if p > p’.
For each p < w,, let #° = 2R and BR* = AR, Let BR* be the least class
containing clopen relations and closed under R, and complementation. Thus, for
instance, #° = 2}, B#° = A, and #R° = C-sets of Selivanovskii. Finally, set

2= U @°.

p<w,

Members of # are known classically as the R-sets. It is not difficult to see that for
each p,

R°C BR° C BRP C @PHL.

In fact, the inclusions can be shown to be strict (cf. [12, 13]).
The following is immediate.

LEMMA 4.1. For every p, R, is normal and RR, ~ R,,.
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For each p, the class #%#°* can be decomposed into a hierarchy just as in the case
of the Borel class. Suppose R? = ®*. We set #§ = #* and take

RP = R"[( U 9:) ] BR: = (E:E,E‘€R}.
r<p
ZBAR! is the smallest class containing #; and closed under ® and complementation.

It is immediate that these classes are included in Z%*° and indeed that Z%° =
U Q‘f. As above we have, for each p, p < w,,

p<w
R> C BR S BRE, | S RE

put+l F Fp+l-
We shall now show that each class c#° = IIf- has the pre-well-ordering property.
The key to this is the following lemma.

If E=2X,(E,:n€ w)), where #'=(N,: p € w} and I' the canonical induc-
tive operator asociated with { E,} and A", then we have x € E & e € I'*. Put

(5, )ir = {

Thus e, x)|r < w; @ x € E.

least p such that s € T? if such p exists,
w; otherwise.

LEMMA 4.2 (COMPARISON OF INDICES). Let &= ( E,:n € w) andF = ( F,: n € w)
be two families of subsets of X and further assume that ¥ is regular, i.e., F, C F, if
s<tLaN={N,:p€w) M={M,: p€E w) betwo sequences of bases. Define a
sequence of bases { K : s € w) as follows. If s = ({(ny, my),..., {n,, my)), then K
is the canonical base for the positive analytical operation ® defined by

Q(( G": ne w>) = QM(O»:O. .m‘)({ ‘DN(HO‘ "L)({ G("~'"> ‘ne w} ) me w} )'
Otherwise, K, = { w}. Let
X={K s € w},
H = {E(no....,nQ U F  my ifs={(ng,mg),....{ne,my)),
X otherwise.

Suppose T is the canonical inductive operator associated with & and /", A the inductive
operator associated with % and # . Then,

{x:l(e,x)r <Ne x)la) =Ry ({ Hy:s € w}).

PROOF. First note that

N € K((ngmoy. - (n,1m, 1))

< (31,, € M(O'"ov»~»-"'.—l>)(vm € n,)(an" € N(no ..... ,,I_1>)(Vn € ﬂ")[(”» m> € 71]-
The operators I and A are as follows.
seT (A)o x& E, Vv (Vne N)3nen)[s*(n) € 4],
s€A (A)o x & F, v (Vne M)3nen)[s+(n) € 4.
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To obtain the result look at the canonical inductive operator associated with X and
H=(H s € w)
seAN (A)oxe H V (Vne K,)3neq)[s*(n) € 4].
We claim that for all x € X and ny, m,..., n;_;, m;_;
(8) I({ngse-es mizy)s X)r < ({mgs-ny mi_y), X)|a
o (o, mo),...,{ni_1,m;_1)) € A}
and the result follows by taking i = 0.

We shall prove the implication (—) by induction on K{n,,..., n,_;), x)|r. Sup-
pose

p=I((nosees i)y X)p < ({mg,..., m;_y), %),
and assume, to the contrary, ({(ng, mgy),..., {(n,_;, m;_,>) &€ A%?. Then
(i) xe E("o»w".-l) v F<c'"o ----- ’”:-l)&(an € K(("O""O)w'-(":—IJ":—I)))
(Vs € n)[({no, mo),..os (mimyymi_y)) * (s) & AT].
Now, (my,..., m,_,) &€ A% and so
x € F('"o .... M,—l>&(3n’ € M(mov-.»m,-l))(vm € n’)[<m0""’ m;_, m> & A:p]'
This implies
(li) x € F‘(mO...‘M,_O&
(371' € M(mo ..... m,_,))(vm € "I')[P < I(<m0""’ mi_y, m>’ x)lA]'
Clearly from (i) and (ii), x € E,
(VTI" € Nep,. ... n,-,))(a" €n’)[{no,.... n;_y, n) € T*]
which gives

(i) (Y1" € Ny 1) @0 € 0)[((Rosees my_yy Y, X)p <

a,_,y and since (ng,..., n;_;) € I?,

p=1({ng,--., mi_y), x)g]-
Fix 1 € K ((ng. moy.... (n,_.m,_yy t0 Satisfy (i). Getn’ € MJ, . such that

(iv) (Vm € n')(an” € N<,,o'”_‘,,'_l>)(Vn € v")[(n, m) € q].
Clearly, (ii) and (1) of §2 yield m* € %’ such that
p<I({mg,...,mi_;, m*), x)|,.

By (iv) corresponding to m* get 4" € N, ., such that (Vn € 9”)[(n, m*) € 7).
By (iii) get n* € 0" such that ((n,..., n,_, n*), x)jr < p. Clearly, (n*, m*) € g
and

I({nos.ves iy m*), X)Ie < p < WMo, m_y,m*), x)|a
and by the induction hypothesis this implies

((ng,mg),....,{n,_y,m;_y),{(n*, m*)) € A3.
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This clearly contradicts our choice of n. Hence ((ny, my),..., (n,_;, m;_)) € A=.
To prove the other implication, set

A* = {({({ng, mg),...,{ni_y,m;_)):
I((namisyy, X)lp < I({mgs.ny m_y), X)|a)

U { t: tis not of the form ((ny, my),..., {(m;_;, m,_))}.

We shall show that A, (A4*) € 4*, from which it will follow that A C A*.
So let

(v) (ngsmp),...,(n,_y,m_)) € A (4*).
We will have to show that
I({ngs-eesmi)s X)p < WM.y m,_1), X)la.

Assume to the contrary that

|(<’"0,-- ymi_1), X < ((ngseves miZy), X)lre

From (v) we have

x € E<["o vvvvv n-1) N F("'o ~~~~~ m,_1) v (Vn € K(<"0~’"0)-~~-~(".-1~’"1~|>>)(as € n)

[((ng, mo),.... (n,_y,m_1), s) € 4%].
_____ m,_y)» then {((ng,..., n,_;), x)lr = 0 and

(Mg mi_1), x)s > 0

.......

and we are done. So assume

n,-1) v F(cmo.».-.m,_l))&(vn € K((no.mo)..”.(n,_l.m,-,)))(as € ")
[((ng.mg),....(n,_y,m, ), s) € A*].

If x€ F, m_» then by regularity x € F<m m,_.my for all m, and hence
(Vm)[l((mo, .., m;_y, m), x)|, = 0]. But this is not p0551ble by (vi). Therefore,

(Vi) x € (Equg. m 1y O Eompe o, )
& (Y € K (ny.moy... - rom-1y)BS €M)
[((ng, moY,....(n,_y,m_)), s) € A*].
Case 1.({ng,..., n,_1), X)|r = w,. In this case (ng,..., n,_;) & I'° and hence
(377" € Nen,.... n,-.))(V" € )I({ngs- s mimy )y X)lp = @]

Fixsuchann” € N, , . Pickanyy € M, , and put

0o,y

={{(n,m):nen"&men}.
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Clearly n* € K (5, m,)... y and, moreover,

nem_y)
(V(n, my € 1*)[|({mo,-- ., m;_y, m), x)la < @ = |((no,---, n;_y, 1Y, x)ir].
This contradicts (vii).
Case 2. K{(ng,..., n;_1)s X)Ir = p < w,. Here we have, by our assumption,
(myg,...,m;_,) € A, and since x € F,,

..... m,_)°
(V"I’ € M(mo,...m,-|))(3m € 77’)[|(<m09---’ m;_y, m>’ x)lA < P]

which implies by (2) that

(311’ eM;, . m'_o)(\'/m € 7)[I({mq,..., m,_;, m), x)|5 < p] hence,
(37 € MGy )(¥m € 1) [(nor. o my_y) @ TlCmommiosemdinls ]

Consequently,

(3w eM . )¥men)3n €N, . ,)(Vvnen)
[((mo,.... m,_y, m), X)a < (M- -5 1y 1Y, X)Ip)-

This clearly contradicts (vii). Thus in either case we have a contradiction and so
A% (A*) € 4*. Thus A% C A*. This proves the other implication of (8).
The following trick is due to Lyapunov.

LEMMA 4.3 (INCREASING THE INDEX BY 1). Let I" be the canonical inductive operator
associated with& = ( E,: p € w} and /"= { N, : k € w}. Define

Ep) = X;
= {E(m ..... n;) lfS = <1’ Ryseees nk)’

@  otherwise.
Put

Ngy ={{1})};
. {N(m.....n‘) ifs=(,ny,...,n;),
’ {{n) :n€w) otherwise.
IfA™* =(Nt: k € w), then
Ry({Er:s€w))=Ry(E;:s€0))
and (e, x)ir- = e, x)p + 1, where T'* is the inductive operator associated with
&*=(E*: s€w)and /™.

ProoF. We shall prove by induction on p that
(,n,,....,n)y€T* o (n,....,n)€T?.
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Now,
<17 ny,..ny nk> € I‘x‘p ox€E E{l,n,..“.n‘) v

(VneNg .. ao)@nen)(ln,. .. 0. ny eTr=r]
o x €& E<,,IWV,,‘) \Y;

(V0 € Nw, noy)@nen)(ny,.... 0 n)y € T7*]
o (ny,....,n )y €TP.
ceeTr* o (Vne N)3n e n)[(n) € T**]
o (1) el
e e I‘f.
Hence # ,.( E¥:s € w)) =X, ( E,:s € w)) and|(e, x)|r. = |(e, x)|p + 1.

The following lemma follows from above. One has only to observe that for any
positive analytical operation ®, R® is normal, R®°® ~ R®®° and if

N={N,:s €w)
is a family of bases such that ® > ®, for each s, then R® > £ ..

LEMMA 4.4. Let ® > U be a positive analytical operation and /"= {N;: s € w},
M= {M,:s € w} be two families of bases such that for each s, ®* subsumes ®,, and
® 0. Suppose { E;: s € w} is a family of sets in Z}" and { F,: s € w} a regular family
in II?". Let T be the canonical inductive operator associated with & = {E,: s € w)} and
A", and A that associated with = (F,:s € w} and #. Put B,(x) = |(e, x)|; and
By(x) = Ke, x)|s. Then

(@) {(x: Bi(x) < By(x)) € IIY",

(b) {x: By(x) < 0, &By(x) < By(x)y € TP

PRrROOF. The first assertion follows from the comparison of indices lemma and the
observations made above. The second assertion follows from the first by increasing
the index of A by 1.

By slightly modifying the inductive operator A in the proof of Lemma 4.2, one
can obtain the following

COROLLARY 4.5. Let ', A, ® be as in 4.4. Then
{(s.1,%):|(s, x)Ir <|(t, x)ly) € Y.

THEOREM 4.6. For any positive analytical operation ® > U, II{" has the pre-well-
ordering property.

PROOF. Let E € II{" and suppose
E<=®*({A,:s € w)) with{ 4,) clopen and regular.

Let B(x) be the norm on E induced by the canonical inductive operator. Let N be
the canonical base for ® and put 4= { NN°), # = { NN°). For each s, set

E,=A,xX, F=XXaA,
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and let B,(x, y), B,(x, y) be the norms induced by the inductive operators associ-
ated with { E;: s € w), # and { F;: s € w}), #. Since all the hypotheses of Lemma
4.4 are satisfied, the sets {( x, y): B,(x, y) < B,(x, y)) and
{(x,):Bi(x, ¥) < w0, &By(x, ) < By(x, )}

are in II}". But

{(x,9): Bi(x, ¥) < Bao(x, )} = {(x, y): B(x) < B(y)}
and

{(x,9): Bi(x, y) < 0, &By(x, y) < Bo(x, y)}

={(x,y):B(x) < 0, &B(x) < B(»)} .

Consequently, IT{" is normed.
COROLLARY 4.7. For each p < w,, c#" has the pre-well-ordering property.

5. Complexity of winning strategies and the transfer property of the R-operator.

THEOREM 5.1. Let ® be a positive analytical operation which subsumes both
(countable) U and M. Let V be the o-field generated by =?". Let E € 2" be such
that

(i) x€E o (In, € NN°)(Vn, € 10)(3n, € NN°)(Vn, € qy) - - -
(Vk)[xe E(no ..... n,(_l)]9

N being the canonical base for ®. Then, there is a V-measurable function x — o, such
that o, is a winning strategy for the player 3, whenever x € E.

PrROOF. Let T be the canonical inductive operator associated with NN° and
(E,:s € w) and put NN° = M. Define

Bs. ) - |

least psuch thats € T?  ifs € T,
w,; otherwise.

Now suppose x € E. So 3 wins the game (i).

If 99, My,- .., Mx—, and ng, ny,..., n,_, are the first k relevant moves of 3 and V,
notice that 3 goes on to win the game (i), i.e., he is in a winning position iff
(ng,...,n,_;) € TP ie, iff B({ng,..., n,_;), x) = w,. In such a case, 3 has to
play an € M such that (Vn € 9)[B({ng,..., N;_y, n), x) = w,;]. We, therefore,
define for each x, the strategy o, for 3 as follows:

pE€os) e B(s,x) <B(s*(p),x).

Clearly by 4.5, the map x — o, is V-measurable. We shall now show that if x € E,
then o, is a winning strategy for 3 in the game (i). Suppose g, 7, My, Rys- .oy ey
n, _, are the first k moves of 3 and V and assume that 3 has not yet lost the game i.e.
he is in a winning position. Consequently, we have (B({ng, ny,..., n;_1), X) = @,
and hence (n,,..., n,_,) &€ I'°. Therefore,

(ii) (3n e M)(Vn e q)[B((no, ny,- .oy myyy ), x) = w].
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By definition,

o, ((ngseecsm 1)) ={ P B((ngseoymy_1), x) < B(ngs..., ny_y,y p), x))

={p:B((ngs.c,m_1, P), x) = w}.
Hence, by (ii) and the completeness of M,
o, ((ng,....n,_)) =neEM,

and moreover, Vp € 0, B({ny,..., n,_,, p), X) = w;, so that 3 is still in a winning
position.

REMARK. Notice that
(iii)
x & Eo (Vo€ M)3n,€)(Vn, € M)3n, €ny) -+ (EIk)[x L, . nA-l)]

o (3, € M°)(Vny € ) - -- (3k)[x ¢ E, >]

Here also we can have a definable winning strategy for 3 whenever x ¢ E. Unlike
the game (i), here 3 has to play such that at each stage the value of B is decreased.
The following will give a ¥-measurable winning strategy for 3 in the game (iii)
whenever x € E:

pEo(s)eoxe&E Vv (B(s*{(p) x)<pB(s, x)).

DEFINITION 5.2. A set EC X X Y is said to be normal if for each x € X,
E*={y:(x, y) € E) has the Baire property. If E is normal and U C Y is open,
then define

E'Y={xe€ X: E*is comeagerin U} .
If U =Y, we write E* instead of E*V.

LEMMA 5.3. Let ® be a positive analytical operation which preserves the Baire
property and let E = ®*(( E,: s € w}), with each E; C w* X w* normal. Define E}!
and T* as in 3.6. Then for any s € w,

E.Z(s) - n [Eé‘]oz(s) - U [E:,‘ _ T,,].EU).

p<w p<w;

PROOEF. As in Theorem 3.8, one can easily check that E¥ and T* are normal for
each p. Since E = M EL, it follows that
p<w

Next, suppose x € [E¥]*>) for all p < w,. For eachp € w, {( E¥)*:p < )} is a
decreasing sequence of sets with Baire property. Hence by the countable chain
condition, 38( p) < w, such that

(Vp > ,B(p))[(Ef“” - E;’)x is mcager].

Choose p, such that B(p) < py < w,, for all p. Then (Vp)[(Ef° — Efo*')* is
meager] and hence (7°°)* is meager. Since x € [E?°]*2(*), (EPo)* is comeager in
2(s). Therefore, (Ef°)* — (T*°)* is comeager in 2(s) and so x € [Ef* — TPo]*2(),
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Thus,
(i) N (£ c U (B2 - 173,
p<w p<w
Finally, since (E} — T*) € E for each p,
(iii) E) [Er - T*]"*® c E*3©),
p<w

The result now follows from (i)-(iii).

TRANSFER THEOREM 5.4. Let ® and ¥ be two positive analytical operations such that
® preserves the Baire property and ¥ is normal and subsumes both ( countable) U and
M. Suppose, moreover, that there are functions f and g such that for any normal family
(E,: p € w) of subsets of w* X v withE = ®({ E,: p € w}),

E*2® = ‘I'({ E/:f)(;‘(”»: pE w} )

Then for any normal family { F,: p € w) of subsets of w* X w*,
(a) F = ®°( F,: p € w)) implies that

Fe2e = \1,0({ EZ0000; p € o) )

for suitable functions y and § (independent of the family { F,}).
(b) F = ®-®°({F,: p € w)) implies

Foo = q,q,O({ FaZCRon; p e w) )

where

a(s) = {<f(")’7(m)) ifs=(n,m),

arbitrary otherwise;

Bs) - {28 13- (o)

arbitrary otherwise.
(©) F = ®*({ F,: p € w)) implies
F*3o = qn({ FECEm: p e w) ),
where

j(s): {<a(n0)""’a(nk—l)> ifs= <n0""’nk—1>$

arbitrary otherwise;

g'(s) = {B(”O)Aﬁ(nl)A“ "B(nk-l) ifs={(ng,...,n,_,),

arbitrary otherwise.

PROOF. Let N and M be the canonical bases for ® and ¥, respectively.
(a) Set G = F° and G, = F; for each p.
Then G = ®({(G,: p € w})); and since ® preserves the Baire property, each G* has
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the Baire property. Therefore,
G* is nonmeager in Z(s)
© (3u)[G* is comeager in =(su)]
o 3u)(3Ane M)(Vme n)[G/’;m, is comeager in E(s‘u‘g(m))] by hypothesis
o (3u)@Ane M) (Vme n)(Vv)[Gf’},,,, is nonmeager in E(s*ukg(m)kv)]
o (Ane M)(Vme "I)[ny(m) is nonmeager in 2(sk8(m))],
for some functions y and §, as ®,, > M, U and is normal. Hence,
F~ is comeager in Z(s) < G* is meager in =(s)
o (VneM)(3me n)[G;‘(m) is meager in E(SAS(M))]
o (VpeM)3Ame n)[Fy’zm) is comeager in 2(sA8(m))]
o (An e M°)(Ym € 9)[F;;

m) IS cOmeager in 2(sﬂ8(m))].

This proves (a).
To prove (b), observe that
F* is comeager in =(s)

o [(IJ({ ®°((F, :qg€w)):peE w})]x is comeager in Z(s)
o (Ane M)(Vne 1,)[((1)0(( Fimg: 4 € @) )" is comeager in E(s‘g(n))]
(by hypothesis),
o @neM)(Vnen)(3te M°)(Vme )
[F{‘ﬂ,,)‘y(m» is comeager in Z(SAg(n)AG(m))] (by (a)).

Setting a((n, m)) = (f(n), y(m)), B((n, m)) = g(n)8(m), we get (b).
(¢) Since F = ®*({ F,: p € w)), the canonical inductive operator I' is given by

pEl(A)ozeF,v(VneN)Anen)(IteN)(VmeE)
[p*((n,m)) € A];z € w* X w".
Definez € F}' & p & I'*. Then by Lemma 5.3,

(i) F2 = N [F:]'z(”.

B<w
Define a set relation A operative on w as follows:
t € A,(A4) o F; is not comeager in 2((1),) v
(VneM)3Anen)(Ite M)(Vme )
[{(()e((f(n),¥(m))). (1) g(n)8(m)) € 4].

We shall show that
(ii) x & F 39 o (e,5) € A%
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To prove (ii) we shall show by induction on p that

x & [F]"* o (1,5) € A
This is clearly true for p = 0, so assume p > 0. Now,
x & [F*]"**® & (F*)” is not comeager in 2(s)

(DNNo({ )‘ﬂ F,Z‘@): pE w} )]
<p

is not comeager in =(s)
< F*isnot comeagerinZ(s) V (Vne M)(Ane )3t e M)(Vme ¢)

[( )\O“ F,§< o, W")))) is not comeager in E(SAg(n)AG(m))] (by (b))

< F*is not comeagerin =(s) V(Vn € M)(3n € n)(3t € M)(Vm € §)

« F*is not comeager in Z(s) V

(3 < ,,,)[(F,):“ﬂn)‘ﬂm»))x is not comeager in 2(s‘g(n)A8(m))]
 F*is not comeagerin Z(s) V(Vne M)(3ne )3t e M)(Vme §)
@ <[ F(n), v(m))y. sg(n)8(m)) € &]
by the induction hypothesis
o (1, 5) € A+,
Hence, putting ¢ = ( ) and using (i), we obtain (ii). Therefore,
F*is comeager in 2(5s) & x € F*2) & {e,s) & A? by (ii)
© (3ny € M)(Vny €y )(VEy € M)(3Amy € &) -
(Vk)[F"< CFm0 () oo { flme— 1) y(my_ )y ) 1S COMeEAger in

=(58(no)8(mo) - g(n,—, Y8(m,_))].

Define f and g as follows:

f(s) = {<a(n0)“”’ a(n,_))) ifs=(ng,....n._)),

arbitrary otherwise;

gy = P8O Bl i = Cromi)

arbitrary otherwise.

The result now follows immediately.

REMARK 5.4.1. The import of the Transfer Theorem is that if a set E computed by
® is such that E * 2 is computed by ¥, then for any set F computed by &*, F* ()
is computed by ¥*

REMARK 5.4.2. It is clear from the proof of 5.4(c) that, under the hypothesis of the
theorem, for any normal family { F,} of subsets of w* X «® with F = R®,({ F,}),

F*3) = R@M({ Iv},‘(f,"ﬂg"””: pew) )
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where
f(nooesm)) = (fng)seoy fne_1))s
g'((ng,...om_y)) = 8(”0)A8(”1)A’ : 'Ag(nk—l)'
Here, normality of ¥ = ®,, is not required.

6. Applications. We shall now apply the Transfer Theorem to deduce Vaught's
Formula for E* (cf. [19, Theorem 1.6]) and the Category Formula of Burgess [3].

THEOREM 6.1 (VAUGHT). Assume E = Z({ E,: n € w}), with each E, C w* X w*
normal. Then x € E ** if and only if

(Vu, € Seq)(Ju, € Seq)(3ky)(Vu, € Seq)(Iv, € Seq)(Ik,) - --
(Vi)[E{"koW‘k‘ |y is comeager in =(sugvy - - -Auf_lv,_l)] .

PROOF. Let N = {{ n) : n € w) so that ®, = U. Suppose F = ®,({ F,: n € w))
= U e, F, where each F, is a normal subset of w“ X w“. Then,
F~ is comeager in 2(s) « (Vu € Seq)[ F* is nonmeager in =(su)]
o (Vue Seq)(EIk)[F,j‘ is nonmeager in =(su)]
o (Vu € Seq)(3k)(Fv € Seq)[ F{* is comeager in Z(suv)].
Let ®,, be a § — s operation such that for any family { 4},

¢y(4,:new))= N U UA(u.(k.v))'

UESeq rESeq kE€w
Hence,
F* is comeager in =(s)
o (Ane M)(vne n)[F(’f,)m is comeager in Z(SA(n);(n),‘,)]
o (@Ane M)(Vne n)[Ff’(‘,,) is comeager in Z(SAg(n))],
where f(n) = (n),yand g(n) = (n);(n)u. Since
E=o({E,;n€w)) =R ({E,})
the Transfer Theorem immediately gives
E*Z) = RQM({ E/.;f)(ska?(p»: pE w} ),
where
g(ngs-. s ny_1)) = 8("0)Ag("1)""‘g(”k—1)
and f((ng,..., n,_1)) = (f(ng)..., f(n,_,)). Therefore,
E~* is comeager in Z(s)
o (3ny € M)(Vny € ny)(3n, € M)(Vn, € my) -+
(V)| EZing. - n,» s comeager in Z(sg(no) -+~ g(n, 1))
(Vuy € Seq)(Fv, € Seq)(3k,)(Vu, € Seq)(Iv; € Seq)(3k,) - -

A A A

(\1i)[E’<‘,‘0 ‘‘‘‘‘ k) is comeager in Z(s uqv, ~--Au,A_lv,-1)].
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DEFINITION 6.2. Define an operation ¥~ as follows.
x€V({E,:n€w))
© (Yu, € Seq)(3v, € Seq)(Ik,)(Vu, € Seq)(Iv, € Seq)(3k,)

(Vi)[" € Efqug.choeor) g, ..<k,-,.v_,>>>]-

Clearly ¥ is positive analytical and ¥~ &/. Call ¥" the Vaught operation.
Define a sequence of positive analytical operations { S,: p < w,} by the induction

So=7, 8., =S

p

If A is limit, choose p; T A and set for any family { E,},
Y(E)) =N ‘PM»'M;)’(( Ejmy:mE€ w) ),

I€w
where M, is the canonical base for S, . Then define S, = ¥*. It is easy to check by
induction that for each p, R, ~ S, and hence #° = 2> = Zp.
We shall now deduce the Category Formula of Burgess by showing that if E is in
%°, then E* is computed by S,.

THEOREM 6.3. Let E C w® X w* be a set in R°. Then E ***) = { x: E~ is comeager
in Z(s)} is also in R°.

PrROOF. We shall prove the theorem by induction. Let N, and M, denote the
canonical bases for R, and S, respectively.
Assume that for all » < p there are functions f, and g, such that if

F=R,({F:new)),
with each F, € w* X «* normal, then

Fo20 =5 ({ Fiavsmine o) ).

We shall then show that if E = R,({ E,}), then E *® is similarly computed by S,.
The result then follows by observing that for each clopen E,, E is also clopen.

Case 1. p =v + 1. In this case, E = R¥({ E,: n € w}). Hence by the Transfer
Theorem,

E*is comeagerin Z(s) © (3ny € M, )(Vn, € 1) (VE, € My)(Amy € &) - - -
(Vi)[E;’:(“,,o‘,,,o) voo(mp_ym,_y) )y iS comeager in
E(SAgv(«"o, mo) ey (M1, mi—l))))]
where f, and g, are related to f, and g, as in 5.4. Setting f= f, and g, = §, we get
E*2) = Sp({ Ef:(i();gg(n)): ne w} )

Case 2. p is limit. Choose a sequence p; T p and for any normal family{ H,: n € w)
set

H=®((H,))= Q ‘I’N,IN;’,({ H,,:n€& w) )
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Then,

H* is comeager in =(s) © (Vi)[(dJNp‘N;:(( H, ,y:mE€ w) ))‘ is comeager in E(S)] .
o (Vi)(3ne M, )(Vnen)(VEe M, )3m < §)

[H{,.‘,,M,,‘,,,),> is comeager in =(s 8, ((n. m)))]
(by the Transfer Theorem),

where a, and f, are obtained as in 5.4(b). Therefore,
H**0 = ¥({ Hi30m me o) ),
where V¥ is the operation in 6.2 and
Sivmy) =i (n))y,  g(Kivny) = Bi(n).
Since £ = ®*({ E,}), by applying the Transfer Theorem again we obtain the result

asin Case 1.
As the R-sets have the Baire property the next result follows immediately.

COROLLARY 6.4. If E € cR*, then E **') is also in cR°.
By repeatedly applying the Transfer Theorem and 6.3 to every level of the

hierarchy of ##*-sets one obtains

COROLLARY 6.5. [} E € BR? (p, p < w,), then E***) is also in BR.
In particular, putting p = 0, one has for any C-set E, E* is also a C-set.
7. The approximation theorem.

LEMMA 7.1. For p < w), let R, = ®y = R®yy0. As in the proof of 6.3 there are
functions f and g such that for any normal family { E,} with E = R,({ E,)),

E* is comeager « (3 € K)(Vn € n)[E;:,,, is comeager in E(g(n))]
o (Ange M)(Vnyen,) -
(Vk)[E-‘“((".m)).Ma(<"‘ Lms )y IS comeager in
2(3((”0*m0>)A'".B(<nk—l*mk»l>)]*

where f, g and a, B are related as in 5.4(c) and ®,, ~ ®, and K = RMM°.

Then, one can choose K such that foranyn € K, U nen 3(g(n)) is dense in w*.

In fact, K may be taken to be the canonical base for S, with the property that for any
1 € K and s € Seq there is an n € 1 such that §(n) extends s.

PROOF. We shall prove this by induction on p. For p = 0. ®; is the Vaught
operation ¥". Taking K to be the canonical base for ¥ it is easy to check the
assertion of the above theorem.

So assume p > 0 and the assertion holds for all » < p.

Case 1. p=v+ 1. Then ®, = R,. Let n € K = RMM°, where M has been
chosen to satisfy the assertion of the theorem for the operation R,.
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Fix a basic clopen set =(7). We have to show that there is n € 7 such that g(n) is
consistent with ¢ (in fact, extends ¢).
Since n € RMM?°,

(Ano € M)(Vng € 10)(Vép € M)3Bmy € &) - -
< (VK)[({ng, mg) -+ {ny_y.my_y)) €ml.
Fix 1, € M such that for each n; € 5,
(V& € M)(3mg € &,)(An, € M)(Vn, € n,)(V¢, € M)(TAm, € ¢)) ---
(VE)[((ng, mo),.... (ny_y,my_y)) € ).

By the induction hypothesis, there is an n € 5, such that g(n¥) extends . Now pick
a £, € M such that for some m§ € &,

(3ng € M)(Yng € 1)(Véo € M)(@m, € o) -+

- (VE)[((ng, mg) -+ - {myy,s m_1)) €]

Clearly, n = ((n%, m3)) € n and g(n) = g(n%)8(m%) (cf. 5.4). Thus g(n) extends ¢.
Case 2. p is limit. Let p; 1 p. Then R, = ®} = R®,,0, where ®, is the operation
given by

o,({F))= ig QNp,NJT({ Fim:m€w)) and ®y, =R,
In this case, if E = ®,({ E,}), then
E* is comeager & (3n € N)(Vn € n)[Ef:,,) is comeager in E(g(n))]
o (Vi)(3ne M, )(Vn e n)(3t € M2)(Vm € ¢)
[E"<,’a’(<,,.m> y is comeager in £(B,({n, m)))]
(cf. 6.3, Case 2).

In view of Case 1, it suffices to show that for any n € N and for any Z(t), there is
an n € 7 such that g(n) extends ¢.
Now, N may be chosen such that

ne N o (Vi)3n € M, )(Vn e 7)(3¢ € M2)(Ym € £)[(i.(n, m)) € 7],

where each M,, has been chosen to satisfy the assertion of the theorem.
Letn € N and fix any i* € w. Getn* € M, such that for each n € n*

(3¢ € M2 )(vm € &)[(i*,(n, m)) € 7).

Since n* € M, , by the induction hypothesis, there is an n* € n* such that g.(n*)
extends t. Get §' € Mp‘f and m* € ¢ such that (i*, (n*, m*)) € n. Take n =
(i*,{n*, m*)). Then

g(n) = B.((n*, m*)) = g,.(n*)5..(m*)
(cf. 6.3) and hence g(n) extends ¢.
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LEMMA 7.2. Let % be a o-field closed under operation s/ and let .. denote the Borel
o-field on w*. Let E C w” X w“. Suppose there is a family { A} such that

(a) A = A,)),

(byA C E,

(c)each A, € #® A,

(d) A~ is comeager whenever E* is comeager.
Then there is a set B € ¥ ® #,,. such that B C E and B* is comeager whenever E* is
comeager.

PROOF. Let I: w” — w” be the characteristic function of a generator for a
countably generated sub-o-field #; of #such that each 4, € %, ® # .. Let I(w*) =
D. Then, as is well known, I is a bimeasurable function between #; and %), the
Borel o-field on D. Set

={(I(a).B):(a.B) € 4,}, A= {(I(a).B):(a.B) € 4}
Clearly, A, € B, ® #,. and A* = ({4, }). Hence A4 is an analytic set in D X «*.
Get an analytic set C C »* X w* such that
A=Cn (DX ).
Then by 1.6 of [17] get B€ @® #,., where d is the analytic o-field on w*, such
that B C C and B* is comeager whenever C* is comeager. Put
B={(a,B):(I(a).B) € B).

Since #is closed under operation &, clearly B € # ® % . and moreover, B C E and
B* is comeager whenever E* is comeager.
We have adapted the proof of the Category Formula [2] in the next lemma.

LEMMA 7.3. Suppose we have
(Vs0) (A1) (Vs)(3ny) - -+ {(Va,)(3bo)(Va,)(3by) - - - P(a, B))
o (Vs0)(Vag)(310)(3by ) (Vs,)(Va,)(31,)(3by) - - - P(a, B),
where a = (ag, by, a;, by,...),a,, b, € w,and B = SoloSity * 35,1, € Seq.
If 3 wins the second game, then he may do so by means of a strategy ¢* such that, to
every complete play s, a,, ty, by, ... consistent with o*, there corresponds a complete

play s{. t;. s;. I].... consistent with a winning strategy for 3 in the first game such that
SoloSity **t =G 1g sy 1g o
PROOF. Let w_,, wy, w;, W,,... be an enumeration of w=“ such that w_, is the

empty sequence and if w, is an initial segment of w,, then i <j. For s € w=, its
code, denoted by |s|, is its position in the enumeration.

Suppose 3 wins the second game with strategy o. We shall now construct a
winning strategy 7 for player 11 in the first (Banach-Mazur) game. 7 will be defined
(by induction) in such a way that every partial play consistent with 7 corresponds to a
partial play consistent with o.

Suppose sq. tg- - -» S,_1» I, have been defined consistent with 7 and

T(Sgs Lgs- s Suo1sln_1+5)
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has not been defined. Let n be the code of (ay,..., a,,_;, a) and let {aq,..., a,,_;)l
= n*. Clearly, n* < n. Let the partial play (consnstent with ¢) corresponding to

(505 gs---s Spes Lys) D€ (@gy Ugye vy @y 1y Upy 15 b1, U, —y) SUCh thatsot0 . ,,.t,,.
= Uyly ** Up_Upy_. Put

U= Speirlyesr ™ " Sooqln S
Let

o(ag, ugs by, Vg =+ 315 U1, a, u) = (b, 0).
Then

T(Sgs Lose s Snets In-155) = U,

and the partial play associated with

SO, IO,..., S"_l, t,,_lq S, v
is
ag, uy; by, Vgy. .oy b1y Uy a, u; by v,

We shall now show that 7 is a winning strategy for player II in the Banach-Mazur
game. Let
SO, to, Sl, tl‘ 32, tz,. .o
be a complete play consistent with 7. We shall have to show that

(Vao)(3by)(Va,)(3b,) - - - P(a, B),

where
a=(aOv bO’ahblv-“) and B=SOAI(;S;I;
So let V play a,. Suppose {a,)l = n,. By definition of , the partial play (consistent
with ) corresponding 0 s, lg, - - -, Sy In, 18
a, SOIO ce S,,O; bo, I"O
for some b, € w. 3 replies with b,. Next suppose V plays a; and let |(a,, a,)| = n,.
By definition of 7, the partial play (consistent with o) corresponding to

805205+ +» Spgs Ingse+ > Smps In,

is
agy, Solg " Spys by, t, = vy; ay, Sno+1fng+1" " " Sny 5 by, 1, =0y
P ——— N — . ——
uo u

3 replies with b, and the play proceeds as described. Since the play ag, v: by, v
ay, uy; by, vy; ... is consistent with o, we have

P(a, ugvgyvy -+ ).

But 8 = uyvou, v, ---. Hence P(a, B). Consequently, 7 is a winning strategy for 11
in the Banach-Mazur game.

We shall now modify o to ¢* such that any complete play consistent with o*
corresponds to a complete play consistent with 7.




150 RANA BARUA

DEFINITION OF ¢*. Let V play a,, s) and suppose [(a,)| = n,. Simulate the
following partial play in the Banach-Mazur game, where II plays with strategy 7, e*
being a fixed sequence number:

According to the definition of 7, o(ag, s tp5,4, - -As,,o) = (by, 1,,), for some
by € w. Define 6*(ay, s0) = (by, Los1; - Sp,tn,)- Next suppose V plays a;, s; and
let ay, a;)| = n,. Consider the following partial play consistent with 7:

! —e* e =
0 * ... = e* s s ’3n0+2'e s,ll e

S = 1
ng "1 ng+
7 7 e s
/ / 4
/ \ / // //
/ / e s

............

11 to | I 1"0 o+ 1 tnl

L 0" . . - "y =
By defmmop of 7, a(ag, 50 ty *** Sups bos tny Ars Superlngr " Sn) = (b1, 1,),
b, € w. Define
0. s b . ) — b - 7
0*(‘10» 505 bos 1Sy ** 0 Spylnys A1 31) = (bla Lng+1Snp+2° " Sn,’n,)
and so on. We shall show that ¢* is a winning strategy for 3 in the second game.
First observe that any complete play
ag, Uy, by, vy, ay, uy, by, vy, ..
consistent with * corresponds to a complete play
SO‘ 10, Sl, ’l” .o

consistent with 7 such that

A A A A A A A A

Sotosltl .. =uOUOulUI .« .. =B’

say. To prove that ¢* is a winning strategy, we have to show P(a, B8), where
a = (ay, by, a,, by, ... ). Next observe that any play consistent with o* is of the form

(I ag, 50 ay, S{ = Spoi1
(3)11 bo, tosltl ..‘S”OI"O blg ’n0+l”.snltn| A
such that
I ag, sty -5 ay, S, sily oy S
0>°0 °0 ng 19 9%ng+1%np+1 n
(3)11 bo,t”o bl’t”l A

is consistent with 6. Consequently, we have

0", R N
P(a’ So Io snotnosno+l[no+l )

and hence P(a, B).
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REMARK 7.3.1. The definition of o* is highly constructive and can be effected by a
Borel function from the space of strategies to the space of strategies i.e., the map
¢ — o* is Borel.

Using the above result, one immediately has the following.

COROLLARY 7.4. If the second game in 1.3 is determined, then
(350)(V15)(35,)(V1y) -+ - { (3a)(Vb,)(3a,)(VEy) - -~ — P(a, B))
© (359)(3ao ) (V1) (Vb )(35,)(3a, ) (V1,)(Vb,) - - - = P(a, B),
and the conclusion of 1.3 also holds here.

REMARK. Lemma 7.3 and Corollary 7.4 yield a constructive proof of a particular
case of the Game Formula of Kechris [11].

LEMMA 7.5. Suppose E C w* be a set in #°, p < w, and let R, = R®,. Assume
E = R,({ E,)), where each E,, is clopen. Then,

E is comeager <> (Any € M)(Vny € 15)(An, € M)(Vn, €my) - - -
(Vk)[E([(no),.‘.,f(nk_,)) is comeager in 2(8("0)@(”1)“ : 'Ag(nk-l))]

where f and g are some suitable functions and ®,, ~ ®,. Moreover, f and g can be
chosen such that, with any winning strategy o for 3 one can associate a winning strategy
o* such that for any run mg, ng, M, ny,... consistent with o*, the sequence B=
g(ny)g(ny) ---isin E.

PROOF. The first assertion follows immediately from the proof of Theorem 6.3.
Moreover, by Lemma 7.1, M may be chosen such that for any n € M and s there is
n € 7 such that g(n) extends s. Therefore, we have

3noe M)(VnyEn,) -~ (Vk)[Em,,o)w_,(,,k_l)) is comeager in
2(g(no)g(m) -+ g(n))]
 (@ng € M)(Yng € m0) *+ (VK)[B € Eqyinpy sin, ]
where 8 = g(no)ﬂg(n,)‘. ... Hence,
(i) E is comeager < (3n, € M)(Vny € 79)(3In, € M)(Vn, €9,) - --
(VK)[ &) B(m) € Eqgay._sin_y).

We shall prove the second assertion only for p = 1, since for higher levels the proof
involves similar ideas, although notationally cumbersome.

First observe that if F=.({ F,)), with each F, clopen, then by the Category
Formula [2], we have

Fis meager < (Vk)(Vs,)(310)(Vk,)(Vs,)(3r,) - --

-+ (30)[ Fay. 4,y is meagerin Z(sotg -+ +5_y1,_,)].
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Therefore, whenever G = I'({ G,}), where T’ = &7°,
G is comeager < (Vko)(Vsy)(31)(Vk,)(Vs,)(3ry) - -

(3i)[G<k0....,k,-.> is comeager in = (5,2, - - ~'s,»‘_lt,»_1)].
Since E = RT'({ E,}), by 5.4.2 we have
(ii) E is comeager < (Vk$)(Vsd)(3e3)(VAY) (Vs )(3e0) - (Fip)
(Vko)(Vs0)(310) (VA1 )(Vsi)(3n) -+ (3hy)
(V) (vs3) (g ) (ki )(vsf)(3ef) -+ (3iy) -+ (V)

[E<<k3,k‘.’,,...kj;),,> ,,,,, ki ,\.,,;_nl,,»iscomeagerin

o e o e —
2(50 80O sy s I_,t,f/l_,)].

Now, E is comeager :"-l! wins the game G**(E‘) e (Vsy)(3t,)(Vs,)3t,) - -
[B € E}], where B = s41,5, ¢, .... Hence (using (i)), the equivalence in (ii) reduces to

(i) (V50)(310)(V5,)(3ny) -+ { (Yerg) (@) (Ve )(3my) - -

(Vf)[ﬂ € E(&(,(n(,)...,.&,_l(n/.,))]}
< (Vk3)(¥sg)(310) (VD )(¥s?)(317) - - - (3dp)
(ko) (Vs0)(325)(vki)(¥s1)(3nr) - (i) -+ - (V)

0,0 0% ,0% 171 "1t o1t
[30 Iy Sio—1Li,~150 o Si -1l -1

EE<<A(, ..... D NG 7R N k//‘»'l-n))]'

As in [3, §11], we shall define a game G’ of length w such that 3 wins G' iff 3 wins
the second game in (iii). The game G’ is as follows. Though its total length is w we
think of it as consisting of potentially infinite sequence of subgames each consisting
of potentially infinite sequence of rounds. If in any play of G’ the jth subgame
actually goes through infinitely many rounds, then the (j + 1)th subgame never gets
started. This keeps the total length within bounds.

In the jth subgame the two players play the rounds of that subgame. The /th such
round opens with 3 signalling (by a choice of 0 or 1) either a challenge or a pass. If
he challenges, the whole jth subgame ends at once and the players proceed to the
(j + 1)th subgame; in this case we record u; = (k{,..., k{_,) and

v =s§ 1§ - s/ atf

formed from the moves. If 3 passes, V chooses k{ € w and a sequence number s/
and 3 replies with ¢/ € Seq; then the players proceed to the (/ + 1)th round.

If some jth subgame goes on forever because 3 fails to challenge on any round, 3
forfeits the game. If this provision does not apply, then a sequence (u,, Uy;
uy, vy,...) will have been generated. 3 wins iff for all j

A A A

Doy =+ = B € E(“o«"lv»--", 0"
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Thus the game G’ is essentially of the form

(Vs0)(Vao)(310)(3bo )(Vs,)(Va,)(31,)(3by) - - - M(ax, B),

where the condition M is Borel (in fact G, cf. [3, §11]). We shall now make a few
observations. First, observe that each subgame in the second game of (iii) is a
Banach-Mazur game interlaced with operation I' (which may be looked upon as a
game'). Secondly, the condition within [ ] is the same as the condition in the first
game. Consequently, any reduction of the second game of (ii1) involves the interlac-
ing of a Banach-Mazur game with an ordinary game of length w which is obtained
by the corresponding reduction of the operation R,. Therefore, reducing the R,
operation within { } in the first game of (iii) as above, we observe that the
equivalence (iii) is equivalent to the following:

(iv)  (Vs0)(310)(Vs,)31y) - - {(Vay)(3by,) - - - M(a, B))
© (Vs0)(Vag)(31)(3by) - - - M(a, B).

Now, if 3 wins the second game in (iii), he also wins G’, the second game in (iv). By
Lemma 7.3, 3 wins with a strategy o such that for any complete play s,. a,. #y, by, - - -
consistent with o, 8 = s(; t(; .-+ corresponds to a complete play of the Banach-Mazur
game in (iv). Moreover, the strategy o gives rise to a strategy ¢* in the second game
of (ili) such that, if 3,13, k3,..., ig; 5o, 16, kbeevos iy;--- is a complete run
consistent with o*, then the sequence B =s§ 1§ ---'s2" ;12" s§"id"... is also
produced by a complete run of the game G’, when 3 plays with 6. Consequently, 8
satisfies the condition within { } in (iv) and as observed above, 8 € E.

REMARK. For sets E at the higher level we have an equivalence similar to (iii). On
the left side of the equivalence we have a Banach-Mazur game followed by the
corresponding R-operation, and on the right side we have Banach-Mazur games
“interlaced” with the operation (regarded as a game played on «) with dummy
moves, if necessary. As in the proof above, the second game can be reduced to a
game of length w (see [3]) and the proof proceeds exactly as above.

REMARKS 7.6 (ON THE A - TRANSFORM). We shall now look at the dual of the
*-transform and obtain some analogous results. The proofs being very similar to
what we have already done, we shall omit the details.

Foraset EC X X Yand U C Y, put EAY = { x € X: E*is nonmeager in U).

Note that A is the dual of the *-transform in the sense that E2Y = [(E€)*V]*. The
A-transform behaves very much like the *-transform and we have the counterpart of
Lemma 5.3:

With notation as in Lemma 5.3, we have

EAZ) = N [E:]Az(s)= U [E;‘— T"]nm.

p<w, p<w;

This decomposition of the set E® suggests, as in the case of E*, that (E*) may be
obtained as a fixed point of an inductive operator. Indeed we have the following
counterpart of Theorem 5.4.
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THEOREM. Let @, and ®,, be two & — s operations such that ®,, preserves the Baire
property and ®,, is normal and subsumes both (countable) U and M. Suppose there
are functions f, and g, such that for any normal family { E,} of subsets of w* X «* with
E = (I)N(( Ep})»

EAZ() q)M({ EPEGaen: p e w} )
Then for any regular normal family { F,}, if F = R®y({ F,}) then
F* is nonmeager in =(s)
o (3, € M')(Vng € 1)(3AN, € M')(Yn, Emy) -+
(V) En.ons 5 nonmeager in Z(55 (ng) - ' (n, )],
where * and g’ are suitable functions (independent of { F,}) and ®,, = ®,, U N.

ProoF. First observe that for any regular family { F,), F¥ C F, if 1 <s. As in
Theorem 5.4(c) we define a set relation operative on w as follows:

t € T,(A4) o Fj is meagerin Z((1),;) v

(Vn € M)@3n € 0)(Yu)(@0)[((1)s( £i(n)). (1) g\ (n)uv) € 4].
To obtain the result, one then shows that x € FA*) & (e, s) & I'°. Asin 6.3, this
theorem immediately implies that for a set E € #°, if E = R®,({ E,}), then
(9) x€E*o (3n,€ M)(Yn,€n)(An, € M)(Vn, €my) -

(Vk)[Ea,’("ﬂ)w-«‘/l("k-I)> is nonmeager in 2(g'(n,) - - 'Ag,(”k—l))]’
for suitable M, f’, g’. Moreover, one can choose M such that
n€ M°&s € Seq — (3n € 1)(g’'(n) extends 5 ).

Finally, observe that by (9) we have for E C w*
(v) Eis meager & (Iny € M°)(Vn, € no)(3In, € M°)(Vn, €7,) - --

@) (m)8 (M) € Eqym. ins ).

Arguing as in Lemma 7.5 and invoking Corollary 7.4, we may show that 3 can win
the game (v) (if he does so) by a strategy o** such that if ny, ng, 9, ny,... 1s a
complete play consistent with 0**, then 8 = g'(n,)g’(n,) - -+ isnot in E.

The next theorem is the first step towards our approximation theorem.

THEOREM 7.7. Let E C w* X w* be a set in #°(p > 0). Then there is a set
B € BRE ® B such that B C E and B* is comeager on E*.

PrOOF. Let R, = R®y and assume E = R®,({ E,}), with each E, clopen. As in
6.3, there are functions f and g such that

(i) x€E* o (3ng€ M)(VYn, €no)(3m, € M)(Vn, €my) -+

(Vk)[E(xf(n(,)..“/(n,,,,» is comeager in z(g("o)A e 'Ag(nk—l))]
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where M is such that ®,, ~ ®,. Further, by Theorem 5.1, there is a Z#§-measur-
able function x — 7, such that whenever x € E*, 7, is a winning strategy for the
player 3 in the game (i). Moreover, by Lemma 7.5 and Remark 7.3.1, we may assume
that the function x — 7, is such that for any complete play 7, ny, 1y, ny,- ..
agreeing with 7, the sequence 8 = g( nO)Ag( nl)‘g(n 2)'- -+ 1s in E~, and that the base
M has been chosen as in Lemma 7.1. Define for each k > 1,

W, (5. x) © Seq(s) &Ih(s) = k& (Vi < In(s))[(s), € (s 1 i)];

1.e., W consists of the codes of the first k possible moves of V when the existential
player plays according to the strategy 7,. Clearly, W, € #%§. Define

Clx.») & @a)(Vk)[W,(a(k), x) &y € 2(g(a(0)) - - ‘g(a(k — 1)))] &x € E*.
Plainly, C is the result of operation & on sets in 2§ ® % .. We shall show that
(a) C € E and (b) C*is comeager on E*.

If (x, y) € C then x € E* and 3 wins the game (i). Further, there is a sequence
{n,: k € w) such that ny, n;, n,,... are the moves of V when 3 plays according to

T.and y = g(no)kg(n,)" --. Consequently, y € E*. To prove (b), fix an x such that
E " is comeager. Then

C¥ = { yI3a)(Vk)[ W, (&(K). x) &y € Z(g(a(0)) - - - g(a(k = 1)))]}.
Define
A = {2(8("0)A8(”1)A‘"‘g("k—l)) if W, ((ng..... N1 X)),
(o1 @ otherwise.

Then, C* =/ ({ A,)). Hence to show C* is comeager, it is enough to show (by
Vaught’s Formula) that

(Vs0)(3ko)(320)(Vs,)(3k,)(31y) - -
(Vi)[A“o _____ «,,y is comeager in (s, 1, ---As,f_,t,_l)].

So let V play s5,. By Lemma 7.1, pick k, € 7,(( )) such that g(k,) extends s,,.
Then 3 replies with k and a sequence number ¢, such that 5oz, = g(k,). Next when
V plays s), 3 plays k; € 7.((k,)) such that g(k,) extends s, and then plays 7, such
that s; 1, = g(k;), and so on. By adopting this strategy, 3 ensures that for each i,

«,yis comeagerin Z(soty -+ 5,17, ).

Thus, C* is comeager. An application of Lemma 7.2 gives the required set B.
The next lemma is the counterpart of Theorem 7.7.

LEMMA 7.8. Let E C w* X w* be a set in R*. Let E* = { x: E* is meager). Then
E* € ¢R* and there is a set C € BRE ® B, (in fact. in 6(R°) ® B,.) such that
E C C and C* is meager on E*.

PrOOF. Plainly, E* € ¢#*, by Corollary 6.4. Let f,g. N. M.{ E,) be as in
Remark 7.6 with { E,} regular. Then, by (v) of Remark 7.6,

(i) E*ismeager « (39, € M°)(Vn, € 1,)(3In, € M°)(Vn, €n,) -+~

(ak)[g(no)Ag(nl)A'” & E(“_Af("“)“..[(m |)>]‘
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Further, by Remark 5.1.1 there is a 6(%°)-measurable function x — 7, such that 7,
is a winning strategy for 3 in the above game whenever x € E*. Moreover, 7, can be
chosen as in Remark 7.6. Call u = (n,,..., n,_;) good with respect to 7. and 8 if 8
extends g(n,) - - g(n,_,) and ny,..., n,_, are the first k possible moves of V
when 3 plays with strategy 7,. Define

T(u, x,B) © Seq(u) &(Vi < lh(u))[(u), er(ut 1)]
& B € =(g((u)o) g((u)) - g((wmw-1))
&(Vn e "'x(“))[ﬂ & 2(8((“)0)A8((“)1)Ag((“)z)A‘ ) 'Ag((“)lh(u)—l)ﬂg("))l

In other words, for each x, B, the section T, 4 consists of all maximal good sequences
with respect to 7, and B. Clearly, T € o(£”) ® %, and, moreover, T** is closed
nowhere-dense for each good sequence u and x. Now define

C'(x,B) e xe€ E*&3Qu)T(u, x,B).
Set

C=C U (wE*) X w*.

Since E* € ¢#*, C € 6(#°) ® #,_.; and to conclude the proof we shall show that
ECC. So let (x,B)€ E. If x &€ E*, then we are done. So assume x € E*.
Therefore, 3 wins the game (i) with strategy 7,. Now, suppose when 3 plays the game
(1) according to 7., V is able to play n, n;, n,,... such that for each k, (ng,..., n,_;)
is a good sequence with respect to 7, and . Then

B= g("o)ﬂg(”l)A' o
and hence, by Remark 7.6, 8 ¢ E*. Consequently, since we have 8 € E¥, V is able
to play ng, n,,... ‘consistent’ with 8 only up to a finite stage. Let u be the code of
the maximal sequence. Then T(u, x, 8) and hence (x, 8) € C.
The following gives the approximation at the first level.

LEMMA 7.9. Let E C w* X w* be a set in #° (p > 0). Then there are sets B, C in
BRE ® B . such that B C E C C and C* — B* is meager for each x.

PROOF. Let T, = E *2¢); 5 € Seq. As E* satisfies the Baire property for each x,
UT, = { x: E*is nonmeager) .

Since each Z(s) is a (recursive) homeomorphic copy of w*, we can apply Theorem
7.7 to get B, as in the theorem. Put

B=UB,N (T, X w).

Clearly, BC E, B € %8 ® % . and for each x, E* — B* is meager.

To get the set C, work with E¢ and argue as above using Lemma 7.8.

REMARK. Lemmas 7.7-7.9 are the analogues of Lemmas 1.3, 1.5 and 1.6 of
Srivatsa for C-sets [17]. Naturally, from now on it is going to be a repetition of
Srivatsa’s techniques.
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APPROXIMATION THEOREM 7.10. Let A be an Rf subset of w* X & (p >0,
p. it < w,). Then there are sets B and C in BRL ® B, such that BC A € C and
C* — B* is meager for each x.

Moreover, if A € BR., then one can find B, C in BR; ® B, with the above
properties.

PrOOF. We shall prove this by induction on . When p = 0, this is just Lemma
7.9. So suppose p > 0 and that the result is true for all » < p. Let 4 € % and let
R, = R®,. Then A is the result of operation R, on a family { 4, of sets from
c[U,., #°]. By the induction hypothesis, for each n we have B, and C, both in
U,, 8% ® B,.suchthat B, C 4, C C,and C; — B, is meager for each x. Let

B=R,((B,}) and C=R,((C)).

Then, B ¢ A ¢ C and for each x, C* — B C U ,(C; — B;), and hence meager. To
complete the proof it is enough to get B € B and C 2 C such that B and C are in
BAL ® B, B* — B* is meager and C* — C* is meager for each x. We will show
how to obtain B; C can be obtained similarly.

Let # be the o-field generated by U, #%¢. Then B = R,({ B,}) with each B,
in #® %_.. Thus, one can obtain a countably generated sub-o-field ¢ of #such that
each B, € 9® %,.. Fix a countable generator of ¢ and let f:(w”, 9) = w* be its
characteristic function. Put M = f(w*). Then (w“,¥) and (M, %,,) are Borel
isomorphic. For each n, let B, = {(f(x), y):(x, y) € B,}. Then B, € &), ., for
eachn. Let D = {(f(x), y):(x, y) € B}. Then D = R,({ B, }). Hence, there is a set
E C w*® X w* in #”° such that E N (M X «*) = D. Apply 7.9 and get E C E such
that £ € BR% ® %, and E* — (E)* is meager for each x. Let f: w® X &* = «* X
w* be the map

fx, y) = (f(x). ).

Put B = (f)"!(E). Note that since f is a bimeasurable map of (w*, ¢) and (M, &,,),
S (R @) € {4 C w: Ais the result of operation R, on sets in &} C #%.
Consequently, f {( BRI w*) C BR.. Thus B € BRL ® B, and clearly, B* — B*

is meager for each x.
The second assertion follows from the first by observing that the class of all sets
for which the result holds is closed under @, and complementation.

The next proposition is quite well known and follows from the Von Neumann
selection theorem.

PROPOSITION. Let (T, #) be a measurable space, # being a o-field closed under
operation &/, and let Y be a Polish space. Let B € # ® %, have nonempty vertical
sections. Then B has an #-measurable selection.

As a consequence of the approximation theorem we have the following

THEOREM 7.11. Suppose A C w* X w* is a BRL set (p > 0) such that A™ is
nonmeager for each x. Then A has a #R¢-measurable selection.
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PrOOF. By Theorem 7.10, get B € #X; ® A, such that B C 4 and A* — B~ is
meager for each x. B* is then nonempty for each x, and the above proposition yields
the result.

The next selection theorem is due to Burgess [3].

THEOREM 7.12. Let F: w* — w* be a multifunction such that F(x) is nonmeager in
its closure cl( F(x)). If F is BR*-measurable and its graph Gr(F) € BR%°, then F has
a BR°-measurable selection.

PROOF. Define G by G(x) = cl(F(x)). Then G is a closed-valued, Z#*-measura-
ble multifunction. Hence there is a map g: w* X w* — w* such that g is Z%° ®
% ,.~-measurable and g(x, -) is continuous, open and onto G(x), for each x (cf. [18]).
Define G’ C w” X w“ by

G ={(x,y):8(x.y) € F(x)}.
As GI(F) € ##° and g is BR® ® & .-measurable, G’ is in BX*. Also, as the
inverse image of a nonmeager set under a continuous open map is nonmeager, G’
has nonmeager sections. By Theorem 7.11, G’ has a #%°-measurable selection g’.
Then f(x) = g(x, g'(x)) is a Z#*-measurable selection for F.
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