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STOCHASTIC REPRESENTATION
AND SINGULARITIES OF SOLUTIONS
OF SECOND ORDER EQUATIONS
WITH SEMIDEFINITE CHARACTERISTIC FORM

BY
KAZUO AMANO

ABSTRACT. In the theory of partial differential equations, there is no explicit
representation of solutions for general degenerate elliptic-parabolic equations.
However, Stroock and Varadhan [15)] have obtained a stochastic representation
for such a wider class of equations in L® space. In this paper we establish,
by using Stroock and Varadhan’s stochastic representation, a method which
enables us to construct solutions with singularities of second order equations
with semidefinite characteristic form. Our theorems are not probabilistic para-
phrases of the results obtained in the theory of partial differential equations.
In fact, each assumption of the theorems is much weaker than any assumption
of corresponding known results.

Introduction. As is well known, it is one of many interesting problems to
characterize the (analytic) singularities of solutions of second order equations with
semidefinite characteristic form, and this problem was investigated by many au-
thors. However, most of them gave only sufficient conditions for (analytic-) hypoel-
lipticity. In this paper we shall give sufficient conditions under which a certain class
of second order operators with semidefinite characteristic form are not (analytic-)
hypoelliptic. The proof depends on Stroock-Varadhan’s stochastic representation
of solutions of degenerate elliptic-parabolic equations; we solve the Dirichlet prob-
lem with singular boundary condition by using probabilistic methods and obtain a
solution with (analytic) singularities.

Let G be an open set in R% and let us consider a differential operator

A= Za,,(:z)a e +Zb(a: +c(z)

3,5=1

with real coefficients belonging to C*°(G). Without loss of generality we may
assume a;; = aj;. Let Xp, X1,..., X4 be vector fields defined by

%0-3(a-L5) 2
o dz; | dz;’

=1 =

Y
Xizéaija—zj (1,=1,2,...,d).
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THEOREM 1. Assume that

d
(1) Y ai(2)&& 20 for all (z,€) € G x R
i=1
and assume that there 1s a submanifold M of G such that
d d

2) D lagl+Y Il £0 on M

ij=1 i=1
and
(3) Xi(z)eT,M forallzeMandi=0,1,...,d.

Then for any point p on M there exist an open neighborhood U of p in G and a
function u of the class L} (U) such that Au=0 in U and

loc
(4) (p,€°) eWF(u) for some €° € (T, M)*\0,
where (Typ)*t = {€ € T;G: (€,1) =0 for any n € T,M}.

We cannot remove condition (2). In fact, the operators

o d 9 \?2 SN/ 8\ 2
— 1 -1 (k=2,3,... — — 1 -1
|$| ;(a:tl) ( 339 )’ exp(h’l)g(ax,;)
are hypoelliptic in R¢ (cf. [8, 2]). For any point p in G there passes an integral
manifold M through the point p which satisfies condition (3). In fact, let A be
a distribution (in the sense of differential geometry) spanned by the vector fields
Xo,X1,...,X4, i.e., A is a mapping defined in G such that

d
A(z) = {inxi(x): MER (1= 0,1,...,d)}.
i=0

® denotes the group of local C°°-diffeomorphisms in G generated by Xo, Xi,...,X4.
Let D be the smallest ®-invariant distribution in G, i.e., D(z) is the linear hull
of all vectors v € R? such that v € A(z) or v € d¢(A(y)) for some y € G and
some ¢ € ® satisfying z = ¢(y). Then, according to Sussmann [16], through every
point in G there passes a maximal integral manifold of D. Any maximal integral
manifold of D satisfies condition (3). Consequently, we obtain the following fact:
If the operator A is hypoelliptic in G, then

(5) dimD(z)=d inG.

It is to be noted that L(z) C D(z) in G and further, if Xo, X,,..., X4 are analytic
vector fields, then L(z) = D(z) in G, where

L(.’E) = {X(:l:) Xe Lie(Xo,Xl,...,Xd)}.

However, (5) is not a sufficient condition for hypoellipticity. In fact, Kusuoka and
Stroock [11] proved that the operator

&)+ (@) (&) +(3) e

is not hypoelliptic in R3.




STOCHASTIC REPRESENTATION AND SINGULARITIES OF SOLUTIONS 297

In case the coefficients a,j,b;,c are real analytic, Derridj (5] and Oleinik and
Radkevi¢ [12] have proved that on the same assumption of Theorem 1 there exists
a solution u of the equation Au = 0 with sing suppu # 0. Amano [1] has proved
that their theorem remains true when the coefficients are real C°°-smooth.

THEOREM 2. Assume that
d
(6) Y ai(2)&&; >0 for all (z,6) € G x R

1y=1

and assume that there i3 a real valued function ¢ belonging to the class C*°(G) such
that v attains 0 at some point in G, Vi #0 in G,

d =0 1 =
(7) 3 aii(z) o (z)%(ﬂ(;g f ﬁiii;ﬁ

(8) ) dz; ' Oz,
and
(9) (X0, V) #0 on M,

where M = {z € G: ¥(z) = 0}. Then for any point p on M there ezist an open
netghborhood U of p in G and a function u of the class L (U) such that Au =0
i U and

(10) (P, %) €EWFa(u) for some €° € (T, M)*\0.

Condition (7) means that M is a characteristic hypersurface of the operator
A. Condition (8) is not removable. In fact, we have only to consider an operator
A = 3/3z4 in R? and a hyperplane M = {z € R% 14 = 0}. When (9) is not
satisfied, the result of Theorem 2 is not always true. However, if we assume

(Xo,V¢) =0 and Xo#0 on M

instead of (9), then, for any point p on M, Theorem 1 ensures the existence of a
solution u of the equation Au = 0 satisfying (4). It is to be noted that we can apply
Theorem 2 to degenerate parabolic operators.

THEOREM 3. Assume d > 2 and assume that there is a real valued function ¢
belonging to the class C®(G) such that ¢ attains O at some point in G, Vi # 0 in
G,

d >0 if P(z) >0and € €RY,
(11) ”Zﬂ aij(z)&i&; ( <0 if ¥(z) <0 and £ € RY,
and
(12) Xo(z) #0 on M,

where M = {z € G: ¢¥(z) = 0}.
(1) If (Xo,VY) =0 on M and if

d
(13) > ()5 (2) g @)/ #(a) = 0 as () =0,
i,j=1 t
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then for any point p on M there exist an open neighborhood U of p in G and a
function u of the class L*°(U) such that Au=0 1 U and

(14) (p, %) e WF(u) for some £° (T;M)J'\O.

(i) If (Xo,VY) < 0 on M, then for any point p on M there ezist an open
neighborhood U of p in G and a function u of the class L°°(U) such that Au =0
m U and

(15) p € sing supp u.

Zuily [17] has proved that if a;;(z) are real analytic and if the matrix (a;;(z))axd
is either positive or negative semidefinite at each point z in G, then for any point
p in G there exist an open neighborhood V of p in G and a real analytic function
¥(z) in V such that (11) is valid in V. If (X, Vy) > 0 on M, then the operator
A is hypoelliptic on a moderate assumption (cf. (17, 3]). It is to be noted that
Theorem 3 shows that the operators

e~/ 0\ o
Id§<a—xi> oy (k is odd, d > 2)

are not hypoelliptic in R? and on the other hand, Zuily’s theorem [17] shows that
the operators

e~/ 0\ @
- _— i >
I";(ax,-) + 325 (k is odd, d > 2)

are hypoelliptic in R¢. Thus the sign of (Xo, V4) has a significant influence upon
the hypoellipticity in case the characteristic form changes sign.
When a;;(z)/¥(z) € C*(G), rank(ai;j(z)/¥(z))axa > 0 in G and

d
popt ) g (D)5 (@)/blz) =0 n G,

Beals and Fefferman [3] have proved that on the same assumption of Theorem 3
there exists a solution u of the equation Au = f such that sing supp f & sing supp u.
Helffer and Zuily [7] have proved that the operators of Fuchs type are not hypoel-
liptic. Kannai [10] has given a virtually complete characterization of hypoelliptic
ordinary differential operators.

THEOREM 4. Assume that there 13 a real-valued function i belonging to the
class C®(G) such that v attains 0 at some point in G, Vi # 0 in G and

d >0 if ¥(z)>0and £ € RY,
(16) Z z)6its < <0 i ¢(z) <0and € € RY,

and assume that

d
(17) page @2 (2)£0 in G\M,

81;, 6:5]
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where M = {z € G: ¥(z) =0}. If (Xo,V¥) <0 on M, then for any point p on M
there exist an open neighborhood U of p in G and a function u of the class L°(U)
such that Au =0 i U and

(18) (p, €°) € WFa(u) for some £° € (T;M)l\O.

1. Preliminaries. In this section we assume that the coefficients a;;, b;, c are
real valued functions such that a;; € CZ44(R?), b; € Cl4q(R?) and ¢ € Cpaa(R?),
ie., 0%a;j, 3Pb; and c are bounded continuous functions in R4 for |a| < 2, |8| < 1,
and assume that

d
Z a;;(7)&€; >0 for all (z,€) € RY x R4
1,)=1

For brevity we set

a(@) = (ay(@): j2i%),  b(@) = (ba(@),. -, ba(x))
and A
o(2) = (ois(a): i%) = (2a(@)/2.
LEMMA 1.1 [13]. 0,j(z) are Lipschitz continuous in R%.

Let ) be the space of all R%-valued continuous functions defined on [0,00).
z(t) = z(t,w) = w(t) denotes the value of a function w € 1 at t. §; is the o-field
generated by the functions z(s,-) for 0 < s < t. § is the smallest o-field containing
S for all t > 0.

The following lemma is well known.

LEMMA 1.2. There ezists a probability measure P defined on (0, §) such that
(,3,38:,z(t), P), t >0, is a Brownian motion.

For convenience we often rewrite the function z(t) = z(t,w) as w(t) = w(t,w)
when (1, §, §¢, z(t), P), t > 0, is a Brownian motion.
The following two lemmas are also well known.

LEMMA 1.3. Let (0, F,38:,w(t),P), t > 0, be a Brownian motion. Then for
any € R? and any T > 0 there exists a unique solution, say £.(t), of the initial
value problem

(1.1) d¢ = o(&)dw(t) + b(£)dt,
(1.2) : £0)=1z P-as.
in M2[0,T). Here M2[0,T) is the set of all nonanticipative functions f(t) with
respect to (0, §¢) satisfying E [f(;r |f(t)]? dt] < 400.
LEMMA 1.4. By
P(F)=P{{we M &(hw)eFY  (FeTF)

we define a probability measure P, on (00, §). Then (U, §,§t,z(t),P:), t >0,z €
RY, is a diffusion process generated by the differential operator A — c(z).

The proofs of our theorems essentially depend on Itd’s formula (Lemma 1.5) and
Stroock and Varadhan’s stochastic representation (Lemma 1.6).
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LEMMA 1.5 (ITO’S FORMULA). If £(t) is a solution of the stochastic differ-
ential equation (1.1), then

a[oe@ren { [ e(€(s)) as}] =vuteexp { [ ele(o)) ds | () dutt
+ Av(&(t)) exp {/ot c({(s))ds} dt

P-a.s. for any v € C?(RY).

Let U be an open set in R? with C? boundary AU. 7 £ denotes the exit time
of z(t) from U. I’ and ¥ are the subsets of QU such that

['={z€dU: P(r>0) =0}

and
Y = {z € 0U: (a(z)v(z),v(z)) > 0 or (Xo(z),v(z)) < 0},

where v(z) is the inward normal vector at z to U. The sets I' and ¥ are not
essentially different; in fact £ C T’ C T (cf. [15]). C is a constant defined by

C =supc(z) vO.
zelU

Then we have the following
LEMMA 1.6 [15]. Assume that

(1.3) sup Ez[(1+ 7)€" < +o0.
zelU
Then for given f € L(U) and g € L°°(T') N C(L), the function

u2) = B: |stalresp { [ catoas} - [ statyenn{ [ e(a(s)) s} dt]

s a unique solution of the Dirichlet problem

(1.4) Au=f iU,
(15) Jim u(#) = gla)  (a€ )
zelU

in L>°(U). Here (1.4) means
/uA‘d)dx = /f¢d:c (¢ € CP(RY)).

In case f = 0, we can replace the assumption (1.3) by

sup E,[e€7] < +00.
zelU

(1.3) is fulfilled, if the diameter of U is sufficiently small. In fact, we have the
following lemma.
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LEMMA 1.7 [1]. Let U, be an open neighborhood of a fized point p in R?, with
diameter U, = p, and let 7, be the exit time of z(t) from U. If

d d
Y la®) + 3 Ibi(p)| #0
i,5=1 i=1
then

Iim sup E,[e™] < +00
pl0 zeU

and

lim sup E,[(7,e™)¥] = 0
P10 zcU

for any constant C and any k = 1,2,....

In the proofs of our theorems we use fundamental properties of the probability
measures P, (Lemmas 1.8 and 1.9).
Let us define S(z) to be the set of w € 1 such that

t d t
(16) w(t) =z + /0 Xo(w(s))ds + 3 /0 i(5) Xi(w(s)) ds
=1

for some bounded measurable functions ¥;: [0,00) = R (i = 1,...,d). S(z) denotes
the closure of S(z) with respect to the topology of the space ).

LEMMA 1.8 [15]. supp(P;) = S(z).

LEMMA 1.9 [8]. LetV be an open set in R? and let K be a compact set of V.
Assume that there erists a function w € C*(V\K) and a constant v > 0 such that

(1.7) (A-cw<yw mV\K

and

(1.8) w(z) = +o0 if z€V\K,d(z,K) — 0.
Then

(1.9) P;(z(t) € K for some0<t<o]=0

for any z € V\K, where o is the ezit time of z(t) from V.

2. Proof of Theorem 1. Throughout this section, we assume (1), and assume
that M is a submanifold of G satisfying (2) and (3). Let p be a point on M and
let V be an open neighborhood of p in G. Let us take a nonnegative function
X € Cg°(V) and consider a diffusion process ({2, §, &, z(t), P:) generated by the
operator x(A — ¢(z)) (cf. Lemma 1.4). Then we have the following two lemmas.

LEMMA 2.1. If the diameter of V' 1s sufficiently small, then
(2.1) P.[z(t) €M for somet>0]=0
for all z € R\ M.

PROOF. Without loss of generality, we may assume that
MnNV={zeV:z,4y=---=24=0} (0<r<ad).
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By (1) and (3), we have
(2.2) a;(z) = O(l2"%),  bi(z) = O(|z"])

forr+1<4, j <dwhenze€V\M and d(z, M) — 0, where " = (z,41,...,Zaq).
It is easy to show that w(z) = 1/|z"|¢ (¢ > 0) satisfies conditions (1.7) and (1.8)
for K = M NV. Hence, by Lemma 1.9,

P.|z(t) € M for some 0 < t < o] =0

for all z € V\M, where o is the exit time of z(t) from V. On the other hand, by
Lemma 1.8, we have 0 = +00 P;-a.s. if z € V, and

P z(t)=zforallt >0]=1 ifz¢V.
Therefore, we obtain (2.1).
LEMMA 2.2. If the diameter of M 1is sufficiently small, then

a[otattnen { [ xetats) as}]

(2.3) = Vu(z(t))x"/?0(z(t)) exp {/Ot xc(z(s))ds} dw(t)
+ xAv(z(t)) exp {/Ot xc(z(3)) ds} dt

P;-a.s. for any v € C?*(R*\M) and any z € R\ M.

PROOF. For a fixed v € C?2(R4\M) let us take a function ve € C*(R%), € > 0,
such that v.(z) = v(z) when d(z, M) > ¢. For T > 0 and € > 0 we set

Fro={we: d(z(t),M) >cforall 0 <t < T},
Fr={we: (2.3)isvalidforall0 <t <T}.

By Lemma 1.5, we have

[vetayens { [ xela(s)) as}|

= Vo (z(t))x %0 (z(t)) exp {fot xe(z(s)) ds} dw(t)
+ xAve(z(t)) exp {/()t xc(z(s)) ds} dt

P,-as. for any € R®. Hence, for any z € R? there is a set N* € § such that
P,(N*) =0 and Fr C Fr U NZ. Since, by Lemma 2.1,

oo
P, (U FT,I/,‘> =1 forze R\M, T >0,

n=1

we have

P.(Fr)=1 forze R\M, T > 0.

This completes the proof of Lemma 2.2.
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LEMMA 2.3 [1]. Let (9, F, S, w(z), P) be a Brownian motion and let 7 be a
stopping time such that 0 < 7 < oo P-a.s. Then

[oiug ] <4E [/ 1£(s)? ds]

if f(t) € M2[0,T) for any T > 0.

PROPOSITION 2.4. Assume that g € C2(G\M) N L}, (G) is a function such
that

(24) I(A - c)g(z)] < Co,

/ £(5) du(s)

(2.5) [Vg(z)o(z)| < Co
in G\M for some nonnegative constant Cy and such that
(2.6) g(z) » +oo if z€ G\M, d(z,M) — 0.

Then for any point p on M there is an open neighborhood U of p in G and a function
u of the class L} _(U) such that

(2.7 Au=0 nU
and
(2.8) Ci9(z) < u(z) < Cag(z) n U\M

for some positive constants Cy and C,.

PROOF. Let U and V be open neighborhoods of a point p € M in G such
that U Cc V C G, U is C%smooth and diameter V is sufficiently small. By
(,3,3:,z(t), P;) we denote a diffusion process generated by the operator
X(A — ¢(z)), where x € Cg°(V) is a nonnegative function satisfying x = 1 in
U. We define a function u(z) in U\M by

u(z) = E. [xg(x(r))exp { [ xctaton as} |

- B [sar)en { [ cateas}]

where 7 is the exit time of z(t) from U.
By Lemma 2.2 and (2.5), we have

u(z) = g(z) + Es [ /0 " Ag(z(t)) exp { /0 ’ e(2(s)) ds} dt]

and, by (2.4),

E, [/OT Ag(z(t)) exp { c(z(s)) ds} dt] l

< CoE,[re“"] + CE, [ /0 g(z(t)) dt]
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where C = sup,cy; ¢(z) V0. Lemmas 2.2 and 2.3 give

B [ [ otattnar] = £ [ ["{ata)+ [ Vola(s))o(z(s)) dus)

+ /(:(A — ¢)g(z(s)) ds} dt}
/ Vg(x(s))o(a(s)) dw(s)

< E [TeCf]g E [ Cr)2] 1/2
])l/?
+ CoE, %Tzec’]

X ( sup
<E, [Tec’]g(a:) + CoE; [TeC'] + 2CoE, [(‘reCT)2].

0<t<r

Consequently, we obtain
[u(z) — g(z)] < CE;[r€°"]g(z) + Co(1 + C)E,[1eCT) + 2CCoE,[(eC 7).

This implies, by Lemma 1.7, u € L}, (U) and (2.8).
Let us define functions u,(z), n € N, in U by

un(a) = B [an(alr))exp { [ clats) as}).

where g,(z) = g(z) A n. Lemmas 1.6 and 1.7 give

/ upAddz =0 (¢ €CPU)).

By letting n — oo, we obtain (2.7).

LEMMA 2.5. Assume that u € L}, _(R?) is a function such that
(2.9) —Chlog|z"| < u(z',z") < —Calog|z"| in RS
for some positive constants Cy and Co, where ' = (z1,...,2,), 2" = (Tr41,---,Zd)
and 0 < r <d. Then

(0,°) e WF(u) for some €° € {¢ € R%: |¢'| =0},

where &' = (&1,...,&) and €' = (&r41y- -+, Ed)-

PROOF. We assume that (0,£) ¢ WF(u) when |§'| = 0. Then there is a
nonnegative function x € Cg°(R?) such that x = 1 in a neighborhood of 0 in R?
and

/Rd e =&y (z)u(z)dz € S(Rt,, )

z

for any fixed ¢’. Hence
/ x(z', 2" u(z’,z") d’ € S(RE;").
R'

2!

On the other hand we have, by (2.9),

/ x(z',z")u(z’',2") dz’ = +o00 as |z"| = 0.
R'

z!

This is a contradiction.
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PROOF OF THEOREM 1. Without loss of generality, we may assume that

r=dmM <dand MNV = {z €V: 2,4y =--- = 24 = 0} for some open
neighborhood V of p in G. By (1) and (3) we have
(2.10) a;j(z) = O(|z"]?),  o0ii(z) = O(Iz"]),  bi(z) = O(l2"))

for r +1 <4, 5 <d when z € V\M and d(z, M) — 0, where 2" = (z,41,...,Z4).
Let us consider a function g(z) = — log |z”| defined in V\ M. 1t is easy to show that
g(z) satisfies (2.4)-(2.6) for G = V. Hence, by Proposition 2.4, there is an open
neighborhood U of p in V and a function u € L} _(U) such that (2.7) and (2.8) are

loc
valid. By Lemma 2.5, (2.8) implies that (p, £%) € WF(u) for some £° € (T; M)*.
The proof of Theorem 1 is complete.

3. Proof of Theorem 2.

LEMMA 3.1 [14, 4]. Assume u € D'(R%) and 0 € suppu C {z € R%: z4 > 0}.
Then

(0,6%) € WFu(u) for some €° € {¢ e R%: |¢| =0},
where £ = (&1, ., €a-1)-

PROOF OF THEOREM 2. Let U and V be open neighborhoods of a point p € M
in G such that U C V C G, 38U is C%-smooth and diameter V is sufficiently small.
(2, §, &¢, z(t), Pz) denotes a diffusion process generated by the operator x(A—c¢(z)),
where x € C§°(V) is a nonnegative function satisfying x = 1 in U. Without loss of
generality, we may assume M NV = {z € R% z4 = 0} and, by (9), (Xo(z),e4) <0
on M NV, where eg = (0,...,0,1). Let us take a function

e~ lzal if zqg > 0,
9(z) = (o if 24 <0

defined in V. By Lemmas 1.6 and 1.7,

@) = Bx [stalr) exp { ["ctato) s}| € 10)
0
is a solution of the Dirichlet problem

Au=0 inU, lim u(z) = g(a) (a€X),
zeU

where 7 is the exit time of z(t) from U. Furthermore, by (7)-(9) and Lemma 1.8,

we have
>0 ifzqg >0,
““’(:o if 24 < 0.

Combining this fact with Lemma 3.1, we obtain the desired result.

4. Proof of Theorem 3. Throughout this section, we assume that ¢y € C*(G)
is a real valued function such that ¢ = 0 at some point in G, V4 # 0 in G and
(11) is valid, and furthermore, we assume (12). Without loss of generality, we may
assume that ¢(z) = z4. We set G4 {z € G: z4 > 0}, G_ = {z € G: z4 < 0} and
M ={ze€G: z4 =0}.
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LEMMA 4.1. Gwenu € L®(G) and f € L°(G), +f

(4.1) laad(z)u(z)| = o|zal),

(42) |(be2) - (@) uto)| = ot
uniformly in =’ = (z1,...,24-1) a8 4 — 0 and if

(4.3) Au=f imnGLUG_,

then Au= f i G.

PROOF. Let us take a function x € C§°(R) such that 0 < x < 1, x(t) = 1 when
|t| < 1/2 and x(t) = 0 when [t| > 1. For ¢ > 0 we define a function x. € C*°(R?)
by xe(z) = x(z4/€). By (4.3), we easily have

(4.4) /u(:c)A‘zt)d:c = /f(l - xe)¢dx+/u.4‘xe¢dz

for any € > 0 and any ¢ € C§°(G). Direct computation gives

62Xs d OXe 6¢
uA*x qbdz:/ U4y ——- ¢ dz + 2 / UA;g —— dz
/ ) |za|<e 8133 ; |za|<e 0z4 azl

Oag; aXe /
- bq — J T + uxeA*odr.
~/|a:dl<€ ( 4 Z 32:] ) amd |za|<e Xe

(@)= X(rafe) and SXE(2) = X (zafo),

Since
Oxe
ozy

we obtain, by (4.1), (4.2) and (11),
lim /uA'xeqbda: =0.
e—0
Combining this fact with (4.4), we have [uA*¢dz = [ f¢dz for any ¢ € C§°(G).
Modifying the proof of Lemma 2.5, we easily have the following
LEMMA 4.2. Assume that u € L*°(R9) is a function such that

, > Cl ,’if g >0,
(45) u(z szd) ( < C2 Zf 24 <0

for some constants Cy > Ca, where =’ = (z,,...,24-1). Then
(0,6°) e WF(u) for some £° € {¢ € R%: |¢'| =0},
where £ = (&1,...,Ea—1)-
PROPOSITION 4.3. Assume that
(4.6) (Xo,e4) =0 on M,
where eqg = (0,...,0,1) € R?, and assume that
(4.7) a44(z)/2g - 0 aszq—0
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uniformly in ' = (z1,...,24-1). Then for any point p € M there is an open
neighborhood U of p in G and a function u € L*°(U) such that Au =0 in U and

>1 n UOG.,.,
(4.8) u(z) ( =0 inUNG._.

PROOF. Let U and V be open balls with center p € M such that U c V C G
and diameter V is sufficiently small. By (11), (12), (4.6) and (4.7), we may assume
that

(4.9) bi(z) #0 inV.

(11) and (4.9) show that for any constant C there are constants v; and ~, such
that

(4.10) a1 (z)y? +bi(z)1 +C >0 inV
and
(4.11) a11(2)73 + bi(z)32+C <0 inV,
if diameter V is sufficiently small. Here we note that Au = 0 means
d ov
(4.12) Av+2v ) a1;(z) 5~ + (a11(2)7? + b (z)y:)v =0
i=1 %3

when u = e"i%1y,

Forne Nweset U, =UN{z€G: 24 >1/n}and V, =V N{z €G: 14 >
1/2n}. (9,8, §¢,z(t), PT) denotes a diffusion process generated by the operator
Xn(A — ¢(z)) (cf. Lemma 1.4), where x, € C§°(V,) is a nonnegative function
satisfying xn = 1 in U,. 7, is the exit time of z(¢) from U,. Applying Lemma 1.5
to functions w;(z) = e%** (¢ = 1,2), we have, by (4.10)-(4.12),

EZfwy(2(7a))e™] > wi(z),  Erfwa(2(7))eC™] < wo(z)

in Uy, for any n € N. Hence, there are positive constants C; and C, independent
of n such that

(4.13) C1 < E?e™] < Cy in U,.
Lemma 1.6 and (4.13) show that, for each n € N,
_ [ Ez [exp{fy" c(z(s))ds}] if z €Uy,
(4.14) un(z) = (0 if z € U\U,

is a solution of the equation Au =0 in U, U (U NG-) such that
(4.15) Ci<up(z)<Cy, inU,

for some positive constants C] and Cj independent of n. Since, by (4.14) and
(4.15), {un: n € N} is a bounded subset of the Hilbert space L?(U), there is a
subsequence {un,}2,; of {un,}32, and a function u € L%(U) such that

(4.16) lim up, = u weakly in L2(U).

1—00
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Au=0in U, U(UNG-) means
(4.17) /un,A‘¢dx=0 for ¢ € C°(Un,) UCL(UNG-).

Combining (4.17) with (4.16), we have Au =0in U N (G4 UG.). Hence, by (11),
(4.6), (4.7) and Lemma 4.1, Au =0 in U. (4.15) implies that

(4.18) /C{q&dx < /un,.qux < /Cédwdz

for any nonnegative function ¢ € L%(U,,). Letting 1 — oo in (4.18), we obtain
(4.19) Ci<u(z)<Cj ae.inUNGy.
(4.14) and (4.16) easily give
(4.20) u(z) =0 ae inUNG-_.
Therefore, u(z)/C] is the desired solution.
PROPOSITION 4.4. Assume that
(4.21) (Xo,e4) <0 on M,

where eq = (0,...,0,1) € R%. Then for any function g € C*(M) and any point
p € M there ts an open neighborhood U of p in G and a function u € L*°(U) such
that Au =0 in U and

(4.22) lim u(z) = gla) forae MNU.
zeU\M

PROOF. Let U and V be open balls with center p € M such that U Cc V C G
and diameter V is sufficiently small. Let us take an auxiliary function w(z) = zJ,
where a is a sufficiently small positive constant. By (11) and (4.21),

_ _ _0da) , 2%\ a1 _
(A=c(z)w {a(bd zd>+a xd}zd 00

as 4 | 0. Hence, we may assume that

(4.23) Aw< -1 inV
and
(4.24) (A-c(z)+C)(w+1)<0 inV,

where C = sup,¢y ¢(z) V0.

Forne Nweset U, =UN{z € G:zg >1/n}and V, =V N{z€G: z4 >
1/2n}. (92,3, 8¢, z(t), P7) denotes a diffusion process generated by the operator
Xn(A — c(z)), where x, € C§°(V,) is a nonnegative function satisfying x, = 1 in
Un. T, is the exit time of z(t) from U,. Let h(z) be a C? function defined in V
such that h(z) = g(z) on M NU. Lemma 1.5 and (4.24) give

EZ((w(z(rs)) + 1)e“™] Sw(z) + 1 in Un;

this implies

(4.25) EMef™ <w(z)+1 in Up,.
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By (4.25) and Lemma 1.6, for each n € N,

wn(z) = (E" [h(z(rm)) exp { " c(2(s)) ds}]  in Un,
" 0 in (UNG4)\Un

is a solution such that

(4.26) Aup, =0 inU,

and

(4.27) lun| < sup |h(z)|(w + 1).
zGUnG+

Since, by (4.27), {un: n € N} is a bounded subset of the Hilbert space L2(UNG..),
there is a subsequence {up, }2, of {u,}3, and a function u4 € L2(U NG, ) such
that

(4.28) lim u,, =u, weakly in L2(UNG,).
t—00

(4.26)—(4.28) imply that u, € L*°(U NG, ) is a solution of the equation Au =0 in
UNG,. Lemma 1.5 and (4.23) give

un(z) — h(z) + Cow(z) 2E7 [/OT" Ah(z(t)) exp {/ot c(:z(s))ds} dt

+ /0 " Co exp { /o t C(-’C(s))dS} dt]

>0 inU,

and

un(z) - h(z) - Cow(z) < E [ /0 ™ Ah(z(t)) exp { /o  e(e(s)) ds} dt

_ /0 ™ Coexp { /0 t c(z(s))ds} dt]

<0 inU,,
‘where Co = sup,cy |Ah(z)|. Hence, we have
(4.29) - / Cowd dz < / (tn — h)dz < / Cowd dz

for any nonnegative function ¢ € L2(U,). Combining (4.29) with (4.28), we obtain
luy —h|<Cow inUNGy;
this implies

(4.30) lim uy(z) =g(a) forae MNU.
zEUﬂG+

Forne NweseeU_, =UN{re€G: z4g< -1/n}andV_, =VNn{z e
G: z4 < —1/2n}. Let (0, F,3:,z(t), P, ™) be a diffusion process generated by
the operator —x_n(A — c(z)), where x_n, € C§°(V_y) is a nonnegative function
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satisfying x_, = 1 in U_,,. Then, by modifying the above argument, we can prove
that there is a function u_ € L*®(U N G-) such that Au_ =0in UNG_ and

(4.31) lim u_(z)=g(a) forae MNU.
zeUNG_

Since

_[uy(z) fzeUNGy,
u(x)_<u_(:c) freUNG-

is a solution of the equation A(u — h) = —Ah in UN (G4 UG_), we have, by (11),
(4.30), (4.31) and Lemma 4.1, A(u— h) = —Ahin U, i.e., Au=0in U. (4.30) and
(4.31) easily give (4.22). The proof of Proposition 4.4 is complete.

PROOF OF THEOREM 3. Theorem 3(i) follows immediately from Proposition
4.3 and Lemma 4.2. In Proposition 4.4, if we take a function g € C?(M) such
that p € sing supp g, then we have, by (4.22), p € sing supp u. Thus Theorem 3(ii)
follows from Proposition 4.4.

5. Proof of Theorem 4. Without loss of generality, we may assume that
Y(z) =zq. Weset Gy ={2€G: 24>0}, G_ ={z€G: 24<0}and M ={z €
G: z4 =0}. Let U and V be open balls with center p € M such that U c V C G
and diameter V is sufficiently small. For n € N we set U, = {x € U: z4 > 1/n}
and V, = {z € V: z4 > 1/2n}. (9, §, 8¢, z(t), PI') denotes a diffusion process
generated by the operator x,(A — c(z)), where x, € C§°(V) is a nonnegative
function satisfying xn = 1 in Uy,. 7, is the exit time of z(t) from U,.

Let us take a function
e~ Vizal if 14 >0,
hz) = (0 if 24 < 0.

Modifying the proof of Proposition 4.4, we can prove that

(5.1) Uun(z) = ((’f gz(;(\flr}l)exp{fg" c(z(s))ds}] in Uy,

are functions € L*°(U) such that Au,, = 0in U, and {u, }32, is uniformly bounded
in U. Furthermore, we can show that there is a subsequence {un,}%2; of {u,}32,
and a function u € L*°(U) such that Au =0 in U and

(5.2) lim u,, =u weakly in L2(U).

1—00

(5.1) and (5.2) easily give supp u C UNGy.
Since Au = 0 means

0
Av + 2y Z a,Jaw

1,7=1

d
0%y Y Y
M { Z % (8@811 O, 82:])

1,3=1

when u = ¢"¥v, we may assume, by (16) and (17), that
(5.3) c(z) >0 inUy
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for any fixed N. We set
Fo={we z(t,w)€Up forall t < 7,}

for n > N + 1. It is easy toihow that 7, = 7y on Fy41 and F,, = Fn4, for any
n> N+ 1. Since x, =1in Uy for n > N + 1, we have

Bz [exp { [ ctate) as} e
=52 o { [ cta(o) ds | v

forn >N +1and € Uy. By (17) and Lemma 1.8,

gV [exp { /0 s c(:c(s))ds} xp,m] >0

for £ € Uy. Then we have

un(a) 2 B2 et exp { [ clato) s e

> (iag, ) B2 [exp { [ clato s} x|
>0

for z € Uy and n > N + 1; this implies that u > 0 in Un. Therefore, we have
suppu = U N G4. By Lemma 3.1, u is the desired solution.

ACKNOWLEDGEMENT. The author would like to thank the referee for his helpful
criticisms and suggestions.

REFERENCES

1. K. Amano, A necessary condition for hypoellipticity of degenerate elliptic-parabolic operators, Tokyo
J. Math. 2 (1979), 111-120.
2. ___, Hypoellipticity of a class of degenerate elliptic-parabokic operators, Comm. Partial Differential
Equations 6 (1981), 903-916.
3. R. Beals and C. Fefferman, On hypoellipticity of second order operators, Comm. Partial Differential
Equations 1 (1976), 73-85.
4. J.-M. Bony, Equtvalence des diverses notions de spectre singulier analytique, Séminaire Goulaouic-
Schwartz, 1976/77.
5. M. Derridj, Sur une class d’opérateurs différentiels hypoelkiptiques d coefficients analytiques, Séminaire
Goulaouic-Schwartz, 1970/71.
6. A. Friedman, Stochastic differential equations and applications. 1, II, Academic Press, New York,
1975, 1976.
7. B. Helffer and C. Zuily, Non-hypoellipticité d'une classe d’opérateurs différentiels, C.R. Acad. Sci.
Paris Sér. A-B 277 (1973), 1061-1063.
8. L. Hormander, Pseudo-differential operators and hypoelliptic equations, Proc. Sympos. Pure Math.,
vol. 10, Amer. Math. Soc., Providence, R.1., 1967, pp. 138-183.
9., Hypoelliptic second order differential equations, Acta Math. 119 (1967), 147-171.
10. Y. Kannai, Hypoelkptic ordinary differential operators, Israel J. Math. 13 (1972), 106-134.
11. S. Kusuoka and D. W. Stroock, Applications of the Malliavin calculus. 1, 11, III (to appear).
12. O. A. Oleinik and E. V. Radkevi¢, Second order equations with nonnegative characteristic form,
Plenum, New York, 1973.
13. R. S. Phillips and L. Sarason, Elkptic-parabolic equations of second order, J. Math. Mech. 17
(1967), 891-917.




312 KAZUO AMANO

14. M. Sato, M. Kashiwara and T. Kawai, Microfunctions and pseudo-differential equations, Lecture
Notes in Math., vol. 287, Springer-Verlag, Berlin and New York, 1972, pp. 265-529.

15. D. Stroock and S. R. S. Varadhan, On degenerate elliptic-parabolic operators of second order and
thetr associated diffusions, Comm. Pure Appl. Math. 25 (1972), 651-713.

16. H. J. Sussmann, Orbits of famikies of vector fields and integrability of distributions, Trans. Amer.
Math. Soc. 180 (1973), 171-188.

17. C. Zuily, Sur Uhypoekpticité des opérateurs différentiels d’ordre 2 a coefficients réels, C.R. Acad. Sci.
Paris Sér. A-B 277 (1973), 529-530.

DEPARTMENT OF MATHEMATICS, JOSAI UNIVERSITY, SAKADO, SAITAMA, JAPAN




