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STOCHASTIC REPRESENTATION
AND SINGULARITIES OF SOLUTIONS

OF SECOND ORDER EQUATIONS
WITH SEMIDEFINITE CHARACTERISTIC FORM

BY

KAZUO AMANO

ABSTRACT. In the theory of partial differential equations, there is no explicit

representation of solutions for general degenerate elliptic-parabolic equations.

However, Stroock and Varadhan [15] have obtained a stochastic representation

for such a wider class of equations in L°° space. In this paper we establish,

by using Stroock and Varadhan's stochastic representation, a method which

enables us to construct solutions with singularities of second order equations

with semidefinite characteristic form. Our theorems are not probabilistic para-

phrases of the results obtained in the theory of partial differential equations.

In fact, each assumption of the theorems is much weaker than any assumption

of corresponding known results.

Introduction. As is well known, it is one of many interesting problems to

characterize the (analytic) singularities of solutions of second order equations with

semidefinite characteristic form, and this problem was investigated by many au-

thors. However, most of them gave only sufficient conditions for (analytic-) hypoel-

lipticity. In this paper we shall give sufficient conditions under which a certain class

of second order operators with semidefinite characteristic form are not (analytic-)

hypoelliptic. The proof depends on Stroock-Varadhan's stochastic representation

of solutions of degenerate elliptic-parabolic equations; we solve the Dirichlet prob-

lem with singular boundary condition by using probabilistic methods and obtain a

solution with (analytic) singularities.

Let G be an open set in Rd and let us consider a differential operator

with real coefficients belonging to C°°(G).   Without loss of generality we may

assume atJ = aji. Let Xn, Xi,..., X¿ be vector fields defined by

*-ê(-tssï)é.
d q

Xt = ^atJ—        (i = l,2,...,d).
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THEOREM 1.  Assume that
d

(1) J2 °tf(*)6fc >°   f<" all (x, 0 £ G x Rd
t,i=i

and assume that there is a submanifold M of G such that

d d

(2) Ç kji + Çlhil^O   on M
t,j=i t=i

and

(3) Xi(x)eTxM   for all x£ M and i = 0,1,...,d.

Then for any point p on M there exist an open neighborhood U of p in G and a

function u of the class LXoc(U) such that Au = 0 in U and

(4) (p, f) £ WF(u)    for some ? £ (Tp*M)x\0,

where (Tp*M)x = {£ £ T;G:  (£,«) = 0 for any r, £ TPM}.

We cannot remove condition (2). In fact, the operators

M"£(0- (* = «...),    «p(±)¿(¿)°-i
are hypoelliptic in Rd (cf. [8, 2]). For any point p in G there passes an integral

manifold M through the point p which satisfies condition (3). In fact, let A be

a distribution (in the sense of differential geometry) spanned by the vector fields

Xo, Xi,..., Xa, i.e., A is a mapping defined in G such that

A(x)= |¿AtX¿(x): A«€R(«sO,l,...,i0|-

Ö denotes the group of local C°° -diffeomorphisms in G generated by Xo, Xi,..., Xj.

Let D be the smallest ©-invariant distribution in G, i.e., D(x) is the linear hull

of all vectors v £ Rd such that v £ A(i) or v £ d<j)(A(y)) for some y £ G and

some (j> £ <£> satisfying x = <p(y). Then, according to Sussmann [16], through every

point in G there passes a maximal integral manifold of D. Any maximal integral

manifold of D satisfies condition (3). Consequently, we obtain the following fact:

If the operator A is hypoelliptic in G, then

(5) dimD(x) = d    in G.

It is to be noted that L(x) C D(x) in G and further, if Xo, Xi,..., X¿ are analytic

vector fields, then L(x) = D(x) in G, where

L(x) = {X(x): X£Lie(X0,X1,...,Xd)}.

However, (5) is not a sufficient condition for hypoellipticity. In fact, Kusuoka and

Stroock [11] proved that the operator

(£),+-(S)(A),+(¿)'  <*>»
is not hypoelliptic in R3.
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In case the coefficients a¿j, 6¿,c are real analytic, Derridj [5] and Oleïnik and

Radkevié [12] have proved that on the same assumption of Theorem 1 there exists

a solution u of the equation Au = 0 with sing supp u ^ 0. Amano [1] has proved

that their theorem remains true when the coefficients are real C°°-smooth.

THEOREM 2.   Assume that

d

(6) ^2 atj(x)ti£j > 0    for all (x, ()eGxRd

and assume that there is a real valued function xb belonging to the class C°° (G) such

that xb attains 0 at some point in G, Vxb ̂  0 in G,

(8) .4-', a,J (X) dxx {X) dx3 {X)\ > 0   if xp(x) # 0

and

(9) (X0,VV>)/0   onM,

where M = {x £ G: ip(x) = 0}. Then for any point p on M there exist an open

neighborhood U of p in G and a function u of the class L°°(U) such that Au = 0

in U and

(10) (p, £°) € WFA(u)    for some ? £ (rp*M)x\0.

Condition (7) means that M is a characteristic hypersurface of the operator

A. Condition (8) is not removable. In fact, we have only to consider an operator

A = d/dxd in Rd and a hyperplane M = {x £ Rd: xa = 0}. When (9) is not

satisfied, the result of Theorem 2 is not always true. However, if we assume

(X0, Vxp) =0   and   X0 ^ 0   on M

instead of (9), then, for any point p on M, Theorem 1 ensures the existence of a

solution u of the equation Au = 0 satisfying (4). It is to be noted that we can apply

Theorem 2 to degenerate parabolic operators.

THEOREM 3. Assume d > 2 and assume that there is a real valued function xb

belonging to the class C°°(G) such that xb attains 0 at some point in G, Vxb ̂  0 in

G,

ill) Va ■■(x)^-(-°  tf #*) > o «™* £ e Rd,
(U> 2^ «M*J€.& [<0   zf xb(x) <0andi£ Rd,

and

(12) X0(x) / 0   on M,

where M = {x £ G: xb(x) = 0}.

(i) J/ (Xo, Vxp) =0 on M and if

(13) ^az](x)^(x)^-(x)/xb(x)^0   astf(x)-0,
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then for any point p on M there exist an open neighborhood U of p in G and a

function u of the class L°°(U) such that Au = 0 in U and

(14) (p, f) £ WF(u)    for some (,° £ (Tp'M)±\0.

(ii) // (Xo, Vxp) < 0 on M, then for any point p on M there exist an open

neighborhood U of p in G and a function u of the class L°°(U) such that Au — 0

in U and

(15) p £ sing supp u.

Zuily [17] has proved that if aij(x) are real analytic and if the matrix (aij(x))dxa-

is either positive or negative semidefinite at each point x in G, then for any point

p in G there exist an open neighborhood V of p in G and a real analytic function

xp(x) in V such that (11) is valid in V. If (Xr¡,Vxp) > 0 on M, then the operator

A is hypoelliptic on a moderate assumption (cf. [17, 3]). It is to be noted that

Theorem 3 shows that the operators

xd ¿(é)2-^        <*-dd,d>2)

are not hypoelliptic in Rd and on the other hand, Zuily's theorem [17] shows that

the operators

d      ,    „   x 2

4'g(l4)   +¿        (*isodd,d>2)

are hypoelliptic in Rd. Thus the sign of (Xo, Vi/>) has a significant influence upon

the hypoellipticity in case the characteristic form changes sign.

When at](x)/xp(x) £ C°°(G), Ta.nk(aij(x)/xp(x))d><d > 0 in G and

dxp       dxp
Ç al}(x)^(x)^(x)/xp(x) eO    in G,

Beals and Fefferman [3] have proved that on the same assumption of Theorem 3

there exists a solution u of the equation Au = f such that sing supp / C¿ sing supp u.

Helffer and Zuily [7] have proved that the operators of Fuchs type are not hypoel-

liptic. Kannai [10] has given a virtually complete characterization of hypoelliptic

ordinary differential operators.

THEOREM  4.   Assume that there is a real-valued function xb belonging to the

class C°°(G) such that xp attains 0 at some point in G, Vxb /OinG and

> 0    if xp(x) > 0 and £ £ Rd,

1,3 =

and assume that

^ >0    if xP(x) > 0 and £ £ Ra,

(lb) ¿^ °*W«& [  <o   if yftx) <Qandf£ Rd,

(17) ¿atj{x)^(l)^(l)/0    mG\M,
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where M = {x 6 G: x¡)(x) = 0}. // (Xo, Vi/>) < 0 on M, then for any point p on M

there exist an open neighborhood U of p in G and a function u of the class L°°(U)

such that Au = 0 in U and

(18) (p, £°) € WFA(u)    for some £° £ (Tp*M)x\0.

1. Preliminaries. In this section we assume that the coefficients aij, 6¿, c are

real valued functions such that a¿3 € C£dd(Rd), 6; £ G¿dd(Rd) and c £ Cbdd(Rd),

i.e., daal}, d^bi and c are bounded continuous functions in Rd for |a| < 2, \ß\ < 1,

and assume that

d

YL aiAx)iiii ^ °   for a11 (x> 0 e Rd x Rd.

For brevity we set

a(x) = (oy(x): ;V.d) -        *(*) = (M*). • • --Mx))

and

<r(x) = (<Ti3(x): juï;^) = (2a(x))1/2.

LEMMA  1.1  [13].   o~ij(x) are Lipschitz continuous in Rd.

Let f2 be the space of all Rd-valued continuous functions defined on [0, oo).

x(t) = x(t, w) = uj(t) denotes the value of a function u> £ fi at t. 3t is the cr-field

generated by the functions x(s, ■) for 0 < s < t. 5 is the smallest tr-field containing

3t for all t > 0.
The following lemma is well known.

LEMMA 1.2. There exists a probability measure P defined on (fi, 5) such that

(fi, 3,3t,x(t), P), t > 0, is a Brownian motion.

For convenience we often rewrite the function x(t) — x(t,uj) as w(t) = w(t,uj)

when (Q,$,$t,x(t),P), t > 0, is a Brownian motion.

The following two lemmas are also well known.

LEMMA 1.3. Let (0,5,^,^(0,^), t > 0, be a Brownian motion. Then for

any x £ Rd and any T > 0 there exists a unique solution, say £x(t), of the initial

value problem

(1.1) df = o(f)dw(t) + b(£)dt,

(1.2) £(0) = x    P-a.s.

in M¿[0,T\.   Here Mw[0,T] is the set of all nonanticipative functions f(t) with

respect to (Q,$t) satisfying E  f0  \f(t)\2dt   <+oo.

LEMMA 1.4.   By

PX(F) = P[{uj £ Q: k(-, w) £ F}}        (F £ 5)

we define a probability measure Px on (fi, J).  Then (f2,5, $t,x(t),Px), t > 0, x €

Rd, is a diffusion process generated by the differential operator A — c(x).

The proofs of our theorems essentially depend on Itô's formula (Lemma 1.5) and

Stroock and Varadhan's stochastic representation (Lemma 1.6).
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LEMMA  1.5  (ITÔ'S FORMULA).   If Í(t) is a solution of the stochastic differ-
ential equation (1.1), then

d  *(£(«))expjji c(Ê(*))d3J   =Vt;(^(í))exp|^ c(t(s))ds} *{&))dw(t)

+ Av(£(t))expl i c(tl(s))ds\ dt

P-a.s. for any v £ G2(Rd).

Let U be an open set in Rd with G2 boundary dll. r i= denotes the exit time

of x(f) from U. T and E are the subsets of dU such that

r = {iedU: Px(t>0) = 0}

and

E = {x £ dU: (o(x)i/(x),i/(x)> > 0 or (X0(x),v{x)) < 0},

where u(x) is the inward normal vector at x to dU.   The sets T and E are not

essentially different; in fact E C T C E (cf. [15]). G is a constant defined by

G = sup c(x) V 0.

Then we have the following

LEMMA 1.6 [15].   Assume that

(1.3) sup Ex{(\ + r)eCr] < +00.
ieu

Then for given f £ L°°(U) and g £ L°°(T) n G(E), the function

u(x) = Ex   o(x(T))exp| i c(x(s))dsl - j   /(x(í))exp| J   c(x(s))dsl dt

is a unique solution of the Dirichlet problem

(1.4) Au = f    in U,

(1.5) Jim u(x) = g(a)        (a € E)

inL°°(U). Here (1.4) means

fuAt<pdx= f ftpdx       ((p£C^(Rd)).

In case / = 0, we can replace the assumption (1.3) by

sup£I[eCT] < +00.
xeu

(1.3) is fulfilled, if the diameter of U is sufficiently small.   In fact, we have the

following lemma.
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LEMMA 1.7 [1]. Let Up be an open neighborhood of a fixed point p in Rd, xvith

diameter Up — p, and let tp be the exit time of x(t) from U. If

d d

£ Mp)| + X>(p)I^°i,j=\ ¿=i
then

lim sup ^[e^] < +00
f>l° xeu

and
limsnpEx[(TpeCT")k}=0
plO X£U

for any constant C and any k = 1,2,-

In the proofs of our theorems we use fundamental properties of the probability

measures Px (Lemmas 1.8 and 1.9).

Let us define S(x) to be the set of uj £ fi such that

/*' d    fl

(1.6) w(t) = x+/   X0(w(s))ds + V /   i¡}i(s)Xi(u{8))ds
Jo ,=1 Jo

for some bounded measurable functions V*»: [0, oo) —> R (z = 1,..., d). S(x) denotes

the closure of S(x) with respect to the topology of the space fi.

LEMMA 1.8 [15].  supp(Px) = S(x).

LEMMA 1.9 [6]. Let V be an open set in Rd and let K be a compact set ofV.

Assume that there exists a function w £ C2(V\K) and a constant 7 > 0 such that

(1.7) (A - c)w < -/tu   in V\K

and

(1.8) w(x) — +00   if x £ V\K, d(x, K) -» 0.

Then

(1.9) Px[x(t) £K for some 0 < t < o\ = 0

for any x £ V\K, where o is the exit time of x(t) from V.

2. Proof of Theorem 1. Throughout this section, we assume (1), and assume

that M is a submanifold of G satisfying (2) and (3). Let p be a point on M and

let V be an open neighborhood of p in G. Let us take a nonnegative function

X £ Go°(V) and consider a diffusion process (Q,$,$t,x(t),Px) generated by the

operator x(A — c(x)) (cf. Lemma 1.4). Then we have the following two lemmas.

LEMMA 2.1.   If the diameter ofV is sufficiently small, then

(2.1) Px[x(t) £M for some t > 0] = 0

for all x £ Rd\M.

PROOF. Without loss of generality, we may assume that

MflV = {xe V: xr+1 = ••• = xd = 0}        (0<r<d).
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By (1) and (3), we have

(2.2) al3(x) = 0(\x"\\        fc(x) = 0(|x"|)

for r + 1 < », j < d when x £ V\M and d(x, M) —» 0, where x" = (xr+i, • • •, Xd)-

It is easy to show that w(x) = l/|x"|£ (e > 0) satisfies conditions (1.7) and (1.8)

for K = M n V. Hence, by Lemma 1.9,

Px{x(t) £ M for some 0 < t < o] = 0

for all x G V\M, where o is the exit time of x(i) from V. On the other hand, by

Lemma 1.8, we have o = +oo Px-&.s. if x £ V, and

Px[x(t) = x for all t > 0] = 1    if x £ V.

Therefore, we obtain (2.1).

LEMMA 2.2.   If the diameter of M is sufficiently small, then

d i»(x(i))exp< /   xc(x(s))ds\

(2.3) = Vv(x(t))x1/2o(x(t)) exp j Í xc(x(s)) ds\ dw(t)

+ xAv(x(t)) exp < /   xc(x(a)) ds \ dt

Px-a.s. for any v £ C2(Rd\M) and any x £ Rd\M.

PROOF. For a fixed v £ G2(Rd\M) let us take a function v£ £ C2(Rd), e > 0,

such that ve(x) = v(x) when d(x, M) > e. For T > 0 and e > 0 we set

FT<E = {üj £ fi: d(x(í),M) > £ for all 0 < t < T},

Ft = {oj£ fi: (2.3) is valid for all 0 < t < T}.

By Lemma 1.5, we have

v£(x(t))expl       xc(x(s))ds\

= Vv£(x(t))x1/2cr(x(t))expl /   xc(x(s))ds\ dw(t)

+ xAv£(x(t)) exp | /   xc(x(s)) ds i dt

Px-a..s. for any x £ Rd.  Hence, for any x 6 Rd there is a set N* £ 5 such that

Px(Nf) = 0 and FT,e C FT U AT*. Since, by Lemma 2.1,

Px { IJ FT,i/n 1=1   for x € Rd\M, T > 0,
<n=l

we have

PX(FT) = 1    for x € Rd\M, T > 0.

This completes the proof of Lemma 2.2.



STOCHASTIC REPRESENTATION AND SINGULARITIES OF SOLUTIONS 303

LEMMA 2.3  [1].   Let (fi,5,$t,u>(x),P) be a Broxvnian motion and let r be a

stopping time such that 0 < r < oo P-a.s. Then

E sup    /   /(
o<t<r |yo

s) dw(s) <AE fl/0
Jo

iff(t)£Mw[0,T}foranyT>0.

PROPOSITION 2.4.   Assume that g £ C2(G\M) f~l L¡oc(G) is a function such

that

(2.4) \(A-c)g(x)\<C0,

(2.5) |Vg(x)a(x)| < G0

in G\M for some nonnegative constant Go and such that

(2.6) g(x)->+oo    ifx£G\M, d(x,M)-»0.

Then for any point p on M there is an open neighborhood Uofp in G and a function

u of the class LXoc(U) such that

(2.7) Au = 0   in U

and

(2.8) Gig(x) < u(x) < C2g(x)    in U\M

for some positive constants C\ and C2-

PROOF. Let U and V be open neighborhoods of a point p £ M in G such

that U C V C G, dU is G2-smooth and diameter V is sufficiently small. By

(fi,5,5t,x(t),PI) we denote a diffusion process generated by the operator

x(A — c(x)), where x G Q)°(V) *s a nonnegatrve function satisfying x = 1 in

U. We define a function it(x) in U\M by

u(x) - Ex

= EX

xg(x(T))explj   xc(x(s))ds\\

g(x(r))exp|/   c(x(s))ds|-   ,

where r is the exit time of x(t) from U.

By Lemma 2.2 and (2.5), we have

u(x) = g(x) + Ex    /   Ag(x(i))exp| /  c(x(s))ds\ dt

and, by (2.4),

Ex /   Ag(x(i))exp < /   c(x(s))ds> dt

<C0Ex[TeCT] + CEx\eCr fTg(4t))
Jo

dt
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where C = supiet/ c(x) V 0. Lemmas 2.2 and 2.3 give

Ex \eCT jT g(x(t)) dt   = Ex \eCr j* ig(x) + J* Vg(x(s))a(x(s)) dw(s)

+  J (A-c)g(x(s))dsl dt

<Ex[TeCT}g(x) + (Ex[(reCT)2})1/2

x    E

+ C0Ex[±T2eCT}

sup     /   Vg(x(s))o(x(s))dw(s)
<t<r\Jo

i
2

< Ex\TeCr]g(x) + Go£*[reCT] + 2G0£I[(rec>)2].

1/2

Consequently, we obtain

|u(x) - g(x)\ < CEx[TeCT}g(x) + G0(l + C)Ex\TeCT] + 2GG0£x[(reCT)2].

This implies, by Lemma 1.7, u £ L\oc(U) and (2.8).

Let us define functions un(x), n £ N, in U by

u„(x) = E  gn(x(r))expj /   c(x(s))ds\   ,

where gn(x) = g(x) A n. Lemmas 1.6 and 1.7 give

junA*4>dx = 0       (<t>£C0x>(U)).

By letting n —» oo, we obtain (2.7).

LEMMA 2.5.   Assume that u £ LXoc(Hd) is a function such that

(2.9) -Ct log |x"| < u(x', x") < -G2 log |x"|    in Rd

for some positive constants C\ and C2, where x' = (ii,...,xr), x" = (xr+i,..., x<¿)

and 0 < r < d.  Then

(0, £°) £ WF(u)    for same Í°£{Í£ Rd:  |£'| = 0},

where ? = (6, - • -, ír) and £" = (£r+1,..., fd).

PROOF. We assume that (0,0 £ WF(u) when |f'| = 0. Then there is a

nonnegative function x £ Go°(Rd) such that x = 1 in a neighborhood of 0 in Rd

and

/   e-%xix(x)u(x)dx£S(RpT)
Jrí

for any fixed £'• Hence

f    x(x',x")u(x',x")dx'£S(Rdx7,r).
Jr%

x'

On the other hand we have, by (2.9),

/    x(x', x")w(x', x") dx' - +CO    as |x"| -♦ 0.

This is a contradiction.
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PROOF OF THEOREM 1. Without loss of generality, we may assume that

r = dim M < d and M D V — {x £ V: xr+\ = ■ • ■ = xd — 0} for some open

neighborhood V of p in G. By (1) and (3) we have

(2.10) al3(x) = 0(|x"|2),        ol3(x) = 0(|x"|),        M*) = 0(|*"|)

for r -I-1 < t, j < d when x G V\M and d(x, M) —► 0, where x" = (xr+i,. • ■, xd).

Let us consider a function g(x) = — log |x"| defined in V\M. It is easy to show that

g(x) satisfies (2.4)-(2.6) for G = V. Hence, by Proposition 2.4, there is an open

neighborhood U of p in V and a function u £ LXoc(U) such that (2.7) and (2.8) are

valid. By Lemma 2.5, (2.8) implies that (p,£°) £ WF(u) for some £° £ (T'M)1.

The proof of Theorem 1 is complete.

3. Proof of Theorem 2.

LEMMA 3.1 [14, 4]. Assume u £ D'(Rd) andO G suppu C {x G Rd: xd > 0}.

Then

(0, f°) £ WFa(u)    for some f° £ {£ £ Rd   |£'| = 0},

where £' = (6,-• • > £d-i)-

PROOF OF THEOREM 2. Let U and V be open neighborhoods of a point p£ M

in G such that U C V C G, dU is C2-smooth and diameter V is sufficiently small.

(H, 5, $t,x(t), Px) denotes a diffusion process generated by the operator x(A—c(x)),

where x £ Gq'ÇV) is a nonnegative function satisfying x = 1 in U. Without loss of

generality, we may assume M fl V = {x £ Rd: xd = 0} and, by (9), (X0(x), ed) < 0

on M fl V, where ed = (0,..., 0,1). Let us take a function

if xd > 0,

9(I)=I" ifxd<0

defined in V. By Lemmas 1.6 and 1.7,

u(x) = Ex g(x(r))exp \ I   c(x(s))ds\ G L°°(U)

is a solution of the Dirichlet problem

Au = 0    in U, lim u(x) — g(a)    (a £ E),

where r is the exit time of x(t) from U. Furthermore, by (7)-(9) and Lemma 1.8,

we have

, . / > 0   if xd > 0,

U{X)[=0   ifxd<0.

Combining this fact with Lemma 3.1, we obtain the desired result.

4. Proof of Theorem 3. Throughout this section, we assume that xp £ G°° (G)

is a real valued function such that xp — 0 at some point in G, Vxp ^ 0 in G and

(11) is valid, and furthermore, we assume (12). Without loss of generality, we may

assume that xp(x) — xd. We set G+{x £ G: xd> 0}, G- - {x £ G: xd < 0} and

M = {x G G: Xd = 0}.
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LEMMA 4.1.   Given u £ L°°(G) and f £ L°°(G), if

(4.1) \add(x)u(x)\ = o(\xd\),

(4.2) bd(x)- -tJ^(z) = o(l)

uniformly in x' = (xi,..., x^-i) as xd —* 0 and if

(4.3) Au = f   inG+UG-,

then Au = / in G.

PROOF. Let us take a function x G G^R) such that 0 < x < L xW = ! wnen

|i| < 1/2 and x(<) = 0 when |i| > 1. For e > 0 we define a function Xe G G°°(Rd)

by Xe(x) — x(xd¡£)- By (4.3), we easily have

(4.4) ju(x)A*<pdx= [ f(l-xc)<l>dx+ ÍuA*Xe<t>dx

for any e > 0 and any <j> G Gq°(G). Direct computation gives

d

uA*Xe4>dx= uadd-E-^f<pdx + 2'S^ uaid^--^ — dx
4«l<e 3xd X^[J\xé\<t        dxddxt

-Í u(bd-E^-)^dx+ Í UXeA'cPdx.

Since

§g(.)-±XW«)    and    ^|(x) = lX"(xd/e),

we obtain, by (4.1), (4.2) and (11),

im / uA*x£4>dx = 0.lim
e

Combining this fact with (4.4), we have /uA*<pdx = //</>dx for any <p £ C0X(G).

Modifying the proof of Lemma 2.5, we easily have the following

LEMMA 4.2.   Assume that u £ L°°(Rd) is a function such that

<«> «<*'->(it tz%î
for some constants C\ > C2, where x' = (xi,..., x<¿_i). Then

(0, £°) G WF(u)    for some £° £ {f £ Rd: |É'| = 0},

where Ç' = (£i, ■ ■ ■, £d-i)-

PROPOSITION 4.3.   Assume that

(4.6) (Xo,ed)=0    on M,

where ed = (0,..., 0,1) G Rd, and assume that

(4.7) add(x)/xd —► 0    as xd —* 0
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uniformly in x' = (ii,... ,Xd_i). Then for any point p £ M there is an open

neighborhood U of p in G and a function u G L°°(U) such that Au = 0 inU and

(4-8) u^=0   in une.

PROOF. Let U and V be open balls with center p £ M such that U C V C G

and diameter V is sufficiently small. By (11), (12), (4.6) and (4.7), we may assume

that

(4.9) 6i(x)^0   inV.

(11) and (4.9) show that for any constant C there are constants 71 and 72 such

that

(4.10) an(xb2 + Mxbi + G>0   in V

and

(4.11) o„(xh2+ 61 (xh2 + C<0    inV,

if diameter V is sufficiently small. Here we note that Au = 0 means

d r,

(4.12) Av + 2Tf< ^oiy(x)^— + (au(*b? + M*b.> = 0

when u = eliXlv.

For n G N we set Un = U n {x G G: xd > 1/n} and Vn = V D {x G G: xd >

l/2n}. (fî,5,5tiX(t),P") denotes a diffusion process generated by the operator

Xn(A — c(x)) (cf. Lemma 1.4), where Xn G Go°(Vn) is a nonnegative function

satisfying Xn = 1 in Un. t„ is the exit time of x(f) from Un. Applying Lemma 1.5

to functions u>¿(x) = e"**11 (i = 1,2), we have, by (4.10)-(4.12),

E^[wi(x(rn))eCT-\ > Wl(x),        E^[w2(x(Tn))eCT"\ < w2(x)

in Un for any n G N. Hence, there are positive constants Ci and C2 independent

of n such that

(4.13) Gi < £?[eCT"] < G2    in Un.

Lemma 1.6 and (4.13) show that, for each n £ N,

Í4 U) xl ixi - (Ex [exp{JoT" c(x(s)) ds)}    if x € t/„,

1     j "»^-^o ifxet/\r/„

is a solution of the equation Au = 0 in Un U (U fl G_) such that

(4.15) CJ < un(x) < C2    in Í7n

for some positive constants C[ and G2 independent of n. Since, by (4.14) and

(4.15), {un: n £ N} is a bounded subset of the Hubert space L2(U), there is a

subsequence {un,}^1 of {un}^=1 and a function u G L2(U) such that

(4.16) lim u„, = u    weakly in L2(U).
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Au = 0 in Un U (U n G_) means

(4.17) íun>A'cbdx = (}   îoT<j>£C0x(Uni)\jC0x'(UnG-).

Combining (4.17) with (4.16), we have Au = 0 in Un (G+ U G_). Hence, by (11),

(4.6), (4.7) and Lemma 4.1, Au = 0 in U. (4.15) implies that

(4.18) fc'^dx^ ¡un%<pdx< ÍC24>dx

for any nonnegative function <p G L2(í/„t). Letting z —► oo in (4.18), we obtain

(4.19) C[ < u(x) < C2    a.e. in U n G+.

(4.14) and (4.16) easily give

(4.20) u(x) = 0   a.e. in U nG_.

Therefore, u(x)/GJ is the desired solution.

Proposition 4.4. Assume that

(4.21) (Xo,ed)<0    onM,

where ed = (0,... ,0,1) G Rd. Then for any function g £ C2(M) and any point

p £ M there is an open neighborhood U of p in G and a function u G L°°(U) such

that Au — 0 in U and

(4.22) lim   u(x) = g(a)    for a£ MnU.

x€U\M

PROOF. Let U and V be open balls with center p £ M such that U CV C G

and diameter V is sufficiently small. Let us take an auxiliary function w(x) = xjj,

where a is a sufficiently small positive constant. By (11) and (4.21),

(A - c(x))w = | a f bd - -^ 1 + a2^ f if   - -co

as Xd | 0. Hence, we may assume that

(4.23) Aw<-1    in V

and

(4.24) (A - c(x) + C)(w + 1) < 0    in V,

where G = supl€y c(x) V 0.

For n G N we set Un - U n {x G G: xd > 1/n} and V„ = V n {x G G: xd >

l/2n}. (fí, 5,5t,x(i),P") denotes a diffusion process generated by the operator

Xn(A — c(x)), where Xn G C^^n) is a nonnegative function satisfying Xn = 1 in

Un. rn is the exit time of x(t) from Un. Let ft(x) be a C2 function defined in V

such that h(x) = g(x) on M D {/. Lemma 1.5 and (4.24) give

££[(w(x(Tn)) + l)eCT"] < w(x) + 1    in t/n;

this implies

(4.25) Si'le01'"] < w(x) + 1    in [/„.
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By (4.25) and Lemma 1.6, for each n £ N,

_ / EZ [h(x(rn)) exp { £" c(x(s)) ds}}     in t/n,

"nW_ \0   m(UnG+)\Un

is a solution such that

(4.26) Aun = 0   int/n

and

(4.27) |tin| <    sup    |fc(x)|(u;-f-l).
x€UnG+

Since, by (4.27), {un: n G N} is a bounded subset of the Hubert space L2(UnG+),

there is a subsequence {un,}°îi of {u,,}^! and a function u+ £ L2(U nG+) such

that

(4.28) lim it„, = u+    weakly in L2(U n G+).
t—>oo

(4.26)-(4.28) imply that u+ £ L°°(U D G+) is a solution of the equation Au = 0 in

UnG+. Lemma 1.5 and (4.23) give

un(x) - h(x) + C0w(x) >E"    i    Ah(x(t)) exp I /  c(x(s)) ds 1 dt

+ Co exp i /   c(x(s))dsl dt

>0   in Un

and

un(x) - h(x) - Cqw(x) < E? /     Aft(x(i))exp| /   c(x(s))ds\ dt

-  I     Go exp < /   c(x(s))ds> dt

< 0   in Un,

where Go = supie[/ |A/i(x)|. Hence, we have

(4.29) - / C0w<pdx <     (un- h)4>dx <  / C0w<pdx

for any nonnegative function <p £ L2(Un). Combining (4.29) with (4.28), we obtain

|tt+- n| < G0u;   inf/nG+;

this implies

(4.30) Jim    u+(x)=p(a)    for a G M D U.
xeunG+

For n £ N we see [/_„ = U D {x G G: xd < -1/n} and V_„ = V n {x £

G: xd < —l/2n}. Let (Q,$, $t,x(t),P~n) be a diffusion process generated by

the operator — x~n(A — c(x)), where x-n G Go°(V_n) is a nonnegative function
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satisfying X-n = 1 in £/_„. Then, by modifying the above argument, we can prove

that there is a function u_ G L°°(U H G_) such that Au- — 0 in U fl G_ and

(4.31) Jim    u-(x)=g(a)    for a G M n t/.

Since

, . _ ( u+(x)   if x g [/ nG+,

U(XJ~^u_(x)    ifxGc/nG_

is a solution of the equation A(n — n) = —Ah in {/ fl (G+ U G_ ), we have, by (11),

(4.30), (4.31) and Lemma 4.1, A(u -h) = -Ah in Í7, i.e., Au = 0 in U. (4.30) and
(4.31) easily give (4.22). The proof of Proposition 4.4 is complete.

PROOF OF THEOREM 3. Theorem 3(i) follows immediately from Proposition

4.3 and Lemma 4.2. In Proposition 4.4, if we take a function g G C2(M) such

that p £ sing suppg, then we have, by (4.22), p G sing suppu. Thus Theorem 3(h)

follows from Proposition 4.4.

5. Proof of Theorem 4. Without loss of generality, we may assume that

xp(x) = xd. We set G+ = {x £ G: xd > 0}, G_ = {x G G: xd < 0} and M = {x G

G: xd = 0}. Let U and V be open balls with center p £ M such that U C V C G

and diameter V is sufficiently small. For n G N we set Un = {x £ U: xd > 1/n}

and Vn = {x G V: xd > l/2n}. (fi, 5,5t,x(í),P") denotes a diffusion process

generated by the operator Xn(A — c(x)), where Xn G G^V) is a nonnegative

function satisfying Xn = 1 in Un. r„ is the exit time of x(t) from Un.

Let us take a function

,. /c-i/l*-l    ifxd>0,

h{x)=[o ifxd<0.

Modifying the proof of Proposition 4.4, we can prove that

/^[/i(x(rn))exp{/0T"c(x(s))ds}]     in Un,

[b-1] Un(X}- [O   mU\Un

are functions G L°°(U) such that Aun = 0 in Un and {«n}*=1 is uniformly bounded

in U. Furthermore, we can show that there is a subsequence {urii}°l1 of {un}nc=1

and a function u £ L°°(U) such that Au — 0 in U and

(5.2) lim tini = u   weakly in L2(U).

(5.1) and (5.2) easily give supp u C U fl G+.

Since Au = 0 means

Av + 27 ]P a^ — dxpdxj

¿- °u V^ax, + av,- axJ + ̂  l
av .
3— > v = 0
ax¿

when u = e^t», we may assume, by (16) and (17), that

(5.3) c(x) > 0    in UN
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for any fixed N. We set

Fn = {w£ Q: x(i,w) G Un for all t < t„}

for n > N + 1. It is easy to show that rn = tn on Fn+i and F„ — Fn+i for any

n > iV + 1. Since Xn = 1 in Un for n > N + 1, we have

El exp II     c(x(s))ds\xF„

= E.N + l AI        c(x(s))ds\xFN+1

for n > JV + 1 and x G ÜW- By (17) and Lemma 1.8,

£f+1  exp|^T' Mc(x(8))ifaJxFN+l] >0

for x G Un- Then we have

«n(i) > El h(x(rn)) exp i /     c(x(s)) ds \ XFn

> (Mn %)) E?+i   exp { jH " c(a:(s)) ds J XFn+i

>0

for x G Un and n > TV + 1; this implies that u > 0 in Un-  Therefore, we have

suppu = U fl G+. By Lemma 3.1, u is the desired solution.
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