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Abstract. We prove some category theoretic results for R-sets much in the spirit of

Vaught and Burgess. Since the proofs entail many results on R-sets and the

R-operator, we have studied them in some detail and have formulated many results

appropriate for our purpose in, perhaps, a more unified manner than is available in

the literature. Our main theorem is the following: Any R-sel in the product of two

Polish spaces can be approximated, in category, uniformly over all sections, by sets

generated by rectangles with one side an R-set and the other a Borel set. In fact, we

prove a levelwise version of this result. For C-sets, this has been proved by V. V.

Srivatsa.

1. Introduction and preliminaries. The theory of /{-sets and the /{-operator,

introduced by Kolmogorov almost half a century ago, has been studied extensively

by Russian mathematicians [10, 12, 13] and most of the basic properties have been

deduced by them. However, it is only very recently that interest in the theory has

been revived due mainly to the work of Hinman [7, 9] who developed the effective

counterpart and showed that the effective hierarchies have deep interconnections

with recursion-theoretic hierarchies. The introduction of Borel-programmable (BP)

sets by Blackwell added a new dimension to the theory, and since then it has been

shown by Burgess and Lockhart that the hierarchy obtained from BP-sets by

iteration gives precisely the R-sets [6]. That two seemingly different definitions yield

the same class of sets suggests that the R-sets form a natural class of subsets of the

reals. Burgess has also obtained a different characterization for R-sets. He has

proved that the entire hierarchy of R-sets can be obtained by applying the game

quantifier to the "difference hierarchy" (of A°3) obtained from sequences of Gfi-sets

[3]. Hinman (and also independently Aczel and Vaught, for the first level) first

observed that the theory of inductive definability and games can be effectively used

to study the hierarchy of Ä-sets [8, 1, 19]. These are the major tools employed by

Burgess to prove most of his results on Ä-sets [3, 4]. In this paper, to obtain our

main result, viz. the approximation theorem, we have taken recourse to these

methods.

R-sets in A' X Y, the product of two Polish spaces, are in general complicated sets

and cannot be related to any reasonable product o-field. For instance, as observed

by B. V. Rao [16], C-sets in R X R need not belong to ¿?(R) ® if(R), the product of

the a-fields of Lebesgue measurable sets. However, as shown by V. V. Srivatsa [17],
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C-sets in X x Y can be "approximated" sectionwise, in the sense of measure and

category, by sets in product a-fields. His methods do not seem to generalize to

R-sets. In this paper, we have shown that R-sets can be similarly approximated, in

category, by sets in product o-fields. This incidentally gives the selection theorem of

Burgess (cf. [3]).

To obtain the approximation theorem, it is necessary to reprove some of Burgess'

results in a more rigorous, accessible and, perhaps, transparent style. Our paper,

therefore, serves a two-fold purpose.

The paper is organized as follows. Positive analytical operations and 8 - s

operations are introduced in §2, and some of their elementary properties are

discussed there. The papers of Kantorovitch and Livenson [10] give a detailed

exposition of these operations. In §3, we have studied the operator R of Kolmogorov

and the more general operator 91^. In this section, we have also shown how

inductive definability and games arise in the context of these operations. The theory

of R-sets, studied in great detail by Lyapunov [12, 13], is treated in §4. In this

section, we have given a proof of the pre-well-ordering property enjoyed by the

classes cdl" (p < ux) via the comparison of indices lemma. The proof of this lemma

is much along the lines of the Kunen-Aczel theorem (cf. [14]). The comparison of

indices lemma is crucial for our purpose since it helps in computing the complexity

of the winning strategy for the existential player in the game associated with the

operator R. This is done in §5. Here we have also obtained a decomposition of

E* = {x: Ex is comeager} for sets £ e 2f\ analogous to the one obtained by

Vaught for analytic sets [19] and for !MX -sets obtained by Burgess and Miller [5]. This

immediately gives us the transfer theorem (cf. 5.4), which essentially computes E*

when E is computed by R$N, whenever the computation for F* for sets F computed

by $N is known. §6 deals with a few applications of the transfer theorem, viz. the

computation of E* for Ä-sets E. It is worth mentioning here that although our

methods for computing E* are implicit in Burgess' proof for the same (cf. [5]), he

computes E* only for ^-sets E, as any computation for higher levels using his

methods will involve great notational complexities. By restricting ourselves to certain

games of length « and isolating the "core" of his proof (viz. the transfer theorem) we

have been able to compute E* for all levels of the hierarchy of R-sets by a simple

inductive argument. These computations yield sets in product a-fields which "ap-

proximate" sectionwise (in the sense of category) R-sets in two dimensions. This is

done in §7. Incidentally, in this section, we have proved a slightly stronger version of

the Game Formula of Kechris (cf. [11]) needed for our purpose.
For our notation and terminology we shall mainly follow Moschovakis [15]. The

letter u will denote the set of natural numbers and u" the set of all sequences of

natural numbers equipped with the product of discrete topologies. Letters a, ß, y,

o,... will serve as variables over w" and ij, £,... as variables over 2". Seq will denote

the set of sequence numbers of all finite sequences of natural numbers. We will

mainly use s, t, u, v to denote sequence numbers. We fix a base 2(j) for the

topology of w", where

2(j) = {ae ww:ff(lh(i)) = s).
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If s and / are sequence numbers, we write s -< t if s = t ¡ i foi some / < lh(s); s * t

or s íis the catenation of j and t.lf s = (a0,..., ak_x), then (j), = a, for / < k.eoi

( ) will denote the empty sequence as well as its code.

If J^is a collection of subsets of X, then o(^) denotes the o-field generated by J^.

If Se and #are a-fields on T and A", respectively, S& ® ^"denotes the product a-field.

For X a separable metric, 38x denotes its Borel a-field.

Given a monotone set relation Y( w, x, A ), where »v varies over W and A varies

over subsets of W, Tx denotes the induced set operation

TX(A) = (we W: T(w, x, A)};       x g X.

rf denotes the /xth iterate, viz.

d U r;).* \
We define

Tr = U Tfi>
and put

w e T*" ** (3v < ii)[w g r;].

The fixed point of T is

r°° = {(w, x): we r,06}

and is called the relation built up by T. We shall use elementary facts on inductive

definability and games as found in [15]. Note that all unexplained notation and

terminology is from Moschovakis [15].

The author wishes to express his gratitude to Professor Ashok Maitra for introduc-

ing R-sets to him and for general guidance at every stage in the preparation of this

paper. He is also grateful to V. V. Srivatsa for innumerable discussions. The

influence of J. P. Burgess is evident on every page.

2. Positive analytical operations. In this section, we shall discuss positive analytical

operations and some of their properties needed for our purpose.

Let X be a nonempty set and N c u". Let ( En : n e w) be a sequence of subsets

of A".

Definition 2.1. The 8 - s operation with base N is defined by

*„({ £„:»€«})- U   C)Ea(k).
a^Nk-0

In most cases we shall take the base set N ç 2" so that

*„«£„:» e«o>)- U   Pl/v
i) e .V n e ti

To avoid trivialities, we shall always assume 0 í iV and N * 0.

Examples. If N = {\nâ(n): a e w"}, then QN = operation^. If

N = { a e <o"|Range(a) is infinite},

then $^ = lim sup. If ,/V = {(«,«,... )\n g w}, then <I>V = U (countable).
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An operation over A"is a function 0 : &>(x)u -* &>(x).

Definition 2.2. An operation over A" is said to be a positive analytical operation

if

(a) 4> is nonconstant and

(b) x G *({ E„ : n G «}) &y í$({F„:ne «)) - (3n)(x g En&y € F„).

Clearly,  U, si, lim sup are positive analytical operations. A positive analytical

operation on constant sequences takes on the constant value and is isotone i.e. for

any families { F„ : n G w} and { G„ : n G w), if (Vn)(£„ Ç G„), then 3>({ Fn : n g w})

ç <D({ Gn : n g w».

Given a positive analytical operation 4> over A, one can define a positive

analytical operation 4»' over any set Y as follows. For any family ( F„ : n g w} of

subsets of y and _y g y, put

y g $'(( fn : n g w) ) «-» there is a family { £„ : n g w} of subsets of A

and x G A such that x g $({ £n : n g «} )

and(V«)(xG£n^;;G£n).

It is easy to check that $' is positive analytical and $' = 0 when T = A". The

operation $' is called the extension of 0 over Y. Henceforth we shall use the same

symbol $ to denote a positive analytical operation together with all its extensions.

Notice that a ô - j operation is a positive analytical operation (over any set A").

The converse is true and follows from the following.

Proposition. Let $ be a positive analytical operation over X. Then $ = $N for

some N ç 2" (N Q a°).

Proof. Let

D, = { n g 2"|. g i,},   or,

= { a g uu\i g Range(a)},       í g «.

Put N = $({ £>, : / G w}). It is easy to check that $ = <PN. The set N obtained above

is called the canonical base for i>.

Definition 2.3. A base TV ç w" is complete if N = ®N({ Dn : n g w}), when Dn is

defined as in the Proposition. Thus the canonical base for a positive analytical

operation is complete.

Equivalently, a base N Q 2" is complete if

7) G N&7Í Ç T)' Ç ÍO -» T/' G TV.

If /V = Ojvíí £>„ : ai G w)),  then TV is complete (called the completion of TV) and,

moreover, <b$ = <PN.

Definition 2.4. For any operation 4>, the dual i>° is defined by

$°({£„;new})=[y£>6U))]'

e.g. U ° = H, (lim sup)0 = hminf,j/° = T, where

r(( £„ : n g W) ) = { x : (Va)(3«)(* g £.,„,)} .
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If <bN is a 8 - s operation with base N ç 2", then the canonical base TV0 of its

dual is given by

(1) N° = {tj g 2": t/ n t/' * 0 for every t/' g N)

= { t, g 2" : t,'' <£ TV},   if N is complete.

Plainly, N° is always complete. Thus, for any family { £„ : « g w},

(2) (3t, G TV°)(V„ G 7,)[x G £„] ~ (Vt, g N)(3n g t,)[x g £„].

If TV is complete, N00 = N and hence

(3) (Vt, g TV°)(3h g t,)[x g £„] ~ (3t, g TV)(Vn G r,)[x g £„].

3. The /^-operator. Although the Ä-operator was first introduced by Kolmogorov,

the first published account of the theory appeared in [10] and further results

obtained in [12, 13]. Lyapunov also studied the hierarchies of R-sets (cf. §4) and

obtained most of their properties. The interconnection between Ä-operators and

games was first noticed by Hinman [8] (and also independently by Aczel [1]).

Hinman also developed the effective theory and did most of the groundwork. Much

of the material in this section is adapted from these sources.

Definition 3.1. Let JT= { Np ç 2" : p e u) be a sequence of nonempty bases.

$ ç. w is called an ̂ chain if

(a) e g 6,

(b) i g 0 and / «< s -» t g 0,

(c)sG0-{«:/<«> g 6) g Ns.

Put 0^- = { 6 : 8 is an J^chain}.

!%jy is the set operation defined by

«/((£,:«£«))=   U    Pl£s.

Clearly, St^ is a Ô - s operation with base 0^-.

If N = N for each p, then ¡ft^ is denoted by R<PN and its base by RN. An

^chain will then be called an TV-chain.

Examples. Let TV = {( n) : n g u} so that QN = U and put jV= {TV}. Clearly,

an ^chain is any set of the form (ä(n): n G u). Thus R U = ÄO^ = sí. If

TV = { w}, then 4>^ = fï (countable) and the only ^chain is w, so R Pi = O.

Definition 3.2. Let ^^ and $w be two 8 - s operations with bases TV, M ç 2U.

The composed operation ^ is given by

*« £n : « g U) ) = $„({ $„({ F<pa) : « g co} ) : p g w} ).

¥ is sometimes denoted by &„<&*,. By the characterization lemma, ¥ is a Ô - s

operation whose canonical base we shall denote by TVA/. Thus ^ = &h$m = $NM

and

t, G TVA/ ̂ (3t,, g TV)(Vn, g Vx)(3£x g M)(Vmx g Êi)[<«„ m,) e 7,].

Henceforth, for simplicity, we shall take A = u" or (uw)k X w1, although most of the

results hold for a general Polish space.
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Definition 3.3. For any operation 4>, let 2f be the class of relations of the form

$({£„: n g «}) with all £„ clopen, Hf the class of complements of such relations,

and A* = 2? n nf. Then 2,u= 2? and 2f = 2}.
If $ = $^t then define $* = RQNNo.

The next two lemmas show a close connection between /{-operators, inductive

definability and games.

Lemma 3.4. (a) Suppose F = R®„({ Fn: n g u}). Then

x G £~ (3t,0 G TV)(V«0 G 7,0)(3t,, g TV)(V«, g t,,) • ■ •

•••(**)[**£<„„.„,...„>]■

(b)//£ = ^{£„:«GW}), then

x G £ « (37,0 G TV)(V*o 6 T,o)(V|0 G TV)(3a«o e ¿oMBr,, g TV)(V/i, g t,,)

(V«, g TV)(3m, G ¿,).(V/c)[* G £<<no,mo).<„,_,.„,,_,„].

(The right-hand side of each equivalence is interpreted in terms of games between two

players V and 3.)

Proof. Clearly (b) follows from (a) and the fact that

t, G TVTV0 ~ (3t,, G TV)(V«, G t,,)(V£, G TV)(3m, G £,)[<>,, m,> G ,].

To prove the first assertion, fix x and suppose x g F. Get an TV-chain 8 g RN such

that (Vs e íp e Fs]. Now, consider the following strategy for 3. As his first move

3 plays 7,0 = { n : (n) g 8) which is clearly in TV. Any response n0 g t,0 by V gives a

set t,, = { n : (n0, n) G 8) G TV and 3 should play tj, as his next move. If V then

plays nx G t,,, we still have (n0, nx) g 8 and 3 responds with tj2 = { n : (n0, nx, n)

g 0). If 3 follows this strategy, then clearly for any k, (n0, «,,..., w*-i) G 8 and

so x G £,       B    j. Hence it is a winning strategy for 3 in the game ( * ).

For the converse implication suppose a is a winning strategy for 3. Let 8 be the set

of sequences (n0,..., nk_x) of first k possible moves of player V when 3 follows this

strategy a. Clearly 8 is an TV-chain and since a is a winning strategy for 3,

(w»h.u^^^c,,,,.»,,)]•

Hence x g R®„({ F„ : n g w}) = £.

Remark. It follows from Lemma 3.4 that our definition of 4>* is equivalent (cf.

Definition 3.9) to that introduced in [8, V. 4].

The next result is due to Hinman [8].

Theorem 3.5. For any positive analytical operation <P and any £ ç (u"f x u1 in

Ilf *, there exists a ( monotone) inductive operator T such that for all x

E(x) <->eG 17.

Proof. Let { Es : s g u) be a family of clopen subsets of (w")A X w1 such that

x £ £ « x G $*({ £ : 5 g w) ).
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Let TV ç 2" be the canonical base for 4>. Then $* = R$NN». Define a set relation

operative on w as follows:

(4)

s G TX(A) ** x «Ê Es V (Vt, g TV)(3h g tj)(3£ g TV)(Vw g |)[s"«w, w» g a].

Clearly, T(s, x, A) is a monotone set relation. Put Es = $*({ £,,,: r € w}). One

can easily see that £f = £f and £J ç £. We claim that for all s,

(5) rí£'«je Ff

and the result follows by putting s = ( ). We shall prove the implication («-) by

induction. If 5 g Fx, then xí£,2 £*. Now suppose i g T£, p. > 0. Then

x« £ V (V7,GTV)(3«G7,)(3¿GTV)(VmG^)[í*«n,m» G r*"].

If x £ £, we are done; otherwise by induction hypothesis

(Vt, g TV)(3n g t,)(3£ g TV)(Vm G £)[x £ £'•«■•«»]

which by Lemma 3.4 (and determinacy) implies

(Vt, g TV)(3« g t,)(3| g TV)(Vw g £){(Vt,, g N)(3nx G 7,,)

(3£, G/V)(Vm, G|,)---(3A:)[x« £,.<(„,„)>.<<„„,„,).(nk.mk))}}-

This clearly implies

(Vt,0 g TV)(3h0 g t,o)(3£0 g TV)(Vw0 g £0)(Vt,, g N)(3nx G 7,,)

ft, g AOO«, g í.) • • - (3*)[* «Ê £.<<no,mo).(nk_^ù}]

and thus x £ Ä$M»({ £.,; / g w}) = Es, by Lemma 3.4 again.

Conversely, let s <£ Y™. We shall show that x G Es i.e.,

(• •)    (37,0 G N)(Vn0 g 7,o)(V|o 6 TV)(3m0 g ¿0)(3t,, g TV)(V«, g 7,,)

(V¿, G TV)(3m, g I,) - •• (V*)[x g £.<(no,mo>.<.,.,....,»].

Since 5 € rt(rt°°), by definition of T, x G £ and moreover,

(37,0 g TV)(V«o e 7,0)(V|0 G TV)(3m0 G C0)[i *«n0, m0» € I?].

Now, 3 can win the game ( * * ) by adopting the following strategy. He picks t,0 g TV

such that for any choice of n0 g tj0 and £0 g TV, there is an m0 g £0 such that

i*««o.«o» * rr = rx(rr).Thusx g £.<<nomo))and

(37,, G TV)(V«, G 7,,)^, G TV)(3m, G £,)[*•«"<>, «o>. («l- «1» « I?]-

3 then picks t,, g TV such that for any choice of nx g tj, and £, g TV made by V,

there is an mx g £, (and 3 plays such an mx) such that s *((nQ, m0),(nx, mx)) £

T". Proceeding this way, 3 has a strategy which ensures that for all k, x g

£.«„„.„,„>.<*»-,.-"*->» andso3 wins the game (* *). Consequently, x g Es.

Remark. If £ is such that ií£«je ^$¿v({ £ : J e "})» then the inductive

operator takes a simpler form, viz.,

(6) 5 G r;(/l)<-xe £ V (Vt,gTV)(3m gt,)[j*(«) G/4].
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More generally, if Jf= { Np: p g w} is a sequence of bases and

£<-£>«£,:*€«)),

then we take the following inductive operator

(7) 5 G TX(A)~ x<£ £ V (Vt,g Ns)(3n gt,)[j*<k) g A],

and the conclusion of the above theorem still holds.

The inductive operator (4) (or (6) or (7)) is called the canonical inductive operator

associated with { £ : s g u) and TV (or^T).

The above characterization theorem yields a decomposition of sets in nf*(2f")

into simpler sets as is evident from the next theorem.

Definition 3.6. For any operation $, V(*) is the smallest class of relations

containing clopen relations and closed under $ and 4>°.

Thus V(U)= V(H) = A1,.

Let £ G 2f " and suppose £ = $*({ £ : s g u)). Let TV and T be as above. Then

by 3.5, £(x) <-<?<£ T*. Set

£* = {*:*<£ I?}.

Then £ = C\       E£. Now define

T» = U (£,"- £"+1)-

It is easy to prove by induction on n that for all ju < w,, j g co, Ef and P1 are in

Víí*). Then we have

Theorem 3.7. £ = U ^(E; - £*) - O M<U| Ef.

Proof. Let x g £. Define

R(  \ = ! 'east ormna' P sucn mat x ¥ £"    if (3p)(x £ £p),

10   otherwise.

Let w, > p0 > ß(s). Vi. Then (Vs)[x g £"<> <-> * G £/0+1J. Consequently, x € T"»

and thus x G £e"° - Tp».

Conversely, suppose for some p0 < to,, x g £Po - TPo. Then

(V5)[x G £"" <-► X G £Po+1].

One can check by induction that

(Vp>p0)(V5)[xG£»»~XG£0].

So in particular, x g n p>Po £e" = O p<U| £> = £

Standard arguments using the above decomposition and the countable chain

condition yield the following (cf. [8]).

Theorem 3.8. //$ preserves measurability (preserves the Baire property), then so

does <P*.

Definition 3.9. For any two operations $ and ¥, $ subsumes ¥ ($ ^ 4') if there

is a function /: to -» to such that for any family { £„ : n g u},

*({£„:*£«}) = *({£„„,:«€=«}).
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0 and ^ are said to be equivalent ($ - V) if $ > ¥ and ¥ > $. For example, si

subsumes both U and C\.

Definition 3.10. A positive analytical operation <t> is said to be normal if there is

a function g such that for any family { F„ : n g «},

We shall omit the proof of the next lemma which can be found in [7, 9].

Lemma 3.11. For any operations 4> and Sr"

(a) <P°° = 4>;

(b) $ > ¥ -> $° > ¥°;
(c)$o$0^ $, $°;

(d) £4» > $;
(e) 4» > * -* /?4> > E*;

(0 E$ > * and/*$ 3* *° -» E* > **°;
(g) £$ ~ /?/?$;

(h) E«I> is normal.

4. The E-sets. We shall first construct a sequence { Rp: /> < to,} of positive

analytical operations by induction as follows. Put E0 = si and having defined Rp,

put

Ep+i = E*.

If A is the limit, choose a sequence p, Î A and set, for any family ( £„ : « g «},

oc

*({ £„ : « G to} ) = H *w>Jvo({ £<,,„,> : m g to} ),
( = 0

where TVp is the canonical base for E    Then define

*x = **

Note that any other sequence p,' î A gives rise to an equivalent operation by Lemma

3.11. Also, it is easy to check that Rp ^ Ep. if p 3* p'.

For each p < »^ let 91" = 2f» and B^" = A?*. Let ^^p be the least class

containing clopen relations and closed under Rp and complementation. Thus, for

instance,^0 = 2}, B9t° - A1, and 9S9Î0 = C-sets of Selivanovskii. Finally, set

9t =   \J 9f.
p<u,

Members of 9t are known classically as the E-sets. It is not difficult to see that for

each p,

@" ç SS®" Q B9?"*1 c 9lp+1.

In fact, the inclusions can be shown to be strict (cf. [12, 13]).

The following is immediate.

Lemma 4.1. For every p, Rp is normal and RRp - Rp.
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For each p, the class 9S9tp can be decomposed into a hierarchy just as in the case

of the Borel class. Suppose R" - $*. We set 91$ = 91" and take

9lp = Rp B9t> = (£: £, £<^ 9tp).

â?.^p is the smallest class containing #p and closed under $ and complementation.

It is immediate that these classes are included in &9ip and indeed that 9891" =

U p<    9lp. As above we have, for each p, ja < to,,

%pcM;cM;+lcf;+,

We shall now show that each class c9tp = II f» has the pre-well-ordering property.

The key to this is the following lemma.

If £ = ¿%jr({ £„ : n G to}), where Ji= {Np: p G u) and T the canonical induc-

tive operator asociated with { £„} and JT, then we have x £ £ «-» e g Ff. Put

Í least p such that je ?"   if such p exists,
|(s,x)|r = u x

\iûx    otherwise.

Thus |(e, x)|r < to, «-» x £ £.

Lemma4.2(Comparisonof Indices).Leti= (E„: n g to} and&= { £„: « g to}

¿>e ovo families of subsets of X and further assume that if is regular, i.e., Ft ç £ //

s < t. Let Jf= { Np : p g to}, M = { Mp : p g u) be two sequences of bases. Define a

sequence of bases {Ks: s G u) as follows. If s = ((n0, m0),..., (nk, mk)), then Ks

is the canonical base for the positive analytical operation 4> defined by

• ({ G„ : n g W} ) = *MU J[ *w<>o.}({ G<B.m) : n g to} ) : m g w} ).

Otherwise, Ks = {to}. Lef

Jf= ( A:,: jG to},

I X   otherwise.

Suppose Y is the canonical inductive operator associated with êandJf; A the inductive

operator associated with &andM. Then,

{ x : \(e, x)|r < \(e, x)\A)c = 9lJt({ Hs : s g to} ).

Proof. First note that

1 G K((n0.m0).<n,_,.m,_,)>

~ (3V G M(°mo.m,.l))(VW G t,')(3u" G TV(no.Bi ())(V« G !,")[<«, m) G 7,].

The operators Y and A are as follows.

S G T^/l) <~>X £ £ V  (Vt) G TVJ(3« G7,)[j*<M>  G /I],

5 G AX(A) «-» x £ £ V (Vt, g ALj(3»t g tj)[j*<«) g ,4].
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To obtain the result look at the canonical inductive operator associated with Xand

Jf ={//,: i G to}:

5 G AX(A)~ X<£ HSV  (V7,G£J)(3/lG7,)[j*<n>  CÍA].

We claim that for allx g A and n0, m0,..., n,_,, m,_,

(8) K<»0"-"«<-i>»*)lr < l««o.---. w,_,>,x)|A

"««o.™o>.<",_,, m,_,» G A-

and the result follows by taking i = 0.

We shall prove the implication (-*) by induction on |((/j0>- • • > «,-i>. *)\r- Sup-

pose

p = |(<M0,..., «,_!>, X)|r < |«W0.W,_,),x)|A

and assume, to the contrary, ((n0, w0 >,..., (n,_x, w,_,)) £ A". Then

(»)     * e £<«..-,-,> U FU.m,-,)&(3T» e *«»o.«o>.(»,-,.-.-•»)

(\fs G T,)[««o, «o>.<»/-!. "*/-!» * <*> « A*L

Now, (m0,..., w,_i) £ Apx and so

* e F(mo..,.,>*(3V e M(m„.«f-,>Kv,w e i')[K.«i-i, «> « a;»].

This implies

(Ü)   xeF(mo.mi¡)&

(3t,' g M(mo.m,M>)(V/rt G T,')[p < \((m0,...,m,_x, m),x)\A].

Clearly from (i) and (ii), x g E,„0v   „    ^ and since (w0,..., n,  ,) g Tp,

(Vt," g TV(„o.„   i})(3n G i,")[<»o,..., n,_x, n) g r*']

which gives

(iii)    (Vt," g N(no.„^Yßn g 7,")[|«n0,..., «,_,, n), x)|r <

P = |«n0,...,«,_,>, x)|r].

FixT, g E((„0.mo).<»,_,.„,_,» to satisfy (i). GetT,' g M0m<¡.m  i} such that

(iv) (Vm G t,')(3t," g TV(no.„,„>){>« G t,")[<«, m> G ,].

Clearly, (ii) and (1) of §2 yield m* g t,' such that

p=S|((m0,...,m,_i,m*>,x)|/i.

By (iv) corresponding to m* get t," g N,„o„ ? such that (Vn g t,")[(h, m*) g tj].

By (iii) get n* g t," such that K(n0,..., «,_,, »*>, x)|r < p. Clearly, (w*, w*> g t,

and

l««o.n,_x,n*),x)\T < p^\((m0,...,m,_x,m*),x)\à

and by the induction hypothesis this implies

««o.mo>.---. <»/-l.«i-l>. <»*,»»*» g A».
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This clearly contradicts our choice of 7,. Hence ((nQ, m0),..., («,_,, m,_ ,)> g A".

To prove the other implication, set

A* - (((«o^o).<».--i. w,-i»:

|«n,,...,«,_,), x)|r <\((m0,...,mi_i),x)\à)

U {t : iis not of the form ((n0, m0),..., (nri_l, w»,--i))} •

We shall show that AX(A*) ç A*, from which it will follow that A°J c A*.

So let

(v) <</i0,w0>,..., <»,._!, m,.,» g AX(A*).

We will have to show that

K<»o»---»"<-i>»*)lr < l«mo.»»/-i>»*)L-

Assume to the contrary that

|((m0,..., w,_,),x)|A « |«/i0,..., /!,_,>, x)|r.

From (v) we have

x G £f       „    \ n £_      m    , V (Vt, g £,,        .     .      m    ,.)(3jGti)

[««0» «o).<«,-,, W,_i>,5> G^*].

Ux G £<«o.«,-.) n f(».o.m,.,>. thenKOo.",-i>**)lr = 0 and

|«w7o,...,m,_i),x)|A > 0

and we are done. So assume

(VO     X G (£<no.nit) U E(<mo.m,M>)&(V7, G £(<„omo).<„,_,.„,,_,»)(> G 7,)

[««o.«o>."-. <",-i'w,-i>'í> e^*l-

If x g £<fmo.m  i)( then by regularity x g F(„o.m_¡m) for all w, and hence

(Vm)[K(m0,.. •, w,_,, w), x)|A = 0]. But this is not possible by (vi). Therefore,

(vii)     xg(£(„o.„^,nF(mi>.mi_i})

&(Vr,GE((no,mo).^„.„....»^ei,)

[««0,m0>,..., <n,_1( «,_!>, J>€i4*].

Cûiel.K<«0,••■,«,-!>, Jc)|r = w,. In this case <n0,..., «,■_,> £ 17 and hence

(3T,"GTV<no.n,.l>)(V«G7,")[|««0,...,n,_„«>,x)|r = to,].

Fix such an 7," g TV(no.„  i}. Pick any 7,' g A/(°mo.m  i} and put

7,* = { (n, m) : n G ij" &m G 7,'}.
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Clearly t,* g E<(„o,„,o).<„,_,.„,,_,» and, moreover,

(V<«,m> Gt,*)[|«w0,..., w,_,,w>,x)|A< to, = |««o,...,/7,_,,/t>,x)|r].

This contradicts (vii).

Case 2.  |((n0,...,«,_,), x)|r = p < to,.  Here  we  have,  by  our  assumption,

(«e.«m) g A», and since x g F(mo.m¡_|>(

(Vt,' g M(mo.mi_ô){3m G 7,')[|«w0,..., m,_„ m),x)\A < p]

which implies by (2) that

(3V G A/°mo.m,_,))(Vm G V)[|«m0,..., m,_,, m), x)\A < p] hence,

(av e ^(°mo.«H))(v« e v)[<»o.-..«/-1> « riUm°."•'-">'**].

Consequently,

(3V e M°mo.BH))(Vm G V)(3V S TV<no.„, ,>)(*„ g V)

[|«mo,...,m,.1,w>,x)|A<|«Wo,...,/j,_,,«>,x)|r].

This clearly contradicts (vii). Thus in either case we have a contradiction and so

A°^(A*) £ A*. Thus A* ç A*. This proves the other implication of (8).

The following trick is due to Lyapunov.

Lemma 4.3 (Increasing the index by 1). Let Y be the canonical inductive operator

associated with S = { Ep: p G u) andJT— { Nk : k G u). Define

E() = X>

=   fE(n>.■»)      ÍÍ*-  (If 11..«.* »ft).

0     otherwise.

Put

^ = i^<-,.».) <r*-a. »i--.»*>.
\ ( { n) : n G to}    otherwise.

IfJf* = ( TV* : A: g to}, r/ie/j

^.((£*:5GW}) = ^({£:5Gto})

ant/ |(e, x)|r. = Ke\ x)|r + 1, where Y* is the inductive operator associated with

<?* = {£*: s G to} andJV*.

Proof. We shall prove by induction on p that

(i,»lt...,0 err ~<»i.«*>€ t;.
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Now,

(l,nx,...,nk) G rr^x €£*,,„,.,() V

(Vt, g TV(*,ni.nt>)(3« G t,)[<1, «!,..., nk, n) G Y?*"]

"X€E(n>.«4>V

(Vt, g TV(Mi.„k))(3n G !!)[<»!.«*,«> e T/"]

«(»i.»*>6r;.

:.e G r*p+1 <- (Vt, g N*)(3n G t,)[(/i> g Y*p]

- <i> g rr
** e g r>.

Henee#^.({ £* : í g «}) = á?^({ £ : s g to}) and Ke, x)|r. = |(e, x)|r + 1.

The following lemma follows from above. One has only to observe that for any

positive analytical operation $, E$ is normal, E4>°4> - E4>$° and if

JV= {Ns: se u)

is a family of bases such that í> > <Iy for each s, then R$ > ^-.

Lemma 4.4. Lei $> Uiea positive analytical operation and JT= {TVj: j g to},

^ = {A/j : i G to} ¿>e Ovo families of bases such that for each s, $* subsumes $N and

$wo. Suppose ( £ : í g to} is a family of sets in 2f* and {Fs : s G to} a regular family

intlf. Let Y be the canonical inductive operator associated with ff={£:sGw} and

JT, and A that associated with &= [Fs: s e a) and Jt'. Put ßx(x) = \(e, x)|r and

ß2(x) - Ke, x)|A. Then

(a){x:ßx(x)<ß2(x)} enf,

(b) { x : ßx(x) < to, & ß,(x) < ß2(x)) g nf.

Proof. The first assertion follows from the comparison of indices lemma and the

observations made above. The second assertion follows from the first by increasing

the index of A by 1.

By slightly modifying the inductive operator A in the proof of Lemma 4.2, one

can obtain the following

Corollary 4.5. Let Y, A, 3> be as in 4.4. Then

{(s,t,x):\(s,x)\r<\(t,x)\A) enf.

Theorem 4.6. For any positive analytical operation $ > U, Ilf * has the pre-well-

ordering property.

Proof. Let £ g nf * and suppose

£c = <E>*(( As : s G to} )    with ( As) clopen and regular.

Let )8(x) be the norm on £ induced by the canonical inductive operator. Let TV be

the canonical base for $ and put Jf= {TVTV0}, J( = ( TVTV0}. For each s, set

E=ASXX,       F = XxA,
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and let ß,(x, y), ß2(x, y) be the norms induced by the inductive operators associ-

ated with ( £ : 5 g to}, ^Tand { Fs : s g u}, Jt'. Since all the hypotheses of Lemma

4.4 are satisfied, the sets {( x, y) : ß,(x, y) < ß2(x, y)) and

{(x, y): ßx(x, y) < Ux&ßx(x, y) ^ ß2(x, y))

are in Ilf*. But

((x, y) : ßx(x, y) < ß2(x, y)) = {(x, v) : ß(x) < ß(y))

and

( (x, y) : ß,(x, y) < w, &ß,(x, y) < ß2(x, y)}

- {(x, y): ß(x) < «jA/Bí» « ß(y)}.

Consequently, ITf* is normed.

Corollary 4.7. For each p < to,, c9tp has the pre-well-orderingproperty.

5. Complexity of winning strategies and the transfer property of the E-operator.

Theorem 5.1. Let $ be a positive analytical operation which subsumes both

(countable) U and C\. Let V be the a-field generated by 2f*. Let £ G 2f* be such

that

(i)    x G £ ~ (3t,o g TVTV°)(V«0 G t,0)(3t,, g TVTV°)(Vn, G t,,) • • •

•••(V*)[*G£<»o...-,>].

TV being the canonical base for $. Then, there is a V -measurable function x -» ox such

that o, is a winning strategy for the player 3, whenever x g £.

Proof. Let Y be the canonical inductive operator associated with TVTV0 and

{ £ : 5 g w} and put TVTV0 = M. Define

( least p such that seTf    if s g If,
ß(s, x) = { ,      .

y to,    otherwise.

Now suppose x G £. So 3 wins the game (i).

If tj0, Tjj,..., tj^.-! and n0, nx,..., nk_x are the first k relevant moves of 3 and V,

notice that 3 goes on to win the game (i), i.e., he is in a winning position iff

(n0.nk_,) € Y™ i.e., iff ß((n0,..., nk_x), x) = to,. In such a case, 3 has to

play an t, g M such that (Vn G -q)[ß((n0,..., nk_x, n), x) = ux]. We, therefore,

define for each x, the strategy ax for 3 as follows:

p g ax(s) » ß(s, x) < ß(s * (p), x).

Clearly by 4.5, the map x -» ox is v-measurable. We shall now show that if x g £,

then ox is a winning strategy for 3 in the game (i). Suppose tj0, n0, t,,, nx,..., T}k-X,

nk_xaie the first k moves of 3 and V and assume that 3 has not yet lost the game i.e.

he is in a winning position. Consequently, we have (ß((n0, nx.nk_x), x) = ux

and hence (n0,..., nk _, ) £ If. Therefore,

(ii) (3t, g A#)(V«€ij)[Ä«n0,B„...,nt_i,n),x)-ul].
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By definition,

ax((n0,..., »*-!» = { p:ß((n0,...,nk_x),x) < ß((n0,..., nk_x, p),x))

= {p:ß((n0,...,nk_ltp),x) = "i)-

Hence, by (ii) and the completeness of M,

ox((n0,...,nk_x)) = T,<E M,

and moreover, V/? g tj, ß((n0,..., nk_x, p), x) = ux, so that 3 is still in a winning

position.

Remark. Notice that

(iii)

x £ £ «- (Vt,o g Af)(3«0 G t,0)(Vt,, g M)(3nx G 7,,) ■ ■ • (3A:)[x í £(„o.„( _>]

- (37,0 g M°)(V«o e 7,0) • • • (3*)[x € £<„„....„,.,>].

Here also we can have a definable winning strategy for 3 whenever x £ £. Unlike

the game (i), here 3 has to play such that at each stage the value of ß is decreased.

The following will give a v -measurable winning strategy for 3 in the game (iii)

whenever x € £:

p g ax(s) «xí£,V (ß(s * (p), x) < ß(s, x)).

Definition 5.2. A set £ ç A" x Y is said to be normal if for each x g A",

Ex = { y:( x, j) g £} has the Baire property. If £ is normal and U çz Y is open,

then define

E'u = { x G A : £* is comeager in Í7).

If Í/ = T, we write £* instead of f*17.

Lemma 5.3. Let $ be a positive analytical operation which preserves the Baire

property and let £ = $*({ £ : s g to}), w/í/i eac/t £ ç to" X to" normal. Define Ep

and Tp as in 3.6. 77ien for any s G to,

£•*•)-   O [£¿T2(Í>=   U [EÍ- TPYMs).

Proof. As in Theorem 3.8, one can easily check that Ep and Tp are normal for

each it. Since £ = O „,,, £*", it follows that

(o £•*<*)£ n [£¿*]*2(í)-

Next, suppose x G [£^]*2(i) for all /x < to,. For each p G to, {( ££)* : /i < to,} is a

decreasing sequence of sets with Baire property. Hence by the countable chain

condition, 3ß(p) < ux such that

(Vp > fi(/0)[(£«» - £/)X is meager].

Choose po such that ß(p) < p0 < to,, for all p. Then (Vp)[(EP" - Ep"+l)x is

meager] and hence (TPo)x is meager. Since x G [£?»]*2<í), (E?°)x is comeager in

2(5). Therefore, (Ep")x - (Tp°)x is comeager in 2(¿) and so x g [£?<> - rp°],2(i).
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Thus,

(ii) H [£;]**'> c U [£e"-r"]*2(i).

Finally, since (££ - Tp) c E for each ¡i,

(iii) U [£*- r],*,,s£,,(".

The result now follows from (i)-(iii).

Transfer Theorem 5.4. Let $ and ¥ /be two positive analytical operations such that

$ preserves the Baire property and ¥ « normal and subsumes both (countable) U ant/

D. Suppose, moreover, that there are functions f and g such that for any normal family

{Ep: p G u) of subsets ofu" X uu with E = $({Ep: p G w}\

£•*'>-*({ £,$**>»: pew) ).

Then for any normal family { Fp: p G to} of subsets ofo}a X to",

(a) £ = $°({ E, : /> g to}) implies that

/or suitable functions y and 8 (independent of the family { Fp)).

(b) £ = $$°({ Ep : /? g to}) im/7/iej

F.2<,) . ^o^ F¿ff*'»;p e to} ),

Wiere

a(Ä)= /</(»)• Y(w)>     ifs = (n,m),

\ arbitrary otherwise ;

ß(s) = h(n)s(m)    ifs={n,m),
\ arbitrary        otherwise.

(c) E = $*({ Fp: p G to}) i«/»//«

f.2(») = **({ Fjlff'KM'.p g to} ),

vv/iere

*s\_ i(a("o).---«("A-i)>    '/*- (»0"--."*-i>>

\ arbitrary   otherwise;

£S)Wm ¡ß("oiß(nii--~ß("k-i)   '/*- <»o.---.»*-i>.

[arbitrary   otherwise.

Proof. Let TV and A/ be the canonical bases for $ and ¥, respectively,

(a) Set G = Fc and G^ = Fp for each />.

Then G = $({ Gp : p g to}); and since $ preserves the Baire property, each Gx has
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the Baire property. Therefore,

Gx is nonmeager in 2(s)

«-» (3u)[Gx is comeager in 2(su)]

«-» (3w)(3t) g M)(Vw g 7,)[G^m) is comeager in 2(íMg(w))]    by hypothesis

«-» (3m)(3t, g A/)(Vm g T,)(Vü)[G^m) is nonmeager in 2(jMg(w)>j)]

«-» (3t, g A/)(Vm g T,)[G*(m) is nonmeager in 2(io(w))],

for some functions y and 5, as <í>w > H, U and is normal. Hence,

Fx is comeager in 2(s) «-» Gx is meager in 2 (s)

«-* (Vt, g A/)(3w g T,)[G*(m)is meager in 2(î6(w))J

«-> (Vt, g M)(3m G T,)[£r*m) is comeager in 2(so(m))l

«-» (3t, G Af°)(Vw G T,)[Ey*m) is comeager in 2(i6(m))].

This proves (a).

To prove (b), observe that

Fx is comeager in 2 ( s )

<-» [<p({<P°({F(pq):q(E to}): p g to} )]* is comeager in 2(î)

« (3t, g A/)(V/7 g t,)[($0(( E(/(B),?) : fl g to} ))" is comeager in 2{s'g{n))]

(by hypothesis),

«-* (3t, g A/)(V/j g t,)(3£ g A/°)(Vw g £)

[F</(n).Y(m)> is comeager in 2(/g(«)"ô(w))]    (by (a)).

Setting a«n, m» = (/(«), y(m)>, j8«/i, m» = g(«)"ô(w), we get (b).

(c) Since £ = i>*({ E^ : p g w}), the canonical inductive operator T is given by

p G r\(/l) « z <$. Fp V (Vt, g N)(3n G tj)(3£ g TV)(Vw g £)

[/>* ((n,m)) g/1];z g ww X to".

Define zef;»/ii I> Then by Lemma 5.3,

o) f-^»= n [f/],2(í).
/J<U,

Define a set relation A operative on to as follows:

/ g Ax(,4) <-> £J)o is not comeager in 2((/)i) V

(Vt, g M)(3n G tj)(3£ g A/)(Vm G |)

[((Oo*«/(»),T(»i)»,(Or«(»)"*(»i))ei4].
We shall show that

(ii) xi F'*is)+* (e,s) g A".
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To prove (ii) we shall show by induction on ju that

xi [£r"]*2(i)^ (t,s) g A*.

This is clearly true for ¡x = 0, so assume n > 0. Now,

x G [F^]*2*1' «-» (£rM)x is not comeager in 2(j)

is not comeager in 2 ( 5 )

«-* Fx is not comeager in 2(s) V (Vt, g M)(3n g tj)(3£ g A/)(Vm G ¿)

H £,-<</(■),T(m))>     isnotcomeagerin2(jg(«)o(w))     (by (b))

<-> £* is not comeager in 2(s) V (Vt, g A/)(3« g t,)(3| g A/)(Vw g |)

(3a < n)[(F,\(f(n)nm))))Xis not comeager in 2(ig(«)"o(w))]

<-» £x is not comeager in 2(i) V (Vt, g A/)(3« g tj)(3£ g A/)(Vm g ¿)

(3A < ».)[<*"«/(»). Y(m)»,/g(«)*ô(m)> G AAX]

by the induction hypothesis

**</.*>€ AC.

Hence, putting r = ( ) and using (i), we obtain (ii). Therefore,

£x is comeager in 2(i) <-> x g f*2(í) <-> (e, s) € A°°x    by (ii)

» (3t,o g Af )(V«0 g t,o)(V|o e A/)(3»i0 6 ^) ■   •

(V/c)[£x(</(„o),Y(mo)).</,.,.,,,,,„,.,,» is comeager in

S(i>(»o)*fi(«o)"' ••«(»*-!)**(»»ft-l))].

Define /and g as follows:

?(s)=   / <«("o)'- - ' «(«Ac    l)>      ifi =  («0.«A-l>.

\ arbitrary   otherwise;

g(s)= iß(noiß(»iy---'ß(nk-i)    lís= <"o."a-i>-

\ arbitrary   otherwise.

The result now follows immediately.

Remark 5.4.1. The import of the Transfer Theorem is that if a set £ computed by

$ is such that £ *2(I) is computed by ¥, then for any set £ computed by $*, £ *2<i'

is computed by ¥*

Remark 5.4.2. It is clear from the proof of 5.4(c) that, under the hypothesis of the

theorem, for any normal family ( Fp) of subsets of to" X to" with F = E$v({ £,,}),
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where

/'«»o..-..»ft-i»-</(»o).-./(»*-i)>.

g'(("o."*-i» = «(«o)?(»i)A- ■ • í(«*-i)-

Here, normality of ^ = $M is not required.

6. Applications. We shall now apply the Transfer Theorem to deduce Vaught's

Formula for £* (cf. [19, Theorem 1.6]) and the Category Formula of Burgess [3].

Theorem 6.1 (Vaught). Assume E = si({ En : n g w}), with each En c to" X to"

normal. Then x g £ *2(î) if and only if

(Vm0 g Seq)(3i;0 G Seq)(3fc0)(VM, G Seq)(3t>, g Seq)(3fc,) • • •

(v/)[£<*„.k, .,> » comeager in 2{sV0Vr] ■ ■ ■ K,"_ii>(_i)j •

Proof. Let TV = {{«}:« g «} so that 4>^ = U. Suppose £ = QN({ F„ : n g «})

= U new £„, where each E„ is a normal subset of to" X uu. Then,

Ex is comeager in2(j)<-*(V«G Seq)[£x is nonmeager in 2(sm)j

«-» (Vm g Seq)(3A:)[£kJÍ is nonmeager in 2(jm)]

«-» (Vm g Seq)(3fc)(3i; G Seq)[£JC is comeager in 2(swi;)].

Let 0M be a 8 - s operation such that for any family (An),

*M({A„:neu})=   O     U    LMo^ft.«,».
ueSeq ceSeq k^w

Hence,

Fx is comeager in 2(i)

++ (3tj g Af)(Vn g t,)[£(x)|o is comeager in 2(/(«)ô(/i),.,)]

<- (3t, g A/)(Vn G 7,)[£/xn) is comeager in 2(íg(«))],

where f(n) = (n)1<0 and g(n) = («)0(")i,i- Since

£=^({£n:«GW}) = E«I>JV((£„}),

the Transfer Theorem immediately gives

£'2<<>«E*„({ £,$**>»:;,£«}.),

where

g((n0,..., nk_x)) = g(n0)'g(nx)~■ ■ -'g(nk_x)

and/«n0,..., n*-i» = </(«o)."-./("*-i)>- Therefore,

£ x is comeager in 2 ( s )

** (37,0 g M)(V«0 g t,o)(3t,i g A/)(Vn, g t,,) • • •

(V') £</(n0).(»,.,)> is comeager in 2(/g(n0)"- ■ ■ g(n¿-i))J

(Vu0 e Seq)(3t;o g Seq)(3fe0)(VM, g Seq)(3t;1 g Seq)(3Är,) ■ ■ •

(v')[£(*0.*,.,) '* comeager in 2 ( /u^ •••«<*- i°i-i)]-
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Definition 6.2. Define an operation V as follows,

x G *-({£„:« g to})

*♦ (Vu0 S Seq)(3t;o S Seq)(3Aro)(Vt/, G Seq)(3t;, G Seq)(3A:,)

•  (V/)  X € £«„„.<*„,,.„)).(«,-,.<*,-,.«',-,»>]•

Clearly >^ is positive analytical and f~ si. Call y* the Vaught operation.

Define a sequence of positive analytical operations {Sp: p < u>x) by the induction

■So = ' »       Sp+, = Sp .

If A is limit, choose p, Î A and set for any family { £„},

where A/   is the canonical base for Sp . Then define SA = ¥*. It is easy to check by

induction that for each p, Ep ~ Sp and heneen = 2f» = 2f».

We shall now deduce the Category Formula of Burgess by showing that if £ is in

9fp, then £* is computed by Sp.

Theorem 6.3. Let E ç to" X to" be a set in 9ip. Then £,2(i) = { x : £x is comeager

in 2(i)} is also in®".

Proof. We shall prove the theorem by induction. Let TVp and Mp denote the

canonical bases for Ep and Sp, respectively.

Assume that for all v < p there are functions/, and g„ such that if

£-Er« £„:«€«)),

with each F„ ç. uu x uu normal, then

£*2<*> = S,({ E^^-^ne«

We shall then show that if £ = Ep({ £„}), then £*2(1) is similarly computed by Sp.

The result then follows by observing that for each clopen £,, £* is also clopen.

Case 1. p = »v + 1. In this case, £ = E*(( £„ : n g to}).  Hence by the Transfer

Theorem,

£x is comeager in 2(j) «-» (3t,0 g Af„)(Vn0 g 7,0)(V^0g M0)(3m0 g ¿0) •••

(V/)[£/!(< <n„,m0).(«,_l.m,_,)>)ÍSCOmeagerÍn

2(*1fc(«»o. »««). —.<»<-i.»«i-i»))]

where/, and g„ are related to/, and g„ as in 5.4. Setting fp = /, and gp = g„ we get

Case 2. p is limit. Choose a sequence p, î p and for any normal family { //„ : n g to}

set

// = *({ //„} ) = O *^o({ //(,,n) : n g to} ).
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Then,

H* is comeager in 2(í) *-» (V;) (^N,N°{{Ho.m):m G «}))   is comeager in 2(5)

~ (V/)(3t, g A/pJ(V« g t,)(V¿ g A/p )(3m g £)

[^.«.((».m))) i« comeager in 2(/ß,(<«,m»)J

(by the Transfer Theorem),

where a, and ß, are obtained as in 5.4(b). Therefore,

#•*<*>. *i{ ///;2J;«,m,): wGto} ).

where ^ is the operation in 6.2 and

/«/,/!» = </,<*,(«)>,      *«/, »»-£,(»).

Since £ = $*({ £„}), by applying the Transfer Theorem again we obtain the result

as in Case 1.

As the R-sels have the Baire property the next result follows immediately.

Corollary 6.4. If E g c9lp, then £ *2(i) is also in c@p.

By repeatedly applying the Transfer Theorem and 6.3 to every level of the

hierarchy of 9S9tp-sets one obtains

Corollary 6.5. // £ g 9d®p ( u, p < to, ), then £ *2(I) is also in 9&@p.

In particular, putting p = 0, one has for any C-set E, E* is also a C-set.

7. The approximation theorem.

Lemma 7.1. For p < ux, let Rp = <PK = E$vvo. As in the proof of 6.3 there are

functions f and g such that for any normal family { £„} with E = Rp({ £„}),

£x is comeager <-» (3tj g K)(Vn G 7j)[£^n) is comeager in 2(g(n))]

« (3t|0eM)(Vnoei,0)-

(Vk)[E\a{(n m)).ai(nt  ,.„,_,),> is comeager in

2(/i«»o,»«o»*-■•>«»*-„ m*.,»],

where f, g and a, ß are related as in 5.4(c) a/td $M - $,v ant/ K = RMM°.

Then, one can choose K such that for any 7, G K, U „er| 2(g(«)) « ¿enje i« to".

/« /flc/, È way be taken to be the canonical base for Sp with the property that for any

7, g K and s g Seq there is an n G 7, such that g\n) extends s.

Proof. We shall prove this by induction on p. For p = 0, 3>¿ is the Vaught

operation iT. Taking K to be the canonical base for ^"it is easy to check the

assertion of the above theorem.

So assume p > 0 and the assertion holds for all v < p.

Case 1. p = v + 1. Then $N = E„. Let 7, g K = RMM°, where M has been

chosen to satisfy the assertion of the theorem for the operation Rv.
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Fix a basic clopen set 2(/). We have to show that there is n G 7, such that g(n) is

consistent with t (in fact, extends t).

Since 7, G RMM°,

(3t,o 6 M)(V«o g t,0)(V£o S A/)(3™0 S $0) • • •

" ■(**)[«»<>. «o) ■•■ <"ft-i' wft-i>> e Til-

Fix T,o g A/ such that for each n0 G tj0,

(V|0 G M)(3m0 G ¿o)(3r,, g A/)(V«, g „,)(V¿, g M){3mx e *,) •••

(V*)[«f!0,IM0>,...,  («ft-l.Wft-l»   «T?J.

By the induction hypothesis, there is an n* g tj0 such that g(«*) extends f. Now pick

a ¿o g M such that for some m* g £0,

(3t,0 g A/)(V«0 g t,o)(V^o e A/)(3m0 e £0) • • ■

••• (VA:)[«ii0,m0>-- •<«*_„ m,„,))GT,].

Clearly, « = ((«Ô> mÔ)) e V and gX") = g("o)^(wo) (CL 5.4). Thus |(n) extends i.

Case 2. p is limit. Let p, î p. Then Rp = $„ = R<t>NNa, where 4>w is the operation

given by

<M< O ) - H **,„•({ £<,.„> : m g to} )    and   9N   = Ep .

In this case, if £ = QN({ En}), then

£x is comeager <-» (3tj g TV)(Vh G T,)[£^n) is comeager in 2(g(w))l

« (V/)(3t, g A/Pi)(Vn G »})(3Í g Mp°)(Vm G ¿)

[£*</.«,(<».«>» is comeager in 2(ß,((/j,w)))]

(cf. 6.3, Case 2).

In view of Case 1, it suffices to show that for any 7, g TV and for any 2(0, there is

an « g 7, such that g( n ) extends /.

Now, TV may be chosen such that

7, g TV <-> (V/)(3V g A/p )(V/j g V)(3f G A/p°)(Vw G £')[</, (n, m» g 7,],

where each Afp has been chosen to satisfy the assertion of the theorem.

Let T, G TV and fix any /'* g to. Get tj* g Afp , such that for each n g 7,*

(3|' G A/p°.)(Vm g £')[</*, (/i, m» g ,].

Since 7,* G A/p., by the induction hypothesis, there is an n* g 7,* such that g,.(«*)

extends /. Get £' G A/p° and m* g £' such that (/'*, («•, w*>) g 7,. Take « =

</*,<«*, m*». Then

g(n) = ßi.((n*,m*)) = gi,(n*)'8,.(m*)

(cf. 6.3) and hence g\n) extends t.
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Lemma 7.2. Let !Fbe a o-field closed under operation si and ¡et 98 ̂ denote the Borel

a-field on to". Let E c uu x u>u. Suppose there is a family { A„) such that

(a) A =s/({An)\

(b) ACE,

(c)eachAn eJ® 98^,

(d) Ax is comeager whenever Ex is comeager.

Then there is a set B g J5"® 98^ such that B <z E and Bx is comeager whenever Ex is

comeager.

Proof. Let / : to" -» u" be the characteristic function of a generator for a

countably generated sub-a-fieldJ^ of J^such that each/1,, e^08 98^. Let /(to") =

D. Then, as is well known, / is a bimeasurable function between J^ and ^d. the

Borel a-field on D. Set

Ä„-{(Ha),ß):{a,ß)eAH},      Ä ={(/(«),«): (a, ß) e A}.

Clearly, Â„ g 98 d ® 98 u» and A* = si({ Än}). Hence Ä is an analytic set in D x to".

Get an analytic set C ç to" X to" such that

À = C n (D x «").

Then by 1.6 of [17], get B g â ® 98u», where (2 is the analytic a-field on u", such

that B Q C and Bx is comeager whenever Cx is comeager. Put

ß = ((«,ß):(/(«),ß)Gß}.

Since JHs closed under operation si, clearly B g ."F® 98u„ and moreover, B Q E and

Bx is comeager whenever £x is comeager.

We have adapted the proof of the Category Formula [2] in the next lemma.

Lemma 7.3. Suppose we have

(V50)(3/0)(V5,)(3/,)--- {(Vûo)(3T>o)(Va,)(3T>,)--- P(a, ß))

- (V5o)(Vuo)(3ío)0¿o)(V5,)(Va,)(3í,)(36,)-- P(a,ß),

where a = (a0, bQ, ax, bx,... ), a¡, b, G u, and ß = s0t0sxtx  ■ ■ ■ ; s¡, t, g Seq.

If 3 wins the second game, then he may do so by means of a strategy a* such that, to

every complete play s0, a0, t0, b0,... consistent with a*, there corresponds a complete

play Sq, t'Q, s'x. t'x_consistent with a winning strategy for 3 in the first game such that

^o'o^i 'i  ' ' '  = so 'o si 'o

Proof. Let w_x,w0,wx,w2,... be an enumeration of to<u such that w_x is the

empty sequence and if w¡ is an initial segment of Wj, then i <j. For s g to<u, its

code, denoted by |j|, is its position in the enumeration.

Suppose 3 wins the second game with strategy a. We shall now construct a

winning strategy t for player II in the first (Banach-Mazur) game, t will be defined

(by induction) in such a way that every partial play consistent with t corresponds to a

partial play consistent with a.

Suppose j0, t0,..., í„_,, t„_x have been defined consistent with r and

r(s0,t0,...,sn^x,tn_x,s)
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has not been defined. Let n be the code of (a0,..., am_x, a) and let \(a0,..., am_,)|

= n*. Clearly, n* < n. Let the partial play (consistent with a) corresponding to

(sQ, t0,..., s„.: /„.) be (a0, m0,..., am_„ um_x, bm_x, vm_x) such that s0t0 • • • s„.tn.

= «0^0   •••   Um-\Vm-lPui

u = ***•♦• l'»* + l ' ' ■ *W—l'lt-1*'

Let

a(a0, u0; b0, v0; ■ ■ ■ ;bm_x,vm_x, a, u) = (b, v).

Then

t{s0, t0,..., sn_x, t„_x, S) = V,

and the partial play associated with

s0, t0,..., sn_x, /„_,, S, V

is

a0,u0; b0,v0,..., bm_x,vm_x;a, u;b,v.

We shall now show that t is a winning strategy for player II in the Banach-Mazur

game. Let

s0,t0,sx,tx,s2,t2,...

be a complete play consistent with t. We shall have to show that

(VU0)(3/>0)(Va,)(3fti)-P(«,ß),

where

a = (a0,b0,ax,bx,...)   and   ß = s0t0sxtx  ■ ■ ■ .

So let V play a0. Suppose K^o)! = "o- By definition of t, the partial play (consistent

with a ) corresponding to s0, t0,..., sn<¡, t„a is

a, s0t0 • • • s„o; b0, t„o

for some ¿>0 g w. 3 replies with b0. Next suppose V plays ax and let |(a0- o,)| = nx.

By definition of t, the partial play (consistent with a ) corresponding to

s0-> »0»' " •' 5n0' 'n0'' • • ' ■'n,' 'n,

is

ûo^ô'ô ••■íno;feo,íno = 0©;ai»*«,+ii«,+r,,*ii,'»fri»ri!i = pi-

"0 U[

3 replies with è, and the play proceeds as described. Since the play a0, u0; b0, v0;

ax, ux; bx, vx;... is consistent with a, we have

P(a,u0v'0u'xv'x  •••)•

But ß = u0v0uxvx  ■ ■ •. Hence P(a, ß). Consequently, t is a winning strategy for II

in the Banach-Mazur game.

We shall now modify a to a* such that any complete play consistent with a*

corresponds to a complete play consistent with t.
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Definition of a*. Let V play a0, s$ and suppose \(a0)\ = n0. Simulate the

following partial play in the Banach-Mazur game, where II plays with strategy r, e*

being a fixed sequence number:

A=e

*i '2.'„„ ■

According to the definition of t, a(a0, Sq ?oJi'i ' ' ' sn0) = (fy)> '*„)' f°r some

¿>o g to. Define o*(a0, s$) = (b0, t0sxtx ■ • • snjno). Next suppose V plays ax, s{ and

let Ka0' ai)l = »i- Consider the following partial play consistent with r:

I      *°o «1 = e*.s«o = e* j* V»o+ '       /-o+a = £* S = e*
\/\/ . y \ '       \ \

'n0 '"0+1 '   f"l

By definition of t, a(a0,sft'0 ■ ■ -'s„o; b0,t„o; ax, s'n¡¡+xt"n¡)+x ■ ■ ■"*,,,) = (bx, t„J),

è, G to. Define

o*(a0, s$; b0, t¡s¡ ■ ■ ■ s'„otno; ax, s{) = (bx, t'„0+ls'„0+2 ■ ■ • V«,)

and so on. We shall show that a* is a winning strategy for 3 in the second game.

First observe that any complete play

a0,u0,b0,v0,ax,ux,bx,vx>...

consistent with a* corresponds to a complete play

*o» '0« *1' *i** ••

consistent with t such that

VoVi" ••■ = "o^oWi^i  ••• = fl.

say. To prove that a* is a winning strategy, we have to show P(a, ß), where

a = (a0, b0, ax, bx,... ). Next observe that any play consistent with a* is of the form

(V)I    a0,s° ai,*i = •*„„+!      •••

(3)11 ¿>o, Vi'i  •••V»o *i' '»o+i'""V»r"

such that

(V)I    a0,sg't~0 ■■■'s„o ax,s„o+xt„o+x---s„t

(3)H b0,tno bx,tn¡

is consistent with o. Consequently, we have

E^a.^o   'o   "        'Sn0'n0Sn0+l'iio+l ' ' ' j

and hence P(a, ß).
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Remark 7.3.1. The definition of o* is highly constructive and can be effected by a

Borel function from the space of strategies to the space of strategies i.e., the map

a -» a* is Borel.

Using the above result, one immediately has the following.

Corollary 7.4. // the second game in 7.3 is determined, then

(3s0)(Vt0)(3sx)(Vtx)--- {(3aQ)(Vb0)(3al)(Vbl)----,P(a,ß))

« (3s0)(3a0)(Vt0)(Vb0)(3sx)(3ax)(Vtx)(Vbx) • • • -, P(a,ß),

and the conclusion of 7.3 also holds here.

Remark. Lemma 7.3 and Corollary 7.4 yield a constructive proof of a particular

case of the Game Formula of Kechris [11].

Lemma 7.5. Suppose E ç to" be a set in 9(p, p < ux and let Rp = Eí»^. Assume

E = E.p({ £„}), where each En is clopen. Then,

E is comeager *-> (3tj0 G M)(Vh0 g t,0)(3t,, g Ai )(Vn, G t,,) • • ■

(V^)[£</<«0>.ftn^O) ÍS COmeaSer m^{g(n0Îg(nl)" ■ ■ -'gifk-l))]

where f and g are some suitable functions and 4>w - O^. Moreover, f and g can be

chosen such that, with any winning strategy a for 3 one can associate a winning strategy

a* such that for any run tj0, n0, t,,, nx,... consistent with a*, the sequence ß =

g("o)g("i)     ■is in E.

Proof. The first assertion follows immediately from the proof of Theorem 6.3.

Moreover, by Lemma 7.1, A/ may be chosen such that for any t, g M and s there is

n g t, such that g(n) extends s. Therefore, we have

(3t,0 g A/)(Vn0 g t,o) ■ • • (V*)[e</(JIo)./((,4.()) is comeager in

2(g(«0)*f(»i)"---*f<>*-i))]

» (3t,0 g M)(V„0 g tjo) • • • (V*)[fi g £</(„o).A-É_i)>]

where ß = g("o)g(ni)_Hence,

(i) Eis comeager <-► (3tj0 g A/)(Vm0 g 7,o)(3t,, g Af)(V«, g t,,) •■•

(Vk)[g(n0)'g(nx)'--  G£</(no).^^

We shall prove the second assertion only for p = 1, since for higher levels the proof

involves similar ideas, although notationally cumbersome.

First observe that if £ = si({ £„}), with each £„ clopen, then by the Category

Formula [2], we have

Eis meager-(Vfc0)(Vio)(3/0)(VA:i)(V5i)(3/i)---

••'(3')[*<*,,.ft(.,) is meager in 2(vô ■•'V-i'î-i)]-
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Therefore, whenever G = Y({ G„}), where Y = si0,

G is comeager ~ (Vk0)(Vs0)(3t0)(Vkx)(Vsx)(3tx)

(3/) '<*„.*,_,> is comeager in 2(s'0t'0 ■ • -V-i'î-i)]-

Since E = RY({ £„}), by 5.4.2 we have

(ii)        £ is comeager «-» (V«0)(Ví00)(3/0°)(VA:10)(Ví,0)(3í,0) • • • (3i0)

(v*i)(vjJ)(3i»0)(v*J)(v*i)(ai})...(3¿1)

(V*2)(Vj¿)(3í02)(V*?)(V*?)(3í?)... (3/2)-. (V/)

£«C*?.*?„_,>.(k>0-<.kj-'r,))is comeager in

•\so   l0 íí0-l'i0-l SÇ>      'o
>*//-' f/-1 .-//-'

Now,  £ is comeager «-> II  wins  the game  G**(£') <^ (V50)(3í0)(v'í1)(3íi) • • •

[ß g £], where ß = s0t0sx tx_Hence (using (i)), the equivalence in (ii) reduces to

(iii)    (Vs0)(3t0)(Vsx)(3tx) • • • { (Va0)(3«0)(Va,)(3n,) • • ■

(V/)[ß g £(-o(no).„-_,,„,_,,>]}

- (V^)CV^o0)(3/o0)W)(V5,0)(3r,0)--- (3/0)

(V^o)(Vío)(3ío)(vM)(V5l)(3rl)---(3í,)...(V;)

i° t°■'o 'o • • s 0      ,0?"_,ÄÄ tl'A
0 'o sl't}

e£.
«*o. •<*i"'.*/;-',-■»

As in [3, §11], we shall define a game G' of length to such that 3 wins G' iff 3 wins

the second game in (iii). The game G' is as follows. Though its total length is to we

think of it as consisting of potentially infinite sequence of subgames each consisting

of potentially infinite sequence of rounds. If in any play of G' the jth subgame

actually goes through infinitely many rounds, then the (7+1 )th subgame never gets

started. This keeps the total length within bounds.

In the/th subgame the two players play the rounds of that subgame. The llh such

round opens with 3 signalling (by a choice of 0 or 1) either a challenge or a pass. If

he challenges, the whole 7 th subgame ends at once and the players proceed to the

( 7 + l)th subgame; in this case we record «7 = (k{¡,..., kj_,) and

Vj"S¿'t¿" ■■■"s/lxtf_x

formed from the moves. If 3 passes, V chooses kj g to and a sequence number 5/

and 3 replies with tj g Seq; then the players proceed to the (I + l)th round.

If some/th subgame goes on forever because 3 fails to challenge on any round, 3

forfeits the game. If this provision does not apply, then a sequence (u0, v0;

ux,vx,...) will have been generated. 3 wins iff for all/

v'0v[v'2  ■■■  = ßG £(Ho H|.Vi>.
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Thus the game G' is essentially of the form

(Vs0)(Va0)(3t0)(3b0)(Vsx)(Vax)(3tx)(3bx) • • ■ M(a, ß),

where the condition M is Borel (in fact Gs, cf. [3, §11]). We shall now make a few

observations. First, observe that each subgame in the second game of (iii) is a

Banach-Mazur game interlaced with operation Y (which may be looked upon as a

game!). Secondly, the condition within [ ] is the same as the condition in the first

game. Consequently, any reduction of the second game of (iii) involves the interlac-

ing of a Banach-Mazur game with an ordinary game of length u which is obtained

by the corresponding reduction of the operation E,. Therefore, reducing the E,

operation within { } in the first game of (iii) as above, we observe that the

equivalence (iii) is equivalent to the following:

(iv)    (Vi0)(3f0XVi,)(a'i)-   • {(Va0)(360)--- M(a,ß))

**(Ví0)(Vfl0)(3r0)(3ft0)--- M(a,ß).

Now, if 3 wins the second game in (iii), he also wins G', the second game in (iv). By

Lemma 7.3, 3 wins with a strategy o such that for any complete play sQ, a0, tü, b0,...

consistent with a, ß = s0t0- • ■ corresponds to a complete play of the Banach-Mazur

game in (iv). Moreover, the strategy a gives rise to a strategy a* in the second game

of (iii) such that, if    Sq, t0., k0,.i0; j¿, tl0, kl0.ix; • • •   is a complete run

consistent with a*, then the sequence ß = s$ <q ' ' " *? -\t? -i^o lo "• IS a^so

produced by a complete run of the game G', when 3 plays with a. Consequently, ß

satisfies the condition within { } in (iv) and as observed above, ß g £.

Remark. For sets £ at the higher level we have an equivalence similar to (iii). On

the left side of the equivalence we have a Banach-Mazur game followed by the

corresponding E-operation, and on the right side we have Banach-Mazur games

"interlaced" with the operation (regarded as a game played on u) with dummy

moves, if necessary. As in the proof above, the second game can be reduced to a

game of length to (see [3]) and the proof proceeds exactly as above.

Remarks 7.6 (on the A - transform). We shall now look at the dual of the

"■-transform and obtain some analogous results. The proofs being very similar to

what we have already done, we shall omit the details.

For a set £ ç A X Y and U C Y, put Ew = { x G A : £x is nonmeager in U).

Note that A is the dual of the "-transform in the sense that EAU - [(Ec)'u]c. The

A-transform behaves very much like the "-transform and we have the counterpart of

Lemma 5.3:

With notation as in Lemma 5.3, we have

£A2<*> =  fi [£¿*]A2<S) =  IJ [Ep- r"]A-(i).

This decomposition of the set £A suggests, as in the case of £*, that (£A)' may be

obtained as a fixed point of an inductive operator. Indeed we have the following

counterpart of Theorem 5.4.
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Theorem. Let <PN and 3>M be two 8 - s operations such that <b v preserves the Baire

property and $M is normal and subsumes both (countable) U and H . Suppose there

are functions /, and g, such that for any normal family { Ep) of subsets ofu" X to" with

E = *N({ £„}),

£A2<*>=<IV({ £***"<'»: pe«}).

Then for any regular normal family { Fp), if F = E<I>V({ £p}) iTie«

Ex is nonmeager inl(s)

~ (3t,o g A/')(V„o g t,o)(3t), g A/')(Vn, g t,,) • • •

( W ) £;>(«„>./'<»*_,» « nonmeager in 2(*V(«o)* ' * * V(«*-i ))].

where f and g' are suitable functions (independent of { Fp)) and $w = <î>w U C\.

Proof. First observe that for any regular family ( Fp), £M ç E, if t < s. As in

Theorem 5.4(c) we define a set relation operative on to as follows:

f € rx(/l)~£(x)o is meager in 2((i),) V

(Vt, g M)(3n G v)(\/u)(3v)[((t)'0(/,(«)>, (OÎfi(«)""o) e /f].

To obtain the result, one then shows that x g f**U) «+ <e, j> G T,00. As in 6.3, this

theorem immediately implies that for a set £ g 9íp, if £ = E$v({ £„}), then

(9)    x G £A ~ (3t,o G ^)(V«o S 7,o)(3t,, g A/)(V«, g t,,) • • •

(v/c)[£</'c„).A-»-,» is nonmeager in 2(g'(n0)"---y(«*-i))].

for suitable M, /', g'. Moreover, one can choose M such that

t, G M°&s G Seq -» (3n g 7,)(g'(n) extends^).

Finally, observe that by (9) we have for £ ç to"

(v)    £ is meager ~ (3t,0 g A/°)(V/20 g t,0)(37,, g A/°)(V«, g t,,) • • •

(3k)[g'(n0)'g'(nx)'--- ££</"<„„)..../•(,,,_,»

Arguing as in Lemma 7.5 and invoking Corollary 7.4, we may show that 3 can win

the game (v) (if he does so) by a strategy a** such that if t,0, n0, t,,, «,,... is a

complete play consistent with a**, then ß = g'(n0)g'(nx) - • • is not in E.

The next theorem is the first step towards our approximation theorem.

Theorem 7.7. Let £ ç to" X w" be a set in 9?p(p > 0). Then there is a set

B G 98'9?ft ® 98u* such that B ç £ and Bx is comeager on £*.

Proof. Let Ep = R$N and assume £ = E4>^({ £„}), with each £„ clopen. As in

6.3, there are functions/and g such that

(i)    x G £* ~ (3t,o e M)(Vn0 G 7,0)(3t,, g A/)(V«, g t,,) • • •

(V/c) £<7<„o)... /(**,» is comeager in 2(g(n0)"'•■"*("*-1))]
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where M is such that 4>w - <bN. Further, by Theorem 5.1, there is a 989f g-measui-

able function x -» rx such that whenever x G £*, tx is a winning strategy for the

player 3 in the game (i). Moreover, by Lemma 7.5 and Remark 7.3.1, we may assume

that the function x -* tx is such that for any complete play tj0, n0, tj,, n,,...

agreeing with rx the sequence ß = g(n0)g(nx)g(n2) ■ ■ ■ is in £x, and that the base

Af has been chosen as in Lemma 7.1. Define for each k ^ 1,

Wk(s,x)++ Seq(s)&lh(s) = k&(Vi < lh(i))[(*), eTï(if i)];

i.e., Wk consists of the codes of the first k possible moves of V when the existential

player plays according to the strategy tx. Clearly, Wk g 989fft. Define

C(x, y) ~ (3a)(Vk)[lVk(â(k), x)&y G 2(g(cr(0))"- ■ • g(cr(* - 1)))] &x G £*.

Plainly, C is the result of operation si on sets in 989$^ ® 98u„. We shall show that

(a) C ç £ and (b) Cx is comeager on £*.

If (x, v) g C then x G £* and 3 wins the game (i). Further, there is a sequence

{ nk : k g to} such that n0,nx,n2,... are the moves of V when 3 plays according to

tv and y = g(n0)g(nx) ■ ■ ■. Consequently, v G Ex. To prove (b), fix an x such that

£v is comeager. Then

Cx = { y\{3a)(Vk)[Wk(ä(k), x)&y g 2(g(a(0))" • • ■ g(a(* - 1)))]}.

Define

A n      _/2(g(»o)*g(»i)""-*g(»ft-i))    if^«»o.»*-!>.*).

I 0    otherwise.

Then. Cx = si(( AJ). Hence to show Cx is comeager, it is enough to show (by

Vaught's Formula) that

(Vj0)(3*o)(3'o)(V*i)(3*i)(3/,)---

(v0 A(k0.*, ,) is comeager in 2{s'0t'0 • • V-i',-i)J-

So let V play s0. By Lemma 7.1, pick k0 g tx(( )) such that g(kQ) extends 50-

Then 3 replies with k0 and a sequence number /0 such that 50/0 = g(kQ). Next when

V plays sx, 3 plays kx g tv((k0)) such that g(kx) extends 5, and then plays tx such

that sx tx = g(kx), and so on. By adopting this strategy, 3 ensures that for each /',

A(k„.*,.,> is comeager in 2(sÔ>Ô ■ ' • V-1',-1 )•

Thus, Cv is comeager. An application of Lemma 7.2 gives the required set B.

The next lemma is the counterpart of Theorem 7.7.

Lemma 7.8. Let E <z u" X to" be a set in 9fp. Let £* = { x : E* is meager). Then

£* G c@p and there is a set C G 989ip ® 98u* (in fact, in a(9ip) ® 98u.) such that

E ç C and Cx is meager on £*'.

Proof. Plainly. £* g c9?p, by Corollary 6.4. Let /, g, TV, M.{ En) be as in

Remark 7.6 with { £„} regular. Then, by (v) of Remark 7.6.

(i)    Ex is meager ~ (3i,0 g A/°)(Vn0 g t,0)(3t,, g A/°)(V«, g t,,) • ■ •

(3*)[g(»0)g(«,)"--- «£</,„„)./<„, ,,>]•
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Further, by Remark 5.1.1 there is a a(^p)-measurable function x -» rx such that rx

is a winning strategy for 3 in the above game whenever x g £*. Moreover, tv can be

chosen as in Remark 7.6. Call u = (n0.nk_x) good with respect to tv and ß if ß

extends g(n0) ■ ■ ■ g(nk_x) and n0,..., nk^x are the first k possible moves of V

when 3 plays with strategy rx. Define

T(u,x,ß) ~ Seq(«)&(Vi < \h(u))[(u), G Tjt(ii \ /)]

&ße2(g((«)o)*g((«)i)*-"g((«W)-i))

&(v«GTX(M))[ßi2(g((M)o)"g((M),)"g((«)2r--g((«)lh(u)_1)"g(«))].

In other words, for each x, ß, the section Tx ß consists of all maximal good sequences

with respect to tx and ß. Clearly, T G a(9?p) ® 98 u» and, moreover, Tux is closed

nowhere-dense for each good sequence u and x. Now define

C'(x,ß) « x g £*&(3«)r(M,x,ß).

Set

C- CU (w"|£*) Xto".

Since £* G c^p, Cej(áf')® 98u*\ and to conclude the proof we shall show that

£ ç C. So let (x, ß) g £. If x £ £*, then we are done. So assume x G £*.

Therefore, 3 wins the game (i) with strategy rx. Now, suppose when 3 plays the game

(i) according to tx, Vis able to play n0, nx,n2,... such that for each k, (n0.nk-i)

is a good sequence with respect to tx and ß. Then

ß - g(«o)g(»i)* • • •

and hence, by Remark 7.6, ß G Ex. Consequently, since we have ß G Ex, V is able

to play «o, «!,... 'consistent' with ß only up to a finite stage. Let u be the code of

the maximal sequence. Then T(u, x, ß) and hence (x, ß) g C.

The following gives the approximation at the first level.

Lemma 7.9. Let E Q to" X to" be a set in 9?" (p > 0). Then there are sets B, C in

9891$ ® 98u» such that B Q E Q C and Cx - Bx is meager for each x.

Proof. Let Ts = £ *2<i); s g Seq. As £x satisfies the Baire property for each x,

U Ts = ( x : £x is nonmeager}.

Since each 2(j) is a (recursive) homeomorphic copy of to", we can apply Theorem

7.7 to get Bs as in the theorem. Put

B = UBSD (Ts X to").

Clearly, B ç E, B G 989lg ® 98„» and for each x, £x - Bx is meager.

To get the set C, work with Ec and argue as above using Lemma 7.8.

Remark. Lemmas 7.7-7.9 are the analogues of Lemmas 1.3, 1.5 and 1.6 of

Srivatsa for C-sets [17]. Naturally, from now on it is going to be a repetition of

Srivatsa's techniques.
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Approximation Theorem 7.10. Let A be an 9lp subset 0/ to" x to" (p > 0,

p, ix < to,). Then there are sets B and C in 989ip ® 98u« such that B ç A ç C and

Cx - Bx is meager for each x.

Moreover, if A g 989ip, then one can find B, C in 98®pp ® Ä„. with the above

properties.

Proof. We shall prove this by induction on p. When ¡x = 0, this is just Lemma

7.9. So suppose ¡i > 0 and that the result is true for all v < \i. Let A g 9$p and let

Ep = R$N. Then A is the result of operation Ep on a family ( A„) of sets from

c[U r< ^p]. By the induction hypothesis, for each n we have Bn and C„ both in

U       989lp ® ^ such that Bn<zA„<z Cn and C* - Bx is meager for each x. Let

E = Ep({E„})    and    C = Ep({C„}).

Then, B c A ç C and for each x, Cx - Êx ç U „(Q - Ex), and hence meager. To

complete the proof it is enough to get B ç B and C 2 C such that B and C are in

98:9?p ® ^uw, ¿x - Ex is meager and Cx - Cx is meager for each x. We will show

how to obtain B; C can be obtained similarly.

Let & be the a-field generated by U„<M 989tp. Then B = Rp({ B„}) with each B„

ini^® 98u«. Thus, one can obtain a countably generated sub-a-field ^ofi^such that

each Bn g 'S ® ^u„. Fix a countable generator of 9? and let /: (to", 'S) -* to" be its

characteristic function. Put A/=/(to"). Then (o)u,S) and (M,98M) are Borel

isomorphic. For each n, let ß; = {(/(x), v) : (x, y) g E„}. Then E^ g 98Mxu„, for

each«. Let/) = {(/(x), .y):(x, y) G ß}.Then£> = Rp({B'n}). Hence, there is a set

£ ç to" X to" in 9i" such that £ n (A/ X to") = /). Apply 7.9 and get £ ç £ such

that £ G ^/J'o5 ® ^uw and £x - (£)x is meager for each x. Let/: to" x to" -> to" x

u" be the map

Ax, y)-(f(x), y).

Put E = (/VHE)-Note that since/is a bimeasurable map of (to", á?) and (M, 98M),

f-l(9îp r to") c { A c to": A is the result of operation ßp on sets in S) <z9ip.

Consequently,/H^^o r w") Ç ®&l- Thus E G ^^ ® 98u. and clearly, ßx - ßx

is meager for each x.

The second assertion follows from the first by observing that the class of all sets

for which the result holds is closed under <bN and complementation.

The next proposition is quite well known and follows from the Von Neumann

selection theorem.

Proposition. Let (T,Jt) be a measurable space, J( being a a-field closed under

operation si, and let Y be a Polish space. Let B G Jl^ ® 98Y have nonempty vertical

sections. Then B has an J(-measurable selection.

As a consequence of the approximation theorem we have the following

Theorem 7.11. Suppose A c w" X to" is a 989tp set (p > 0) such that A" is

nonmeager for each x. Then A has a 989?p-measurable selection.
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Proof. By Theorem 7.10, get B g 989tp ® 98u„ such that B ç A and Ax - Bx is

meager for each x. Bx is then nonempty for each x, and the above proposition yields

the result.

The next selection theorem is due to Burgess [3],

Theorem 7.12. Let F: u" -* u" be a multifunction such that F(x) is nonmeager in

its closure cl( £(x)). // F is 98®p-measurable and its graph Gr( E ) G 989ip, then F has

a 989tp-measurable selection.

Proof. Define G by G(x) = cl(E(x)). Then G is a closed-valued, ^^"-measura-

ble multifunction. Hence there is a map g : to" x uu -» uu such that g is 989îp ®

ár^-measurable and g(x, •) is continuous, open and onto G(x), for each x (cf. [18]).

Define G' ç to" x to" by

G' = {(x,y):g{x,y)eF(x)).

As Gr(E) g 9891" and g is &9ip ® ̂ -measurable, G' is in 989?". Also, as the

inverse image of a nonmeager set under a continuous open map is nonmeager, G'

has nonmeager sections. By Theorem 7.11, G' has a áf^-measurable selection g'.

Then/(x) = g(x, g'(x)) is a 989f "-measurable selection for E.
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